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In [2], a family of stochastic flows of kernels on S' called “sticky flows” is described.
Sticky flows are defined by their “moments” which are consistent systems of transition
kernels on S!. In this note, a discrete version of sticky flows is presented in the case the
sticky flows are associated with a system of Brownian particles on S'. This discrete model
is defined by products of Beta matrices on the discrete torus Z/NZ and will be called a
Beta flow. Similarly to the continuous case, the moments of the Beta flow are consistent
systems of transition matrices on Z/NZ. A convergence of the Beta matrices to sticky
kernels is shown at the level of the moments.

1 Beta matrices and Polya scheme

Let a be a positive parameter and N be an even positive integer. We define a random
transition matrix K on the discrete torus Ty = Z/NZ as follows :

K(i,7) = Xiljmipr + (1 — Xi)1,24

where Xy,..., Xy are independent Beta(f, &-) random variables.

Let (K, ), be a i.i.d sequence of such random transition matrices and let {Z(¢),¢ > 0} be
an independent Poisson process on R with intensity N2. The family of matrices (KN,s,t)s<t
defined by: Kn st = Kz(41K7(s)42 - - Kz for every s < 1, is a stochastic flow of kernels

on Z/NZ. 1t will be called the Beta flow on Z/NZ.
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1.1 Description of the n-point motion

Following the generalization of De Finetti theorem given in [1], it is shown that the
law of such a stochastic flow of transition kernels is given by a consistent system of n-

point Markovian semigroups {H§ = E(K?f), n € N*}. In our case, these Markovian

semigroups (Hgn))t are associated with a jump Markov process on (Ty)" with holding

(n)

times N? and transition matrices Py’ = E(K®"). Let us compute the positive transition
probabilities: for & = (z1,...,2,) € (Ty)" and € € {—1,1}",

- S+ x,e -
PP (e,a+2)=E (H(ijlaﬁl +(1- ij>1ajz_1>) = [I 2z 90 = 2y =),

where S?C(x e)=Card({r € {1,... ,n},z;, =1l and &; = +1}).

Let s;(x) denote the number of coordmates of z equal to [.

[T (e 4+ ) [T 7 (4 +14)
- 11 .

P](\, x x—l—&t . :
€T N Hzl(O) 1(?\(71 -I_L)

Let us note that

P(l)(:p,:p +e) = —forn=1,

(% + 58, (@) n= (§ + sz, (2, 8)) o=

PP (z,x+¢e) = PP V(z,z+e
( ) (— = —) 2ﬁa+sxn(£)

for n > 2

where = (21,...,2,-1).
Thus the transition mechanism can be described as follows: the first point moves from a
site ¢ to the site 1+ 1 or to the site : — 1 with equal probability. The motion of the (k— 1)

first points being known, the k-th point jumps by +1 with probability % if among
UTv ~

the & — 1 first points, u 4+ v were located in the same site, u jumping by +1 and v by —1.
This is a combination of independent Polya urns attached at each site.

1.2 Invariant measures and Dirichlet processes
We shall focus our attention on the irreducible component

={z € (Z/NZ)*, z; —x, € 27, for all 1 <i <n}.
of the n-point process.

Proposition 1 For every n € N*, the n-point process on T](Vn) has a reversible measure

mg\?) given by

HzEZ/NZ(Hs’( 0T+ )

. for all z € T 1
2 = Ol(a + Z) N ( )




Proof. The ratio %(%:E% is equal to

s+(x,a) s; (z,e)—1, 4 . s (z4e)— a .

L (OIS (F +0) (H;&)“ 1<%+z>)
st (z4e,—¢ a . s; (r4e,—e)-1, 4 . si(z)—1/2q I

€Ty Hi’:é ool l(ﬁ%—z)Hllé o) l(ﬁ+z) IET Hilz(O) (32 +1)

As sf(z +¢e,—¢) = s; (z,¢), the first quotient in the parentheses is equal to one. Thus

the probability measure proportional to the measure «,, on T](Vn), defined by

si(z)—1 .
ay(z) = H( H (ZNa + 1)) for all z € T](\,n),

IETNy i=0

is a reversible measure for the n-point motion. It remains to note that the total mass of
an is 2[5, '(a + i) (this equality can be proved by iteration on n). O

Remark. This result can be extended to a more general situation of a non reversible
chain on a finite graph. It will be described in a forthcoming paper.

