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Let(2? C R",
u(z, t) satisfy a wave equation in 2 x R

Inverse problem:

Can we determine the coefficients of the wave
equation, i.e., physical model in €2 by observing

u(z,t) near 02 x R

for all possible solutions u(zx,t)?
Problems in formulation:

e \We can change definition of xz-coordinate:
Let

o(z,t) = u(d(x), 1)
where
$:Q—Q, ¢log=id
e \WWe can change scale of u-coordinate: Let
w(z,t) = k(z)u(x,t)
where k(z) > 0.

All functions u, v and w model the same phys-
ical process.



1. Invariant formulation

e Let us consider €2 as Riemannian manifold

dy(z,y) = travel time between z and y.

e Let u satisfy the wave equation
uy + a(z, D)u = 0.
Then the gauge transformation of «,
w(z,t) = k(z)u(x,t)
satisfy
Wy + ag(z, D)w =0,
where
ax(z, D)w = ka(z, D)k " w
The gauge equivalence class of a(z, D) is

la(xz, D)] ={ax(z,D) : Kk >0}



2. Wave equation

Let us consider the wave equation
up(z,t) + Au(z,t) = 0, in M xR,,
uli—o = 0, uls—0 =0,
U|aM><R+ — f

where M is a n-dimensional manifold and

where a’*, b, c are real, smooth, [a’*(z)] > 0.
Assume that there is dV such that A is selfad-
jointin L2(M, dV') with

D(A) = H*(M) N Hy (M).
Now
ik

¢’* = a’* defines a metric tensor on M.

This makes (M, g) a Riemannian manifold.



3. Invariant inverse problem

The Dirichlet-to-Robin map is

A u|aM><R+ — (8,/(1 + 0u)|aMXR+.
Dynamical inverse problem:

Let M and the map A be given. Can we deter-
mine

(M, g)and [A(z, D)|?



4. Energy flux through boundary

The energy of the wave at time ¢ is

E(u,t) =

_ /M (10(t)? + | Gradu(t)? + glu(t)?)dV +

+/ olu(t)|*dsS.
oM

For f = ’LL|3M><R+ c C?(@M X R+) let
H(f) — tllglo E(u7 t)'
Inverse problem for energy flux:
Let O M and map IT be given. Can we determine

(M, g)and [A(z, D)|?



5. Boundary spectral problem

We can write
A=—-A,+P+q

where A, is a Laplace-Beltrami operator, P is
a vector field, ¢ a function. Operator A has in
L*(M,dV') orthonormal eigenfunctions ¢,

(=Ag+P+q—Nj)p; =0,
@ilanr = 0.
Inverse boundary spectral problem:
Let boundary spectral data
{OM, X;, Ovpjlom, 7=1,2,...}
be given. Can we determine

(M, g)and [A(z, D)|?



6. Relations of different data

There is m(z) > 0 such that
dV = m(z)dV,.

The energy flux IT and map A have relation

1(f) _/0 A ms,dt.

Lemma 1 Assume that 0M and boundary vol-
ume form m(z)dS, are given. Then A and II
determine boundary spectral data.

Lemma 2 Assume that M is given. Then A
and II determine the gauge-equivalent bound-
ary spectral data

{OM, Xj, koOupjlon, J=1,2,...}

where g > 0 is unknown function.



7. Schrodinger operator

Lemma 3 Consider gauge equivalence class [A(z, D)]
of operator A(x, D). Thenthere is a unique Schrodinger
operator

—Ay;+q € [A(z, D).



Inverse problem:

L et the gauge-equivalent boundary spectral data
of —A, + ¢ be given

{OM, X;, koOvpjlom, 7=1,2,...}.
Can we find

(M, g) and ¢?
Earlier results:

e First global result for A +¢ in R™, by using
exponentially growing solutions, Nachman-
Sylvester-Uhlmann 88, Novikov *88.

e c¢(x)*A in R" by boundary control method,
Belishev 87 , Belishev-Kurylev *87.

e A, on manifold, Belishev-Kurylev *92.
e Local controllability, Tataru *95.
e Gaussian beams, Babich, Ralston

e \WWave equations with dissipation, operator
pencils L.-Kurylev *97, *00
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8. Main ideas

1. Constructions of inner products
Denote by

ul = ul(z,t)
the solutions of
Ut — Agu +qu = 0,
U|8M><R = f

Lemma 4 (Blagovestchenskii relation) Let f, h €
C(OM xR.). Then gauge-equivalent bound-
ary spectral data determine

(U0 (), uoh (s)) = /M W (2, ) (2, ) V.
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Figure 1:

M(T,T)

2. Controllability result. Let
MT,t)={z e M : dist(z,') < t}.

Tataru-Holmgren-John unique continuation the-
orem yields:

Lemma5 Let ' C OM be open. Then
{w™(T): fe & x[0,T])} C L*(M(T,T))

IS dense.
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Figure 2:
F h

Lemma 6 Let gauge-equivalent boundary spec-
tral data be given. We can find

[xXare ™ ()] 2oy
forany I, T, f, and s.

