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Application: regularizationof ill-posedproblemof parameter
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Theconcepigoesbackto Hadamard(1923}e de ned a problemsas

thedata.

This meansanarbitrarysmallperturbatiorof the datacancausean
arbitrarily large perturbatiorof the solution.

Inverseproblemsarisequite naturallyin mary areasf scienceand
engineering.

Whatis aninverseproblems?

Determininginternalstructureof a physicalsystemfrom the systems
measuredbehaior or determiningunknavn inputthatgivesriseto a
measureautputsignal.

N

ll-posedif thesolutionis notuniqueor if it is notcontinuoudunctionof

~

/
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Exampleanclude
acoustics(Santoss al. 1984)
computerizedomograply
Inversegeo-seismology
mathematicabiology
opticsandimagerestoration

remotesensing

N /
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Example:

Astronomicalimagedeblurring

Inputis thenight sky

Blurring systemis thetelescopeandtheatmosphere.
"Output” is therecordblurredimage.

Goal: reconstructheinput,i.e. theunblurredimagegivena mathematical
descriptionof blurring effectsof telescopeandatmosphere.

N /
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Example

Computerizedomograply

Inputis anX-ray source

Systemis the objectbeingscannedoftenthe humanbrain)
Outputis the measureadlampingof X-rays.

Goalis to reconstructhe“system”i.e. scannedbjectfrom information
aboutlocationsof X-ray sourcesandmeasurementsf their damping.

N /
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Importanttheoreticalswell ascomputationatoolsin connectiorwith
rank-de cientanddiscretelll-posedpbs.

RefsHanson(1971),arah(1973)Stevart(1993),PeChristian
Hansen(1998).

Let bearectangulaor squarematrix andassumavithoutloss
of generality( ).

N /
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TheSVD of isadecompositiorof theform:

> (1)

where

arematriceswith orthonormalolumns

N /
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andwherethe diagonalmatrix
hasnonngative diagonalelementsn nonincreasingrders.t.

thenumbers aresingularvaluesof , whilethevectors and are
left andright singularvectorsof |, respecitrely.

N /
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TheSVD is de nedfor any m andn.
If , sSimply apply (1) to andinterchange and

TheSVD of providessetsof orthonormabasisvectors s.t. thatthe
matrix becomesliagonalwhentransformednto thesetwo bases.

Thesingularvaluesarealwayswell conditionedw.r.t. perturbations.

If isperturbedoy amatrix ,then IS anupperboundfor absolute
perturbatiorof eachsingularvalue.

Singularvalues canbede ned asstationarywaluesof ———.

N
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We have

and

SVD of A is stronglylinkedto eigervaluedecompositiorof symmetric
semide nite matrices and

SVD is uniquefor agivenmatrix up to a signchangan pair( )
exceptfor singularvectorsassociatedavith multiple singularvalues.
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Singularvalues decaygraduallyto zerowith no particulargapin the
spectrum.

Whenthedimensionof increase—thismcreasesiumberof small
singularvalues.

Left andright singularvectors and tendto have moresignchanges
In their elementastheindex increases.e. as decreases.
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following relations:

We seethatsmallsingularvalue comparedo

meanghatthereexistsa certainlinearcombinationof columnsof
characterizedy elementf theright singularvector , s.t.
IS small. Thesameholdsfor andtherows of

rankof de cient andvectors and associateavith thesmall
numericalnull vectorsof and respectrely.

To seehow SVD providesinsightinto ill-conditioning of , consider

This meanghata situationwith oneor moresmall implies is nearly

arethe
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Thusthe matrixin adiscretell-posedproblemis alwaysill conditioned
andits numericalnull-spacas spannedy vectorswith mary sign
changes.

Theclassicahlgorithmfor computingSVD of adensamatrixis dueto
Golub,KahanandReinsch(1965,197Q)

Subroutinegor computingthe SVD of adensamatrix areavailablein
mostmathsoftwarelibrariestodaysuchasLAPACK Library.

Thecomputationatostof SVD algorithmfor densematriceds
to computefull SVD.

Therearerank-revealingmethodsvhen hasanumerical rank and
thereis awell-determinedyap betweersingularvalues  and
where
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SuchmethodsaretherankrevealingQR andLU factorization.

The QR factorizationof an matrix is givenby

where IS orthogonal.

IS uppertriangular

basisfor range(A).

