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Plan of the talk

☛ Standard finite element approximation of Laplace eigenproblem

☛ Approximation theory of compact operators

☛ Laplace eigenproblem in mixed form

☛ A counterexample (inf-sup OK and spurious eigenvalues)

☛ Finite element approximation of eigenproblems in mixed form

☛ Applications:

I Maxwell’s eigenproblem, time harmonic Maxwell’s equations
I Band gap of photonic crystals
I Evolution problems in mixed form
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Variationally posed eigenproblem (Laplace operator)

Abstract framework
H (= L2(Ω)) , V (= H1

0(Ω)) ⊂ H

Hilbert spaces, V compactly embedded in H

a(u, v) (=
∫
Ω∇u · ∇ v dx) V × V → R

bilinear, continuous, symmetric, coercive

b(u, v) (= (u, v)) H ×H → R
bilinear, continuous, symmetric

Eigenvalue problem
Find λ ∈ R such that for some u ∈ V with u 6≡ 0 it holds

a(u, v) = λb(u, v) ∀v ∈ V
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Laplace eigenproblem
Strong form

−∆u = λu in Ω
u = 0 on ∂Ω

Weak form
λ ∈ R, u ∈ V , u 6≡ 0:

a(u, v) = λb(u, v) ∀v ∈ V

Resolvent operator
T : H → H, T (H) ⊂ V implies T is compact

a(Tf, v) = b(f, v) ∀v ∈ V

λ1 ≤ λ2 ≤ · · · ≤ λi ≤ · · ·
Ei = span(ui), normalization b(ui, ui) = 1
V =

∞
⊕

i=1
Ei
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Laplace eigenproblem: approximation

Vh ⊂ V , dimVh = N(h)

Discrete problem
Find λh ∈ R such that for some uh ∈ Vh with uh 6≡ 0 it holds

a(uh, v) = λhb(uh, v) ∀v ∈ Vh

Discrete (compact) resolvent operator
Th : H → H

a(Thf, v) = b(f, v) ∀v ∈ Vh

λ1,h ≤ λ2,h ≤ · · · ≤ λi,h ≤ · · · ≤ λN(h),h

Ei,h = span(ui,h), normalization b(ui,h, ui,h) = 1

Vh =
N(h)
⊕

i=1
Ei,h
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Convergence of eigenvalues/eigenfunctions

Some notation
m : N → N such that for N ∈ N
λm(1) < λm(2) < · · · < λm(N) < . . .

δ̂(E,F ) = max(δ(E,F ), δ(F,E)), where E,F subspaces of H

δ(E,F ) = sup
u∈E, ||u||H=1

inf
v∈F

||u− v||H

Definition of convergence <Comments>

∀ε > 0, ∀N ∈ N, ∃h0 > 0 such that ∀h ≤ h0

I max
i=1,...,m(N)

|λi − λi,h| ≤ ε

I δ̂

(
m(N)
⊕

i=1
Ei,

m(N)
⊕

i=1
Ei,h

)
≤ ε
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Convergence of eigenmodes (cont’ed)

Uniform convergence

||T − Th||L(H,H) → 0

Theorem
If T is selfadjoint and compact

Uniform convergence ⇐⇒ Eigenmodes convergence

Strategy

1) prove uniform convergence,

2) estimate the order of convergence
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Galerkin approximation of compact operators

Bramble–Osborn ’73

Osborn ’75

Kolata ’78

Céa’s Lemma
Th = PhT , with Ph projection w.r.t. bilinear form a

T − Th = (I − Ph)T

If I − Ph converges to zero pointwise and T is compact, then

T−Th converges to zero uniformly (consequence of Banach–Steinhaus

theorem)

<Proof>
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Estimating the order of convergence

Kolata ’78

Babuška–Osborn ’91

If

||T − Th||L(V,V ) = ε(h)
||T ∗ − T ∗h ||L(V,V ) = ε∗(h)

then

|λi − λi,h| ≤ C(ε(h)ε∗(h))1/αi αi ascent of λiI − T

δ̂(Ei, Ei,h) ≤ Cε(h)

If T symmetric then

|λi − λi,h| ≤ Cε(h)2

δ̂(Ei, Ei,h) ≤ Cε(h)

Moreover, one can prove λi,h ≥ λi ∀i (from Vh ⊂ V )
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Conclusions on standard Galerkin approximation

Any finite element choice which provides a (pointwise) convergent

scheme for the approximation of a problem with compact resolvent

can be successfully applied to the approximation of the corresponding

eigenvalue problem (uniform convergence)

No extra compatibility!
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Eigenproblems in mixed form

Mercier–Osborn–Rappaz–Raviart ’81

B.–Brezzi–Gastaldi ’97-’00

Let’s start with Laplace problem −∆u = g

Source problem
σ ∈ H(div; Ω)= Σ, u ∈ L2(Ω)= U{

(σ, τ) + (div τ, u) = 0 ∀τ ∈ Σ (σ = ∇u)
(div σ, v) = −(g, v) ∀v ∈ U (−div σ = g)

Matrix form (Σh ⊂ Σ, Uh ⊂ U)(
A Bt

B 0

) (
σ̃

ũ

)
=

(
0
−g̃

)
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Laplace eigenproblem in mixed form

Find λ ∈ R such that for some (σ, u) ∈ Σ× U with u 6≡ 0{
(σ, τ) + (div τ, u) = 0 ∀τ ∈ Σ
(div σ, v) = −λ(u, v) ∀v ∈ U (−∆u = λu)

Matrix form (Σh ⊂ Σ, Uh ⊂ U)(
A Bt

B 0

) (
σ̃

ũ

)
= −λ̃

(
0 0
0 MU

) (
σ̃

ũ

)
Remark. Similarly, one can deal with problems of the type(

A Bt

B 0

) (
σ̃

ũ

)
= λ

(
MΣ 0
0 0

) (
σ̃

ũ

)
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Definition of the resolvent operator

A first natural (but wrong) definition
T1 : U → Σ× U

T1(g) = (σ, u)

One would like to compute eigenvalues. . .

T2 : (Σ× U)′→ Σ× U

T2(f, g) = (σ, u) with{
(σ, τ) + (div τ, u) =< f, v > ∀τ ∈ Σ
(div σ, v) = −(g, v) ∀v ∈ U

TΣU
(f, g) cutoff7−→ (0, g)

T27−→ (σ, u)
L2 × L2 −→ L2 × L2

is compact
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