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Abstract

In this paper we discuss the stability and instabil-
ity properties of two classes of conservative dynamical
systems which have two interconnected components:
a finite-dimensional and an infinite-dimensional sub-
system. The finite-dimensional component is a linear
mechanical system with gyroscopic terms and it is cou-
pled to a wave equation defined on an infinite spatial
domain via two different types of coupling — integral
and point coupling. In particular we analyze the condi-
tions under which connection to a wave system induces
instability in the finite-dimensional system.

1 Introduction

In this paper, we analyze the stability of a class
of interconnected finite- and infinite-dimensional sys-
tems. We consider linear finite-dimensional mechanical
systems with gyroscopic terms coupled to a wave equa-
tion via two different types of coupling — integral and
point coupling. Dissipative perturbations are known to
induce instability in certain Hamiltonian systems; see
Bloch, Krishnaprasad, Marsden and Ratiu [1994]. Since
the origins of dissipation (e.g. friction, viscosity...) lie
in the transfer of energy from one form (energy of one
subsystem) to another form (that of a second subsys-
tem) of a larger conservative system, it is natural to
expect the analogue of the above destabilization phe-
nomenon to be present within the more fundamental
context of conservative systems which exhibit internal
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energy transfer. In this paper, we explore this in the
context of a gyroscopic oscillating mechanical system
coupled to an extended wave system (infinite string).
Due to the coupling, motion within the mechanical sys-
tem generates waves which can be carried off to infin-
ity. Such radiation damping has been studied in models
arising in the theory of quantum resonances, ionization
type problems and nonlinear waves; see Soffer and We-
instein [1998a, 1998b, 1999]. We derive an exact re-
duced equation for the mechanical system, which has
an additional term, capturing the effects induced by
the radiating wave system. We then analyze the stabil-
ity properties of the reduced system in order to deduce
the effects of the coupling.

We discuss the stability of the overall system under
various assumptions on the eigenvalues of the finite-
dimensional part of the system. In particular, we con-
sider the case of gyroscopic stability (i.e. stability in-
duced by the gyroscopic terms in the system equations)
and analyze when the wave equation destabilizes the
system. Since gyroscopic systems may be shown to
be the normal form for a large class of physical sys-
tems of interest, this provides a fairly widely applica-
ble model for studying the effect of wave coupling on
finite-dimensional systems. Stability of interconnected
systems is of interest for many different applications in-
cluding the study of satellite or space station motion.
Such systems include a mixture of rigid and flexible
components. The Lagrangian or Hamiltonian structure
of such systems is also of interest (see Maschke and van
der Schaft [1997] or Bloch and Crouch [1998] for exam-
ple).

We show how the systems may be viewed as a finite-
dimensional n-port connected to a wave equation.

In the integral coupling case, we show that the re-
duced mechanical system is a finite-dimensional linear



system with integral feedback. Furthermore, we show
integral coupling destabilizes all gyroscopic systems,
not just gyroscopically stabilized ones. This turns out
to be in contrast to the case of point coupling of the
gyroscopic finite-dimensional system to the wave equa-
tion. Using a method of analysis from Komech [1995b],
a dissipative term of Rayleigh type in the gyroscopic
system explicitly arises from the point coupling. Ap-
plying results from Bloch, et. al [1994], we show that
radiation induces instability in a gyroscopically stabi-
lized system.

2 Two degree of freedom Chetaev system

Gyroscopically stabilized systems exhibit interest-
ing instability when perturbed by dissipative forces.
Via coupling the gyroscopic system to a wave equation,
we desire to induce similar destabilizing effects from
radiation. The general form of a gyroscopic system is

Mg+ Sq+Vaq=0, (2.1)

where q € R”, M is a positive-definite symmetric n x n
matrix, S is skew, and V is symmetric.

