NUMERICAL SIMULATION OF CONSTRAINTS PRESERVING BOUNDARY CONDITIONS
FOR CONSTRAINTED HYPERBOLIC EQUATIONS

Abstract

In general relativity, the Einstein equations can be written in many ways into a system of
hyperbolic equations and a set of constraint equations. One of the most challenging questions
in this area is how to specity the boundary conditions such that the constraints will be
preserved. As a model problem, we consider a system of wave equations with divergence free
constraints, and give both homogeneous and in-homogeneous constraints preserving boundary
conditions. Numerical results with discontinuous Galerkin method show that divergence free
conditions are indeed preserved under these boundary conditions. We also provide numerical
results for the constraints preserving boundary conditions of the linearized Einstein-Christoft
formulation of the Einstein equations.

Constrainted wave equations

Considering n independent wave equations with divergence free constraints:

( oi=1,...,n, (z,t) e R" x RT,
wj(x,0) . =1,...,n, r € R",
| div w(z,t) (z,t) € R" x RT.

Let u;; = Ow;/Ox; and v; = w;, 1,7 =1,...,n.
U'}z' = Uy uw — Qﬂ}i U'@' — 8JUZ]

Constraints:
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Divergences of u. 1, u.» and v. Top: ¢ = 0;

Middle: ¢ = 0.2; Bottom: ¢ = 1.0.

Divergences of u. 1 u.» and v. Top: ¢ = 0;

Middle: £ = 0.2; Bottom: ¢t = 1.0.
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Changes of ||V - ull.; and |V - v« over t € [0,1]. Left: Dirichlet BC; Right: CP-BC.
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For the constraints @ivi =0, let C' = (‘9%@,
C =AC. (4)

So if the constraints are satisfied at the initial time ¢ = 0, then C(z, 0) = 0"v;(z,0) = 0 and
C(x,0) = & 8%2-]-(:1:, 0) = 0, which implies C(x,t) = 0. This shows that if the divergence
free constraints (3) are satisfied at the initial time, they will be satisfied all the time.

Homogeneous constraints preserving BC in 2-D: Suppose () is a polygon domain

in R2.

n'n’u;; = s'v; = 0,

where, n' and s* are the unit exterior normal and tangential vectors on the boundary, re-
spectively.

Proof. Let C' = d'v;, then C' = AC. C(0) = C(0) = 0 by assumption.

On the boundary

Layo — S — oI Ay L bl Ay — (mindar. ) 3 (loy.) —
0'v; = 0Y0;v; = n'n/0v; + s's70v; = (n'n'uy;;) + s70;(s"v;) = 0.

So C = 0.

Inhomogeneous constraints preserving BC in 2-D:

1

n'nui; =n'n'g;;,  s'vi= s,

where, ¢;; and p; are given functions which satisty the constraints
Oij =0, j=1,....,n &p;=0,

and ¢;j = O;4;.

The system:

Oryij = —2kK45 + 0;0; + 050,
Oyriij = —0" fri; — 9;0jcx,
Otfrij = —Okkij + Liij-

where,7;; are the spatial metric, x;; are the extrinsic curvatures and

fkij = % (3mj — (0" — 00k — (O — O )5ik)
Liij = 04085 — 0'0yBydj, — 0'08;10
The constraints:
C = 8j(@lfylj — j%l) =0, Cj:= (91/{1]- — 5’-/-4;% = (.

Suppose {2 is a polyhedral domain in R3. Let n' be the exterior unit normal vector of 05
and m" and [* be the unit tangential vectors which form an orthonormal basis with n’.
Constraints preserving Boundary conditions (Arnold-Tarfulea[l])

nimi/{ij = niljﬁ;ij = nkninjfkij = nkmimjfkij = nkliljfkij = nkmiljfkij = 0.

Measurement of the Momentum constraints:

ICillan = /k\@l/fzz — Oprgldz + > [ [k’ — kjny]|ds.
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Divergences of u. 1, u. 2 and v. Top: ¢ = 0;

Middle: £ = 0.2; Bottom: ¢t = 1.0.

Divergences of u.; u.2 and v. Top: ¢ = 0;
Middle: ¢ = 0.2; Bottom: ¢t = 1.0.
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Changes of ||V - ulls; and |V - v]|.p over t € [0,1]. Left: Dirichlet BC; Right: CP-BC.
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Changes of the momentum constraints over time ¢ € [0, 1]
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