Detecting an inclusion in an elastic body by
boundary measurements *

Giovanni Alessandrini’, Antonino Morassitand Edi Rosset?

Abstract

We consider the problem of determining an inclusion D made of
different elastic material in an elastic isotropic body €2 from boundary
measurements of traction and displacement. We prove that the volume
of D can be estimated, from above and below, by an easily expressed
quantity related to work, only depending on the boundary traction
and displacement.

1 Introduction

In this paper we address the following problem of nondestructive testing:

To determine, in an elastic body €2, the possible presence of an inclu-
sion. D made of a different elastic material (either harder or softer) from
measurements of traction and displacement taken at the exterior boundary of
Q.

In mathematical terms, if u denotes the displacement field in €2, one wishes
to recover D CC €2 in the system of linearized elasticity

div ((xo\pC + xpC)Vu) =0 in Q, (1.1)
by the knowledge of one pair of Cauchy data on 0f2

(CVu)y =¢ on 09, (1.2)
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u=g¢g on 0L. (1.3)

Here C and C denote the elasticity tensor fields in Q\ D and in D, respectively,
v is the unit exterior normal to 02 and y g denotes the characteristic function
of E.

This appears as an extremely difficult inverse problem. A similarly stated
problem in the field of electrical impedance tomography (for which the direct
problem involves a single scalar elliptic partial differential equation, rather
than a system) has received great attention in recent years (see, for instance,
Friedman [Fr87], Friedman and Gustafsson [FrG87], Friedman and Isakov
[FrI89], Alessandrini, Rosset and Seo [ARS00] and also Alessandrini and
Isakov [AI96], Alessandrini [Al199] for an extended reference list), but still
many fundamental questions remain unanswered. See also for previous re-
sults on this problem Ikehata [[98].

Here, following the line of a research initiated in Alessandrini and Rosset
[AR98], Kang, Seo and Sheen [KSS97], Alessandrini, Rosset and Seo [ARS00]
in the electrostatic setting, we pose ourselves a relatively modest, but realistic
goal:

Can we estimate the size (the volume) of the unknown inclusion D from
one set of boundary measurements of traction and displacement?

In the present paper we restrict our attention to the Lamé system of lin-
earized elasticity, corresponding to system (1.1) when the material is isotropic.

In order to illustrate our main results it is convenient to consider the
solution ug to the Neumann problem (1.1)-(1.2) when D is replaced by the
empty set.

Theorem 2.4 below states that if, for a given h; > 0, the following
”fatness-condition” is satisfied

| { € D | dist(z,0D) > b} |> %|D| (1.4)

then
W — W() W — WO
Wo Wo
where (', (5 are estimated in terms of the data. Here, the quantities W =
/. a0 9w and Wy = /. a0 90 - represent the work exerted by the surface forces
¢ when the boundary displacement fields are g and gy = ug|sq, respectively.
See Remark 2.6 for a discussion of the ”fatness-condition” (1.4).
In Theorem 2.5 we treat the case when no a priori assumption is made
on D. We find that for a suitable p > 1, we have

W -, W —-Ww,
W[) WO

o <|D| <G, , (1.5)
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S D= G (1.6)




(See Section 2 below for the precise statements.)

We believe that these estimates can be useful in practice as a decision
tool in quality control tests. Namely, one can fix experimentally a threshold
parameter 7" > 0 such that one can say that D is absent or negligible if

‘WI;,—XVO < T, whereas D is significant if WV_V—ZVO >T.

The main underlying idea in these estimates is that the integral

/|§u0|2 is comparable to |W — Wy, (1.7)
D

where Vuy = 5 (Vug + (Vug)™) is the strain tensor field, see Tkehata [I98].
The next point is to control the above integral in terms of the measure
(volume) of D. On one side, this task involves upper bounds on |Vugl|?,
which is standard in the regularity theory of elliptic systems like (1.1). On
the other side, it involves local lower bounds on |§u0|2. Rather then to
regularity theory, this task is more strictly related to the issue of unique con-
tinuation, namely, the study of the character of zeroes (order of vanishing,
and size of the zero sets) of non trivial solutions to the system (1.1). This is-
sue is very well studied and understood for the case of linear elliptic equations
(see, for instance, Aronszajn, Krzywicki, and Szarski [AKS62|, Garofalo and
Lin [GL86], [GL87], Koch and Tataru [KTO01]). Instead, until recently, very
little was known on the unique continuation problem for the Lamé system
of linearized elasticity, Dehman and Robbiano [DR93], Ang, Ikehata, Trong
and Yamamoto [AITY98], Eller, Isakov, Nakamura and Tataru [EINT98],
Alessandrini and Morassi [AMO1]. In this paper we apply some of the es-
timates of unique continuation found in [AMO1] (three spheres inequalities
([AMO1], (5.2)) and strong unique continuation ([AMO1], (5.5))) and we fur-
ther elaborate on this topic. The main result in this direction here are new
doubling inequalities for the reference solution g (see Theorem 3.9) and for
its symmetrized gradient @ug (see Corollary 3.10). Such an inequality allows
to prove for ﬁug|2 the property of being a Muckenhoupt weight (Coifman
and Fefferman [CF74], Garcia Cuerva and Rubio de Francia [GCRDF85]).
This is a property of homogeneity in the average at all scales which was first
proved for solutions of scalar elliptic equations by Garofalo and Lin [GL86].
The plan of the paper is as follows. In Section 2 we introduce some
notation and state our main results (Theorem 2.4 and Theorem 2.5).
Section 3 is devoted to the derivation of quantitative estimates of unique
continuation for solutions to the Lamé system, following ideas introduced in
Alessandrini and Morassi [AMO1].
In Section 4 we first derive an interior average lower bound on |§u0|2 on
small balls contained inside 2 (see Proposition 4.1). Moreover, we rephrase
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the doubling inequalities obtained in the previous Section in terms of the
boundary data (see Proposition 4.3), and we show that |Vug|? is a Mucken-
houpt weight (see Proposition 4.4).

