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Rationales

Right tool to discretize a large
variety of “fields”

(cf. talks by D. Arnold, A. Bossauvit, .. .)

Discrete differential forms

Superior resolution of smooth solutions
— exponential convergence of hp-FEM
(cf. work of L. Demkowicz)

Significantly reduced numerical dispersion (for wave propagation)

M. AINSWORTH, Dispersive properties of high order nedelec/edge element approximation of

the time-harmonic maxwell equations, Phil. Trans. Roy. Soc. Series A, 362 (2004), pp. 471—
493.
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Differential forms




Forms and “Fields”

An [-form, | € N, on an n-manifold 3 is an additive mapping of oriented piece-
wise smooth [-dimensional submanifolds of = into R (Space F):

[-form {oriented /-submanifolds } L
\ /
O-form P point values 1-form P path integral
y R | 7 L7/ O\ R
[Electric potential] [Electric field]
2-form = flux integral 3-form P volume integral
. R R
[Magnetic flux] [Charge density]
Forms and “Fields” 2




Differential Forms

> . k—dimensional C'1-manifold ¢ R"

T (x) : Tangential space in x € >

Al(Ts(x)) : Space of alternating I-multilinear forms on Tx-(x), dim A! = (’;)
+ Bilinear exterior product A : Al x AT — AMT

A differential form w of degree [ is a continuous mapping w : ~ — AT (-))

Embedding into (generalized) [-forms by “Riemann integration”
=1

=

for differential forms

= Exterior derivative, trace, and pullbac
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Vector Proxies

Basis representation (in the case > = Q2 C R", i.e. Tx-(x) = R"):

weDF(R) = w= > Diy,oiy ATiy N N dxy
(41,..-,01)ET
where [ := {(i1,...,11), L <ip <n, i1 <...<7q}, {dx;} is a dual basis of R".

N Coordinate functions ¢;, . ; : €2 +— R (“vector-field”) describe w.

“Canonical coordinate representations” in 3D Euklidean space:

Differential form Related function/vectorfield &

w(x) w(x) = d(x)
{vi—=wx)(v)} w(x)(v) = (d(x), V)
{(v1,v2) — w(x)(v1,v2)} w(x)(v1,vo) = (d(x),v1 X vo)
{(v1,v2,v3) = w(x)(vy,vo,v3)} | w(x)(vy,vo,v3) = d(x) det(vy, vo, v3)

{ Coordinate representations employ artificial additional structures! ]

Vector Proxies 4




Whitney Forms

Focus: Discrete differential forms on simplicial meshes
Perspective: Whitney forms = finite elements for differential forms
e Local trial spaces on n-simplex T, n € N:  ({ig,...,%4} C {0,...,n})

l .
W4 = Span { 2 (19 dAig A A /\"'/\d)‘il} ’

=0
where \;, : = O, ..., n = barycentric coordinate functions of T°
e Local degrees of freedom: S, (T") = set of m-dimensional, m = 0, ..., n, sub-

simplices of T°

{wH[gw,SESm(T)}

B> Local shape functions: with I := {ig,...,4} C {0,...,n}

l .
Br = Zo(_l)mij dhig A+ AT AL AdN,
]:

Whitney Forms 3}



Construction of Higher Order Local Trial Spaces




Requirements

We consider only simplicial triangulations (tetrahedral in 3D)

Wzﬁ(f): Local space of discrete [-forms of polynomial degree p on simplex T’

o WL(T) is “polynomial”: DPL(T) C Wy(T) C P}, 1(T)

sentation are polynomials of degree < p « polynomial vector proxies)
e Local discrete potentials: {w e WIT),dw = 0} = dW,1(T)
e Recursion in dimension: forall S € Sy (T), 1 < m < n,

tsWh(T) C Wh(S) .

(ts = trace of differential form onto .5)

\_

(DP},(T): polynomial [-forms of degree p, i.e. the coefficient functions in the basis repre-

~

B> The requirements offer no unique characterization.

> All these properties are invariant under affine transformation.

