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Linear stability — the energy method

1 1
u'uy — §(||u||2) . Does u' Da,u— EDAx(. : ) 7
T

Nonlinear entropy stability, U = U(u)

if Ugf(u)y = Fy: Does U, vty Vo , U2 2 5
ACE}/ AZCV

e Energy flux 5[lul|? <= entropy flux F(u): U, fu=F,



Entropy stability

f 1 — f 1 F — F 1
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e [ hree main tools of the trade:

» Comparison arguments

Monotone schemes — comparison w/constant solutions
(Harten- Hyman-Lax, Crandall-Majda)

E Schemes — comparison w/Godunov scheme
(Osher, Tadmor, ...)

Systems — comparison w/ entropy conservative schemes...

® A homotopy approach — (Lax, Tadmor, ...) — fully-discrete

UCuy(t + A8) ~ UCuy() | Tty ~

At Az,

_1
2 < Q.

®» Kinetic formulation (Bouchut, Makridakis-Perthame...)



Entropy and symmetric forms

%u + %f{u) =0, u(z,t)= (ui(z,t),...,un(z,t))"

e An entropy: a convex U(u) which symmetrizes ‘on the left’

UnuA = [UauA]",  A(u) := fu(u), f(u) = (f1(u),..., fy(u)’

® Friedrichs and Lax, ...

-
® 'Symmetrize on the right’ — A(Ugu) ™! = [A(Uuu)_l}



Entropy variables: Zu+ 2f(u) =0

e Entropy variables: v=v(u) := VuU(u).

e Symmetric form: convexity of U(-), u =u(v) is 1-1

G+ 5E0) =0, 8(v) = (u(v)

® Symmetric in the sense that the Jacobians are

Hv) =uy(v)=H'(v) >0 and B(v):=gy(v)=B'(w).

U(-) is an entropy iff 3 an entropy flux F = F(u), Ul fy = F,/:

u(v) = Vvo(v), ¢(v) = (v,u(v)) —U(u(v))
g(v) = Vvi(v), ¢(v) = (v,g(v)) — F(u(v)),

e The Jacobians H(v), B(v) are symmetric Hessians of ¢(v), ¢ (v).
e The symmetry of B= AH — symmetrization ‘on the right’

» Godunov, Mock, ...



Physically relevant solutions

u = lim.gu¢ where u§ + f(u), = e(Pu)z

Admissible P = P(u,uz)’s:

.
PH = [PH] >0,

H-symmetric viscosity matrices

H = (Ugu) *

Entropy inequality: 6,tU(u) + 3 0 5= F(u) <0

Euler equations: %

1
Entropy pairs: U(u) = ’7+1 - (pp)7+1,

<
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F(u) =124 (op) 7T
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a[vvp] + %[va] =0



Entropy-stable and entropy-conservative schemes

d 1 1
au,,(t) T Az [fv-l-% B fu—%]’ Aty = E(xy_l_l ~ #v-1)

® The consistent numerical flux f | 1:
V_I_j

fu—l—% =f(uy_pt1,---,Uptp), f(uu,...,u)=1(u)

F 11 <0

e Entropy stability: %U(uy(t)) + ﬁ Fooi—F 1)<
174 7 D)

Q. The consistent numerical entropy flux Fy+l:
2

Fv—l—% =Fu,_pt1,--5Uyy), F(uu,...,u)=F(u)

® Entropy-conservative: if <0 =— =20



Entropy-stable and entropy-conservative schemes

e Use of the entropy variablese Comparison withentropy-conservative schemes

e changes of variables uy, = u(vy):

d 1

—uy(t) = — — ,  vyl(t) = v(up(?)),

B =g, 1 -8, ] O = v ®)
® Consistent numerical flux gv—l—% =8(Vy_pt1r -+ Vdp):