We prove our integral coupling results here for a two
degree of freedom gyroscopic system both for exposi-
tion purposes and because this is an interesting physical
model. As in Bloch et. al. [1994] we shall call this the
Chetaev system (see Chetaev [1961]). The general case
of integral coupling can be analyzed in an essentially
similar fashion and will be discussed in a forthcoming
paper. (In the point coupling case discussed below we
do analyze the general n-dimensional system.)

Consider firstly then a two degree of freedom gy-

. . T 1 0
roscopic system with q = [y] , M = [0 1] , 9 =
0 —g a0
[g O],andV— [0 ﬂ]’
Z—gy+ar=0,
o (2:2)
§+g9¢+ Py =0,
where «a, § and g are fixed real constants of arbitrary
sign. The above system of equations models a bead
at the center of a rotating disc subject to a central
restoring force. The equations are also the linearized
equations of motion of a rotating spherical pendulum
in a gravitational field. (See Bloch et. al. [1994], Bail-
lieul and Levi [1991], Chetaev [1961] for physical discus-
sions.) It has been shown that if the system is unstable
for ¢ = 0, then the Chetaev system is gyroscopically
stabilized if g2 + a + 8 > 2v/af3, (i.e. the eigenvalues
are purely imaginary).
We also present the uncoupled wave equation as
20w

Loosely, we physically interpret the wave equation as
modeling the motion of a string. Furthermore, the in-
teraction between the mechanical system and the wave
equation can be interpreted as an interaction between
a bead on a rotating disc and a string.

3 Integral Coupling

We first investigate a local field coupling of the me-
chanical gyroscopic system to the wave equation. We
construct the coupling so that the interaction is local
and so that the system as a whole remains Hamiltonian.
Coupling of this type is important in various physical
models — see Soffer and Weinstein [1998a, 1998b, 1999].
For a coupling parameter x, we have

F-gjtar=r /R XEw(E, e,
§+gb+ By =~ /R OwE,0dE,  (3.1)

2
- 5 = mx(©),

where x(§) is a distribution. Desiring a local interac-
tion, we choose x(§) to be the Dirac- § distribution.
(So in fact, even though we will continue to use the
terminology “integral coupling’ for the type of system
discussed in this section, the special case we consider
here is in fact also a type of point coupling.)

The above coupled system remains Hamiltonian

with H defined as
1,.. .

H =5 (3" +§° + az® + By*) — k(z + y)w (£, 0)
1 (3.2)
+5 /Ru')Q + Cwidé.
Notice that the Hamiltonian is indefinite; hence the en-
ergy of the system does not uniformly bound the motion
of the bead and the motion of the string.

Even though the bead and the string seem inti-
mately coupled, we can decouple the motion of the bead
from that of the string as follows. Taking the Fourier
transform with respect to £ in the wave equation yields

b(k,t) = / e~ w(E)de, (3.3)
R
B (kyt) + R0k, 6) = k(@) +y(0). (3.4)

Solving the o.d.e. for w, we have

atht) = [ =D () 1y

+ 'UAJfree (k‘, t).

(3.5)

The above equation is the retarded Green’s function
for the wave equation and wgre. is the homogeneous



solution satisfying initial conditions. Neglecting wyece,
we have

w(0,1)

¢
2% /0 sgn(t — s)(z(s) +y(s))ds (3.6)

= 2%/0 z(s) + y(s)ds (3.7)

Thus the mechanical system decouples as

t
—gy+tax= v / x(s) +y(s) ds,
0 (3.8)

t
J4gstBy= 7 / £(s) +y(s) ds,

where v = ';—i The field coupling of the wave equation
to the gyroscopic system reduces to integral coupling of

the finite-dimensional system.

4 Differentiated System

We now analyze the stability of the system (3.8).

Suppose that initially the coupling field is identi-
cally zero, hence wyyee(0,t) = 0 for all time ¢ > 0.

