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Stability is subtle
up € Wy, : Bh(uh,v) = Fh(?}) Yo € Vj

If W, =V}, and Bp,(w,w) = ||wl||?, stability in || - || is trivial.

1f V, = W}, or By, is not positive definite, or a different norm
Is of interest, stability is subtle even for simple problems!

o—u =0, o =fon(=1,1), u(+l)=0 1D "“mixed Laplacian”
(o,u) € L2xH" : (0,7) — (W, 7) — (0,0") = (f,v) V(r,v) e L?xH"

(o,u) € H' xL*: (o, 7) + (u,7") + (¢/,v) = (f,v) ¥Y(r,v) € H' xL?
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Mixed Laplacian

(o,u) € H(div) x L :
(o,7) + (u,div7) + (dive,v) = (f,v) Y(r,v) € H(div)x L?
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Mixed Elasticity

(o,u) € H(div,Sym) x L*(,R™) :
(o,7) + (u,divT) + (dive,v) = (f,v)
V(r,v) € H(div,Sym) x L*(Q,R")
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Curl-—curl problems (electromagnetics)

0#FE € H(curl), XeR
(curl B, curl F') = \(E, F') VF € H(curl)

Nedelec




0 # E, € Wh, A €R
(curl B, curl F') = A\, (B, F) YF € Wy,

On a square eigenvalues are known: A =m?+n?, 0<m,ncZ
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Computed eigenvalues

Lagrange elts Edge elts
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Exterior algebra

V' a vectorspace, dimV =n

® Alt"V ={w:V x--- x V. — R|alternating }
s

o AtV =R AtV =V*  dimAltFV = (Z)

® Exterior product: A: Alt"V x At™V — Alt* ™V

® An inner product on V induces an inner product on AltFV

@y = D W U Ny V),

1<o1 < <o <n

for an orthonormal basis vq, ..., v,

® If V is also oriented, Alt"V ~ Alt" %V (Hodge *)
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Exterior calculus

() a smooth n-manifold

AR¥Q) ={z € Q— w, € At"(T,Q) | smooth }
& Also COAR(Q), L2A*(Q), LPAR(Q), . ..

e

» /wGRfordimf:k‘,wEAkV
f

® Exterior derivative dj, : A¥(Q) — AFT1(Q)

» dk_|_1dk — O

De Rham complex:

0—-R S AQ) S AYQ) S 0 L AMQ) =0

Exact if € is contractible
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Oriented Riemannian manifolds

Each 7..() endowed with an inner product

L?A*(Q) is a Hilbert space
HARQ) = {w e L2AR(Q) | dw € L2AF1(Q) }

0 R S HAYQ) L HAY Q) S - 4 HAYQ) -0

L? de Rham complex, same cohomology
d* : Ak+1(Q) — Ak(Q) <d*w, ’r]>L2Ak — <CU, dn>L2Ak+1

Hodge Laplacian: d*d + dd* : A*(Q) — A*(Q)
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Polynomial forms and the Koszul complex

For (2 C R", degree r > 0
0—-R S HA" 5 3, AL S 0 LR, A(Q) — 0

0—-R S PA" L P AL S oL P AQ) =0
Koszul differential x : AFTT — AF:
(kw)z(vh, .. 0%) = we(x, v, ., 0F)
® i H A — H, AP (ef. d: H AP — HAR)
® (di+rd)w=(r+kw YweIH.A*Q)

0—R «— PAO & P AL & o0 2P AT

Koszul complex

PHAF = P, AR 4 kP, AR
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The case () C R?

0-R S A%Q) 224 AvQ) L A2 9% A3Q) -0

0—R = Q) 225 0o(Q,R3) 2 0o, R3) 1Y% 0°(Q) — 0

smooth de Rham complex
0—R S HYQ) 22 H(cwrl) <% H(div) 2% L2(Q) — 0

L? de Rham complex

0-R S P.(Q) 224 9, (AR 2L PR} L% P Q) -0

polynomial de Rham complex
0 —R «— P(Q) <& P,_1(QR3) & P o(QR3) & Po_5(0Q) — 0

Koszul complex
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Some PDEs related to the de Rham complex

QCR 0<k<n, feL?>A*Q)

o€ HA*1(Q), we HAQ):
(o,7) — (dT,u) =0 Vr e HAF1(Q)
(do,v) + (du, dv) = (f,v) Yv € HA®(Q)

This is a mixed form of the Hodge Laplacian, well-posed.