If hasfull columnrank,the rst columnsof form anorthonormal
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Considemgivenmatrix asanoisyrepresentationf a mathematically
rankde cient matrixandreplace by amatrixcloseto and
mathematicallyankde cientrank matrix  de nedas

where smallsingularvaluesaresetto zero.which means
we projectill-conditionedmatrix ontosetof rank matrices.
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Developedby Tichono/(1963)andPhillips(1963).

Includeor incorporaté‘a priori” assumptiongboutsizeandsmoothness
of thedesiredsolutionin theform of smoothingfunction

residual
regularizationparameter
discretesmoothingnorm

Thesmoothingnormis in standardorm if L is theidentity matrix.
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Thekey ideaof Tichonor is to incorporatea priori assumptionsboutsize
andsmoothnessf thedesiredsolution. Transformednto

Typical Tichonor regularizationleadsto minimization

wheretheregularizationparameter controlstheweightgivento
minimizationof regularizationtermrelative to the minimizationof the
residualnorm.
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Estimationof in o0 w boundaryconditionsis of signi cancein mary heat
transferengineeringoroblem.The estimationproblemfor inverseheat
conductions importantwhendirectmeasurementsn the considered
boundaryareeitherunreliableor impossible.Suchexamplesare

Ablation problemswheresatellitesreenteitheatmosphere,
Controlof weldingprocesseqvensor quenchingoaths

Onesearchem theinverseheatconductionproblemfor anunknovn
boundarycondition , beingtheparametespacey
minimizing anobjectve function

(2)
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wherethe mappingto the spaceof obsenations IS
known, denotesafunctionto bedetermined, is anoisyobsenation
and and areHilbertspaces.

lll-posednes®f the InverseHeatConductionProblem(IHCP) is

characterizetby thefactthatthe minimumsolutionof (2) doesnot

dependcontinuouslyonthegivenobsenration | i.e. for ary tolerance
thesolutionset IS unbounded.

To stabilizethe solutiontwo approachearepossible:
Modify the objective functionby addinga penalizatiorterm

Modify soughtfunctionspaceby discardingts ill-posedparts
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This consistf two stages:
Find the solutionset
Selectaconvenientsolution

If onelinearizesthemapping (i.e.usinglinearmapping )
the objectve functionalis replacedoy

(3)
Let bethenull spaceof .If issolutionof then

(4)
IS the solutionsetof . To solwe we decompose into

(5)
(it canbeshavn that ) andwe restrictthe

solutionto beonly on
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Thequantity IS calleddirectionalsensitvity of mapping in

direction andprovidescharacteristicaboutthe solutionset

For agivendirection , if sensitvity is small,thesolutionset contains
alargeinterval in thatdirection.

Otherwiseanerrorin thenoisydatacouldbeampli ed by afactor

In the solution.
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For eachsubspace we introducethefollowing boundaryfunctions

For numericalreasons is decomposedto

suchthat isanumericallynull spaceandtherestrictionof on  is
numericallyinvertiblei.e. and for some
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linearoperatoron andoneobtainsanorthonormaket of
eigenfunction®f

with

arecalledright singularvaluesof and arecalledsingular
functions.

For each we candecompose into

where is spannedy thesetof singularfunctions
IS spannedy the set with

Let betheadjointof . IS a symmetriccompaction-n@ative

(6)

and
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For anumericallystableinversesolutionof  we needto discardthe
ll-posedparts  andlimit thesolutiononly on

This correspond$o the so-calledruncatedsingularvaluedecomposition

methodTSVD.

WhenSVD is dif cult to implementonecanattemptto nd two

suboptimakubspaces for eachgiven suchthat
and

A waveletbasisis usefulfor suchadecompositior{SeeWavelets: Theory
andApplications,ErlebacheHussainiandJamesortds1996). The SVD
IS replacedby a multi-scale(vavelet) decomposition.
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Using Mallat's multiresolutionanalysig(1989)wavelettheoryyieldsa
seriesof embeddedubset®f

and
wherethenotation (i.e. )
iIndicateshatthevectorsin  areorthogonalko thevectorsin and

with  thesetof integersand theHaarbasisfunctions.

thespace Is simplydecomposethto thesetwo componensubspaces.
Here isasubspacspanneadverthewaveletmotherfunctionof scalg.
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Usingabove decomposition,foevery scale thespace canbe
decomposeth

where IS the subspacef high scalewavelets.

Work of Liu etal. (1995)demonstratefor Haarbasisthat
- andfor every onecan nd a suchthat

Thuswavelettransformatiorprovidesanorderingof subspaces
accordingo thescale] andthe minimal eigervalues.

