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Nonlinear approximation in a Banach space X

e Normed Schauder basis B = {gx }x>1

= unique representation of f € X : f = M ck(f)gr

k=1
e Best/Greedy m-term approximation
= inf : — k.
Q.SA.\“.V \AHV...“W\\”HWDHQ...“Q\S\ \. M QG.Q\AG X
1<j<m
Tm(f) = :%I > &ASQEES'_N
1<k<m

with [cp)| 2 lege)| 2 -+ 2 legm| = - -



Characterization of approximation spaces

e Best/Greedy approximation spaces

A% = {F € X flLae = IFlx +supmOon(f) < oof.

G = {f € X||fllgn = Il x +supm*u(f) < oof.

e Known result [Stechkin, DeVore, Temlyakov] :
X = Hilbert space, B = ONB :
1£ll aa < I fllga < I{ex(H)Hle, - 7 =+ 3.

T

Main elements of the proof :

= [ fllx = [{er(F) 3,
— Hardy’s inequality.



Theorem 1 (Interpolation theory)

e (D)3le, . < Il < IHew(F)},

Y
Va >0, [{ce(F)}Hl, < Ifllae < IH{ee(HM,,
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Examples
* p=1,qg = oo in any Banach space

* p>1,qg < oo it X is uniformly convex and uniformly smooth.
[Gurarii and Gurarii 1971]
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Definition : 1 < Px(B) < Qx(B) < co = sup/inf of p, ¢ such that

er(F)3le, o < Fllx < AHer()},




Converse results

e Sharpness of left-side line if B is quasi-greedy.

30> 0, {ex (DM, < [1FlLae
Y
{ex (D, . < Ifllx

e Sharpness of right-side line if B is greedy.

50> 0, flee < I{eetDe,
Y
Iflx < Iex(HHl, ,



Structured bases

e B is quasi-greedy iff v,,(f) — 0
o Bis greedy iff ym(f) < Com(f)
Theorem [Konyagin, Temlyakov] :
greedy < unconditional and democratic.

e 5 is democratic iff

I D aellx =1l Y grlix

keAn keA!,

whenever |A,| = |AL| =n.

e For B quasi-greedy and democratic we can define w(B) := {w,}
with

Wy, X || Muwm?, gk || x




Theorem 2 (Greedy approximation)

Assume B is quasi-greedy. Then the following are equivalent
1. B is democratic

2. For all o« > 0
[fllge = 1Hex(F)}Hle, . w)
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where |[{ck}le, o (w) = SUPy, WM/ T [Ce(m)-



Corollaries -

Ifllae = 1 fllge = Her(F)} e, ., ) -

o 3 greedy :

o B quasi-greedy and [{ex(£)}ly, _ < Iflx < I{ex (D},

Ifllae = [ fllge = llten ()i, -

p,1°’

e B quasi-greedy in X = Hilbert space

Ifllae = I fllge = [Ker (£}, -



