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Gabor Frames
Define T,f(t) = f(t —a), and M,f(t) = 2™ f(t).

For a, 8 > 0, {MpgnTarg}rnez is @ Gabor frame for L2
if 40 < A, B < oo such that

AlFIE < Y I MpaTerg)|® < BIIfII3 - Vf € L*(R)
kneZ

Consequently, 3y € L?(R) such that {Mg,Toxy} ez
is also a Gabor frame for L2 called the canonical
dual frame. Moreover, f =%, . (f, Mg, Torg) MpgnTory

- Zk,n€Z<f7 MﬁnTak’Y>MﬁnTakg Vf € L2

Define the following operators:
Cof = {< f, MgTarg >}inez (analysis operator),
Rgc =) 1 ez CkmMpnTorg (Synthesis operator ).

For fixed g,~

R’ycgf — Z < f7 MﬁnTakg > MﬁnTak’Y'
kneZ

G(g,,B) = {Mp,Turg}rnez is a frame for LZ(R) with
dual frameG(v,a,8 ) = {MpnTorY} enez IS €quiva-
lent to

e RC,=R,C,=1 on L?
[ {< fs MpnTarg >} [l =] f |22
[ {< s MpnTory >} |l =< || f ||z -



Modulation Spaces

The Short-Time Fourier Transform of f with re-
spect to g is :

Vol (2,0) = /R F(O) 9=z e 2" dt.

Notice that V,f(z,w) =< f, M,Trg >
so we can extend by duality the definition of V, to
S for a fixed g € S.

Let 1 < p,g< oo and g €S . Let m be a positive
weight function, e.g., m(z,y) = (14 | x|+ |y |)°.
The modulation space ME;? is the Banach space of
all fe&S for which the following norm is finite:

q/p 1/q
[l = (f (IIng(:v,y)Ipm(:v,y)pdw> dy)

The definition is independent of the choice of win-
dow g.

S is dense in ML for 1 < p,q < oo.



Modulation Spaces (cont.)

e Among the modulation spaces the following classi-
cal function spaces occur:

M22 = J2

If m(z,y) = (1 + |z|)*then M2?2 = L2

If m(z,y) = (1 + |y|)® then M2? = H*
m(z,y) = (1+ [z] + [y])* then M2? = L2 A H*

e Feichtinger, Grochenig:
If g,y € MYt and R,Cy = R,Cy = I on L?, then

R,Cy = R,Cy = I on MY,
o [ flhie = (< . Tk Mang >}l
o |[fllves < |{< f, TarMpny >}||lf7f7

where m(k,n) = m(ak, Gn)

e Gabor expansions converge unconditionally in the
norm of the modulation space.

e LP(R)for p # 2 is not a modulation space.



Amalgam Spaces

Letl <p,g<o0 a,B8>0 andvbe a weight function
subordinate to a polynomial weight w on R.

The weighted amalgam space W (L?,12), is the Ba-
nach space of measurable functions on R with norm:

1/q
I fllw (prgey = (Z ||f‘TakX[O,a)||gD(k)q> :
keZ
W (LP,IP) = LP,
For p,q # 2, W (LP,il) is not a modulation space.

Define S2? = 12 (FLP[0,1/5)) to be the space of all
sequences {ckn }knezxz Such that:

el = (32| S cunerr

keZ''nez

q 1/q
ﬂ(k)q> < 00
p

(with adjustment if p=1)



Gabor Frame Expansions in W (LP,i1)

e Proposition 1: Let o,8 >0, 1 < p,q < oo and g €
W (L>,I1). Then there exists C = C(a,B,w) > O
such that if {ms} is any sequence of 1/3-periodic
functions in LP(Q1,5). Then:

~ 1
1Y miTargllw oy < Cllgllw ey (O Il (k)9 M1
keZ keZ

(weak convergence for endpoint p,q).

e T he synthesis operator has now the following form:
Ryc = Zk mi 1,9 Where my is the unique sequence
in LP[O, 1fﬁz) such that mi(n) = ci,. (Note that this
definition agrees with the usual one for 1 < p < o)

e Proposition 2: Let o, >0, 1 < p,g < o0 and g &€
W (L>,15).Then, ||Cyfllser < Cligllw =g 1 lw (zogzy-

e Theorem 1. Let g,y € W (L>,Il) besuch thatG(g,, )

is a frame for L2 with dual frame G(v,«,8 ). Then
given f e W (Ll,lg%), the following statements are

equivalent.

few (Lt 1)

Cof =A{< f, Mg ,Terg >} € 1L (FLP[0,1/8))
Cof ={< f, Mg, Toary >} € 1L (FLP[0,1/8))
[fI =< |Cofll < [|C5 ]

( In this case, f = R,C,f = R,C+f, and these series
converges conditionally.)



Necessary conditions on the windows

e Proposition 4: Let g be a measurable function,
a, 3 > 0. Assume that C, is bounded from W (LP,[*>)
to SP>°. Then g € W (L*>,I?P)

e A function f : R — C has persistency length a if
there is 6 > 0 and a compact set K congruent to
[0,a] modulo a such that for every z € K, |f(x)| > 6.

e Theorem 2 Let g,v be measurable functions on R
and «,3 > 0 be given. Suppose the following:

e The frame operators are bounded on W (LP,1*),
e ~has persistency lengthl/g3,

o VfeW(LPI>) Z(f, MgpTarg) Mg, Tory CONVErges
k.n

unconditionally in L7 .
Then ge W (L>,P).