8,41 = f(u(vy—pr1)s--ulvpayp)), 8v,v,...,v) =g(v) =f(u(v)).
THEOREM [Ta 1987]: Entropy flux potential ¢ (v) := (v,g(v))—F(u(v))

e Entropy stability: <AVV_|_%, gy_|_%> < A¢V_|_%, AV, 1 = V41—V

® Entropy conservative:{ Av * = A
Py < l/—|—%’ gy+%> ¢V_|_%

® By parts: vy [gy+§ — gy_%] is conservative iff <AVV_|_%, gy+%> is



The scalar problem: 4u,(t) = -2 [g9,4: — 9,1

e The viscosity form: Qu+% = <f(uy)+f(uy+1)—29,,_|_%)/AU,,_%

d fluy41) — f(uu—l)] 1 [ ]
() [ 2Az, PN SR aE s SR IEE Sl
B S
e The entropy conservative flux (1): ¢* v+l = A”u+% = f_%g(vy_l_%(f))dﬁ

g;j_% — /2___(5) 9( V_|_1(§)>
1

=3 [f(uu) + f(uz/—l—l)] — /;:_1 £gv (Uu—k%(g))dgAvv—l—%

2

e Entropy conservative viscosity: QF

>
v+1 T fgz_% 28gv (U,,+%(£)) dg§

d 1

d o= _— ]:

TR Aa;,,[ 4L 9,1
_ 1 1 7, )
YN fuyg1) — Flu—1)] + T [QV_I_%AUHJ —Q* [Av

1
2 V=3 V_§]



Scalar examples

1 Burgers' ut—l—(%uQ)aj = 0 w/logarithmic entropy U(u) = — Inu:

® Entropy flux F(u) = —u, entropy variable

Entropy flux potential ¥ (v) := vf(u(v)) — F(u(v)) = —5,

e Entropy-conservative flux:

* — w(vu—l—l) — ¢(’Uu) . 1 1

g .1 —
v+3 Vyt1 — U 2Vpv,4-1

e Entropy-conservative centered scheme

(Lax, Goodman, Hou, Levermore...):

Do) = (1) 2t

(t) —u,_

v(u) = —1/u,
1

1
— E’UIV'U/V_l_ 1-

1(%)

dt QAQZV



Scalar examples

2 Toda flow: us + (e*)z = 0 w/exponential entropy U(u) = e¥:

® Entropy flux F(u) = e2%/2, entropy variable v(u) = €Y,
Entropy flux potential 1 (v) := vf(u(v)) — F(u(v)) = —5v2,

e Entropy-conservative flux:

gt .= w(vu—l—l) — (o) _ 1 1 — lleu,/ 4+ eu,/_|_1].
vt3 Vyt1 — Uy 2upvy,41 2

e Entropy-conservative centered scheme
(Lax, Deift, McLaughlin...):

d eul/—|—1(t) — eulj—l(t)

el t) =
() >Nz,




Scalar examples - first order entropy stable schemes

3 Engquist-Osher scheme (1980)

4 " PRIECAEIC)
A OMIC) EE I AC ORIG))
QV"‘% ~ Je=—3 T\ vt3 ¢ ‘ < ‘fu v+3 ¢ | Avv-l—%
1 Uy41
=—1/ |fu(u>|du] = Q1.
UV—I—% Uy 2
Av 41 Av 1
. 1 7 7/—7
4 Godunov scheme (1959): Qv—l—%m Auu+%_ QV—%AUV_% Auy_%

® Uniform entropy stability: maximize

1

fluw) + fQuyg1) =297 1
= [ )

Su
Up|: Au 1

5 E-schemes: entropy stability V entropies (Osher, Tadmor): Q > Q¢

+3

2

fluw) + fluy41) — 2f(u)
Au |1
v+5

Qf | = max
YT min(uy,uyq) Su<max(u,ty41)



Scalar examples - 2nd order entropy stable schemes

e E-schemes are first order: Q*

1
= 21 2600(v,43(O) e but.

