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Self-similarity

For a function h ∈ L2(
�
) define measure of

self-similarity

µj(h) :=
∞∑
k=2

inf
αk∈ �

‖h(·+ k − 1

2j
)− αkh‖2L2(

1

2j
, 2
2j

)

+
−2∑

k=−∞
inf
αk∈ �

‖h(·+ k+ 1

2j
)− αkh‖2L2(− 1

2j
,0)

We say that h is self-similar if for some

j ∈ � , µj(h) = 0, that is,

h|
[ k
2j
,k+1

2j
]

= αkh|[ 1

2j
, 2
2j

]
, k > 1,

h|
[ k
2j
,k+1

2j
]

= αkh|[− 1

2j
,0]
, k < −1.



Self-similarity of the transform

Theorem 1. Let f ∈ L2(
�
) and for some

m ∈ � and all k ∈ � ,

f |
[ k
2m ,

k+1
2m )

∈W3
2 (

k

2m
,
k+ 1

2m
)

and
∑
k∈ �

‖f(3)‖2
L2(

k
2m ,

k+1
2m )

<∞.

Then for every ε > 0 there exist j ≥ m and a

self-similar function g ∈ L2(
�
) with µj(g) = 0

such that

‖Fj[f ]− g‖2 < ε.



MRA

Theorem 2. For every ε > 0, there exists a

sequence of sets Vj(ε) ⊂ L2(
�
) such that

(i) Vj(ε) ⊂ Vj+1(ε), j ∈ � ;

(ii) ∪j∈ � Vj(ε) = L2(
�
);

(iii) for each function f ∈ Vj(ε) there exists a

function s ∈ Vj(ε) such that

‖f − s‖2 = ‖Fj[f ]−Fj[s]‖2 < ε

and Fj[s] is self-similar, that is,

µj(Fj[s]) = 0.



Example

We start with a function f
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Its transform F2[f ] exhibits good self-similarity
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Example

We construct a self-similar approximant h for

F2[f ] with µ2(h) = 0.
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Set f̃ := F−1
2 [h], ‖f − f̃‖2/‖f‖2 = 0.0176
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