Note that mg\l,) is the uniform law on Z /NZ and that mg\?) verifies the following iterative
relation:

+ Sl“n-l-l( )

(n-i-l)(
a+n

my (n)( ) Y(z,mp41) € T](\,HH) and n € N* (2)

Z, $n+1)

(n)

It follows from the expression (1) that  — my’(z) is constant on each class of the
equivalent relation: = ~ y if and only if V4,5 € {l,... ,n}, z; = z; = y; = y;. Thus
mg\?) can be expressed as a mixture of uniform laws on these equivalent classes. In order
to give a precise decomposition of mg\?), let us introduce some notations associated with
a partition 7w of [n] = {1,... ,n}.

Let P, be the set of all partitions of [n]. Let |7| denote the number of non-empty blocks
of m. Let C, be the set of points x € (S1)" such that z; = z; if and only if 7 and j are

in the same block of m. The sets C; N T](\,n) are the equivalent classes for the equivalent
relation described above. Let F, denote the set of points z € (S')" such that, if i and
J are in the same block of 7, then z; = z;. The uniform measure on E, N T(n) denoted
by An = can be expressed as the image of the uniform measure on T( ) by the one-to-one
map ¢, defined as follows: for all z € (SY)I", ¢.(z) = (y1,... ,yn) where y; = z; if 1
belongs to the [-th block of =.

Proposition 2 The invariant measure mg\?) of the n-point motion on T](Vn) has the fol-
lowing decomposition:
= 2 s

TEPn

(a)

i—1)
where pr’ = akinl 1(n

T if m is a partition of [n] with k nonempty blocks of length

nyy...,Ng.

Remark. (p&a))ﬂepn is the exchangeable partition function of an exchangeable sequence
of random variables governed by the Blackwell-MacQueen Urn scheme [3].
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Proof. The proof of the progosition can be established by induction on n using the

(a)

iterative definition (2) of m}y’ and the following iterative definition of (px’)rep,: let

m=(By,...,B) be a partltlon of [n] with & nonempty blocks. Then

P(fl) = { #pgra) if # = (By,...,Br,{n+1})

wnep® if & = (By,..., By U{n+1})

O

Let us note that the jump chain is two-periodic. The set of states T](Vn) of the chain
can be divided in two sets: Cl(njg, the set of points x € T](Vn) with odd coordinates and Cz(nja,

the set of points z € T](Vn) with even coordinates. If z = (21,... ,2,) € Cénjz, then

N/2

2m{ () HY;;?‘ :Eqﬁ[m
=1

where (Y3,Y;,...,Yy) is a random vector with symmetric Dirichlet law Dy, (%2, 2a)1

N
Thus for all n € N*, the restriction? of m( ) to 02(]2, is equal to E(u®") where u is a
Dirichlet process® on ZZ/NZ with parameter a. Equivalently, for all n € N*, the restriction
of m(n) to C(]z, is equal to F(v®") where v is a Dirichlet process on (2Z + 1)/NZ with

parameter a.

2 Consistent system of sticky kernels on S!

We now consider the Beta flow as defined on the lattice +-(Z/NZ) of S'. Tt is a discrete
model of the sticky flow defined by Y. Le Jan and O. Raimond in [2] for the parameter
T = al? and the exponent ¢ : A — %|)\|2. Let us summarize the properties of this sticky
flow. For a detailed presentation of the sticky flows in a more general setting, we refer
the reader to [2].

For n € N*, let us consider the measure m(™ defined on (S*)" by m(" = Y orep, pgra))\7T
where A, is the image of the Lebesgue measure A&I™l on (S')I7l by the map ¢,. As this
defines an exchangeable and consistent system of measures, it follows from Kingman’s
representation theorem that there exists a random measure on S' such that m = E(u®")
for every n € N*. In our case, u is the Dirichlet process of parameter a on S*.

Using this family of measures, a consistent system of Feller semigroups denoted (Pt(n))
can be defined via their Dirichlet forms:

!The Dirichlet law D,(a1,---,a,) where ar > 0,...,a, > 0is a law on the simplex S, = {z €
(0,1)", &1+ - +a, = 1} defined by %xffl_l o2 My 4 yp —1dxy - -dr._q. Thus its moment
- T(aitkq)--T(ar+k, T(a1+--+a,
of order (ky,.. k) is S IE e e i (- nB)

2The restriction of a probability measure m to a measurable set B is the measure (B
3A Dirichlet process of parameter a > 0 on a compact metric space M is a random measure g on M such
that for every measurable finite partition (By, ..., Bg) of M, the random vector (u(B1), u(Ba) ..., u(Bg))

has the Dirichlet law Dy (aA(B1),. .. ,aA(Bx)) where A denotes the uniform distribution on M.