v+3
3 1\
* — 2 =

z 1

_ -2 :

= e (4 : )g”“ (20430 )de- B0, 13

e Second order: Q* < max [gou(v)], Av
QV_F% o min(’l)y,’l),/_|_1)S’UgmaX(’Uy,’UV_l_l) 6 ‘ V+§‘

6 Lax-Wendroff (1960): fuu >0, U(u) = “7 g(v) = f(u)

1
@y < g ooy (43 ()t By = FlaCn40) —atu)]



Scalar examples - 2nd order centered schemes
e convex g(v) = f(u) : ¥(u) = [ f(-) and entropy stablity if

A < [ rw)d
uV_I_% : f,/_|_% < /. f(u)du.

» Midpoint for rarefactions Au, . > 0, trapezoidal rule for shocks

7 Second order centered entropy stable scheme:

f(””+””+1), Au 1>0

2 vt+3
941 = J 41 =
2 2
F) + 1)) A

| 2 V=5
e The %—rule: %u + %%uz] -+ %u%[u] =0 Qi—l—% = %AuH_%
8 Entropy stable “g—rule”
d 1 1, 1,
e t) = — - —
Ay v [2“““ o vl

-+ 1 1(A >+A 1(A >+A
— u u —_— — u u
2Az, |6\ v+3 v+5 g\ v—3 v—



Systems of conservation laws

<Avy+17g _|_2>

e On the choice of path of integration:

e [Tadmor 1987]: VV_I_%(f) = %(Vz/ +vy41) + fAV,/_I_l

©

=1L )
(v, g = [ Vy”“<dv, g(V) = A%,
o Viscosity form: B(v) = gv(v)
/ %___@)g( S11(©))dé
(v @) - A (CAIG) [CARICE:

Ay

T3

2



Systems of conservation laws 1

e \Viscosity form:

—uy (t) ——

d F(uypn) — Fu, )] | 1

e Viscosity coefficient: Q;_% = IQZ_% 2§B(vy+%(§)>d§

e A comparison principle:

Entropy stability if (— for 3-pt schemes only if) D —QV_|_1— Q* >0
2 p)

Azxy [ '|'1 _F’/—%] -




Examples of entropy stable schemes for systems I

O Rusanov 1961, Lax 1954 scalar viscosity coefficient

1
QAZU]/

d . f(uz/—|—1) - f(uz/—l)
i = _[ 2Az, ] T [pv+1AuV+1 ~P-ya

1 1
but Au, 1 =12 (v, 1 ©)de = 12, H(v, 10 )deAv, s

1
. . 2
pu—l-lAuu-l-l R QV‘I'lAVV—I-% — Qy—l—% R pV‘I’% /gz_ H(&)dg

N|—

e Entropy stability: 26B(€) < py+lH(§), B = AH; by congruence
2

()

1> max
2 A?‘g‘gf

2£A[H—%<£>A<5>H%<e>] = max

1

P,y

© Lax-Friedrichs 1954: p 1 = r?ax‘A[A(u)”
u

_|_

NI—



Examples of entropy stable 2nd-order schemes

*
<Avv+%’ Qv+%A"v+%>

1

1 _1 1 1
= [, 2(HHOAY, |1 HAOAOHQ)  HAOAY, 4 e

e Eigen-decomposition: {ak(g),rk(g)}{j:l the eigenpairs of A(&):
(8Y,11.Q0 1Ay, 1) = Z / 2260 (© - [(r(©. Av, 4y ) de

® Integrate by parts: (a,k(g) : ‘<rk(§), Avy+%>‘2>/ ~ (AV)3...

