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1 Maxwell' sEquations
Givena boundedLipschitzdomain
 � R3, �nd theelectric
�eld u suchthat

r � (� � 1r � u) � ! 2(" � i! � 1� )u = j in 
 ; (1)
n � u = 0 on � , (2)

where! > 0, � , " and� arethetemporalfrequency, magnetic
permeability, electricpermittivity, andelectricconductivity,
respectively.
Assumption:� and" constant(for simplicity).

2 DG Discretizations
Main Advantagesof DG Methods:
� DG methodsarelocally conservative;

� Greaterrobustnessmeansthat a wide rangeof problems
maybetreatedwithin thesameuni�ed framework;

� Finite element mesheswith hanging nodes and local
spacesof differentorderscaneasilybehandled.

2.1 Notation
� Th = f K g tetrahedralmeshof granularityh;

� F I
h /F B

h is thesetof all interior/boundaryfaces;

� Traceoperators:

f � F I
h f � F B

hPSfragreplacements

K + K �f n+

PSfragreplacements

K +K + f n+

[[v ]]T = n+ � v+ + n � � v � , [[v ]]T = n � v,
[[v ]]N = v+ � n+ + v � � n � ,
[[q]]N = q+ n+ + q� n � , [[q]]N = qn,
ff vgg = (v+ + v � )=2, ff vgg = v,
ff qgg = (q+ + q� )=2, ff qgg = q;

� FiniteElementSpace:

S`
h = f v 2 L2(
) : vjK 2 P `(K ) 8K 2 Thg; ` � 1:

� DG norms:

kvk2
V (h) = k"

1
2vk2

0;
 + k� � 1
2r h � vk2

0;
 + k� � 1
2h� 1

2[[v ]]Tk2
0;Fh

;

kqk2
Q(h) = k"

1
2r hqk2

0;
 + k"
1
2h� 1

2[[q]]N k2
0;Fh

;

kvk2
DG = k� � 1

2r h � vk2
0;
 + k� � 1

2h� 1
2[[v ]]Tk2

0;Fh

+ k� � 1
2r h � vk2

0;
 + k� � 1
2h� 1

2[["v ]]N k2
0;Fh

:

2.2 DiscreteCurl-Curl Operator
Theinteriorpenaltydiscretizationis de�ned by:

ah(u; v) = (� � 1r h � u; r h � v )
 +
Z

Fh

a � � 1[[u]]T � [[v ]]T ds

�
Z

Fh

�
[[u]]T � ff � � 1r h � vgg + [[v ]]T � ff � � 1r h � ugg

�
ds;

wheretheinterior penaltystabilizationfunctiona is givenby

a := � h� 1; � > � min � 0:

3 Low-FrequencyProblem
Neglecting! 2" in (1) andassuming� � 0 gives:

r � (� � 1r � u) = j in 
 ;
r � ("u) = 0 in 
 ; n � u = 0 on � :

Key Problem:Thedesignof numericalschemeswhich incor-
poratethedivergencefreeconstraint.

3.1 RegularizedDG Formulation
Finduh 2 (S`

h)3 suchthat

ah(uh; v ) + rh(uh; v ) = (j ; v)
 8v 2 (S`
h)3;

wheretheform rh(�; �) is de�ned by

rh(u; v)

= (� � 1r h � u; r h � v )
 �
Z

F I
h

[["u]]N ff � � 1r h � ("v)ggds

�
Z

F I
h

[["v ]]N ff � � 1r h � ("u)ggds+
Z

F I
h

d� � 1[["u]]N � [["v ]]N ds;

and d := � h� 1; � > � min � 0.

Theorem1 ([4]) Assumingu 2 H s+1 (Th)3, s > 1=2, wehave

ku � uhkDG � C hminf s;`g kuks+1;Th:

Regularityassumptionsarenotminimal
) DG methodmaynotconvergefor nonsmoothproblems.

3.2 Example
Let 
 = (� 1; 1)2 n [0; 1) � (� 1; 0]andselectappropriatedata
sothatu is given,in termsof thepolarcoordinates(r; #), by

u(x; y) = r (r 2=3 sin(2#=3)) ) u 2 H 2=3� "(
) 2; " > 0:

AnalyticalSolution RegularizedDG Method

3.3 Mixed DG Formulation
IntroducingtheLagrangemultiplier p 2 H 1

0(
) gives:

r � (� � 1r � u) � " r p = j in 
 ;

r � ("u) = 0 in 
 ; n � u = 0; p = 0 on � :

MixedDG methods:Find (uh; ph) in (S`
h)3 � Sm

h suchthat

ah(uh; v ) + sh(uh; v ) + bh(v ; ph) = (j ; v)
 ;
bh(uh; q) � ch(ph; q) = 0

for all (v ; q) 2 (S`
h)3 � Sm

h , where

sh(u; v) =
Z

F I
h

b[[u]]N [[v ]]N ds; ch(p;q) =
Z

Fh

c"[[p]]N � [[q]]N ds;

bh(v ; p) = � ("v ; r hp) +
Z

Fh

ff "vgg � [[p]]N ds;

and
b := � h; � � 0; c := 
 h� 1; 
 > 0:

� MethodI (stabilized): � > 0 andm = `.