Proposition 3 (Y. Le Jan and O. Raimond, [2]) For k € N*, let £°% be the Dirich-
let form defined on L*((S')*, A®*), associated with k independent Brownian motions on
SY. For every n € N*, let £ denote the Dirichlet form on C*((S')") defined as follows:

Vg€ CH(S)), €(f,9) = Y peEIN(f o 6r, go i),
TEPn
o The semigroups (Pt(n)), n € N* associated with the Dirichlet forms £, n € N*
define a consistent system of strong Feller semigroups.

o For everyn € N*, the generator of £ denoted by A™ has the following expression:

AN = 5 S AP (Fo g0 e, Vi€ CH(ST g

TEPy

Since {(Pt(n))t, n € N*} is a compatible family of Feller semigroups on S*, it follows from
theorem 1.1.4 in [1] that it is possible to construct a stochastic flow of kernels (K ;) such

that E(K§}) = Pt(n) for every ¢ € R and n € N*. This stochastic flow was named a sticky

_ 1 4 . 11y ]2
flow of parameter 7 = — and exponent® ¢ : A — SIA2

3 Convergence theorem

We will now establish the weak convergence of the moments of the Beta kernels to the
moments of the sticky kernels:

Theorem 4 For n € N*, [et (P](Vng)t denote the semigroup of the n-point process defined

)

on T](Vn) by the Beta flow. Let (Pt(n))t denote the semigroup of the n-point process defined
on (S)" by the sticky flow of parameter a and exponent 1 : X — |\

For every n € N*, if f and g are continuous functions on (S')", then ng](Vnt)(f)dmg\Tf)
converges to ngt(n)(f)dm(”) as N tends to +o0o.

Before going into details, let us explain the scheme of the proof. The main step of the
proof of this theorem, is to show the following convergence of the resolvents:

Proposition 5 Let n € N*. Let (V]\(;?A))bo denote the resolvent associated with the n-

point motion of the Beta flow and let (V/\(n))bo denote the resolvent of the n-point motion
of the sticky flow of parameter a and exponent ¥ : X — %|)\|2.

For all continuous functions f and g on (S*)", [ V]&g(f)gdmg\?) converges to [ VA(H)(f)gdm(”)
as N tends to +oo.

As the discrete and the continuous n-point processes are both reversible, an argument
using spectral measures allows to deduce the weak convergence of the semigroups from
the weak convergence of the resolvents.

The convergence of the resolvents is based on the convergence of the invariant measure

mg\?) and of the generator of the n-point motion of the Beta flow together with a Lipschitz

property of the discrete resolvent ng,nA)

Before proving proposition 5, let us give precise statements of these three points.

“More generally, sticky flows can be constructed using a Levy process with no polar points instead of
a Brownian motion; ¢ refers to the exponent of the chosen Levy process.



Convergence of the invariant measures

Lemma 6 For every partition © of [n], let fr be a function defined on (S')", Lipschilz
on FE, and vanishing outside E,. Let f = Zwepn fr. Then

n C’I'L
[ ram = [ a2 S S Ul + 1)

TEPn

Proof. Let En, denote the intersection of E, with T](\,n) and let Ay, be the uniform

distribution on T](Vn). It suffices to prove that for all partitions 7, 7’ of [n],

Ch
[ R = [ fedrol £ Ul + 1ol
Ey p E.

Let us first consider the case 7 is not thinner than =’ that is there is a nonempty block
B of 7 intersecting at least two blocks of 7’. Let 7 be the partition of [n] obtained by
merging the blocks of 7 that intersect the same block of 7n’. Then E,» N E, is a subset of
Ex. As 7 is a coarser partition than 7', Ax(FEz) =0 and |Enz| < %|ENJH|. Thus

1 2
| frddww = | feddol = ] Y fa(@)] < Ll el
EN,Tr’ E_ | N,7r'| €Ey
Let us now consider the case 7 is equal or thinner than #’. Then E,. C E,. If 7’ has k
nonempty blocks then

k-1 x
| Frddng = | e = 150 Y Felbm(55)) — / fr($m())da].
E E N N Sk
N,x! ! IET(k) ( )
N
The function f o ¢ is a Lipschitz function with Lipschitz coefficient smaller than
n||fa||Lip- Thus it remains to establish the following result: for every & € N*, there
exists a constant ('}, such that for every Lipschitz function g on (S!)*,

k-1 T Cy
o Y - [ gtwnl < gl
k (s)
acETJ(V)
The proof can done by induction on k. i

Convergence of the generators

Lemma 7 For every n € N*, [et Ag\T,L) denote the generator of the n-point motion of the

Beta flow on T](Vn). For every C* function f on (S')",

sup |AY(F)(5) — AP (f)(

X X
) )
sert) N N

converges to 0 as N tends to +oc.



