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This talk ...

I will focus attention on 2D and 3D numerical evolutions of:

• Single BHs

• BH/BH, NS/NS and BH/NS binaries

• Gravitational collapse
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This talk ...

I will focus attention on 2D and 3D numerical evolutions of:

• Single BHs

• BH/BH, NS/NS and BH/NS binaries

• Gravitational collapse

Not included:

• Bar mode instabilities of rotating stars

• Linear and non-linear waves

• Initial data

• Quasi-equilibrium evolutions

• Numerical quantum gravity
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Warning

State of the Art: Numerical results with quality in the engineering, perhaps not German
engineering, sense (e.g. 2 or 3 level of refinements in convergence tests, ICN integrators,
non-constraint preserving boundary conditions, etc).
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Warning

State of the Art: Numerical results with quality in the engineering, perhaps not German
engineering, sense (e.g. 2 or 3 level of refinements in convergence tests, ICN integrators,
non-constraint preserving boundary conditions, etc).

Webster Dictionary, 1913

Hyperbolic, Hyperbolical: Hy‘per*bol”ic (?), Hy‘per*bol”ic*al (?), a. [L. hyperbolicus, Gr. : cf. F.
hyper bolique.] Relating to, containing, or of the nature of, hyperbole; exaggerating or
diminishing beyond the fact; exceeding the truth; as, an hyperbolical expression.
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Formulations of the Einstein Equation

Relevant to this talk

• ADM (Arnowitt, Deser and Misner)

• BSSN (Baumgarte, Shapiro, Shibata and Nakamura)

• WMM (Wilson, Mathews and Maronetti)

• KST (Kidder, Scheel and Teukolsky)

• 2+2 (Winicour et al)
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ADM Formulation

Arnowitt, Deser and Misner (1962)

Primary variables:

gij : spatial metric

Kij : extrinsic curvature

α : lapse function

β
i

: shift vector

Evolution equations:

∂ogij = −2 α Kij

∂oKij = −∇i∇jα + α Rij + α K Kij − 2 α Kik K
k

j

Constraints:

R + K
2 −KijK

ij
= 0

∇jK
ij −∇i

K = 0

Note: ∂o ≡ ∂t − Lβ
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BSSN Formulations

Baumgarte and Shapiro, PRD 59, 024009 (1999); Shibata and Nakamura, PRD 52, 5428 (1995)

Primary variables:

ĝij = e
−4 Φ

gij

Φ =
1

12
ln g

Âij = e
−4 Φ

Aij

K = g
ij

Kij

Γ̂
i

= ĝ
jk

Γ̂
i
jk

α : lapse function

β
i

: shift vector
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Where:

g = det(gij)

Kij = Aij +
1

3
gij K

Γ
i
jk =

1

2
g

il
(∂k glj + ∂j glk − ∂l gjk)

Constraints:

R + K
2 −KijK

ij
= 0

∇jK
ij −∇i

K = 0

Â = 0

ĝ = 1

Γ̂
i

= −∂jĝ
ij
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Evolution equations:

∂oΦ = −
1

6
α K

∂oĝij = −2 α Âij

∂oK = −∇i∇i
α + α ÂijÂ

ij
+ α K

2
/3

∂oÂij = e
−4Φ

(−∇i∇jα + α Rij)
TF

+ α KÂij − 2 α ÂilÂ
l
j

∂oΓ̂
i

= ĝ
jk

∂jkβ
i
+

1

3
ĝ

ij
∂jkβ

k − 2 Â
ij

∂jα

+ 2 αΓ̂
i
jkÂ

jk
+ 12 αÂ

ij
∂jΦ−

4

3
α∇̂i

K

Note: The Hamiltonian constraint is used to eliminate R in the ∂oK equation and similarly the
momentum constraint to eliminate ∂A in ∂oΓ̂

i.
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Evolution equations:

