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Gabor Frames

• Define Taf(t) = f(t− a), and Mbf(t) = e2πibt f(t).

• For α, β > 0, {MβnTαkg}k,n∈Z is a Gabor frame for L2

if ∃0 < A, B < ∞ such that

A‖f‖22 ≤
∑

k,n∈Z

|〈f, MβnTαkg〉|2 ≤ B‖f‖22 ∀f ∈ L2(R)

• Consequently, ∃γ ∈ L2(R) such that {MβnTαkγ}k,n∈Z

is also a Gabor frame for L2 called the canonical
dual frame. Moreover, f =

∑
k,n∈Z

〈f, MβnTαkg〉MβnTαkγ

=
∑

k,n∈Z
〈f, MβnTαkγ〉MβnTαkg ∀f ∈ L2

• Define the following operators:
Cgf = {< f, MβnTαkg >}k,n∈Z (analysis operator),
Rgc =

∑
k,n∈Z

ck,nMβnTαkg (synthesis operator ).

• For fixed g, γ

RγCgf =
∑

k,n∈Z

< f, MβnTαkg > MβnTαkγ.

• G(g, α, β ) = {MβnTαkg}k,n∈Z is a frame for L2(R) with
dual frame G(γ, α, β ) = {MβnTαkγ}k,n∈Z is equiva-
lent to

• RγCg = RgCγ = I on L2

• ‖ {< f, MβnTαkg >} ‖l2 �‖ f ‖L2

• ‖ {< f, MβnTαkγ >} ‖l2 �‖ f ‖L2 .
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Modulation Spaces

• The Short-Time Fourier Transform of f with re-
spect to g is :

Vgf(x, ω) =

∫
R

f(t) g(t− x) e−2πiωt dt.

• Notice that Vgf(x, ω) =< f, MωTxg >
so we can extend by duality the definition of Vg to
S

′
for a fixed g ∈ S.

• Let 1 ≤ p, q ≤ ∞ and g ∈ S . Let m be a positive
weight function, e.g., m(x, y) = (1+ | x | + | y |)s.
The modulation space M

p,q
m is the Banach space of

all f ∈ S
′

for which the following norm is finite:

‖f‖M
p,q
m

=

(∫ (∫ |Vgf(x, y)|p m(x, y)p dx

)q/p

dy

)1/q

• The definition is independent of the choice of win-
dow g.

• S is dense in M
p,q
m for 1 ≤ p, q < ∞.
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Modulation Spaces (cont.)

• Among the modulation spaces the following classi-
cal function spaces occur:

• M
2,2 = L2

• If m(x, y) = (1 + |x|)s then M
2,2
m = L2

s

• If m(x, y) = (1 + |y|)s then M
2,2
m = Hs

• m(x, y) = (1 + |x|+ |y|)s then M
2,2
m = L2

s ∩Hs

• Feichtinger, Gröchenig:
If g, γ ∈ M1,1 and RγCg = RgCγ = I on L2, then

• RγCg = RgCγ = I on M
p,q
m ,

• ‖f‖M
p,q
m
� ‖{< f, TαkMβng >}‖lp,q

m̃
,

• ‖f‖M
p,q
m
� ‖{< f, TαkMβnγ >}‖lp,q

m̃
,

where m̃(k, n) = m(αk, βn)

• Gabor expansions converge unconditionally in the
norm of the modulation space.

• Lp(R) for p 6= 2 is not a modulation space.
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Amalgam Spaces

• Let 1 ≤ p, q ≤ ∞ α, β > 0 and ν be a weight function
subordinate to a polynomial weight ω on R.
The weighted amalgam space W (Lp, lqν̃ ), is the Ba-
nach space of measurable functions on R with norm:

‖f‖W (Lp,lq

ν̃ )
=

( ∑
k∈Z

‖f.Tαkχ[0,α)‖q
p ν̃(k)q

)1/q

.

• W (Lp, lp ) = Lp.

• For p, q 6= 2, W (Lp, lqν̃ ) is not a modulation space.

• Define Sp,q
ν̃ = lqν̃ (FLp [0,1/β)) to be the space of all

sequences {ck n}k,n∈Z×Z such that:

‖c‖ =

( ∑
k∈Z

∣∣∣∣
∣∣∣∣
∑
n∈Z

ck,ne2πiβk·
∣∣∣∣
∣∣∣∣
q

p

ν̃(k)q

)1/q

< ∞

(with adjustment if p=1)
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Gabor Frame Expansions in W (Lp, l
q
ν̃ )

• Proposition 1: Let α, β > 0, 1 ≤ p, q ≤ ∞ and g ∈
W (L∞, l1ω̃ ).Then there exists C = C(α, β, ω) > 0
such that if {mk} is any sequence of 1/β-periodic
functions in Lp(Q1/β). Then:

‖
∑
k∈Z

mkTαkg‖W (Lp,lq

ν̃ )
≤ C‖g‖W (L∞,l1ω̃ )

(∑
k∈Z

‖mk‖q
p ν̃(k)q

)1/q

(weak convergence for endpoint p, q).

• The synthesis operator has now the following form:
Rgc =

∑
k∈Z

mkTαkg where mk is the unique sequence
in Lp[0,1/β) such that m̂k(n) = ckn. (Note that this
definition agrees with the usual one for 1 < p < ∞)

• Proposition 2: Let α, β > 0, 1 ≤ p, q ≤ ∞ and g ∈
W (L∞, l1ω̃ ).Then, ‖Cgf‖Sp,q

ν̃
≤ C‖g‖W (L∞,l1ω̃ )‖f‖W (Lp,lq

ν̃ )
.

• Theorem 1. Let g, γ ∈ W (L∞, l1ω̃ ) be such that G(g, α, β )
is a frame for L2 with dual frame G(γ, α, β ). Then
given f ∈ W (L1, l∞1/ω̃ ), the following statements are

equivalent.

• f ∈ W (Lp, lqν̃ )
• Cgf = {< f, MβnTαkg >} ∈ lqν̃ (FLp [0,1/β))
• Cγf = {< f, MβnTαkγ >} ∈ lqν̃ (FLp [0,1/β))
• ‖f‖ � ‖Cgf‖ � ‖Cγf‖

( In this case, f = RγCgf = RgCγf , and these series
converges conditionally.)
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Necessary conditions on the windows

• Proposition 4: Let g be a measurable function,
α, β > 0. Assume that Cg is bounded from W (Lp, l∞ )
to Sp,∞. Then g ∈ W (L∞, lp )

• A function f : R → C has persistency length a if
there is δ > 0 and a compact set K congruent to
[0, a[ modulo a such that for every x ∈ K, |f(x)| ≥ δ.

• Theorem 2 Let g, γ be measurable functions on R

and α, β > 0 be given. Suppose the following:

• The frame operators are bounded onW (Lp, l∞ ),
• γ has persistency length1/β,

• ∀f ∈ W (Lp, l∞ )
∑
k,n

〈f, MβnTαkg〉MβnTαkγ converges

unconditionally in Lp
loc.

Then g ∈ W (L∞, lp ).
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