Proof. Let n € N* and f be a C? function defined on (S*)". Let us recall the expression
of AM(f):

= o 3 Ad(De, where A-(f)(x) = AD(f 0 6.)(67" ().

TEPn

n x
Thus it suffices to prove that for every partition 7 of [n], sup | ZAEV) (f)(ﬁ)
xecﬂnT](\,")

— A f(5)

converges to 0 as N tends to +oo.

(n) (n)

The expression linking the generator Ay’ and the transition matrice Py’ is the following:
for a function ¢ defined on (S')" and = € T](Vn),

n T T+ € x
AVg(H) =N D PV e+ e)g() —alyp)
ee{£1}"

As sf(w,e) = s (2, —¢), P](\rn)(fﬂ,fﬂ +¢)= P](Vn)(x,x —¢). Thus,

n X n n
24\09(5) = D PN(@ e+ e)Lnalg)(x,2) Vo € T\,
ec{£1}n

where Ly n(g)(z,¢) = N*(g(5#) + 9(*F°) — 29(%))-
For a C? function g on (S')" and a point x € (S1)", set L, (g)(z,e) = > i_ s lcz 0%g(x).
It follows from a Taylor expansion with integral remainder that | Ly .(g)(k,e)—L,(g )(% e)|

converges to zero uniformly on k € T](\;") and ¢ € {£1}" as N tends to +oc.
Let m be a partition of [r] having d nonempty blocks. Let us define a discrete version of

the A,. First, let A%) denote the discrete Laplacian on T](Vd):
AWg(e) = 2 37 (gle+ S) 4 ale )~ 2(x) for a function g defined on T4
N 9&) =55 Z gl + ) +9lz =+ g(x)) for a function g defined on T}y".
ee{£1}4
Then set A,rg(-) = AV (g0 ér) (67 ()):
It follows that ANmf(%) - Awf(%) converges to zero uniformly on k € T%.
Let us note that the restriction of ¢, to {41}? is a one-to-one map onto F,N{£1}", whence

AN,wf(%) = 2% Zae{ﬂ}"nEﬁ Ly (f)(k,e). Consequently, the expression of ZASG“)f(%) -
Awf(%) can be split into the three following terms:

" 1 k
k) = 3 (PP kAe) = 5 InalF) (55 )
eEEN{£1}"
, k k
Bk) = Avef(a) - Acf(h)
Bk = 3 PPk 4 ) Lna(f) o)
ccEen{1}n

It remains to study the asymptotic behaviour of P](Vn)(k‘, k+e). Let (By,...,Bs) denote
the nonempty blocks of 7 and let £ € C,. Then

ﬁ ’Va/N(Zz‘eBl 1€i=1)7a/N(EieBl 1€¢=—1)

PP (kk +¢) =
v (kR ) Yaa/N(|B1l)

Ve e {£1}"

=1
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where 7;(u) denotes the product Hf:_ol (b+ 1) for b > 0 and v € N with the convention

Hi_:lo = 1. A computation shows that
o if u,v € N* then

Yoyn (W) veyn(v) b ulv!

< — for N > b.
Yoyn(u+v) T N(u+v—1) -
o if u e N* and v = 0 then
u—1
Yon(w)yyn(0) 1 1 b 1 b s
== -Ta- <(1-(1- .
| ’725/]\](‘&) 2 2( 1;[( 25+Ni)) - 2( ( 26+N)
1
Thus sup P](Vn)(k, k+¢) and sup |P](\,n)(k:7 k +¢) — 57| converge to
keCr, ee{£1}"NES k€Cx, ee{£1}"NEx 2
0 as N tends to +oc. O

Lipschitz property of the resolvents associated with the Beta flow

Lemma 8 If f : T](Vn) — R is a Lipschitz function then V]Sng(f) is a Lipschitz function
with a Lipschitz coefficient bounded by §||f||L2p