Requirements



Dimension of Local Spaces

amwin =3 (; G )ET)

Proof (by induction w.r.t. [, p)

[Notation: 575;(T) = Homogeneous polynomial [-forms of degree p]

WL(T) =DPYUT) ® VAT) , VAT) C DP,y1(T)

e Direct sums: — — — —
DP, 1 (T) =V (T) @ HN ;1 (T), HN,1(T) :=DP, 1 (T) NKer(d)

—
e Monomial projections DP%(T) — DP,(T) and d commute & Koszul exact seequence

. ﬁ/;+1(T) =d(137>;;12(T)) and dimW./(T) = dim DP;H(T)—dimﬂK/;H(T)

——1—1
B dimW,(T) = dimDP,,,(T) — dimDP, »(T) + dimDP, L(T) —dimx' [(T) O

Dimension of Local Spaces 7



Strategies

Construction of Wi(T"), T' = n-simplex

P .

“one fell swoop” Sub-simplex based
o formula for W (T) e spaces for sub-simplices
e verification of requirements e extension into T’
T
Example: Nedéléc’s construction for n = 3 (Euklidean vector proxies)

[J. NEDELEC, Mixed finite elements in R3, Numer. Math., 35 (1980), pp. 315-341.]

WH(T) = Ppy1(T) ,

Wi (T) = (Pp(T))* ® {q € (Ppy1(1))>:q(x) - x=0Vx € T},
W2(T) = (Pp(T))> @ {a € (Ppy1(I))> a(x) xx=0Vvx € T},
W (T) = Pp(T) .

Strategies



“One Fell Swoop” Approach

737?;(T) C DP},(T) := homogeneous polynomial [-forms on simplex T,
HNL(T) € DPL(T) := {w € DP,(T): dw = 0} (closed forms).

4 . _
yé(T): direct sum DP;(T) = y]l?(T) D HN;(T)

B W) =DPi(T) oV (T). B

\

(— generalizes Nedéléc’s construction)

Choice:  YL(T") = ka(HNLTH (1))

Poincaré mapping ka : {l-forms} — {l — 1-forms}, (e = v1,..., v}, v; € R")

— [t _ _ -
ka(w)(x)(e) : /O t=1u(t(x — a))(x — a, o) dt = d(ka(w)) + ka(dw) = w

R.H., Canonical construction of finite elements, Math. Comp., 68 (1999), pp. 1325—-1346.
R.H., Higher order Whitney forms, in Geometric Methods for Computational Electromagnetics, F. Teixeira, ed.,

vol. 32 of PIER, EMW Publishing, Cambridge, MA, 2001, pp. 271-299.

“One Fell Swoop” Approach



Sub-simplex Based Approach (I)

[Idea borrowed from p-version of Lagrangian FEM]
e Polynomial I-forms on each S € S, (1), 1 < m < n,
with vanishing trace on S = space X/(5)
e Polynonial extension, preserving vanishing trace on S, (7) \ {S}
= Exploit recursion in dimension !

{w e DP]l)_l_l(S),tasw =0}, forl<m,

S € Sn(T): ng(s) C le?‘l‘l(s) = {{w c DPZ+1(5) Jgw =10}, foril=m
p ’ ’ '

Required: Z.(S) C X,(S) A {w € XL(S),dw = 0} = dx)~1(S),1 <1< m.

aim X = (")) tr<n L dimab=("T") 1 iti=m.

m m

Sub-simplex Based Approach (1) 10



Sub-simplex Based Approach (ll)

Construction uses some complement Yy Z1(S) = V},(S) & Kern(d)

x)(8) = dV, 15 (S) ® Vh(S) -

/ASO, ..., As,,, = barycentric coordinate functions associated with S € S, (T): A
weZ(S) = w= 3 ar(Xsgs - - s Asp) A dAT
IC{s0,---ysm},|I|=l
fori < m,p>m — [, with o Eﬁq(Rm'H),q =p—(m+1-1),
KI’Z={So,...,Sqn}\I,d)\[Z=d>\z’1/\--°/\d)\z'l. y

Barycentric representation [ barycentric extension Efg’p

(Ensures continuity of traces across interelement boundaries)

[R.H., Finite elements in computational electromagnetism, Acta Numerica, (2002), pp. 237-339.]

