Applications of the

Malliavin Calculus tg th
Monte Carlo Analysis o

SPDE'’s

Rere Carmona

ORFE, Princeton University
email: rcarmona@jprinceton.edu
URL: http://www.princeton.edu/

IMA July 25, 2003

Tcarmona/

¥

1/20

=[] [a] [=][~]



What Kinds of Applications

Mathematicians have used Malliavin calculus mostly for:

e Smoothness of Solutions of SDE’s

— For SPDE’s (Nualart, R.C., Sanz, ..... , Mattingly, Par-
doux)

e Martingale Representations (Clark-Ocone-Karatzas)
— For SPDE’s (R.C. & Tehranchi)

e Design Monte Carlo computations of sensitivities Greeks(Lasry,
Lions, Touzi, ...)

— For SPDE’s (R.C. & L. Wang, Work in Progress)




Models for Time Reversal Mirrors

Fouque-Papanicolaou-Ryzhik and Solna

1 0%u

TU Ay =
c(z,y,2)? Ot? u="0

c(z,y, z) propagation speed

w(w,z,y,2) = / e~ Whu(t,z,y, 2) dt
R

The wave equation becomes
A+ E*n(z,y, 2)*a =0
with
Co
c(z,y, z)

k= and n(z,y,z) =

w
€0




Parabolic Approximation

u(k, z,y, 2) = e* Yk, z,y, 2)
Then ¢ (k, z,y, z) needs to satisfy
2iki). + .. + A + K2 [n(z,y, 2)* — 1 =0
with x = (x,y).
implies validity of
We assume ¢ slowly varying in z: i.e. k|i.| >> |14..]

{ ik, + A + k2 (n(x,y,2)?> — 1) =0
h(x, 2= 0) = th(x)

2-D Schrodinger Equation in x (z playing the role of time !!!) with

a time dependent potential !!!




Central Limit Theorem

e Wavelength )\ short compared to the propagation distance L

A
€ = —
L

e Fluctuations of index of refraction weak and isotropic
E{(n* — 1)} = O(e)

e Correlation Length ¢ of Fluctuations comparable with wave-
length A
0~ A

n(z,x) = 1+ elz, )




Stochastic Schodinger Equation

Formally

a1 .

Rigorously
(1) =~ A() di + () 0 AW (r, )
with {WW (¢, x)}, x mean-zero Gaussian field

E{W (s, x)W(t,y)} = (s At) g(x =)
Existence of mild solution (Dawson-Papanicolaou) in R¢ with

by € L*(RY)




T.R. Mirrors need Green’s Function
W(y) = [ G(LyxmE i

where
e A C R* mirror
e ¢y cut-off function: ¢y(z) = 21y.5,
e 1)(t,x) solution of stochastic Schrodinger equation

e (G(t,x,y) Green’s function, i.e.

for each fixed y, solution of stochastic Schrodinger equation
with initial condition

Gt=0,x,y)=0(x—y)




Time Reversal Mirror Greeks

Solve

A(t, ) = [ A (1,%) — alx )l x))dz — (1) (1, %),

For a given parameter ~, compute:

0 B
a—,yE{%D ()}
where
05) = [ ULy xR
A

Examples:

e v=kFk

[ ")/ = 0'2

e  parameter in




SPDE Setup

e Bounded domain D = [, +] x [-1,]] for x = (z,y)
e Homogeneity of spatial part of W (¢, x) modulo [,
g(x,y) = q(x —y)
With notation o2 = ¢(0)

B (t,%) = [ 00(t, x) — Tt X))t — (e, )W (1, %),

e Choose periodic boundary conditions for A




SPDE Setup

e Spectral density o = {0 }mn

Q<X> — Z Oém,an,n<X>

m,n=—
where a,,, > 0, > ., =1, and:

1
14
21°

mrz+nmy)/l

Bm,n(xa y) -

e ¢ and A diagonalized by the same set of eigenfunctions !!