Proof. We use a coupling argument. Let x = (z1,... ,2,41) be a point of T](VnH) such that
Ty # xq. Let Xy = (Xt(l), ey t(n+1)) be a Markov chain on T](VnH) with transition matrix

P](\,n+1) and with initial point z. Set 7 = inf{s > 0, x® = XS(2)}. Since (Xt(l) Xt@)) is

?

a positive recurrent Markov chain on T](\,Q), 7 is almost surely finite. Let us define two

processes (Y;); and (Z;); on T](\,n):

o Yt(l) — Xt(l) and Yt(i) = Xt(i'l_l) for 2 € {2,... ,n},
o Zt(l) = Xt(Q)]-tS‘T + Xt(1)1t>7 and Zt(i) = Xt(i—H) fori€{2,...,n}.

Let (P](\,nz)t denote the n-point Markovian semigroup of the Beta flow on +(Z/NZ).

As {(P](Vng)t, n € N*} defines a consistent family of Markovian semigroups, (Y;); and

(Xt(Q),Xt(B), .. ,Xt(n+1))t are both Markov processes with semigroup (P](VHZ)t The strong

Markov property implies that (7;); is also a Markov process with semigroup (P](\,nz)t As
Y= 7, ift > 7.

|V]£TTL))\(f)('I.17$3; e 7~I.n-|-1) - V]&?A)(f)(ﬂfg,.fg, . ,.‘En+1)|

400 +oco
[ B = e i < il [ B, XDt
0 0

Let us show that E(d(Xt(,l\)T,Xf,Q\)T)) < d(x1,z3). Without loss of generality, one may

assume that w = 21—z, € {0,... , N—1}. Let ()A(t(l),f(tm) be the Markov chain on (3Z)?

starting from (z1,x,) with transition matrix P defined by: P(%, #) = P](Vz)(i,j) for

all (1,7) € T](VQ). Set W, = )A(t(l) — )A(t@). Since w is even, for every t > 0, W5, remains
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nonnegative. Thus E(d(Xt(/\)th(/\)T)) < E(Wiar) = w (since (W;), is a martingale). We

have obtained the following inequality:
n n 1
VIO (D arwa, o wnin) = V() ez wa, 2] € Tl Fllzid(en,2a).

As the semigroup (P](Vnz)t is invariant by the action of a permutation,

Vay € Ty, V(D) = VAN ()] < A||f||szZd vi. ).

Proof of the proposition 5.

A den51ty argument reduces the problem to showing that for all C* functions f and g on
fVN/\ gdmg\,) converges to f V )gdm( n) as N tends to +00.

Let us introduce an extension of Vjs,;(f) to (St

(n)

Lemma 9 A Lipschitz function g on Ty" can be extended to a function § such that :

o [ 1lo=Il 9 lloo
o || g lein< Cyull g ||Lip where C,, is a constant only depending on n.

e g is differentiable on (S')" — R where R is the subset of points having at least
one coordinate in +(Z/NZ) and ||0;g(z)|| < CullgllLip for all i € {1,... ,n} and
ze (SH" —R.

Proof. Firstly, a function g on T](Vn) is extended to a function g on the lattice (++(Z/NZ))"
as follows: for z € (%(Z/NZ))”—T](\?), set g(x) = |‘IT| > yev, 9(y) where V.. is the set of the
nearest points of z in (37(Z/NZ))™ in the sense of the distance d,(z,y) = > I, d(z;,y:).
This extension has the following properties:

o |lgllec = llgllec,

o there is a constant ), > 0 such that for every Lipschitz function ¢ : T](Vn) — R,
9lzie < Cnllgl|Lip-

Lastly, a function f defined on (%:(Z/NZ))" is extended to a function f on (SH™ as
follows. A point = (z1,...,x,) in an elementary cube []'_ 1]%, k’Ni[ is the barycentre

of the vertices of this cube k+77 , n € {0,1}"} with the weights

- ki ki+1 L
anlk +n,2) = N" [ [ (2 = )" (== — )"
=1

respectively. Then we set f(x) as the convex combination of the points %) with the

it
weights o, (k + 1, z) for every n € {0,1}" : f(z) = > nefonyn nlk +m,@ ) f(E2). Let us

list some properties of this extension:



o ||f]lse = ||f]]o and f is differentiable in ($1)" — R.

o If f is a Lipschitz function then ||f||L2~p < ||flleip and for every ¢ € {1,... ,n},
10:f ()] < I fllzip if 2 € (S1)" = R.