Finally, Section 5 contains the proofs of the main theorems.

2 Main results

Let us introduce some notation which will be useful in the sequel. We restrict
our attention to the dimensions n = 2,3 which are those physically relevant
for elasticity.

Given a bounded domain 2 C R*, n = 2, 3, for any h > 0 we shall denote

Qp ={z € Q| dist(x,00) > h}. (2.1)

When representing locally a boundary as a graph, it will be convenient to
use the following notation. For every x € R" we shall set = = (2/, z,,), where
2 eRL z, €R

Definition 2.1. Given a bounded domain 2 C R”, we shall say that 02 is
of class C*' with constants ro, My > 0, if, for any xy, € 05, there exists a
rigid transformation of coordinates under which we have zy = 0 and

QN B, 0)={zr € B,(0) st xz,>px)},
where ¢ is a Cb! function on B, (0) C R*™! satisfying

©(0) = [Ve(0)[ =0
and
||<10||Cl’1(BT0(0)) < Myry.

Remark 2.2. We have chosen to normalize all norms in such a way that
their terms are dimensionally homogeneous and coincide with the standard
definition when the dimensional parameter equals one. For instance, the
norm appearing above is meant as follows

9llcrr (s, 00 = 1BllLoo (B, 0)) + 70l V@l Lo (B, 0)) +
+ 70’ (IV?@ll Lo (B, 0)) - (2.2)

Similarly, given a function f : Q2 +— R, where 0f2 satisfies Definition 2.1,
we shall denote

Iflleri@ = Iflze@) + 1ol V Fllze@) + 1V f o). (2:3)



Notice also that, when 2 = Bg(0), then Q satisfies Definition 2.1 with 7y = R.
We consider weak solutions v € H'(Q,R") to the displacement equation
of equilibrium when body forces are absent

div (C(z)(Vu(z)) =0 in Q, (2.4)

see Gurtin [Gur72].

We shall assume throughout that the elasticity tensor field C = C(z) of
the materials under consideration have components Cj;; which satisfy the
following conditions

Cijkl - LOO(Q,R), V’i,j, k‘,l = 1, e n, (25)

Oz'jkl = Oklij = Okljz'a Vi,j, k,l = 1, N, a.e. in €. (26)

We recall that the symmetry conditions (2.6) are equivalent to:

CA = CA, (2.7)
CA is symmetric, (2.8)
CA-B=CB- A, (2.9)

for every n x n matrices A,B.
Here, and in the sequel the following notation has been used

(CA)yj = > CijuAw, (2.10)
k=1
ij=1
Al = (A 4)7, (2.12)
~ 1 .
A=(A+47), (2.13)

for every n x n matrices A,B.



We shall also use the following conventions for inequalities. Given C, C
satisfying (2.5), (2.6) we shall say that

c<C (2.14)
if and only if
CA-A<CA-A (2.15)

for every symmetric n X n matrix A.
We shall say that:
C is strongly convex in €} if there exists a positive constant &, such that

C(r)A-A>&|A? for ae x€Q, (2.16)

for any symmetric n X n matrix A.
C is said strongly elliptic in € if there exists a positive constant kg such
that

C(z)A - A > kol AP for ae. x€Q, (2.17)

for any matrix A of the form A;; = a;b;, where a and b are n—vectors.
It is well known that if C is strongly convex then it is also strongly elliptic.
When the elastic material is isotropic, then the elasticity tensor C takes
the following form

Cijkl(x) = )\(l")%@u + ,U,(ib') ((5ki<5[j + 5li6kj)7 (218)

where A = A(z) and p = p(x) € L>®(Q,R) are the Lamé moduli. Hence, in
this case, denoting by I,, the n X n identity matrix, we have

C(2)A = ANz)(A - L)1, + 2u(z) A, (2.19)
and the displacement equation of equilibrium (2.4) becomes the Lamé system
div (2uVu) + V(Mdivu) =0 in Q. (2.20)
In the isotropic case, the strong convexity condition takes the form
u(z) > ap, 2u(x) +nA(x) >y for ae x€Q (2.21)
and the strong ellipticity condition is expressed by

p(z) > ap, 2u(x) +Ax) > 6o for ae. x€Q, (2.22)



where «q, £y, 7o are positive constants.

Let © be a bounded domain whose boundary is of class CY! with given
constants ry, My > 0. Let D be a measurable, possibly disconnected, subset
of €2 such that, given dy > 0,

dist(D,09) > do. (2.23)

Given elasticity tensors C, C satisfying (2.5), (2.6) we shall consider traction
problems in €2 when the elasticity tensor is either xo\pC + XD@ or C.

We shall prescribe a boundary traction field ¢ € L?(99Q, R") satisfying
the compatibility conditions

/mgp-r:() (2.24)

for every infinitesimal rigid displacement r, that is r(z) = ¢ + Wz, where ¢
any constant n—vector and W is any constant skew n X n matrix. Namely
we shall consider weak solutions u, uy € H'(Q, R") of the following problems:

div ((xa\nC + xpC)Vu) =0 in €, (2.25)
(CVu)r = ¢ on 0Q; (2.26)
div (CVuy) =0 in Q, (2.27)
(CVup)v =9 on OS2 (2.28)

Regarding existence, we recall that, provided the compatibility condition
(2.24) is satisfied, a solution of the traction problem exists as long as the
involved elasticity tensor either satisfies the strong convexity condition or it
is continuous and satisfies the strong ellipticity condition, see for instance
Valent ([V88], §III).