Proof. Minimize
|[uf (5) — w""(T)|| :  h e C3(T x [0,T)).
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9. Gaussian beams

Let «(t) be a geodesic. The Gaussian beam
propagating along ~(¢) is a family of solutions
of wave equation

U (x,t) =

N

= ¢ 1 exp (—%H(x, t)) Z un(z, t)(i€)" + o(e¥ 1),

n=0

where
Im6(z,t) > ¢ (d(z,7(t)))".

Lemma 7 Let zo € M. Define in local coor-
dinates of OM

flet) = exp(—%((z _ 2?4 7).

Then u®/¢(z, ) is a Gaussian beam propagat-
ing along normal geodesic from z.
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Figure 3:

20

10. How to follow the path of a Gaussian beam?

Lemmas8 Let zp € OM, ¢t > 0 and v,,, be
the normal geodesic. Then the gauge equiva-
lent boundary spectral data determine

d(z, Yz (t))
for z € OM.

Proof. Let u"0/¢(z,t) be the Gaussian beam.
We can find

. Ko fe
lim | ar(emyu™ ()] 22an)

This shows when v, ,(t) € M(z,T). O
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Figure 4:

11. Boundary distance functions

For x € M define
re(y) = d(z,y), y € OM.
Let
R: M — C(OM), R(z)=r,.

Lemma 9 We can determine
R(M)=A{r, e C(OM): z € M}.

Next we consider R(M) as a submanifold on
C(OM).
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Lemma 10 (Kurylev) The set R(M) has a Rie-
mann manifold structure which is isometric to
M.

Proof R is one-to-one and onto. As M is com-
pact R is homeomorphism.

Next we construct metric tensor. Consider eval-
uation functions

E,:RM)— R, E,(r)=r(z), z€ 0M.
Then
E,o R : zw— dist(z, z).

Thus differentials d( E, o R) are unit vectors and
form an open set of unit sphere bundle S*M.
This determines metric tensor g. O
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12. Determination of potential

Lemma 11 Gauge equivalent boundary spec-
tral data determines kq and q.

Proof. Let u"0/¢(x,t) be the Gaussian beam
propagating along ., .. Then
1 ’iOfe —
lim ||u™(z, ?)|| = crol20)

which determine x.
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Figure 5:

Lety = 7,,.(s) and u"(z, t) any solution. Then
we can determine

u"(y,t) = lim ce T x(z)u'e(z, s)u"(z,t)dV,
e—0 M

where

X(Z) = Xa(zg,5)(@)-

Thus we can find all solutions u"(y, t) in (y,t) €
M x R, which determine q. O
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13. Non-selfadjoint case

Consider a hyperbolic equation
up(z,t) + nui(z,y) + Au(z,t) = 0in M x Ry,
ut(z,0) = u(z,0) = 0,
U|8M><R+ = f
In local coordinates
Zgﬂ 881u+2b] )0u + c(z)u
jl=1

where ¢! defines a Riemannian metric and &/, ¢
are complex, smooth functions.

Definition 12 Bardos-Lebeau-Rauch condition:
All rays of geometrical optic “leave” the do-
mainintime T
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We have

Theorem 13 (Kurylev-L.) Let (M7, A;) and (M, A,)
satisfy Bardos-Lebeau-Rauch -condition. Then
the maps A; and A, are gauge-equivalent if and
only if My = Ms, m; = 1o and there is k # 0,
such that

A2 =K Al K,_l.
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14. Main steps of construction

e Compute from boundary data the products

[u, v]p =

- /M (@(T)v(T) = w(T)o(T) + nu(T)v(T))dV

of solutions « of wave equation and solu-
tions v of the adjoint wave equation corre-
sponding to A* and —7.

e Test when

supp (u(t), w(t)) C S,
S = UM(FJ'>TJ'+€>\M(FJ'7TJ')
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e Choose S/ — {xo}. Find all waves u’ such
that

supp (v (Tv), uj (Tp)) C S,
and
jli_glo (W, v)7
exists for H*-smooth v.
e Then we find gauge transformations of waves,

lim [u?, v]r = K(z0)v(xo, T).
j—00

e Find class [a(x, D)] and n from gauge trans-
formations of waves

k(z)v(z,T).
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