O

On applying lemmas 6 and 8, we obtain that the difference between [ V]&g(f)gdmg\?) and

/ V]&)\(f)gdm(”) converges to zero as N tends to +oc.
The following lemma allows to complete the proof:

/—\_/

Lemma 10 If f is a C* function on (S')" then for every g € L*(m ngNA (f)dm
converges lo ngA(n)(f)dm(”).

Proof. As the weak convergence in the Dirichlet space ('H(“),Ein)) implies the weak

convergence in L*(m(™), it suffices to prove that for all g € H™, Ein)(V/\(Z\),(f),g) tends
to £ (1A(/). 9).

As the set of C? functions is dense in the Dirichlet space of each &, it is dense in
H™ = N, cp, Hy. It follows from lemmas 8 and 9 that, for A > 0,

PV < CanlIF13, + 1£11%)

where (), ) i1s a constant depending only on n and A. This reduces the problem to proving
the convergence for a C* function g.

N

Let g be a C? function. The difference Iy = S/(\n)(V]\(,fA)(f),g) — Egn)(VA(n)(f),g) is the sum

of two terms:

—

19 = PV, 9) - ERVI, 9)
19 = /f@ﬁr%w(ﬂ /&umumeu>

By lemma 6, ]](\?) goes to zero as N tends to 4o0.
Let us split up [](\}):

N — N

19_/vwm@ AHMMMM—/%wn@—m%@M&>

= VAR - A gy

By lemma 8, V]\(,nA)(f) is Lipschitz with Lipschitz coefficient bounded by 1|| f||zip- On the
other hand, it follows from the expression of the generator (3) that A (g) is the sum of
Lipschitz functions on F, that vanish out of £,. Thus the lemma 6 can be applied. The
last integral is bounded by

[/ 1l W A
T sup [ (AY = AP)(g)(x) |
zETJ(Vn)
Thus it converges to 0 by lemma 7. O
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Proof of the theorem 4.

Let f be a continuous function on (S')". As the two n-point processes are reversible
Markov processes, their generators AE\?) and A" are self-adjoint operators on the Hilbert
spaces LQ(mg\T,L)) and L*(m() with nonpositive spectra. Let 1/]{, and v/ denote the spectral

measures of Ag\?) and A respectively associated with the function f :

(f, WA F)y = | pduf and (f, p(A™)f) = [ pdv!

R_ R_

for every continuous function ¥ on R_.
The relation between the resolvent and the generator, given by Vjs,ng =(A— Ag\?))_l in the

1
f
— deN(:z:)

dI/f(:z:). By the Stone-Weierstrass theorem, the following set of
x

discrete case, and the convergence theorem imply that for every ¢ > 0, / "

1
converges to / r

functions defined on R_, {2 ﬁ, t > 0}, is dense in the continuous functions on R_

0
that tends to 0 at —oo. Thus /f(;c)P](Vnz(f)(m)dmg\?)(:p) =/ emdl/]{,(x) converges to

o0

0
/f(x)Pt(n)(f)(:U)dm(”)(:E) = / edv’ (z) for all t > 0. The polarization identity lets

us recover the announced convergence.

Remark. The convergence result in theorem 4 also holds with respect to the uniform
measures on T](Vn) and (S*)™: let f and g be continuous functions on (S*).

1
Then W Z g(;c)P](\,nz(f)(:c) converges to /g(;c)pt(n)(f)(;c)d;p as N tends to +oc.
N Ve

Proof. Let g and f be continuous functions on (S)".
Fore > 0,set V. = {z € (S")", 31 # j, |z; — z;| < &} and consider a continuous function

g- on (S1)™ such that g. = g outside V. and ||g.||cc < ||9]|o0-
(n)

Outside Vp, the measures my’ and m{™ coincide with the uniform measures /\(n) and A"

on T](\,n) and (S')" respectively. Thus [ g.P Nt(f)d)\g\,) converges to fga (f)d)\( "), As
A (GV,) = 0, )\5\,)(\/&) converges to A(™(V,). Thus,

I/gP](v”Z /gPt £ < /Ig g:|PYY()dAy

i / / g- P (F)dA™| + / 19— g:|PS()ax®

< 6/1g]loo || 1l A" (V)
As AW (V,) converges to A (V;) = 0 as ¢ tends to 0, |ng](\,7?2(f)d)\§\7;) - ngt(n)(f)d/\(”)|

converges to 0 as N tends to +o0. O
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