Thediscretewavelettransformis usedfor approximatiorof control
function

writtenin nite-dimensionalform as . Isthe
scale, thetranslationrand thenumberof controls.
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Application to the 2-D parabolized Navier-Stokes
equations

Considerthe problemof estimatingunknavn in 0 w parameters

onthein o w boundaryfrom measurementis a ow eld section

A costfunctionalconsistingof thediscrepang of measure@nd
calculatedo w parameterss minimized.
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We considedaminar o w whichis supersoni@long coordinate

where — . and
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TheentranceBoundaryConditions(for ) areasfollows:

Theout ow condition — IS usedat and
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We searclfor in o w parameters

usingout ow databy minimizing the costfunctional

Sincewe dealwith anonlineamproblemwe will usethe Hessiarof the
costfunctionalwith respecto the controlvariableansteadof the
operator
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Onecande ne alLagrangian
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Herethe Lagrangemultipliers (adjointparametersare

where Is the Hilbert spaceof functionshaving dervativesof rst
orderin anddervativesanddervativesof secondrderin
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An approachusingFischerninformationmatrix (approximatinghe
Hessiarof the costfunctionin vicinity of the solution)canbe usedfor
estimationof problemill-posedness.

For the costfunctional

beingthevectorof controlparameterghe Hessiarof the cost
functionalwith respecto the controlparametersiastheform
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Let —— denotetherectangulasensitvity matrix andlet usde ne

—— — astheinformationmatrix.

Let bethedataerrordispersiorthenFishermatrixis de ned by

Theinversematrix IS adispersiommatrix of the control
parameters .

Themagnitudeof the Fischennformationmatrix minimal eigervaluecan
becomparabldéo thedataerror; i.e. , I.e. it canbeusedto
estimatethe problems ill-posedness.
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Usingadjointmethodscanprovide a cheapway for the calculationof the
Hessiamctionandconsequentlyhe boundsof its eigervaluesspectrum.

We maythenexaminesubspaceffom the perspectie of minimal
eigervalueof the Hessiaranda priori known dataerror.

Thealgorithmthenconsistf thefollowing stages:
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1) Calculateminimal eigervalueof Hessiarof costfunctional. If

(with  beingthedataerrordispersionthe problemis
consideredvell-posed.Otherwisealf we performthe
following operations.

2) Controlspacads transformednto waveletspace

3) Coefcients of thesmallestscalearediscardedi.e. we effectively
decreaseontrolspacedimensionby afactorof 2).

4) RecalculatdHessiarminimal valuefor next controlspacelf
thenproblemis consideredvell-posedn this subspacelf not
thenthefollowing scaleis discardedandtheiterationis repeated.

Scienti c Comput/Appl.Math Seminar [. M. Navon Slide 37



Thesolutionof the adjointproblemis usedfor gradientof cost
calculationwhile the actionof the Hessians obtainedby usingsecond
orderadjoint.

Let denotethemarchingcoordinate, thevectorof o w parameters,
theobsenationoperator thecostfunctionmeasuringhediscrepang
betweermmodelcalculationandthe obserationandlet bethevectorof
controlparametergin this casethein o w boundaryparameters).
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Theforward problem

Firstorderadjoint( areadjointvariables)
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Tangentproblem

Secondrder adjoint problem(tangentto rst orderadjoint)
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Thusthe Hessiamactionon thevectorU maybe obtainedoy solving
seqguentiallythe above four initial boundaryalueproblems:

1. Forwardproblem( X is increasing)
2. Firstorderadjointproblem(x is decreasing)
3. Tangentinearproblem( x is increasing)

4. Secondrderadjointproblem(x is decreasing)
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Thetypical costof nding theactionof a Hessiarof the coston avector
IS . Onecanusealessaccuratanethodi.e. the Hessiarfree
nite-dif ferenceexpression

which is aboutascostlyasthe exactapproach.

Thedataerroris modeledoy a normallydistributedrandomvalues
with dispersion

The ow eld wascomputedusinga nite-dif ferencemethodmarching
along with rst orderof accurag in andsecondorderin . The
pressurgradientfor supersonico w is computedrom enegy and
density
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Samegrid wasusedfor adjointproblemsolutionbut integrationis in the
reversedirectionbeginning at . Thegrid has50 pointsalong
and100pointsalong .

A limited-memoryquasi-Nevton L-BFGSlarge-scalainconstrained
optimizationwasusedto performthe minimization. Iterationsof thetype

and

areusedfor obtainingmaximumeigervalues
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Theminimal eigervalueis calculatedoy a methodof shiftediteration

where istheeigervaluesmajorantand is theunit matrix.

