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Plan of the talk

Standard finite element approximation of Laplace eigenproblem
Approximation theory of compact operators

Laplace eigenproblem in mixed form

A counterexample (inf-sup OK and spurious eigenvalues)

Finite element approximation of eigenproblems in mixed form

I 0o oo 0O O @O

Applications:

» Maxwell's eigenproblem, time harmonic Maxwell’'s equations
» Band gap of photonic crystals
» Evolution problems in mixed form
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Variationally posed eigenproblem (Laplace operator)

Abstract framework
H (=L*(Q) .V (=Hy(®) CH
Hilbert spaces, V' compactly embedded in H

a(u,v) (= [,Vu-Vvdx) VxV—-R
bilinear, continuous, symmetric, coercive

b(u,v) (= (u,v)) HxH—R
bilinear, continuous, symmetric

Eigenvalue problem
Find A € R such that for some u € V with u Z 0 it holds
a(u,v) = Ab(u,v) Yo eV
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Laplace eigenproblem
Strong form

—Au =M u in
u=20 on 0Of)
Weak form

AeR, ueV,u=D0:
a(u,v) = Ab(u,v) Yv eV

Resolvent operator
T:H— H, T(H)CYV impliesT is compact
a(Tf,v) =b(f,v) YvoeV

E; = span(u;), normalization b(u;, u;) = 1
V=208 E;
=1

1
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Laplace eigenproblem: approximation

Vi, C V, dimVj, = N(h)

Discrete problem
Find A\, € R such that for some up € V3, with up Z 0 it holds
a(up,v) = Apb(up,v) Yv € Vy

Discrete (compact) resolvent operator
T, :H — H
a(Thf,v) =b(f,v) Vv eV,

Ap S Aop < S AR < S A
E; n = span(u; 5, ), normalization b(u; p,u;p) = 1
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Convergence of eigenvalues/eigenfunctions

Some notation
m : N — N such that for N € N
>\m(1) < )\m(g) <L 0 <K )‘m(N) < ...

A

0(F,F)=max(d(F, F),0(F,E)), where E, F' subspaces of H

O(FE,F) = sup inf ||u—v||g
uw€E, [Ju|lp=1"<"

Definition of convergence <Comments>
Ve >0, VN € N, dhg > 0 such that Vh < hg

> max |)\z — >\i,h| <e

i=1,....m(N)
~ [(m(N) — m(N)
> 0 ® Ei, © Ljp)<e
1=1 1=1
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Convergence of eigenmodes (cont’ed)

Uniform convergence
T — Tl () — 0

Theorem
If T" is selfadjoint and compact

Uniform convergence | <= | Eigenmodes convergence

Strategy

1) prove uniform convergence,
2) estimate the order of convergence
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Galerkin approximation of compact operators

Bramble—Osborn '73
Osborn '75
Kolata '78

Céa’'s Lemma

Ty, = P, with Py, projection w.r.t. bilinear form a

T—T,=(—-P,)T

If I — P, converges to zero pointwise and 1’ is compact, then
T'—T}, converges to zero uniformly (consequence of Banach—Steinhaus
theorem)

<Proof>
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Estimating the order of convergence
f

T — Th|| covvy = e(h) Kolata '78
|T* = Tyllzv,vy = €*(h) Babuska—Osborn '91

then

N — Ain| < Cle(h)e* ()Y  a; ascent of NI — T

5(E7;,Ei’h) < Cc":(h)
If T° symmetric then

’)\z — )\i,h‘ < CS(h)Q

A

5(E7,7 Ei,h) < O€(h)

Moreover, one can prove \; ;, > A; Vi (from V;, C V)
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Conclusions on standard Galerkin approximation

Any finite element choice which provides a (pointwise) convergent
scheme for the approximation of a problem with compact resolvent
can be successfully applied to the approximation of the corresponding
eigenvalue problem (uniform convergence)

No extra compatibility!
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Eigenproblems in mixed form

Mercier—Osborn—Rappaz—Raviart '81
B.—Brezzi—Gastaldi '97-'00

Let’s start with Laplace problem —Awu =g

Source problem
o€ H(div;Q)=%, ue L*(Q)=U

{(0,7)+(div¢,u)=0 Vred (c=Vu)
(dive,v) = —(g,v) YvelU (—=dive =g)

Matrix form (3, C 3, U, C U)

(5 0)(2)=(5)
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Laplace eigenproblem in mixed form
Find A € R such that for some (o,u) € 3 x U with u Z 0

{ (o,7) + (divr,u) =0 VreX (—Au = \u)

(divo,v) = =A(u,v) YveU

Matrix form (X, C X, U, C U)

(50 ) (%) =00 ) (7)

Remark. Similarly, one can deal with problems of the type
A Bt o\ \ Ms. 0 o
B 0 o ) 0 O U
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Definition of the resolvent operator

A first natural (but wrong) definition
T :U — X x U

Ti(g) = (o,u)
One would like to compute eigenvalues. . .

TQ:(EXU)/_)ZXU
T2(fag) — (07 U) with

(o,7) + (divr,u) =< f,o> Vrel
(dive,v) = —(g,v) YVveU

(f,9) (0, 9) =2 (o, u)

T
=t 2% 2 — [2 x [2

IS compact
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