With respect to uniqueness we recall that it is well-known that solutions
u, uy to the above problems are uniquely determined up to an infinitesimal
rigid displacement. In order to uniquely identify such solutions, we shall
assume from now on that both u and wu, satisfy the following normalization
conditions

/Q =0, /Q (Vu— (Va)T) = 0. (2.29)



We set, g, go € H/?(0Q, R") be the traces of u, ug, respectively, on 0.

Now we are in position to state our main result on the size estimates for
the inclusion. N

We shall use the following assumptions on the elasticity tensors C, C:

i) C satisfies the isotropy condition (2.18) and the strong convexity (2.21);

ii) (bounds on the jump and uniform strong convexity for (E)

either there exist n > 0 and § > 1 such that
nIC<C—-C<(6—1)C ae in Q, (2.30)

or there exist n > 0 and 0 < § < 1 such that
—(1-86)C<C-C<—C ae in (2.31)

iii) (C! regularity for C)
there exists M > 0 such that

[ellorago) + [Allorage) < M. (2.32)

Remark 2.5. 1t is worth noticing that very mild assumptions are made on the
unknown inclusion; namely, the inclusion D may consist of an anisotropic
material which is either harder (case (2.30)) or softer (case (2.31)) than
the surrounding material in €2, and no additional regularity assumption is
required on the elasticity tensor inside D.

Theorem 2.4. Let € be a bounded domain in R, such that 0S) is of class
OYY with constants o, My. Let D be a measurable subset of Q satisfying
(2.23) and

1

for a given positive constant hy. Let C, C satisfy (i), (ii), (iii). If (2.30) holds,
then we have

L cidonl9o—9)-¢ 8 Jonl90—9) - ¢

<|D| < , 2.34
0—1"" [ao-¢ < Ibl<6 Jon 90 @ (2:34)
if, conversely, (2.31) holds, then we have
5 —a) - 1 —an) -
Cffag(g gO) ¥ < |D| < _C;fag(g gO) 90, (235)

1—6 ! Jo0 90 ¢ n Joa 90" ¢

where CyF, Oy depend on dy, |Q|, ao, Yo, 70, Mo, M only, and C5, Cy only
depend on dy, ||, oo, Y0, 7o, Mo, M, hy and ||(:0||L2(8S2)/||90||H*1/2(89)'
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Theorem 2.5. Let €2 be as in Theorem 2.4 and let D be any measurable
subset of Q satisfying (2.23). Let C, C satisfy (i), (i), (%ii). If (2.30) holds,
then we have

1 Cifag(go —9°% _p< <§>1’02+ <faﬂ(90 —g)-so> (2.36)
d—1 faggﬂ'@ Ui f&QgO'gp
if, conversely, (2.31) holds, then we have
5 — a) - 1\ 7 — q0) -
Cf fag(g 90) ¥ < |D| < <_> C{ <fag(g gO) 90> : (237)
1-9¢ Jo0 90 - ® n Joa 900

where C{", Cy are the same as in Theorem 2.4 and p > 1, Cy, Cy depend
on dy, |2, o, Y0, 70, My, M and ||<P||L2(8Q)/||<P||H*1/2(an)-

™=

Sal

Remark 2.6. Let us notice that the ”fatness-condition” (2.33) is satisfied
when mild a priori regularity assumptions are made on D. For instance,
the constant h; can be easily estimated when D is a priori known to be Lip-
schitz, we refer to Alessandrini and Rosset (J[AR98], Lemma 2.8) for related
calculations. See also Alessandrini, Rosset and Seo [ARS00] for comments on
the optimality of this kind of results in the case of a scalar elliptic equation.

3 Quantitative estimates of unique continua-
tion

In this Section we shall prove quantitative estimates of unique continuation
of the form of three spheres inequalities and of doubling inequalities for so-
lutions u € H'(2,R") to the Lamé system of linearized elasticity (2.20) in a
bounded domain €2 satisfying Definition 2.1 with constants ry, M. Through-
out this Section the Lamé moduli p = u(x), A = A(x) are assumed to satisfy
the strong ellipticity condition (2.22) and the regularity assumption (2.32).
Following ideas introduced in [AMO1], the first step consists in reducing the
Lamé system (2.20) to a weakly coupled elliptic system with Laplacian prin-
cipal part. We denote by M"™*" the space of m x n real valued matrices.

Proposition 3.1. Under the above assumptions, there exist B € L (£,
L(MH)xn Retl)y and Ve L®°(Q, L(R™, R*)) such that, for every weak
solution u € H'(Q,R") to (2.20), the R*™ -valued function U given by

()



belongs to W2P(Q,R*1) for every p < oo, and satisfies
—AU+B(VU)+V(U) =0 inS. (3.2)
Moreover
7ol Bl oo o, Lguaen+05n gnty) + 751V || oo, p(n1 otny) < CM, (3.3)
where C' > 0 only depends on agy and (.