We write 3.8 in matrix form, setting @ =

[zy &9 &g
Differentiating 3.8, we have
Q:BQ, (4.1)
where
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
B= 0 0 0 0 0 1 (4.2)
Yy v —a 0 0 g
vy 0 -8 -9 0

Computing the characteristic equation, p(u), of the ma-
trix B, we have

p=p’ + (¢* + o+ B)p’ — 2y + aBp — y(a +(ﬁ))j
4.3

Let pq, ... ,u5 be the non-zero eigenvalues of A. Then

we have
5
[T 4 =(a+5). (44)
i=1

Recall the system is gyroscopically stabilized when g2+
a + 8 > 2y/afB. Also note the trace(B) = 0. Hence if
v(a + B) # 0, then B has an eigenvalue with positive
real part. In particular if o, < 0 and v > 0, then
there is a real negative eigenvalue. Thus, there exists
a conjugate pair of eigenvalues with positive real part.
Hence the differentiated system is unstable.

If an addition we have a # (3, we can calculate the
speed at which the eigenvalues leave the imaginary axis
(see the analogous calculation in McKay [1991], Bloch
et. al. [1994] and references therein)

dp

!

=t . 4.

W= (4.5)
7=0

Computing u', we have

' 24° + (o + B)
Sut + 3(wi + w?)p? + wiwi’

I (4.6)

where the eigenvalues of the unperturbed system are
+iwg, tiw, . Simplifying in terms of wy and w;, we have

2w} + (e + )
2w (w} —wi_;)

(tiw;)' (4.7)
Integral coupling thus induces movement of the eigen-
values in a fashion similar to to the manner in which
dissipation induces movement of the eigenvalues: the
eigenvalues closer to (further from) the origin move to
the right (left) half plane.

Now a C?® solution to the undifferentiated system is
a solution to the differentiated system. Conversely, a
solution to the differentiated system satisfies the origi-
nal system if in the initial conditions are satisfied; that
is

£(0) — 99(0) + ax(0) =

0, 4.8
50) + g(0) + By(0) = 0, (48

which is only a linear constraint on the initial condi-
tions. This constraint can be satisfied while exhibiting
a negative eigendirection.

Summarizing we have

Theorem 4.1 Coupling the finite-dimensional system
(2.2) via integral coupling to a wave equation as in sys-
tem (3.1) where x(€) is a delta function yields the re-
duced finite-dimensional system (3.8). All smooth so-
lutions of this system are unstable.

Note that this is unlike the effect of Rayleigh dissi-
pation on the gyroscopic system, i.e. dissipation arising
from a term consisting of a positive definite symmet-
ric matrix multiplying velocities. Rayleigh dissipation
induces instability only if the original system is gyro-
scopically stable (i.e. it is unstable for g = 0 but stable
for nontrivial g). Here instability is always induced.
This is contrast to the case of point coupling analyzed
in the next section where we see the same behavior as
in the Rayleigh dissipation case. (See Chetaev [1961]
and Bloch et. al. [1994] for a discussion of Rayleigh
dissipation induced instability).

We now discuss two examples.



Ezample. For a = 8 = —1,¢ =1, and g = 10, the
origin of the uncoupled system is gyroscopically stabi-
lized. Letting k = 0.1, we show by numerically com-
puting the eigenvalues how the origin becomes unstable.
With initial conditions of

z —5.25%x 1073
y| _ | -125x10?
#l T —1.25 x 103 (4.9)
il 6.71 x 104

where € > 0, we see exponential growth of the coupled
system. Hence, integral coupling destabilizes the origin
in a gyroscopically stabilized system.

r2= x2 4+ y2
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Figure 4.1: Radial distance of gyroscopically stabilized
bead from the origin with integral coupling
£ = 0.1 and without coupling k = 0.

In the case of integral coupling, figure 4.1 shows the
bounds, 7,in and e, of the highly oscillatory radi-
ally position of the bead. Since the initial conditions
have a component in an unstable eigendirection, we see
exponential growth compared to the stable motion of
the uncoupled system.