1
2

10 Second order entropy stability:

@, = () ()

1
P Au
2A$1/ ] _I_ [ +1

IS entropy stable if m)\ln A[Py_i_%]

Note. P +1 need not be symmetric but H-symmetric

27,4 Au, ]



Examples of entropy stability — Roe’'s scheme

e Roe's decomposition: Af | 1
V_I_j

e Roe's scheme: p(ai) = |ai| unstable

11 First-order entropy fix (Osher 1985 Harten 1983)

p(ay) = max{|5k|,’yy+%‘ﬂuy+%‘}
® Sharp resolution of steady shocks is lost

12 Roe's scheme w/2nd-order entropy fix (Harten-Hyman 1983)

1 >
p(ay) = |ag| + [gAak(uu) + Const|AuV+%\ ]

e Add O(|Au|)-entropy dissipation when Aai(u) is dominated by k-rarefaction



Examples of entropy stable schemes - systems

e computational scheme:

d [f<u,,+1> — f(u,_1)

L) = — e ]+ 1 [P | Au

dt 2Axy, L VT3

13 Entropy correction (Khalfallah and Lerat 1988)

i . D
Set el/—l—% T <Avl/—|—%’El/+%Aul/+%>’ El/-l-l T Py—l—l B Pl/-|-l

correct : PV+1 —>PV_|_1 + p° +1IN><N, p- =

v+s




Entropy conservative schemes for systems II
N

e Choice of path: N linearly independent directions {rj }j_l

l/—|—%

N

e Intermediate states {vj }j_l:

1/—|—%

Starting with vi+1 — v, and followed by
3

J-I-l
1—VV_|_1+<

1, AV
1/—|—2

>r] ., J=1,2...,N (VN+11—VV_|_1)

+§ V_|_§ V_I_j

THEOREM [Ta, Acta Numerica 2003].

. 1
The conservative scheme %uy(t) = T Az, [g;_% B g;_%]

IS entropy conservative with a numerical flux

(v i) —v(v4)

N
* _ V+2 v+5/ 4
g ;—Z £
TR By
2

® Case I: the case of {rj+ } collapse to Av ...
174

1
2



Entropy stability for systems II

. . N+1
e [ he viscosity form: intermediate states {uj ] = u(v7 1)}
rV-l-% VV—I-% B VV‘I'%, < V+%,rV+%> — Uik QV-I—% T f—% 3 <V]/—|—% § ) 3
d 1 N N\ |
et — f< J ) f( Jj+ )7 J >£]
dtuy( ) 2Axy L;1< uV‘I‘% T ul/+% ry—l—% 1/-|—%
N . 1 .
- > <f(u1]/_l) +f(uitl>’ri_l>£i_l
]:]_ 2 2 2 2
1 N ‘I‘l w
j JT5:* j % A >£g
PN L;l <ru+%’Qu+§ ru+%>< v+ 3 Vol )4l
N 1
]+_a* ) ]
-2 <I"Z_y@,,_f r‘;_1><£i_laAvy_l>£‘,7,_1 )
j=1 2 2 2 2 2 2
e Entropy stability (per wave): qj+% > <rj Qﬂ'%’*rﬂ' >
. V-I-% - —I—%’ —I—% l/-l—%




Entropy stable schemes for systems II

: N
: . J : .
e Choice of path: {uy_%}j:l along Riemann path:

J It3x N/? 1_2< ,<J+% )j >
<ru+%’Qu+% ru+%>N =1 <4 5) Vuay uy+%(§) T4l d¢

j+1 i T
5 1 N 1[“]’(“ l) _aﬂ'<“ )}
/2_ 1 (Z _§2> <Vuaj(u(§)),rjy+l> d¢ < . vJ;Q v+
§=— 2 <£V_|_l’sz/—|—%>
14 Entropy stable Lax-Wendroff scheme 1960

d 1 N N |

_ t) = — f f Jj+ ) >]

dt“”() DAz, LZ:< ( v+2) + ( v+3 ’rv+% £v+%

(e(w ) 4o I{f}),ri_l>zi_l]
2 2 2 2

1 |5 j+1 i\
T 5am, | = o (“u%) IR <uu+%>] v+3




Entropy stability for fully discrete schemes

15 The backward Euler scheme - unconditional stability

At
wtl = up - Slg, (vt cg, (] v = v(aet)