Proof. The proof is essentially contained in [AMO1], Theorem 2.1. Here the
statement is slightly modified in order to encompass the scaling invariance
of the norms introduced in the present paper. O

Three spheres inequalities and doubling inequalities for solutions u to sys-
tems of the form (3.2), under the assumption (3.3), were derived in [AMO1],
Theorem 3.1 and Theorem 4.1. Next, one can obtain analogous estimates
for solutions u to the Lamé system (2.20), via the reduction described in
Proposition 3.1

Proposition 3.2. ([AMO01], Theorem 5.1) Let @ = B = {z € R" | |z| <
R}. Under the above assumptions, there exist 0, 0 <0 < 1,65,0 <4 <1, de-
pending on oy, By, M only, such that for every weak solution u € H*(Bg, R")
to (2.20) and for every ry, o, 73, 0 < 11 < 19 < 13 < OR, we have

[, wr<c ( [ u2>5 ( A |u|2> - 5

where C' > 0 only depends on oy, By, M, :—; and :—i

Proof. The proof can be found in [AMO01]. We notice that here, in view of our
scaling on the norms (see Remark 2.2), the constant C' does not explicitly
depend on R. O

__ In view of the applications in Section 5, we need the analogous result for
Vu.
Corollary 3.3. Under the same hypotheses of Proposition 3.2, for every

weak solution u € H'(Bg,R") to (2.20) and for every ri, ro, 13, 0 < 11 <
ro < r3 < OR, we have

) 1-6
/ |%u|2<c(/ |€u|2> (/ |%u|2> , (3.5)
B B, Br,

where 6, 0 < 0 < 1,8, 0< 6 < 1, are the same as in Proposition 3.2 and
C > 0 only depends on oy, By, M, 22 and :—;

) g

72
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In order to prove Corollary 3.3 it is convenient to recall the following two
inequalities:

Lemma 3.4. (Caccioppoli-type inequality) If C satisfies (2.18), (2.22),
(2.32), then for every solution u € H'(Bg,R") to (2.4) and for every r,
0 <r < R, we have

C
2L —— 2 3.6
< g (3.

where C' > 0 only depends on oy, By, M.

Proof. The proof follows by a standard cut-off argument from Géarding’s in-
equality [V88]. O

Given u € HY(Bg,R") and r, 0 < r < R, set

1
Uy = m 5. u, (37)
1 T
W= 5 /BT(W (V). (3.)

Lemma 3.5. (Korn inequality) There exists an absolute constant C > 0
such that for every u € H'(Bg, R") and every r, 0 < r < R we have

1 R 4n—2 N
/ Vu—W, > + = |u—u, — Wz|* <C (—) / Vul?.  (3.9)
Br R r Bgr

Remark 3.6. When r = R this is the well-known second Korn inequality,
which is known to hold in every sufficiently regular domain Q (see [Fi72],
[T99]). Here we introduce a minor variant, in which the averages of v and of
the skew part of Vu are taken on the smaller ball B,. For the convenience
of the reader, a sketch of the main arguments of a proof is outlined at the
end of this Section.

Proof of Corollary 3.3. The function v defined in By by
v=u—u, — Wy (3.10)

. . 1 _ 1 T _
satisfies equation (2.20) and fBrl v =0, 557 fBrl Vo — (Vuv)!' =0. By
applying to v the Caccioppoli-type inequality (3.6) and the three spheres
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inequality (3.4), and using twice the Korn inequality (3.9), we have

N . C
IR e L
By, Br, (rs —12) Boryir

< % (/ |v|2>5 (/ |v|2)15 <

where C', Cy, C5 are constants only depending on «y, By, M, :—; and :—i O

In order to obtain the doubling inequality for solutions to the Lamé system
(2.20), we need to state a slightly modified version of the doubling inequality
for solutions U to (3.2) contained in [AMO01], Theorem 4.1.

Proposition 3.7. Let Q = Bg and let R||B||oo+ R?||V]|oo < E. There exists
0%, 0 < 0 < 1, only depending on E, such that for every nonzero solution
U € H'(Bg,R"™) to (3.2) we have

0*R
2 Y

/ U2 < C’/ \U|?, for everyr, 0 <r < (3.12)
Ba: B

where C' only depends on E and, increasingly, on the quantity No(6*R), where

rf B |VU|?
Jou, 1UP
Proof. By Theorem 4.1 in [AMO1] and by a rescaling argument, it follows

easily that (3.12) holds, with C only depending on E and, increasingly, on
N(6*R), where

No(r) = No(U;r) 0<r<R. (3.13)

T VU +B(VU)-U+V(U)-U
N0 = N(0sr) = T BT U4 VD

, 0<r <R

(3.14)

Hence, we have to show that N(r) can be bounded from above in terms of
No(r). It is convenient to recall the following notation introduced in [AMO1]

G(r)= [ U] (3.15)

B,
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H(r) = / e (3.16)

I(ry= [ |VUP+B(VU)-U+V({U)-U, (3.17)

B,

D(r)y= [ |VUP, (3.18)

B,

for 0 < r < R. We easily have

G(r)

4 %G(T) <C <D(r) + s ) , (3.19)

with C only depending on E. Moreover, from Lemma 3.3 in [AMO01] we have
G(r) < rH(r), forr < 0*R. (3.20)

Hence, for r < 6*R we have

rI(r) r?
= < — ] < .
N(r) Hi) S C <Ng(7") + R2> < C(Ny(r) + 1), (3.21)
where C' depends on E only. O

Remark 3.8. Let us notice that, analogously to (3.21) we also have
No(r) < C(N(r)+1), for r < 0*R, (3.22)
where C' depends on E only.