� MethodII (non-stabilized):� = 0 andm = ` + 1.

Theorem2 ([6, 5]) Assumingthat

u 2 H s(Th)3; r � u 2 H s(Th)3; p 2 H s+1 (Th); s > 1=2;

bothmethodssatisfythefollowinga priori error bound:

ku � uhkV (h) + kp � phkQ(h)

� C hminf s;`g �
k"uks;Th + k� � 1r � uks;Th + kpks+1;Th

�
:

3.4 Example (SmoothSolution)
We set 
 = (� 1; 1)2 and selectappropriatedata so that
u = (� exp(x)(y cos(y) + sin(y)); exp(x)y sin(y)) and p =
sin(� (x � 1)=2)sin(� (y � 1)=2).

MethodI MethodII
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) MethodI is suboptimalin theL2(
) norm.

3.5 A Posteriori Err or Estimation
Theorem3 ([3]) Assumingthatr � j = 0holds,sothatp � 0,
MethodII satis�esthefollowinga posteriorierror bound:

ku � uhkV (h) + kp � phkQ(h) � C
� X

K 2Th

� 2
K

� 1=2
;

where theelementalerror indicator � K is givenby

� 2
K = h2�

K kj � r � (� � 1r � uh) + "r phk2
0;K

+ h2� � 1
K kb� K (uh) � � K (uh)k2

0;@K + h� 1
K k�

1
2[[uh]]Tk2

0;@K

+ hK k[["uh]]N k2
0;@K n� + h2

K kr � ("uh)k2
0;K

+ k"
1
2r phk2

0;K + h� 1
K k"

1
2[[ph]]N k2

0;@K ;

� 2 (1=2; 1] denotesthe parameter within the embed-
dingsH0(curl;
) \ H (div; 
) ,! H � (
) 3 and H (curl;
) \
H0(div; 
) ,! H � (
) 3, andb� K (v) is thenumerical�ux :

b� K (v) =
�

nK � (ff � � 1r � vgg � � � 1a [[v ]]T) on@K n � ;
nK � (� � 1r � v � � � 1a(nK � v )) on@K \ � :

4 High-Fr equencyProblem
Renaming(" � i! � 1� ) by " , problem(1)–(2)becomes

r � (� � 1r � u) � ! 2"u = j in 
 ; n � u = 0 on � :

Here,we assumethat ! 2 is not aneigenvalueof theunderly-
ing Maxwell eigenproblem.

4.1 Dir ectDG Method
Finduh 2 (S`

h)3 suchthat

ah(uh; v ) � ! 2("uh; v )
 = (j ; v)
 8v 2 (S`
h)3:

Theorem4 ([2]) Assumingthat u 2 H s(Th)3 and r � u 2
H s(Th)3, s > 1=2, for 0 < h � h0, wehave

ku � uhkV (h) � C hminf s;`g
h
k"uks;Th + k� � 1r � uks;Th

i
:

Additionally, giventhatu 2 H `+1 (Th)3 and
 is convex,

k"
1
2(u � uh)k0;
 � C h`+1 kuk`+1;Th; for 0 < h � h1:

4.2 Mixed DG Method
Writing u = w + r ' , with ' 2 H 1

0(
) andw 2 H0(curl;
) ,
r � w = 0, settingp := ! 2' andrenamingw by u gives:

r � (� � 1r � u) � ! 2"u � "r p = j in 
 ;

r � ("u) = 0 in 
 ; n � u = 0; p = 0 on � :

MixedDG Method: �nd (uh; ph) in (S`
h)3 � S`+1

h , suchthat

ah(uh; v ) � ! 2("uh; v )
 + bh(v ; ph) = (j ; v)
 ;
bh(uh; q) � ch(ph; q) = 0

for all (v ; q) 2 (S`
h)3 � S`+1

h .
) Optimalenergy andL 2(
) –normerrorbounds(see[1]).
Main Advantage: Mixed formulation applicableto the full
PDEsystemin bothlow- andhigh-frequency regimes.

4.3 Example - Mixed DG Method
Weset� = � 0, " = "0, 
 = (� 1; 1)2, j = 0, andselectappro-
priateboundaryconditionssothatu = (sin(ky); sin(kx)) and
p = 0, wherek = !

p
� 0"0 is thewave number.
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