Ezxample. As discussed above we have shown that
integral coupling has a broader destabilizing effect than
dissipation. In particular, the integral coupling can
destabilize a system regardless of whether or not it
is gyroscopically stabilized, while Rayleigh dissipative
perturbations destabilize a Chetaev system only if it is
initially gyroscopically stabilized. We now numerically
compute an example which remains stable under dis-
sipative perturbations, but in which integral coupling
induces instability. Let o = 8 = 1,¢ = 1,k = 0.1, and
g = 10. We numerically compute the eigenvalues. With
initial conditions of

z —7.79 x 1072

vl 1.38

& F¢|-137x 10 (4.10)
p _7.67x 1073

0

where € > 0, we again see exponential growth of the
coupled system.
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Figure 4.2: Radial distance of stabilized bead from the ori-
gin with integral coupling x = 0.1 and without
coupling xk = 0.

5 Network theory and integral feedback

In this section, we discuss the linked Chetaev sys-
tem and the wave equation from the point of view of
network theory and linear systems theory. As have
seen, the wave coupling induces instability. It is of
interest (see e.g. Baras et. al. [1974]) to analyze
infinite-dimensional systems from the point of view of
systems theory and in particular to understand asymp-
totic stability or instability. One problem of interest is
the Darlington synthesis problem (see e.g. e.g. Brock-
ett [1966], Krishnaprasad [1980] and references therein)
where one shows that one can realize any positive real
tranfer functions by terminating a lossless 2-port by a
1-ohm resistor. One can then extend this to the infinite-
dimensional Hamiltonian setting by terminating by an
infinite transmission line.

The situation here is somewhat different but related:

In particular, we view the Chetaev system as a two
port connected to a wave system with integral coupling.
The previous calculations show that this system can be
reduced to a two port with integral feedback.

Consider the two degree of freedom Chetaev system
with inputs:

T — gy + azr = Uy,

L (5.1)
U+ 9% + By = uy,

Without coupling, we can think of this system as a
linear four dimensional first order system with 2 inputs
ug and uy (to be determined) and two outputs x and
y. This makes the Chetaev system a classical two port.

We can also think of the wave equation as a first
order system:

0
7w = Aw, (5.2)

where w = [w,w]T and A =

0 1
. We think of
0288—;2 0]
the input in the second variable .



With the integral coupling, we connect the finite
and the infinite systems through their inputs. Equiv-
alently, the Chetaev system is given dynamical feed-
back through the wave equation. In this context, the
decoupled system (3.8) becomes a first order system
with integral feedback. Moreover, the integral feedback
destabilizes the system in a not-necessarily Hamiltonian
fashion: as we have seen we may only have one unstable
eigenvalue.

We remark also that the instead of the mechani-
cal systems discussed here we can physically realize the
Chetaev system via coupled LC-circuits. The discus-
sion also extends essentially without change to the n-
port case.

6 Point coupling

Here we investigate a different model for the cou-
pling of the gyroscopic system coupled to wave equa-
tion: we consider a model of a string coupled to the
bead, in which the position of the string is constrained
to pass through the bead. We show that this point
coupling perturbation destabilizes mechanical systems
which, when isolated, is gyroscopically stabilized. The
system 2.1 with § = 0 is unstable if V' has a negative
eigendirection. The system is gyroscopically stabilized
if for S # 0 the system is spectrally stable.

We begin with a model of a string in R2"*+!, whose
transverse vibrations are independent. Suppose the
string lies initially along the x3,1— axis. For simplic-
ity, we denote the x3,1 dimension as the z dimension.
Coupling the transverse motion to a 2n—dimensional
gyroscopic system, we generalize the method described
in Komech [1995b] to solve the following

&?w 5 0°W

W(z,t) =c W(z,t), zeR-{0},teR,
w(0+,t) =w(0—,t) = q(?), (6.1)
Ma(t) = - Sa(t) — Va(t) '

+11204,0 - 20,1,

where ¢ is the speed of transverse waves in the
string, T is the tension of the string, and w =
[wi(z, t) wn(z,t)]T is the displacement of the
string in the first n dimensions. A model of this type
with S = 0 was introduced by Lamb [1900].