Theorem 3.9. Let Q2 = Bg. There exists 0%, 0 < 0* < 1, only depending
on ay, By, M, such that for every nonzero weak solution v € H'(Bg,R") to
(2.20) we have

0*R
2 Y

/ lul? < K/ lul?, for everyr, 0 <r < (3.23)
Bay By

where K > 0 only depends on g, By, M and, increasingly, on NO(H*R), where

N r? [ |Vul® + R?*|V (divu)|?
o(r) = fBr |u|? + R?|divu|? ’

0<r<R. (3.24)
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Proof. By applying (3.12) of Proposition 3.7 to the solution U to (3.2) given
by the position (3.1), and recalling (3.3), we have

Y

0*R
/ lu|? + R?|divul®* < C lu|? + R?*|divul?, for every r, 0 < r < 5
By B
(3.25)

where C only depends on «y, 5y, M and, increasingly, on Ny(6*R), with Ny(r)
given by (3.13). By an iterated application of (3.25) and by the Caccioppoli-
type inequality (3.6), we have

"R
5

R2
/ lul* < C (1 + F) lul?, for every r, 0 <r <
B, By

Let p be such that 0 < p < 1 and let
u,(x) = u(pzr) in Br.
P

We have that u, is solution in Br to the Lamé system (2.20) with Lamé

moduli satisfying uniformly the bounds (2.22), (2.32). Therefore, by (3.26),
we have that

R? R
/ lu,|” < C, (1 + ﬂ) / |u,|?, for every r, 0 < r < 5 (3.27)
Ba, pr B, P

where C, only depends on ayg, £y, M and, increasingly, on Ny(U,; G*TR), where

U, is given by (3.1) when u, ry are replaced with u,, % respectively. We have

foranyr,0<r<9;—pR

Moty ) = P Tl Vv
f&BT [u,|? + I;—2|d1VUp|2
T fBT P*|Vu(pz)|* + 1;—22 - p*|Vdiv u(pz)|?
N faBT [u(pr)[* + 1;—22 - p2|div u(px)|?
pr [, [Vul® + R?|Vdivul
faBM |u|? + R?|div u|?

= No(U;pr). (3.28)
Hence, in particular,
0*R

14



Consequently, the quantity C, appearing in (3.27) is uniformly bounded from

above with respect to p € (0,1]. Taking r = G;—pR in (3.27) and setting s = rp,

we obtain

0*R
2 )

/ lu)? < K/ lu|?, for every s, 0 < s < (3.30)
Bas Bs

where K only depends on ay, Sy, M and, increasingly, on No(U;0*R). Re-
calling (3.13), (3.24), we have that Ny(U;0*R) equals Ny(6*R). O

From Theorem 3.9, by using arguments analogous to those employed in the
proof of Corollary 3.3, the following doubling inequality for Vu follows.

Corollary 3.10. Let QQ = Bg. There exists 0*, 0 < 0* < 1, only depending
on ay, By, M, such that for every nonzero weak solution v € H'(Bg,R") to
(2.20) we have

N ~ 6*R
/ Vul? < K [ |Vul?, for everyr, 0 <1 < (3.31)

Y
BZT Br 4

where K > 0 only depends on «q, By, M and, increasingly, on NO(U;G*R)
given by (3.24), where v = u — u, — Wz, with u, and W, defined by (3.7)
and (3.8), respectively.

Proof of Lemma 3.5. We adapt arguments from Tiero [T99]. Inequality
(3.9) follows, through the introduction of the axial vector w associated to

u—(Vu)T

the skew matrix W = ¥ 5 , from the two scalar inequalities

/ (v —,)* < C <§>2("1) RQ/ |V1|?, for ever !
r)” < : v € H'(Bg), (3.32)
Br r Bgr

R 2n
/B (Y-, <C <?> ||V1/)||§{,1(BR), for every ¢ € L*(Bg).  (3.33)

Here C' > 0 is an absolute constant and the H~'(Bg)-norm above is defined
as follows

|E\lg-1(Bg) = sup {/B FG|Ge HI(BR,R"),/
R

Br

|VGF:1}.

It suffices to prove (3.32), (3.33) when R = 1 and ¢ € C*(B,), by usual
scaling and density arguments. We recall that (3.32), (3.33) are well known
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when 7 = 1, see for instance [MS58]. Let us estimate 1)y — ¢, for 0 < r < 1.
We easily obtain

1/)1_’¢}TZ

nw

1 [
/ ds | Vi(sz)-zde,
nJr B1

and, changing variables and reversing the order of integration,

1
1/)1 - wr — / Vw * 2,
nwn /g,
where 1
z(x) = —{max{r, |z|} " — 1}z.
n
We have
2> < Cr' ™,
B,
Vz|> < Cr ™
B,
Hence
|7/)1 - wr|2 < 070272”' |V¢|2,
By
1 = > S Cr= IV 3-8,y
and (3.32), (3.33) follow. O

4 Estimates in terms of the boundary data

In this Section we shall consider the traction problem (2.27), (2.28) for a given
¢ € L*(0Q,R") satisfying (2.24). For simplicity of notation we shall denote
by wu the solution (instead of up). The normalization (2.29) is understood
throughout.

Regarding the elasticity tensor C we assume the isotropy condition (2.18),
the strong ellipticity (2.22) and the C'"!' regularity (2.32).

Proposition 4.1. (Lipschitz propagation of smallness) For every p > 0 and
for every x € Q4 , we have
6

/ Su? >cp/ Sul?, (4.1)
By () Q

where 0, 0 < 0 < 1, depends on g, By, M only and C, depends on o, Do,
M, |Q|: ro, Mo, ||90||L2(3Q)/||90||H*1/2(8(2) and p only.
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We adapt arguments from [ARS00], Theorem 2.2. We start with the
following auxiliary Lemma.

Lemma 4.2.

| 1P < 0ol (42)
2\Q3,

0

where C' depends on oy, By, M, 1o, Mo, || only.

