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R
id

g
elets

o
n

th
e

C
o

n
tin

u
u

m

G
o

al:
C

onstructsystem
s

thatbehave
very

w
ellatrepresenting

functions
w

ith

linear
singularities.

�

R
idge

functions:����
��� �
	��
�
���


� �
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�

R
idgeletfunction� �

���������
��� �
�
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�
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� �
�
� ��

��

� ���
�����

�� �
�� �

w
here�

��!�

is
a

w
avelet.

–
C

ontinuous
transform

in" �
.

T
ightFram

e
ofthe

space
ofcom

pact

supported
functions

of" �

.

�

O
rthonorm

alR
idgeletfunctions

–
N

otridge
functions,butobey

certain
localizations

properties
in

a
radialx

angular
frequency

dom
ain.

–
O

rthonorm
alsetof" �

.
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D
iscretizatio

n
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g
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�

P
roblem

:
translating

the
notion

ofridgelets,(ifpossible)
from

continuum

concepts,usefulin
theoreticaldiscussion,to

algorithm
ic

concepts
capable

of

w
idespread

application.

�

T
he

theory
ofridgelets

is
closely

related
to

the
theories

ofR
adon

transform
ation,and

ofrotation
and

scaling
ofim

ages,allofw
hich

seem

naturaland
sim

ple
on

the
continuum

,and
for

w
hich

itis
w

idely
believed

that

there
is

no
sim

ple,inevitable
definition

for
digitaldata.
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O
u

r
d

efi
n

itio
n

o
ffers:

–
A

nalysis
and

synthesis
by

true
ridge

functions.

–
exactreconstruction.

T
he

analysis
operator

is
invertible

on
its

range;the

appropriately
preconditioned

operator
has

a
tightly

controlled
spread

of

singular
values.

–
a

near-parsevalrelationship.

–
a

fastalgorithm
requiring

only

�
���
��
����
��

flops
for

data
in

and

�

by

�

grid,w
here �

�
� �

is
the

totalnum
ber

ofdata.

–
strong

analogy
betw

een
the

relationship
ofridgelets,polar

fourier

transform
s,and

radon
transform

s,and
betw

een
digitalridgelets,

pseudopolartransform
s,and

a
notion

ofR
adon

transform
for

digitaldata

called
FastS

lantS
tack

(F
S

S
).

–
cartesian

data
structures
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elets

W
e

consider
im

ages

�

as

�

by

�

arrays
indexed

by
coordinates���

���
�

ranging
in

the
square �

����
�
�

���
�
����

centered
at�
	
� 	
� .

Let

��
��

be
defined

so
that

�� �
� 


��
��
� ��
�� ��

cotan� 
 ��
��
� ��
�� �� �
�� �
�
�
�
����
�

T
he

lines�
�
�� �

��

��
��

� �
� !

w
e

speak
ofas

‘basically
horizontallines’and

the

lines�
�

cotan� 
 ��
��
� �
� !

w
e

speak
ofas

‘basically
verticallines’.

E
ach

fam
ily

oflines
is

equispaced
in

slope,rather
than

angle.

Let�

be
given.

A
norm

alized
digitalridgelet�� ���� �� �

is
an

�

by

�

array
builtas

ridge
functions

from
fractionally-differenciated

M
eyer

w
avelets

by
the

form
ula

�� ���� �� ����
���
� �
�� ���
���
�
�� �

� 

�� � �

� �

�
�
��

and

�� ���� �� ����
���
� �
�� � �
� �
�

cotan��

�� � �

� �

�
��

�

w
here

the
param

eter�

underlying
the

definition
obeys

�
��
�

.
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D
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italR
id

g
elet

A
n

alysis
o

p
erato

r

T
he

norm
alized

digitalridgeletanalysis
operator

applied
to

an

�
�
�

im
age

� �� �
���
� � �
����
�
�

� �
�
����

�

is
the

array
w

ith �� �

entries

�
�
�

��
�� �� �
� ��
	 


�

T
he

next‘result’in
really

a
distillation

ofcom
putationalexperience.

E
m

p
iricalFact.

T
he

norm
alized

transform
s�

,and
its

adjoint���

have
their

nonzero
singular

values
w

ithin
about10%

ofeach
other.

T
he

generalized
inverse

��


can
be

com
puted

to
seven

digits
accuracy

in
4

iterations
or

less
ofa

conjugate

gradientsolver.

A
s

a
corollary

ofthis
em

piricalresult,w
e

have
thatthe

system

� �

m
akes

a
fram

e,

w
ith

the
ratio

offram
e

bounds
em

pirically
sm

aller
than

1.10
.

T
hus

the
system

� � �
�

behaves
nearly

as
w

ellas
w

ould
a

tightfram
e

or
ortho

basis.



IM
A

-ID
R

w
orkshop,M

inneapolis
A

pril2001
7

D
ig

italO
rth

o
-R

id
g

elets

Let��� ����
�

denote
a

discrete
orthonorm

alC
ohen-D

aubechies-Feauveau-

-Jaw
erth

boundary
adjusted

w
aveletfor

the
discrete

interval �
����
�
�
�
����

.

T
here

are

�

ofthese
w

avelets,w
ith

indices	
���
�
��
��
� ��

and	
���
� � �.

For
realsequences� ���

and

�����

indexed
by �

����
�
�
�
����

,let� �
� �
	

denote
the

inner
product


 �� ��
.

G
iven

the
norm

alized
discrete

R
idgelettransform

array�
�

,w
e

define
the

D
igital

O
rtho-R

idgelettransform
array�

�

by
taking

the
w

avelettransform
along

the

angular
variable

�

of�
�

:

� �
��� ���


 �� 
 �
� �
�� ���


 ��
�� ��� 
����	 �
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w
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sin
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u
larities
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R
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