∂oΦ = −
1

6
α K

∂oĝij = −2 α Âij

∂oK = −∇i∇i
α + α ÂijÂ

ij
+ α K

2
/3

∂oÂij = e
−4Φ

(−∇i∇jα + α Rij)
TF

+ α KÂij − 2 α ÂilÂ
l
j

∂oΓ̂
i

= ĝ
jk

∂jkβ
i
+

1

3
ĝ

ij
∂jkβ

k − 2 Â
ij

∂jα

+ 2 αΓ̂
i
jkÂ

jk
+ 12 αÂ

ij
∂jΦ−

4

3
α∇̂i

K

Note: The Hamiltonian constraint is used to eliminate R in the ∂oK equation and similarly the
momentum constraint to eliminate ∂A in ∂oΓ̂

i.

Question: How important are the lower terms?
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Conformal-Traceless-Mixed Formulation

Laguna and Shoemaker, CQG in press

Primary variables:

ĝij = e
−4 Φ

gij

Φ =
1

12
ln g

Γ̂
i

= ĝ
jk

Γ̂
i
jk

Â
i

j = e
6 n Φ

A
i

j

K̂ = e
6 n Φ

K

N = e
−6 n Φ

α

β
i

: shift vector

Constraints:

Same as BSSN
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Evolution equations:

∂oΦ = −
1

6
N K̂

∂oĝij = −2 N Âij

∂oK̂ = −e
6 n Φ∇i∇i

α + N Â
i

jÂ
j

i

+ (1− 3 n) N K̂
2
/3

∂oÂ
i

j = e
6 n Φ

(
−∇i∇jα + α R

i
j

)TF

+ (1− n) N K̂Â
i

j

∂oΓ̂
i

= ĝ
jk

∂jkβ
i
+

1

3
ĝ

ij
∂jkβ

k − 2 Â
ij

∂jN + . . .

Note:

• Âi
j is not symmetric

• Principal part same as BSSN
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WMM Formulation

Wilson, Mathews and Maronetti, PRD 54, 1317 (1996)

Recall:

Kij = Aij +
1

3
gij K

Aij = A
TT
ij + A

TL
ij

∇i A
ij
TT = 0

A
ij
TL = ∇i

W
j
+∇j

W
i −

2

3
g

ij ∇k W
k

Assumptions:

gij = Φ
4
δij

A
TT
ij = 0

K = 0



11

ADM,

∂ogij = −2 α Kij

∂oKij = −∇i∇jα + α Rij + α K Kij − 2 α Kik K
k

j

− α Sij −
1

2
α gij (ρ− S)

R + K
2 −KijK

ij
= ρ

∇jK
ij −∇i

K = J
i

WMM,

A
ij
TL = 1

2 α

(
∇i βj +∇j βi − 2

3 gij ∇k βk
)

∂o gij

∆̂(α Φ) = . . . + ρ + . . . ∂oK

∆̂ Φ = . . . + ρ + . . . Hamiltonian Constraint

∆̂ β
i
= . . . + J i + . . . Momentum Constraint

Note: Evolution is obtained via the evolution equations of the matter fields.
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KST Formulation

Kidder, Scheel and Teukolsky, PRD 62, 084032 (2000)

Field variables:

gij : spatial metric

Kij : extrinsic curvature

dkij ≡ ∂kgij

Q ≡ ln (α g
−σ

)

β
i

: shift vector

redefine

Pij ≡ Kij + ẑ gij K

Mkij ≡
1

2
k̂ dkij +

1

2
ê d(ij)k . . .
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Evolution equations:

∂ogij = . . .

∂oPij + α g
kl

(µ1 ∂k Mlij + . . .) = . . .

∂oMkij + α (ν1 ∂k Kij + . . .) = . . .

Note: Parametrized hyperbolic formulation. {µi, νi}i=1...6
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2+2 or Characteristic Formulation

Winicour et al

N
0

Γ

N
S

T

0

Γ
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�����������
�����������

�����������
�����������
�����������

Γ
ΓΓ1 2
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Single BH evolutions

• Partially1 useful for testing and developing:
? Black hole excision
? Gauge conditions
? Formulations of Einstein equations
? Convergence
? Comparison with 1D results

• Limited use for testing outer boundary conditions

Ingoing Eddington Finkelstein:

ds
2
= −

(
1−

2 m

r

)
dt

2
+

4m

r
dt dr +

(
1 +

2 m

r

)
dr

2
+ r

2
dΩ

2

1If you agree with Matt, please substitute “Partially” with “Not”
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An approach that does not work:

• Initial data: {gij, Kij} from exact solution.