Proof of Lemma 4.2. By Holder’s inequality

IVulfa@ay,) < 19\ Qs [ IVUllZ 2 00 @yay, ) (4.3)
3 2
and by the Sobolev inequality (see for instance [Ad75])
||Vu||i2n/(n_1)(9) S C||Vu||?{1/2(9), (4.4)
we have
||vu||%2(§2\§2§2) < ClQ\ Q%W”““Hz:’r/z(ma (4.5)
g
where C' depends on ry, My, |Q| only.
Moreover, we have
[ull /20y < Cll@ll22(00), (4.6)

where C' depends on «y, By, M, 1y, My, |©2| only. Inequality (4.6) follows, by
interpolation (see [LM72]), from the global estimates for the Neumann prob-
lem

[ull (@) < Cull@llm-12(0), (4.7)
[ull i2(0) < Coll@llmiregan), (4.8)

where C} and Cy depend on «ay, [y, M, 19, My, || only (see [ADNG64]).

Moreover,
2\ s | < Cp, (4.9)
6

where C' depends on rg, My, |2 only (see (A.3) in [AR98] for details). From
(4.5), (4.6) and (4.9) the thesis follows. O
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Proof of Proposition 4.1. Let us fix py, depending on ry, My only, such that
24, is connected for every p < po. Without loss of generality, we may assume,
for this proof, p < py. Given any y € (4, let v be an arc in Q4, joining z
and y. Let us define {z;},i=1,..., L, as Eollows: Ty =T, Tipg = f;(ti), where
t; = max{t | |y(t) — x| = 2p} if |x; — y| > 2p, otherwise let i = L and stop
the process. Then, by construction, the balls B,(x;) are pairwise disjoint,
|zip1 — x| =2pfori=1,...,L—1, |z, —y| < 2p.

Since x; € Qap, we may apply (3.5) for x = x;, 1y = p, ro = 3p, 13 = 4p,
fori=1,...,L —01, obtaining

R ~ 0
IVullees, @iy o (1l w0 (4.10)
1Vl 2 V|20

where C' > 0 and §, 0 < § < 1, only depend on «ay, 3y and M. By induction
we have

L

~ ~ )
E@@@&ﬁggmw<ﬁﬂkﬁﬂg ' (4.11)
V|l L2 [Vull2(0)

Let us notice that L < | p‘n.
Let us cover Q5p Wlth internally nonoverlapping closed cubes of side [ =

2p/+/nf. Clearly, any such cube is contained in a ball of radius p and center in

24, and the number of such cubes is controlled by N = Iﬂ\n /20 . Therefore,
4

from (4.11) we have

VU 2 = -
|| ||L _52 . C ||vu||L2(Bp(:v)) (4 12)

N on/2 - ’ ’
IVullpay P [Vull L2

where C' only depends on «y, By, M, |€].
Now, let us estimate from below the left hand side of (4.12) by means of
a positive constant. Let us set

||VU||L2 Qs,) fQ\Q22 [Vul®
—29 =1-—2—— (4.13)
1Vull22 Jo [Vul?

By a trace inequality (see, for instance, [LM72]) and by the Korn inequality
(3.9), we have

o]l =120y < ClIVull120) (4.14)
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where C' depends on ayg, 3y, ro, Mo, |2| only. Hence, by (4.2) and (4.14),
we have that there exists p > 0, depending on «ag, By, M, ro, My, |2| and

lellz20)/ ¢l 1-1/2(90) only, such that

||VU||%2(Q@) 1
||Vu||L2(Q) 2
for every p, 0 < p < p.
Finally, from (4.12) and (4.15) the thesis follows when 0 < p < p; for

larger values of p, inequality (4.1) is trivial. O

Proposition 4.3. There exists 0*, 0 < 0* < 1, only depending on «yg, By, M,
such that for every ¥ > 0 and every xo € Qr we have

0*T
/ lul> < K lul?, for everyr, 0 <r < 7", (4.16)
Bay (a0) 2

B, (z0)

*—

~ ~ 0
/ Vul* < K |Vul?, for everyr, 0 <r < r, (4.17)
Ba, (z0) Br(zo 4

where K > 0 depends on oy, o, M, ro, My, [2], T and [|¢]|z200)/ |/ 1-1/2(50)
only, and 0* is the quantity introduced in Corollary 3.10.

Proof. The proofs of (4.16) and (4.17) are similar. Let us prove (4.17), which
takes a little bit more work. Given zy € Qr and r, 0 < r < %7, we may

apply Corollary 3.10 with R = 7, obtaining (4.17) with K only depending
on «y, By, M and, increasingly, on

. L. (T fBg*—(xo) (Vo2 + 72|V (divo)?
No(v; 0°F) = T . 0P + P [div o ; (4.18)
Bper(zo) V1T |div v

where v is defined in Br(zq) by
v=u—c—W(x—x), (4.19)
with

),
w W=
|Br(x0)l /5, (20) 2|Br(%0)] J . (xo)

CcC =

Vu — (Vu)T. (4.20)
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We have that Vv = Vu — W, Vo = Vu and dive = divu. Moreover, by
interior regularity estimates (see [ADNG64]), we have

1

W< 5
|B.(20)| J B, (20)

(Vu| < [[Vul|peo(B, (20)) <

< Cllullar) < Cllella-1200),  (4:21)

where C only depends on «ag, By, M, ry and 7. Hence

[owepsz [ VP WP el (422
By«r(z0) Bp+r(zo)

where C' only depends on «q, (9, M, ry and 7. By the Caccioppoli-type
inequality (3.6) we have

/ o]* > C/ Vol* > O/ Vul?, (4.23)
Bg*;(l'o) By+x (1’0) B s (:Eo)
2 Z

where C' only depends on ag, (y, M, 7. If % < % we may apply Proposition

4.1 vy_ith p = ?, whereas if 02—* > g we may apply Proposition 4.1 with
p= %”. In both cases by trace theorems and by the standard Korn inequality

we obtain

[ RuPsc [ Rl Clelen, (20
B =z (20) Q

2

where C' only depends on oy, Sy, M, ro My, |2, 7 and [|¢||z2a0)/ ¢/ 1-172(50)-
By (4.22)-(4.24) and by interior regularity estimates (see [ADN64]) we have