Sub-simplex Based Approach (ll)
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Exact Sequence Property

WD) =WH(D) + Y. > E5 (xl(9)).
m=lSeS,(T)

{SESm(T): {03 % x9(s) L aks) L - L oar(s) L (o) J

Since d o El — El‘"1 od:

{0} % Egpwo(s» EL (XL(s) L - LoER (a7(9)) L {0}

Local discrete potentials in p-hierarchical surplus: on simplicial mesh 7

In € WEI(T), suppn C Us,

WL(T) N Kern(d), su CUq =
w € W,(T) (d), suppw C Ug {dnz(Id—l_ll)w.

= WY (T )-projection (“Whitney interpolation”), Ug := {T € T: S C T}.

Exact Sequence Property 12



Variable Order Whitney Forms

Assign degree pgtoevery S € S (T),l <m <n > “degree vector’p

n
WHT) =WH(T) + > > Egp(A,(9) .
Application: hp-FE Galerkin discretization
Sm(7) = m-dimensional simplices of a simplicial mesh 7,1 < m <n

pr € Ng = polynomial degree assigned to every T' € 7

minimum degree rule pg = min{pp: S €T}, S € Sn(T)

———

Wi(T) := {w € I-forms: wi; € WhH(T)} .

Variable Order Whitney Forms
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Local Shape Functions




Barycentric Formulas

Local shape functions forn = 3,1 = 1,p = 2 (Nedéléc’s space)

Interior Face < a;,am,a > Edge < ai,am >
AoA3A4dA1 — A1 AoA3dAa AGZA LA — AidmAkdAm AP Amd); — AP dAm
A3AaA1dAo — AoA3dadA1  A2NidAm — A hidA A2 N\dA; — A,gndAi
AgA1A2dA3 — A3AgA1dA2 AP AmdA, — M Aidmd);  A2Amd; — A2A3,d M

MAmApdN; — A2 AdAm
A AL dAm — A2\ ;dA
A X Amd\ g, — /\Z.Qkxmdxi

See (for general formula):

J. GOPALAKRISHNAN, L. GARCIA-CASTILLO, AND L. DEMKOWICZ, Néedélec spaces in affine coor-
dinates, Report 03-48, TICAM, University of Texas at Austin, Austin, TX, 20083.

J. WEBB, Hierarchical vector basis functions of arbitrary order for triangular and tetrahedral finite
elements, IEEE Trans. Antennas & Propagation, 47 (1999), pp. 1244—1253.

Barycentric Formulas 14



Hierarchical Local Shape Functions

For S € S, (T) choose %é(S) C XZQ(S) such that
BL(S) = ngo BL(S) s basis of X}(S)

——————
Hierarchical local shape functions:
B B,(1)=Bo(T) U U, Ugscs, 1) Esp(Bp()) -
p = O =1 p = 2

=1 Y e ¢ ——

l_;> 1d E ‘}/d i E A}/d i Separation of kernel:

z_;*d “anl s DO =)

— T BL(S) = {60, U{dp T

O rl?sr?gforkernelcompo@ Basis functions with d % p( ) {6Z}Z { 6 }

Hierarchical Local Shape Functions 15



“Optimized” Local Shape Functions

“Optimized” = yielding low condition numbers for FE stiffness matrix
(given a particular linear variational problem)

Forn =2,3,1 = 1 see:

M. AINSWORTH AND J. COYLE, Conditioning of hierarchic p-version Nedélec elements on meshes
of curvilinear quadrilaterals and hexahedra, Report 26, Department of Mathematics, University of
Strathclyde, Glasgow, UK, 2001.

M. AINSWORTH AND J. COYLE, Hierarchic finite element bases on unstructured tetrahedral
meshes, Int. J. Numer. Meth. Engr., 58 (2003), pp. 2103—-2130.

Optimized local shape functions convenient, NO
but is it worth the fuss?

Static condensation
+
Block preconditioning

will acelerate iterative solvers
anyway

“Optimized” Local Shape Functions 16



Discrete Poincare-Friedrichs-type Inequality




Poincaré-Friedrichs-Type Inequality

For domain © c R3:

Hg(curl; Q2) :={w € L?(Q):curlw € L?(2),w x n =0 on o} .

