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1 Maxwell's Equations

GivenaboundedLipschitzdomain R3, nd theelectric

eld u suchthat

r (' uw 1A i Y u= in ; (1)
n u=0 on , (2
where! > 0, ," and arethetemporalfrequeng, magnetic
permeability electric permittvity, and electric conductvity,
respectrely.

Assumption: and" constan{for simplicity).

2 DG Discretizations

Main Advantage®f DG Methods:
DG methodsarelocally consenrative;

Greaterrobustnesaneansthat a wide rangeof problems
may betreatedwithin thesameuni ed framework;

Finite element mesheswith hanging nodes and local
space®f differentorderscaneasilybe handled.

2.1 Notation

T, = f K g tetrahedrameshof granularityh;
F ! /F P is thesetof all interior/boundaryfaces;
Traceoperators:

f F f FP
K+ N K K+f[nT
VIr=nt vi+n v, [Vlk=n v,
IVIn=Vv" n"+v n ,
[dn =d'n"+qn , [dln = an,
fvg= (v +v )=2 ffvg=v,
fog= (4" +q )=2 fog= g
Finite ElementSpace:
S,=fv2L%) :Vvik2P (K) 8K 2Thg, - L

DG norms:
kvkZ gy = K'2vk3 +k 2r, vk3 +k 2h Z[V]K3e
kK3 = K" 2r haKg + k"2h 2[q]n KoF,
kvk3g =k 2rn Vvki +k Zh Z[vlrk3e,

+k o2rp vk +k o zh ZVINKEe,
2.2 DiscreteCurl-Curl Operator

Theinterior penaltydiscretizations dZe ned by:

8 ‘ulr [Vlrds

an(u;v)=( rp u;rp v) + a
Z Fh

ulr £ *rn vg+[l f °

rn ug ds;
Fn
wheretheinterior penaltystabilizationfunctiona is givenby

a= ht't > . O

3 Low-FrequencyProblem

Neglecting! %" in (1) andassuming O gives:
r (' uw=j in ;
r ("u)=0 In ; n u=0 on :

Key Problem:Thedesignof numericalschemesvhichincor-
poratethe divergencefree constraint.

3.1 RegularizedDG Formulation
Findup, 2 (S,,)° suchthat

an(Un; V) + rn(un;v) = (;v)  8v 2 (S

wheretheformry( ; ) is de ned by

rm(u;v) -

=( Yy, ury v ['ulnf Y n ("V)@ds
7 Fro 7
['VINF *rn ("u)gds+ d ‘['uly ['VInds;
= =
and di= ht > .. O
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Theorem1 ([4]) Assumingi 2 HS*(Ty)3, s > 1=2, wehave
ku upkpe Ch™"S 9Kkukg 1.

Regularity assumptiongarenot minimal
) DG methodmaynotconverge for nonsmootiproblems.

3.2 Example

Let = ( 1;1n[0;1) ( 1;0]andselectappropriatelata
sothatu is given,in termsof the polarcoordinategr; #), by

ux;y)=r (rsin(=3)) ) u2H="'()%">0

Analytical Solution RegularizedDG Method

&y Al

3.3 Mixed DG Formulation

Introducingthe Lagrangemultiplierp 2 H}() gives:

r ( r u
r ("u)=0 In ; n

~)

‘Tp=]oin

u=0; p=0 on :
Mixed DG methodsFind (un; pr) in (S,,)® S suchthat

an(Un; V) + sph(un;Vv) + bi(V;pn) = (V)

(un; @  ca(pn;@) = O

forall (v;q) 2 (S;,)® SM, where
Z Z

Sh(u;Vv) = y blulnIVIN ds; ca(p; ) = FC"[D]N [dln ds;
h 7 h
bh(vip) = ("vir np) + i ff"vg [pln ds;
and
b:= h: O; c= h't >0

Methodl (stabilized) > Oandm = .
Methodll (non-stabilized): = Oandm = "+ 1.

Theorem 2 ([6, 5]) Assuminghat
U2 HSTh)% r u2HTW% p2 HS(Th); s> 122
bothmethodssatisfythefollowing a priori error bound:

Ku upkym + kP pnkom)

C hminfS;‘g k"uks;-l—h + k 1r ukS;Th + kka‘l‘l;Th

3.4 Example (SmoothSolution)

We set = ( 1;1)* and selectappropriatedata so that

u = ( expk)(ycosy) + sinfy)); expk)ysinfy)) andp =
sin( (x 1)=2)sin( (y 1)=2).

Methodl Methodll
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ku uth(h)
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Ku Unkym + Kp  pnkocn
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) Methodl is suboptimain theL?() norm.

3.5 A Posteriori Err or Estimation

Theorem 3 ([3]) Assumindghatr | = Oholds,sothatp 0,
Methodll satis esthefollowing a posteriorierror bound:

X , 172
ku unkym + kp prkony C K
K 2Th
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whele theelementakrror indicator g is givenby

c=hiki r (%
1

+ hg 'kbo(un)  k (URKG @ + 'K 2[unkrks o
+ hek["unInkgan + hickr  ("un)kgk

+ K2 puky + hy K 2[onIn kS o

Un) + "1 PG5k

2 (1=2;1] denotesthe parameter within the embed-
dingsHo(curl; ) \ H(div;) ! H () 3andH(curl;) \

Ho(div; ) | H () 3, andbx (v) isthenumerical ux :
_ nk (F 'r vg 'alvlr) on@ n ;
0 (V) = nk ( r v la(nk Vv)) on@\ :

4 High-FrequencyProblem

Renaming" i! ! )by", problem(1)—(2)becomes

r ( ' wu) !'*u=j in ; n u=0 on :

Here,we assumehat! 2 is not an eigervalueof the underly-
Ing Maxwell eigenproblem.

4.1 DirectDG Method
Findup, 2 (S;,)® suchthat

an(Un;iv) ! H("unv) = (V) 8V 2 (S)*
Theorem4 ([2]) Assuminghatu 2 HS(Ty) andr u?2
HS(T,)3, s> 1=2,forO< h  hg, wehave

ku upky@g ~Chmntsig hk"uks;Th +k uks;ThI:
Additionally, giventhatu 2 H *1(T,)®and is corvex,
K2 up)ke,  Ch*'kuk.yr; for 0<h hy:

4.2 Mixed DG Method

Writingu = w +r ' ,with' 2 H}() andw 2 Hq(curl; ) ,
r w = 0,settingp:=! % andrenamingw by u gives:

r ( r u) !'?u

" in ;
r ("uy=0 In ; n u

rp=j
, p=0 on :

0

MixedDG Method nd (up;pr)in (S;)® S, suchthat

L 2("up;v)  + (75 pn) = (V)
h(un; @  Ca(pn; ) = 0

forall (v;q) 2 (S,)° S,™.

) Optimalenegy andL?() —normerrorbounds(see[1]).
Main Advantage: Mixed formulation applicableto the full
PDE systemin bothlow- andhigh-frequeng regimes.

4.3 Example- Mixed DG Method

Weset = o,"="og, =( 1;1)% j = 0, andselectappro-
priateboundaryconditionssothatu = (sin(ky); sinkx)) and
p= 0, wherek =!" " isthewave number

an(un; V)

ku Uhk\/ (h)

N
10°H - - k=2
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