No(v;0°F) < C, (4.25)

where C' only depends on g, o, M, 19 Mo, |2, 7 and [|]|z2a0)/ ¢/ -172(50)-
Hence the thesis follows. O

Proposition 4.4. (A, property) For every T > 0 there exist B > 0 and
p > 1 such that for every xy € (4 we have

! 2 ! Sul-2/-n)
xRN Guo)" <5
<|Br($o)| By (wo) | Br(0)] J B, (20)

*—

7
for everyr, 0 <r < TT, (4.26)

where 0% is the quantity introduced in Corollary 3.10 and where B, p only
depend on oy, Bo, M, ro, My,|?|, T and ||<p||Lz(3Q)/||<p||H71/2(aQ).
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Proof. In view of the results in [CF74] it is enough to prove a reverse Holder’s
inequality for [Vul?. Let v =u —c— W(x — zp), with ¢ = m s, (20) U

_ 1
W= 2| B2y (z0)] fBer(mO
Korn inequality (3.9) and by Proposition 4.3 we have

) Vu — (Vu)T. By interior regularity estimates, by the

~ ~ C
IV Ul @oy) = 1V V|5, w0)) < iz [l (@) <

C  ~ C  ~
< mHVUHL?(BzT(xo)) < mHVUHL?(BT(zo))a (4.27)

where C only depends on ay, By, M, ro, Mo,|2|, 7 and ||¢||200)/ |©] 1-1/2(00) -
U

5 Proofs of Theorem 2.4 and Theorem 2.5

We premise the proof of our main theorems with two auxiliary lemmas.

Lemma 5.1. Let the elasticity tensor fields C(z) and C(z) satisfy (2.5),
(2.6) in Q. Suppose that weak solutions u, ug € H'(Q,R") to the traction
problems (2.25)-(2.26), (2.27)-(2.28) exist. The following identities hold:

/Q (xayoC + x0€)V (4 — o) - V(u — o) —

_/D((E—(C)Vuo-Vu():/m(g—go)'% (5.1)

/Q(CV(U —ug) - V(u — ug) +

+/D(((N3—(C)Vu-Vu:/m(go—g)-g0, (5.2)

[ @-0vu-vu= [ @-g-e (5.3)

o

where g,g0 € H'/2(0Q, R™) are the traces of u,uy, respectively, on OSQ.

Proof of Lemma 5.1. Let us denote H = (@ — C) in Q. From the weak
formulation of the problem (2.25)-(2.26) with D = Dy and D = Dy we get
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the identity

/((C + XDIIHI)Vul -Vw =
Q
= /((C+XD2]HI)Vu2 -Vw for every we H'(Q,R"), (5.4)
Q
where wu; is the solution to (2.25)-(2.26) with D = D;, i = 1,2, respectively.

Subtracting the quantity [,(C + xp,H)Vu, - Vw to both sides of (5.4) we
have

/((C + xp,H)V(u; — us) - Vw =
Q
= /(XD2 — xp,)HVus - Vw for every we H'(Q,R"). (5.5)
0
Choosing w = u; into (5.5) we get

/(C + XDIH)V(Ul — UQ) . Vu1 = /(XD2 — XDl)HVUZ . Vul. (56)
Q Q

By using the weak formulation of the traction problems for u; and us, the
left hand side of (5.6) can be rewritten as follows

/Q (€ + xpH)V (uy — ) - Vg = / (61— 02) - o, (5.7)

o0

where g; = u; |oq, i = 1,2, and therefore (5.6) becomes:

/ (91— 92) - = /(XD2 — Xp,)HVuy - V. (5.8)
B Q
Choosing w = u; — uy into (5.5) and using (5.8) we get
/((C + xp, W)V (u1 —uz) - V(ur —ug) =
Q
— [ (o~ w0 B0 Vit [ (g1 =) (59)
Q

o0

and finally we obtain the fundamental identity

/((C + XDlH)v(ul - UZ) ' v(ul - U2) +/ HVUQ . V’LLQ =
Q

D2\D;

= / (91— 92) -+ HVu, - Vuy, (5.10)
o0 D1\D>
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which is the analogue to the identity found in Kang, Seo and Sheen [KSS97]
for the inverse conductivity problem.

By choosing D; = D and Dy, = () we obtain the first identity (5.1) of
the Lemma. The second identity (5.2) follows from (5.10) for D; = () and
Dy, =D.

To get the third identity (5.3), we choose w = up and w = u in the weak
formulation of the traction problem (2.25)-(2.26) for D = Dy and D = (),
respectively:

/((C + xpH)Vu - Vuy = / g0 -, (5.11)
Q )
/ CVuy - Vu = / g- . (5.12)
Q 20
Subtracting (5.12) from (5.11) we obtain identity (5.3). O

Lemma 5.2. Let C(z) and C(z) satisfy (2.5), (2.6) in Q. Let &, &, 0 <
&o < &1, be such that

&]APP < C(x)A - A < &|A)P for ae. z €, (5.13)

for any symmetric n x n matriz A, and let the jump (C(x) — C(z)) satisfy
either (2.30) or (2.31). Let u, up € H'(Q,R") be the weak solutions to the
traction problems (2.25)-(2.26), (2.27)-(2.28), respectively.