16 Crank-Nicolson: v"t: .= f_%;"(%(u”—ku"“)—|—§Au”+%>d§$éu”+% (M

o == e, () <,y ()

11

is an entropy stable ( — conservative) scheme iff the semi-discrete is

Forward Euler — conditional stability, provided

3 Al (g + 2<D D= *>0
Y A:c,,( v+l Qy+%) <D, i1, =Q-Q >

17 Modify LxF:  uptt = (upy, +2up 4+ up ) + 525 [F(u)y ) — f(u) )]

Ax At V2 -1
plzl — = 1 — CFL : max |A(A *)| <
v+i T o VXN N A(A+ Q)] < >




Fully discrete schemes — the homotopy approach

u'tl =

u

2Ax

e Decomposition: u?T! = < ”+1+u”+1)/2

n—I—l
1/—|—2

un_|_11 :

V=3

e Quasi-cell entropy inequality: u"
1%

n—|—1(8)

5 Ul

V—I— 5

At At

=u,, — N _f(uﬁ_l_l) — f(uﬁ)} + Aa;,/PV+%(uZ+

L+

n—+1
1/—|—2

o [f(u) — £(ul )] - Py (-

=u(wth) ~v(up) + o [F(ugy) - R

V+§ Ly

1 _U‘?I;L))

U.?,;L_1>,

—I—%(S) =ull + s(uﬁ_l_l —ul)

)|

_AA;,,[::0< ( 1(8)) _|_1Au>ds<0

2= AL (ur, () = £D)] + 2LP s (u,(s) — up)

-rcor- ol

at s=0: ull

gl () ~ ()5 gy = Py

at s=1: u" 1]
v+

2



The homotopy approach - cont'd
1 At
_ n—+1 n . . n
Zy = [ (U(e) -0 (w50) 5 (R - A(u,6) )au)
e Set n+1(r s) = u

v+3 %(7" ,S) — A%( (u:j_l_%(s)> — f(u;’j_'_%(r, s)))

1 At n At
4= /r,szo S< (I + A:UVA(HV‘F%(T’ S)> ; A:UVPV‘I'%) A,

At At
n{..n+1 n
U ( (r s))( N A(uy_l_%(s)) + Aa:,/PV‘I'%) Au>drds

v

COROLLARY (symmetric systems): Entropy stability under CFL

(4 309))

At
mn _
(UV_I_%(S))‘S 2 Py|%§f

Ly

18 Modified LxF: PV+2— QAtINxN

19 Upwind scheme: Pu-|-% :p(A(u”+l(s)>), p(:) >

entropy stable under CFL condition AA—tsupS ‘A( ( +1(s)>>‘ S% (")

e On the factor, no Riemann solver, the scalar work, 2nd-order NT scheme, ...



Beyond second-order accuracy

e The weak formulation [o(w(x,t), 8t“(")> = fQ< 5-w(x,t),g(v))dxdt

e The finite-element discretization [Ta 1986]: v =73, vj(t)ﬁj(w)
Ly—1

Time - /%“ i (Zv (t)H; (:c)) drdt = A:cy%u(w(t)) +O(‘Vu+%|)

Space : /x v ;H,/(:U)g(ZVj(t)ﬁj(:v)>da:dt=
J

. z_v_ A /1__ (VU%@))ds}

* *

p gy+J' gy_l
. gu(t) = — QAx 2 entropy conservative: w(z,t) = v(x,t)

20 LeFloch Rohde 2000 Third-order entropy conservative
1

* _ /2 1 * % * %
e = [ (00 de - 5|0 g8, 5 - Ay,

with secondary numerical viscosity coefficient Q*:_ = Q"™ (Vy—1,Vv,Vy41)
2
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