
Numerical Simulation of Constraints Preserving Boundary Conditions
for Constrainted Hyperbolic Equations

Douglas Arnold and Jing Wang

Institute for Mathematics and Its Applications, University of Minnesota

Abstract

In general relativity, the Einstein equations can be written in many ways into a system of
hyperbolic equations and a set of constraint equations. One of the most challenging questions
in this area is how to specify the boundary conditions such that the constraints will be
preserved. As a model problem, we consider a system of wave equations with divergence free
constraints, and give both homogeneous and in-homogeneous constraints preserving boundary
conditions. Numerical results with discontinuous Galerkin method show that divergence free
conditions are indeed preserved under these boundary conditions. We also provide numerical
results for the constraints preserving boundary conditions of the linearized Einstein-Christoff
formulation of the Einstein equations.

Constrainted wave equations

Considering n independent wave equations with divergence free constraints:







ẅi = ∆wi, i = 1, . . . , n, (x, t) ∈ Rn × R+,

wi(x, 0) = w0
i (x), i = 1, . . . , n, x ∈ Rn,

div w(x, t) = 0, (x, t) ∈ Rn × R+.
(1)

Let uij = ∂wi/∂xj and vi = ẇi, i, j = 1, . . . , n.

ẇi = vi ˙uij = ∂jvi v̇i = ∂juij. (2)

Constraints:
∂iuij = 0, j = 1, . . . , n ∂ivi = 0. (3)

For the constraints ∂ivi = 0, let C = ∂ivi,

C̈ = ∆C. (4)

So if the constraints are satisfied at the initial time t = 0, then C(x, 0) = ∂ivi(x, 0) = 0 and
Ċ(x, 0) = ∂j∂iuij(x, 0) = 0, which implies C(x, t) ≡ 0. This shows that if the divergence
free constraints (3) are satisfied at the initial time, they will be satisfied all the time.
Homogeneous constraints preserving BC in 2-D: Suppose Ω is a polygon domain
in R2.

ninjuij = sivi = 0,

where, ni and si are the unit exterior normal and tangential vectors on the boundary, re-
spectively.
Proof. Let C = ∂ivi, then C̈ = ∆C. C(0) = Ċ(0) = 0 by assumption.
On the boundary

∂ivi = δij∂jvi = ninj∂jvi + sisj∂jvi = (ninjuij)
. + sj∂j(s

ivi) = 0.

So C ≡ 0.
Inhomogeneous constraints preserving BC in 2-D:

ninjuij = ninjφij, sivi = siµi,

where, φij and µi are given functions which satisfy the constraints

∂iφij = 0, j = 1, . . . , n ∂iµi = 0,

and ˙φij = ∂jµi.

Numerical results–homogeneous boundary conditions

Dirichlet BC

Divergences of u:,1, u:,2 and v. Top: t = 0;

Middle: t = 0.2; Bottom: t = 1.0.

Constraints preserving BC

Divergences of u:,1 u:,2 and v. Top: t = 0;

Middle: t = 0.2; Bottom: t = 1.0.
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Changes of ‖∇ · u‖∗,h and ‖∇ · v‖∗,h over t ∈ [0, 1]. Left: Dirichlet BC; Right: CP-BC.

Numerical results–inhomogeneous boundary conditions

Dirichlet BC

Divergences of u:,1, u:,2 and v. Top: t = 0;

Middle: t = 0.2; Bottom: t = 1.0.

Constraints preserving BC

Divergences of u:,1 u:,2 and v. Top: t = 0;

Middle: t = 0.2; Bottom: t = 1.0.
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Changes of ‖∇ · u‖∗,h and ‖∇ · v‖∗,h over t ∈ [0, 1]. Left: Dirichlet BC; Right: CP-BC.

Linearized Einstein-Christoff formulation of the Einstein equations

The system:

∂tγij = −2κij + ∂iβj + ∂jβi,

∂tκij = −∂kfkij − ∂i∂jα, (5)

∂tfkij = −∂kκij + Lkij.

where,γij are the spatial metric, κij are the extrinsic curvatures and

fkij =
1

2

(

∂kγij − (∂lγli − ∂iγ
l
l)δjk − (∂lγlj − ∂jγ

l
l)δik

)

Lkij = ∂k∂(iβj) − ∂l∂[lβi]δjk − ∂l∂[lβj]δik.

The constraints:

C := ∂j(∂lγlj − ∂jγ
l
l) = 0, Cj := ∂lκlj − ∂jκ

l
l = 0.

Suppose Ω is a polyhedral domain in R3. Let ni be the exterior unit normal vector of ∂Ω
and mi and li be the unit tangential vectors which form an orthonormal basis with ni.
Constraints preserving Boundary conditions (Arnold-Tarfulea[1])

nimiκij = niljκij = nkninjfkij = nkmimjfkij = nkliljfkij = nkmiljfkij = 0.

Measurement of the Momentum constraints:

‖Ci‖∗,h =
∑

k∈K

∫

k
|∂lκli − ∂iκ

l
l|dx +

∑

e∈E

∫

e
|[κlin

l − κl
lni]|ds.

Numerical results

Dirichlet boundary
conditions
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Constraints preserving
boundary conditions
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Changes of the momentum constraints over time t ∈ [0, 1]
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