If (2.30) holds, then we have

77760/ Vug|? < / (90—9)-¢<(6— 1){1/ Vo, (5.14)
D 20 D
if instead (2.31) holds, then we have
S 1—90 ~
7760/ |V S/ (9=90) ¢ < —5 51/ V). (5.15)
D B D

Proof of Lemma 5.2. Suppose that (2.30) holds. Then, from identity (5.1)
we have

/ (90—9) ¢ < / HV 1 - Vg, (5.16)
o0 D

where H = (((NZ — C) in Q. The inequality below follows by the symmetry
properties (2.7),(2.8),(2.9) and the positivity condition (2.30):

[ B0y < (149 [ BV =) - o) +

1
+(1+ —)/ HVu-Vu  for every e>0. (5.17)
€ Jp
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Then, from (2.30) we have

/ HVUO . VUO <
D

<(14+00-1) {/D(CV(U—uU)-V(u—uo)—kﬁ/DHVu-Vu].

(5.18)
Choosing € = s in (5.18) and by employing identity (5.2) we get
/ HVug - Vuy < 6/ (g0 —9g) - p. (5.19)
D B

The double inequality (5.14) follows from (5.16), (5.19) and (5.13), (2.30).
In case (2.31) holds, from (5.1) we have

/ (9—90) ¢ > / —HV g - V. (5.20)
o0 D

From (5.3) we obtain [,,(g — go) - ¢ = [;, ~HVu - Vu,, and reasoning as in
(5.17),

/ (9 90) - < f/ ~HVu - Vu +
20 2Jp
+ i/ —HVuy - Vg for every €>0. (5.21)
2¢ Jp
By using (5.2), (2.31) and (5.1) we have
/ —HVU-VUZ/ (g—go)-go—l—/(CV(u—uo)-V(u—ug) <
D B Q

< [ la=a)p+5 [(€+BVE—w) V=) =

Z/[m(g—go)-wﬂL%Mﬂ(g—go)-soJr/QHVUO-Vw} =

0+1 1
= / (g—g0) ¢+ = / HVuq - Vug. (5.22)
0 o0 o D

Replacing inequality (5.22) in (5.21) we obtain
/ (9—90) ¢ < 04(6)/ —HVug - Vuy, (5.23)
o0 D
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where a(e) = T 0= __ The minimum of a(e) occurs when € = ¢ and in this

20—€d—¢)
case we have

1
/ (g - 90) cp < g/ —HVug - Vuy. (5.24)
o0 D

The double inequality (5.15) follows from (5.20), (5.24) and (5.13), (2.31). O

Proof of Theorem 2.4. By (2.21), (5.13) follows, with & = min{2a, v},
& = max{2ay, 7}, so that Lemma 5.2 holds.

By standard regularity estimates for elliptic systems (see Agmon, Douglis
and Nirenberg [ADNG64]), by the Korn inequality, by (5.13) and the weak
formulation of the Neumann problem (2.27)-(2.28), we have

1
19uollzeo) < Cluollin ) < Ol Fuoll o sc( / 90-<P> . (629)
oN

where the constant C' only depends on «ag, vy, M, dy and €.

The lower bound for | D] in (2.34), (2.35) follows from the right hand side
of (5.14),(5.15) and from (5.25).

Let us prove the upper bound for |D| in (2.34), (2.35).

Let € = min{%, %}, where 6 is the same which appears in Proposition
4.1. Let us cover Dy, with internally non overlapping closed cubes (); of side

€, for [l =1,..., L. By the choice of € the cubes (); are contained in D. Hence

/|€U0|22/
D Ut

=1

Fuo|” > |D_:|/ Do, (5.26)
Q € Qr

where [ is such that le— |§uo|2 = min, le |§u0|2. Let Z be the center of Q.
From (5.26), estimate (4.1) with = z and p = €¢/2, (5.13) and from the
weak formulation of (2.27)-(2.28) we have

~ 9
/ Fuol> > K|D) / G- o (5.27)
D o0

where K depends on ag, B, do, ||, 7o, Mo, M, hy, |l¢llL200)/llellm-12000)
only. The upper bound for D in (2.34),(2.35) follows from the left hand side
of (5.14),(5.15) and from (5.27). O

Proof of Theorem 2.5. Let ¥ = 2 and € = min{ Zi}ig, %}, where 6* is the
same which appears in Proposition 4.4. Let us cover D with internally non

25



overlapping closed cubes @);, j = 1, ..., J, with side e. By Holder inequality
we have

p—1

|D|s(/ ﬁuow) (/ Wuof)”, (5.29)
U}‘Ilej D

where p is chosen as in Proposition 4.4. By applying Proposition 4.4 to the
balls B; circumscribing each @Q;, j =1, ..., J, we have

p=1 p—1
P J P
/ DI IR P Ny (] N
-1 Q; j=1 @5l e
L\
J = APl 1
<les B[C(n)] < __ e BeC(n) (5.20)
S B2 e < . ap @
=1 \ 1o/ fQj [Vug| min; <\Q_1J\ fQj |V ug| )

where C(n) = wy, (4) and B is as in Proposition 4.4. Now Je" =

ijl |Q;| < || and hence, from (5.28), we have

~ 2
enfD|Vu0|

D] < 10| B+C(n) (5.30)

: ~ 2
min; fQj |Vl

By Proposition 4.1, (5.30), (5.13) and the weak formulation of (2.27)-(2.28),

we have
A~ 2
/|Vu0| > (K/ go-g0> IDP. (5.31)
D o0

where K depends on g, o, do, |2, 70, Mo, M, hy, |[@llz200) /1€l m-1/2(00)
only. The right hand side of (2.36),(2.37) follow from the left hand side of

(5.14),(5.15) and (5.31). 0
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