Since our simplified model decomposes into 2n in-
dependent 1-dimensional wave equations, we can use
d’Alembert decomposition to two traveling waves

w(z,t) = fi(z — ct) + g+ (2 + ct), +2>0, (6.2)

where fi, gy are distributions on R?™. In components,
we have

[fer - Faea (6.3)

g1on]” (6.4)

fy

g+ = [911

where f;,9;,4 = £1,--- ,+2n are distributions on R. By
the d’Alembert method of solving the wave equation,
we have the formulas for £z > 0

£.(2) = %wo(z)—%c /0 Cwi@)dv,  (65)
B() = gw)+g [ ), ©0)
where wy(z) = %—"t"(z,O), and wo(z) = w(z,0). Since

the d’Alembert formula for |z| > c|t], is defined in terms
of known functions, the method remains valid and we
have

wo(z — ct) + wo(z + ct)

2
1 z+ct (67)

+ — w1 (v)dv.
2c z—ct

w(z,t) =

To use the d’Alembert formula for |z| < c|t|, we need
to define fy (z) for z < 0 and to define g_(z) for z > 0.
from the coupling condition and from continuity of the
string, we have for ¢t > 0

£ (—ct) + g1 (ct) = f-(—ct) + g-(ct) =q(t), (6:8)

Mi(t) = — Sa(t) — Va(t) + T 5 F (~et)
6g+ of_ Bg,

+ —z(Ct) - E(—ct) — W(Ct)]

Differentiating and solving for f| and g’ , where the '
denotes %, we have for positive ¢

—cff (—ct) = a(t)—cgi(ct),  (6.10)
cg' (ct) = q(t) +cf (—ct). (6.11)

(6.9)

Substituting into equation (6.9), we arrive at a differ-
ential equation for q in terms of known functions for
positive ¢

Mii(r) = — Sa(t) - Va(t) - L a(t)
+ T[wy(ct) — wi(—ct) (6.12)

+ () + wi(—et)]

Note that the time derivatives are considered to be in
the distributional sense and thus equation (6.12) holds
for almost every ¢t > 0.

The effect of coupling to a wave equation (6.12)
is intuitively manifested by the presence of an explicit
dissipative term. If we assume that the initial condi-
tions of the string are such that w1 and wg both have
compact support, then for large ¢ we have +ct outside
the support of |wg| + |w1| reducing equation 6.12 to

Mi(1) = - Sa(t) - V() - Z-a(t),

 ct ¢ supp(|wo| + [wl).

(6.13)



Constructing a Lyapunov function and invoking the
Lyapunov instability theorem, Bloch et. al. [1994] ex-
plicitly show that the above system is spectrally un-
stable if V has a negative eigendirection. If the un-
perturbed system is gyroscopically stabilized then the
dissipative term induces instability.

Thus we have

Theorem 6.1 If the finite-dimensional gyroscopic sys-
tem in (6.1) is gyroscopically stable, the point coupling
to a wave equation induces instability for initial data
wo and w1 with compact support.

This radiation induced instability the analog of dis-
sipation induced instability in gyroscopically stabilized
systems. This is consistent with Krein signature results
on instability (see Arnold and Avez [1968] and Bloch et.
al. [1994]), in constrast to the stronger instability one
sees in the integral coupling case.

7 Results

We have shown that both integral coupling and
point coupling of a finite-dimensional system to an
infinite-dimensional system allows for radiation induced
instability. We derived the equivalence between integral
coupling to a local wave field and integral feedback in
the reduced description. Also, point coupling to a wave
field is shown to be equivalent to Rayeigh dissipation
in the reduced description. In the examples discussed,
integral coupling destabilizes arbitrary gyroscopic sys-
tems, while point coupling destabilizes gyroscopically
stabilized systems analogously to dissipation induced
instability. In both cases, local field and point, the
coupling allows for energy transfer between the finite-
dimensional gyroscopic system and the wave equation.
Further investigations include exploring the destabiliz-
ing effect of different field coupling, such as the Klein-
Gordon equation.
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