Infinite Dimensional Wiener Process

e Notation < f, g >= [, f(x)g(x) dx

o feH==Hgmeans ||fll7; =3, a0, < f Bun >"< o0

o fe L*(D)means | f|*=3,, < f, Bun >>< 00

o f e H=Hgmeans ||fll7 =, %n < f, Bnn >*< 00
With these notation:

e {IW(t)}; cylindrical Wiener process on H

e H Reproducing Kernel Hilbert Space of {W(t)};

e Stochastic integrals fot o,dW (s) make sense as elements of
Hilbert space F whenever o, Hilbert-Schmidt from H into F’
S.t.

t
E{ / 0wl ds} < oo




Evolution Form (Search for Mild Solutions)
Solve:
% - ﬁAX’(p(t? X) _ %¢(t7 X)
h(t = 0,x) = tho(x

Denote the solution by (¢, x) = [U(t)1)(x)
o {7 8U(1)},is a on L2(D)
e Conservation law,

Mild solution
00 = Ut =5 [ Uit =s)ploaw (s

WARNING: 1 (s) interpreted as a multiplication operator !




Solution

Iteration:
{ YO (t) = Ut)o
VN(t) = = [LU(t = )W =D (5)dW (s)

e Pick 1 in a Hilbert space F
¢ Prove the stochastic integrals make sense (integrand is H-S from H into F

e Estimate a norm for ) by induction and prove convergence (Gronwald) in F

Existence of a Mild solution
e If oo € L?(D), convergence in L2(D) (Dawson-Papnicolaou)
o If ¢y € Hg‘?, convergence in Hg}

° Hg) contains the Dirac functions
so we have the Green function as element of Hg‘2




Malliavin Calculus

 Malliavian derivative of random variable ¢ € L?(Q; F) is an element of

L*([0,T] x Q; Lus(H, F))

o {Di}iepor) is valued in Lyg(H, F) and in fact

T
E { / thsu%HS(H,F)dt} < 400

« Notation H!(F) for the Hilbert space of derivable variables

T
€11 7y = E{IEIE) +E { (/O IIDtSII%Hs(H,F)dt> }

e Integration by parts

T T
E{/O (Dtg,ﬁtmdt} =E{£/0 <6Z‘,th>H}




Malliavin Derivation of the Solution

Set: N
INOED IR0
n=0

Then o
Uvialt) = U0 =5 [ V(= )M ()aW (s

with the notation M(f) for the operator of multiplication by the function f

Formally
Dyt (t) = LU M (s)) — /0 Ut — )M (n(s)dW(s), 0<s<t

Existence of Malliavin derivatives
o If o € L2(D), ¥(t) € HY(L*(D))
o If g € Hy), ¢(t) € H'(Hp)




Black Magic
e1p e L*D)and 1p € H = Hy (D bounded)
e Set F' = L*(D) when v € L*(D) and F' = H{, when v € H,
e Da)(t) € Lus(H, F)

Dab(t)Lp = —u(t)

Nothing magic
SPDE is linear so something like this HAS TO HOLD !




First Example of Sensitivity Computation

Choose ¢, smooth approximation of ¢y (lim, o0 ¢m = ¢0)

%E{qu(y)} = /xeA E{G(T,y;x)¢l,((T, X))%j;’x)dx}

We use the Jacobian flow
dy(T) v dibo
d’}’ 0,7 d’77

where Y is the strong random operator solution of

. . t
Yoi = —%U(t —5)— % / U(t — v)Dytb(v) W (dv).
in the sense of Skorohod. More notation:

2@ i (1 x) £ 0
Tx) _{ 0, T (Tx) =0




First Example of Sensitivity Computation

Fixing x € Aand y € GG, we have

B(G(r, 3 22T

= E{G(T,y;x)¢}, (¥ (T x))

dy (T, x)
dy

}

e __
~E(; | TR DAT ARG, yix) T, )it}
0

1 T
—E{x / Db (GG, y: ) B(T, %) Lo(x)dt}

{ YT, x)) /G TleW(dt)}




First Example of Sensitivity Computation

Therefore, taking the limit m — oo

Lewio) - ef [ S0TRIG v

— Jim LEE(y)

m—oo dry
1 [T —
- E{ | 0T [ (G v BT e) w<dt>dx}
- E {/XEA ST, x))KERNEL((T,y;x)dx}.

Here comes Galerkin
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