• Outer boundary conditions: from exact solution, unless small domains.

• Gauge conditions: {α, βi} from exact solution

• Unconstrained evolution of gij and Kij
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An approach that does not work:

• Initial data: {gij, Kij} from exact solution.

• Outer boundary conditions: from exact solution, unless small domains.

• Gauge conditions: {α, βi} from exact solution

• Unconstrained evolution of gij and Kij

A better approach:

• Initial data: {gij, Kij} from exact solution.

• Outer boundary conditions: un = ue + φ(t− r)/r

• Gauge conditions: {α, βi} from t-dependent equations that have as t-independent
solutions the exact solutions.

• Unconstrained evolution of gij and Kij
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BSSN: Alcubierre and Bruegmann (2001)
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BSSN:Shoemaker, Smith and Laguna (2002)
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KST: Scheel et al (2002)
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KST: Scheel et al (2002)
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2+2: Winicour et al (2001)

t= 0 M
t=20 M
t=40 M

1 10 100 1000 10000
t/M
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12.46

          A

wobble
Kerr
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BH/BH Binaries

Grazing Collisions:

• Texas-PSU-Pitt

• AEI

Binary Orbits:

• Cornell-Caltech

• AEI

Head-on Collisions:

• AEI
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NS/NS Binaries

BSSN: Miller and Suen (2002)

BSSN: Shapiro, et al (2002)
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BSSN: Shibata and Uryu (2002)
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BH/NS Binaries

2+2: Lehner, Winicour, et al (2002)
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Gravitational Collapse

Collapsing Cosmological Spacetimes: Berger et al (2002)

• Spatially compact spacetimes with vacuum or scalar field matter.

• Asymptotic behavior in the approach to the big crunch singularity.

• Interplay of numerical simulations and mathematical analysis.

• Test of the evolution algorithms with trivial boundary conditions.

Gravitational wave amplitude on a 2-torus in a U(1) symmetric collapsing vacuum spacetime.
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2D Scalar Field Critical Collapse with AMR: Choptuik, Hirschmann, and Liebling (2002)

• Berger and Oliger adaptive mesh refinement.

• Truncation error estimation using a self-shadow hierarchy.

• Equations derived using the 2+1+1 formalism, in cylindrical (rho,z) coordinates.

• Axis instabilities eliminated via regularity conditions and Kreiss-Oliger dissipation.

• Partially-constrained evolution.

• Current matter source is a minimally-coupled, massless scalar field.
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H. Dimmelmeier, J.A. Font & E. Müller: Relativistic rotational core collapse. II 13
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Fig. 13. Formation of a torus and shock-propagation in the very rapidly and highly differentially rotating model
A4B5G5. The three snapshots show color coded contour plots of the logarithm of the density, log ρnuc, together with
the meridional flow field during the infall phase at t = 25.0 ms (left panel), shortly after the centrifugal bounce at
t = 30.0 ms (middle panel), and at t = 35.0 ms (right panel) when the torus is surrounded by large scale flow vortices.
The length of the velocity vectors is scaled to the maximum value in the plotted region. Note that the size of the
displayed region and the color coding (which is given above each panel) vary from plot to plot.

the evolution. Pulsar observations show that neutron stars
can spin with very high rotation periods of the order of
milliseconds (see Lorimer (2001) and references therein).
However, such millisecond pulsars are believed to be born
not as fast rotators, but are thought to be old objects
which are spun up via mass transfer from a companion star
much later in their evolution. Observations of pulsars in
young supernova remnants (see, e.g. Kaspi (2000)) provide
only upper limits on the rotational state of newborn neu-
tron stars, because significant angular momentum losses
may have occurred since their formation. Presently, the
fastest known young pulsar is the 16 ms X-ray pulsar in
the Crab-like supernova remnant N157B (Marshall et al.
1998). Secondly, at sufficiently high rotation rates the core
will become unstable against triaxial perturbations due
to various mechanisms (see Stergioulas (1998) and refer-
ences therein). Such nonaxisymmetric rotating configura-
tions are an additional source of gravitational radiation.