Theminimumeigervaluecanalsobe calculatedusingthe Rayleigh
guotientalgorithm

Iterationswereperformeadusingthe steepest—descemethodof theform

Whenminimal eigervaluesarerelatively large ( ) bothalgorithms
obtainsimilar results.For smallereigervaluesRayleighquotientturned
outto bemoreaccurate.
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Testswerecarriedout for atypical errorof . Iterationsare
stoppedat where IS the normalizedcostfunction
and isthedataerror.

A Machnumberof 4 wasusedwith Reynoldsnumbersvaryingin the
range .Low Reynoldsnumbers(higlviscosity)correlatewith
smalleigervaluesandpoorquality of parametersbtained.SeeFig 2)

For thewavelettransformatiora Daubechies-2@ansformatiorwasused.
Calculationsvereperformedfor estimatingthe variationof
eigervaluewith changeof scalg).
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Thediscretewavelettransformatiorwasusedfor controlfunctions
approximation. IS increasingasReynoldsnumbernncreases.

Thewavelettransformatiorallows usto useonly calculationof
eigervaluesinsteadof —whentheentireHessiamnspectrums used.

We comparedvaveletregularizationat differentscaleswith the Tichonos
regularization.

Standardlichonor regularizationtransformthe costfunctioninto

beingtheregularizationparameter
This variantusuallyresultsin overly smoothedn o w parameters.

Onecanconsideradditionof a second—ordefichonor regularizationterm
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to the costfunctional

This providesa muchbetterquality of regularizationandtheresultis
similarin quality to theresultobtaineausingthe wavelettransformation.
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ThesearcHor the magnitudeof a suitableTichonor regularization
parameter is nottransparenanddoesnot provide for a counterparof

theautomatigorocedureof comparingminimal eigervalueanddataerror
usedin thewaveletregularization.
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Numericaltestsdemonstrat@a monotonouslecreasef the Hessian
minimal eigervaluesasthe scaleof the wavelettransformation
decreases.

An algorithmof regularizationbasedon multi-scaleresolution
(waveletanalysisyandHessiamminimal eigervaluecalculation.was
tested

It is basedbn usingthe solutionof secondrderadjointof the
problem.

Numericaltestsusinga 2-D parabolizedNavier-Stolesequation
modelshav applicability of this algorithmto the solutionof inverse
convectionproblem-allaving optimalestimationof in o w
parameterfrom measurements adown streamo w eld section.
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Useof adjointmethodis ef cient whena large numberof control
parameterfiasto be estimated.

A comparisorwith azerothorderTichonov regularizationmethod
revealsthatthelatteryieldsunacceptableesults(oversmoothing).

Theapproachoutlinedherecanbereadily extendedo other
problemswhereill-posednesss presentandwhenadjointparameter
estimations carriedout.
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Many typical optimal controlproblemshave theform:
Given

1. Statevariable

2. Contol or designparametes
3. Costor objectivefunction

4. Constaint equations

nd controls andstates suchthat IS minimized subjectto
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Many optimizationproblemssetin this mannerareill-posedin the sense
thatsolutionswith boundedcontrolsdo not exist.

This happensvhenthe objectve costfunctionalto be minimizeddoesnot
explicitly dependon thecontrolsor designparametersOnemustthen
limit sizeof thecontrols.Therearetwo waysto dothis

Penalizeghe objectve functionalwith somenorm of the control,i.e.
Insteadof minimizing a functional onewould minimize

Placeconstraintonthesizeof theadmissiblecontrolsto bewithin a
boundedset,i.e. for asuitablenorm
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Functionalgo be minimizedareoftennot “well-behased”. They maynot
be corvex -or dependrveaklyon somedesignvariables.

Discretizedfunctionalsmay exhibit spuriousnumericallocal minima
whichwill slow down the convergenceto desiredminimaor preventit
altogether

Regularizationof functionalby additionof penaltytermscanimprove
optimizerperformancetleastin the early stagef minimization.

Regularizationreduceghe numberof optimizationiterationssinceone
works—atleastin the beginning—with “easier”functional.
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Regularizationchangegpositionof minima. An ideais to reducethesize
of the penaltyor eliminateit onceoneis “near” the minima.

This mayresultin inaccuraciesandrequireschoiceof penaltyparameters
andknowledgewhento lower the valuesof penaltyparameters.

In Navier-Stokesequationgherearestill openquestionsaboutsuch
approaches.
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