L?(2)-orthogonal Helmholtz decomposition

Hg(curl; Q) = Z(Q2) & (Hp(curl; Q) N Kern(curl)) .

Since Z() — L?(2) compact
4 I

4C = C(2) > 0: ||u||L2(Q) <C ||curlu||L2(Q) Vu € Z(Q2) .

o /

Poincaré-Friedrichs-Type Inequality 17




Discrete Complement Space

Discrete 1-forms on 7 = tetrahedral mesh of 2 (Nedélec’s space):

Wy (T) = {wp € Ho(curl; 2): wpi € Wp(T) VT € T} .

L?()-orthogonal discrete Helmholtz decomposition:

Wy (T) = Zp(T) & (W (T) N Kern(curl)) .

Note: Z(TYZZ() |

—~—g——

Is there C = C'(7) > 0 independent of p such that

||up||L2(Q) < C'||curl up||L2(Q) Vup € Zp(T) 7

Discrete Complement Space 18



Local Stable Discrete Potentials

Use Poincaré mapping ka : {l-forms} — {l—1-forms}, (e = vq,...,v}, v; € R")

[t B B _
ka(w)(x) () 1= /0 = 1u(t(x — a))(x — a, o) dt = d(ka(w)) + ka(dw) = w

Forl = 2, n = 3 & vector proxies:

(kow)(x) = /01 t(w(tx)) xxdt > (divw =0 = curl(kgw) =w) .

[D C R3: lkowll 2 py < diam(D) [[wll 2.y ¥w € CH(D) ]

—_
[Apply to curl wy, wy, € W]} (T), T € T]

For all w, € W; (T') there is up € W (T") such that
curlu, = curlw, A ||up||L2(T) < diam(T) ||curlwp||L2(T)

J. GOPALAKRISHNAN AND L. DEMKoOWwICZ, Quasioptimality of some spectral mixed method, Report
03-32, TICAM, University of Texas at Austin, Austin, TX, 20083.

Local Stable Discrete Potentials 19



Fragmentable Meshes (I)

SC(7T) = simplicial complex generated by simplicial mesh 7
(set of all vertices/edges/faces/cells of simplicial mesh 7)

Simplicial mesh 7 is fragmentable, if one of the following is true:
1L H{T:TeT}#0,
2. T =11 U1y, 11,75 #= T fragmentable, and
e SC(71N75) can be partitioned into sub-complexes with vanishing first
Betti number (“simply connected”),
e SC(71)NSC(T>) C SC(71 N7T>).

SC(T1) NSC(T2) ¢ SC(T1NT2)

Fragmentable Meshes (I) 20



Fragmentable Meshes (ll)

7
7
7/
7
7/
7
7
7/
7
7/
7
* ,
7
7/
7
7
7

/ T3 | Splitting of a triangulated torus: overlap
LU N S consists of two disjoint parts with
.- vanishing first Betti number each

-

7'1 — {T]_,TQ,T*}, E — {T37T47T*}5
overlap T

Note: If SC(7) has non-zero second Betti number > 7 not fragmentable
(Example: Spherical shell)

Fragmentable Meshes (lI) 21



Inductive Argument

Given :vp € curl Wi(T) C W3(T) > divvy,=0.

Assume : simplicial mesh 7 fragmentable

l: If | {T: T € T} # 0 use stable local discrete vector potential

Il Decompose 7 = 77 U 75
Induction hypothesis: for: = 1,2

. . o
w, € Wy (T;) , curlw, = Vo7 5

7
pr

InS =01 Ny (Tg =71 N7T5)

curl(w]% — wg) =0= w]% — wg = grad ¢, Yp € WS(TS) :

Inductive Argument 22



Welding by Polynomial Extension

/With C = C(77) > 0 independent of p A

Ty € Wg(Tl): TEp|S = Yp ,
98l 1y < Clerlms) -
S—

I Enforcing homogeneous boundary conditions by polynomial extension:

— grad @Zp in 21,
in 25 .

TN =

toowp € gradr W (7)p02) -

Welding by Polynomial Extension 23
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