® k£ =n=3: mixed Laplacian

® k=0, n=3: ordinary Laplacian

® k=1or2 n=3, two different curl—curl problems
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curl-curl problem for £k = 2

o € H(curl), wue H(div) :
(o,7) — (curl T,u) =0 V7 € H(curl)
(curl o, v) 4+ (divu, divv) = (f,v) Yv € H(div))

o =curlu, curlo—graddivu=f in{)

uxn=0, divu=0 on 0f2

If div f = 0, then

curlcurlu = f, divu=0 inQ, uxn=0 on 9f
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curl-curl problem for k =1

occ H', wue& H(curl):
(o,7) — (grad T,u) =0 Vr ¢ H'
(grad o,v) 4+ (curlu, curlv) = (f,v) Yv € H(curl))

o= —divu, grado + curlcurlu=f in ()

u-n=0, curluxn=0 on of)

If f_L grad H', then o = 0 and

curlcurlu = f, divu=0 inQ, curlu xn=0 on 9f)
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Piecewise polynomial differential forms

J a triangulation of {2 C R™ by n-simplices

PA(T) :={we HA*Q) | w,. € P.AYT) VT €T}
PIAR(T) = {w e HA*(Q) | wy,. € PFAYNT) VT €T}

& PHAYT) =P, A°(T) € H! usual Lagrange finite elements

& PFA™(T) = P.A"(T) C L? usual discontinuous piecewise polys.
® n=23: PrAYT) C H(curl) Nedelec elements

e P.AY(T) C H(curl) Nedelec 2nd family

re PrA%(T) C H(div) Raviart—-Thomas elements

re P.A*(T) C H(div) Brezzi-Douglas—Marini elements
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Degrees of freedom

T an n-simplex, Ay(T) = set of faces of dimension d, 0 < d <n

dim P, AF(T),) = (” Z r) (Z’)

U — /u/\v, v € ‘J)jf_d_HkAd_k(f), felAyT), kE<d<n
f

DOF:

dim PFAR(T),)

|
N\
S
S +
=
N—
N\
T3
N—
_|_
YN
S
3
> +
=
—_
N—
N\
=
>~ +
o~
N—_

DOF:

20



Discrete exact sequences

For every » > 0, an exact piecewise polynomial subcomplex:

d

0—R S PFAYT) L PrALT) L oo L PHAMT) — 0

For n = 3, r = 0 these are the Whitney elements:

R%A grad ﬁ curl & d1v A_) 0

For all r, the natural projections I, — PTAF(T)
relate this to the de Rham sequence commutatlvely.

0-R S AQ) L AYQ) L ... L AMQ)—0
th I
Lo prAYT) L L PEARN(T) = 0
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Discrete exact sequences, continued

There is another exact sequence ending at P,.A"(7)

(Demkowicz, Monk, Vardapetyan, Rachowicz):

0 =R S PrnAO(T) L Pron i ANT) S 0 L PLA(T) — 0

In fact, there are 2"~ ! of them in n dimensions!
For n = 3 the other two are:

0 =R S PooA(T) L P AY(T) S PHAZ(T) L PA3(T) — 0

0 =R S PooAT) L PH ANT) S P A2(T) S PLAT) —

All relate to the de Rham complex through a commutative
diagram.
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Discrete complexes and stability

Consider the stability (in the HA” norms) of the discretized PDE:

o€ ATl uweAf:
(o,7) — (dT,u)y =0 vr € AP
(do,v) + (du,dv) = (f,v)  Yv € A}

where the A} are finite element subspaces of HA*(Q).

Bilinear form: B(o,u;7,v) = (o, 7) — (d1,u) + (do,v) + {(du, dv)

Need to show: ¥V o, uw, d 7, v:

B(o,u;m,v) = y(lloll3 a1 + lullfae)

Il k=1 + vl gar < Ol gar-1 + [[ull zar)
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Proof of stability

The key properties are: 1. exact sequence of discrete spaces:

O%RLA,} — Ay — -0 — AP =0

2. inf-sup condition: Yv € A§ with dv =0, 37 € A7~ with
dT = and ||7_||HAk—1 S O”UHHAk

Stability proof: Given u € A¥, o € A’;L—l, define p € Al;—l
and y € AZH by

u=dp+dy, dr=0, dy=0.

(Possible due to exact sequence.) Using inf-sup condition,
ol zrar—1 < Cllul], and [[ul] < C([|dul] + [|dpl]).

Choose 7 = 0 — tp, v = u + do, t sufficiently small.
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Proof of inf-sup condition

The key to proving the inf-sup condition is the commuting
diagram.

Sketch: given v € A¥ with dv =0, 37 € HA*~! with
dT = v and ||T||HAk—1 S C”’UHHAk

But we need 7 € A; .
The idea is to use II;~'7, for which dII} " '7 = I1}dr = 11fv = v.

There are technical problems with regularity (II} is not
defined on all of HA"“), but these can be overcome.
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Other PDEs, other complexes

The elasticity complex:

T — C®(Q,R3) —= C®(Q,Sym) - C®(Q,Sym) 1% C°(Q,R3) — 0
- I 1 1
displacement strain stress load

J = curl. curl,, second order
T is the space of infinitesmal rigid motions

A complex from relativity:

Py CO(QLR) 5 C(Q,Sym) 2 0°(Q,R3x3) L% 0, R3) — 0
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A question for the workshop

For what PDEs is there an associated
differential complex which it is useful to
consider and, maybe, useful to discretize
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