For uniformly rotating, constant density MacLaurin
spheroids in Newtonian gravity, the threshold values for
the development of triaxial instabilities on secular and
dynamic timescales are βrot sec ≈ 13.8% and βrot dyn ≈
27.4%, respectively (see, e.g., Tassoul (1978)).

The secular instability, which is driven for example by
gravitational radiation or viscosity, has been analyzed in
compressible stars, both uniformly and differentially ro-
tating, within linear perturbation theory in full general
relativity by Bonazzola et al. (1996, 1998), Stergioulas
& Friedman (1998), and Yoshida & Eriguchi (1999). The
analysis shows that βrot sec depends on the compactness
of the star, on the rotation law, and on the dissipa-
tive mechanism. Whereas βrot sec < 0.14 for the gravita-
tional radiation-driven instability (for extremely compact
or strongly differentially rotating stars βrot sec < 0.1), sec-
ular instabilities driven by viscosity occur for larger rota-

tion rates, i.e. for values βrot sec > 0.14, when the configu-
rations become more compact.

The dynamic instability, on the other hand, is driven
by hydrodynamics and gravity. The onset of the dynamic
bar-mode instability has been investigated in full gen-
eral relativity only recently (Shibata et al. 2000; Saijo
et al. 2001), because it requires fully nonlinear multidi-
mensional simulations (for Newtonian investigations see,
e.g., New et al. (2000), and references therein). The simu-
lations show that in relativistic gravity the critical rotation
rates for the onset of the dynamic bar-mode instability are
only slightly smaller (βrot dyn ∼ 0.24 − 0.25) than in the
Newtonian case, and depend only very weakly on the de-
gree of differential rotation (within the moderate range
surveyed by the investigations).

What do these general considerations concerning tri-
axial instabilities imply for our models? Since the rota-
tion rates are larger in relativistic gravity than in the
Newtonian case for the same initial conditions, we ex-
pect that the criteria for the development of dynamic and
secular triaxial instabilities are fulfilled in more models
and for longer time intervals in relativistic gravity. To see
whether this statement is correct we consider the evolution
of the rotation rate βrot for models A2B4G1, A4B4G4 and
A4B5G4 (see Fig. 15). In all these models βrot reaches its
maximum value at the time of bounce. If the core experi-
ences multiple bounces, this is reflected in multiple peaks
of βrot (see upper panel). As expected, the rotation rate in
the relativistic models exceeds that of the corresponding
Newtonian ones. This holds both for the maximum value
and the average value of the rotation rate.

Using the Newtonian thresholds βrot sec and βrot dyn

(see discussion above) to judge whether a model is prone
to developing triaxial instabilities, we see that relativistic
effects do not cause an important change in the case of
model A2B4G1 (upper panel of Fig. 15), because βrot >
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Conclusions

• There has been substantial progress in numerical relativity.

• Physics content of numerical results is increasing.

• Few orbits in binary evolutions is around the corner.

• Formal mathematical input has become an important tool.
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• Physics content of numerical results is increasing.

• Few orbits in binary evolutions is around the corner.

• Formal mathematical input has become an important tool.

But, codes exhibit limited convergence and stability properties.
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Conclusions

• There has been substantial progress in numerical relativity.

• Physics content of numerical results is increasing.

• Few orbits in binary evolutions is around the corner.

• Formal mathematical input has become an important tool.

But, codes exhibit limited convergence and stability properties.

We need:

• To be more open to consider alternatives to finite differences.

• Better outer boundary conditions.

• Efficient elliptic solvers.

• AMR

• Larger and faster computers.
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