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Outline of talk

� Ill-posedproblems
� SingularValuedecompositionasa tool for regularization

� Outlineof regularizationmethods

� Application: regularizationof ill-posedproblemof parameter
estimation.

� Numericalandimplementationaspects

� Otherapplicationsof SVD

– adaptive observations

– modelreduction

� Summaryandconclusions
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Ill-posed and inverseproblems

Theconceptgoesbackto Hadamard(1923).Hede�ned aproblemsas
ill-posedif thesolutionis notuniqueor if it is not continuousfunctionof
thedata.

Thismeansanarbitrarysmallperturbationof thedatacancausean
arbitrarily largeperturbationof thesolution.

Inverseproblemsarisequitenaturallyin many areasof scienceand
engineering.

Whatis aninverseproblems?

Determininginternalstructureof aphysicalsystemfrom thesystems
measuredbehavior or determiningunknown input thatgivesriseto a
measuredoutputsignal.
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Examplesinclude
� acoustics(Santosaet al. 1984)

� computerizedtomography

� inversegeo-seismology

� mathematicalbiology

� opticsandimagerestoration

� remotesensing
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Example:

Astronomicalimagedeblurring

Input is thenight sky

Blurring systemis thetelescopeandtheatmosphere.

”Output” is therecordblurredimage.

Goal: reconstructtheinput, i.e. theunblurredimagegivena mathematical
descriptionof blurringeffectsof telescopeandatmosphere.
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Example

Computerizedtomography

Input is anX-ray source

Systemis theobjectbeingscanned(oftenthehumanbrain)

Outputis themeasureddampingof X-rays.

Goalis to reconstructthe“system”i.e. scannedobjectfrom information
aboutlocationsof X-ray sourcesandmeasurementsof their damping.
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Toolsand conceptsof regularization

Importanttheoreticalaswell ascomputationaltoolsin connectionwith
rank-de�cientanddiscreteill-posedpbs.

RefsHanson(1971),Varah(1973),Stewart(1993),PerChristian
Hansen(1998).

Let �

�

���

�
� bea rectangularor squarematrixandassumewithout loss

of generality(

�

�
	

).
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TheSVD of � is adecompositionof theform:
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andwherethediagonalmatrix
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�� �
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� � �
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hasnonnegative diagonalelementsin nonincreasingorders.t.




�

�




�

� � �
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� �
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thenumbers




�

aresingularvaluesof � , while thevectors

	

�

and

�

�

are
left andright singularvectorsof � , respectively.
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TheSVD is de�ned for any m andn.

If

�

�
	

, simplyapply(1) to �

� andinterchange

�

and

�

.

TheSVD of � providessetsof orthonormalbasisvectors,s.t. thatthe
matrixbecomesdiagonalwhentransformedinto thesetwo bases.

Thesingularvaluesarealwayswell conditionedw.r.t. perturbations.

If � is perturbedby amatrix � , then

�

�

�

�

is anupperboundfor absolute
perturbationof eachsingularvalue.

Singularvalues




�

canbede�ned asstationaryvaluesof �

�

�

�

�

�

�

�

�

.
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Wehave

�

�

�

�

�

�

�

���

and

� �

�

�

�
�

�

�

�

SVD of A is stronglylinkedto eigenvaluedecompositionof symmetric
semide�nite matrices� �

� and� �

� .

SVD is uniquefor agivenmatrixup to asignchangein pair(

	

�




�

�

)
exceptfor singularvectorsassociatedwith multiplesingularvalues.
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Characteristic featuresof SVD

Singularvalues



�

decaygraduallyto zerowith noparticulargapin the
spectrum.

Whenthedimensionof � increase–thisincreasesnumberof small
singularvalues.

Left andright singularvectors
	

�

and

�

�

tendto have moresignchanges
in their elementsastheindex

�

increases,i.e. as




�

decreases.
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To seehow SVD providesinsightinto ill-conditioningof � , consider
following relations:
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Weseethatsmallsingularvalue




�

comparedto




�

�

�

�

�

�

meansthatthereexistsa certainlinearcombinationof columnsof �

characterizedby elementsof theright singularvector

�

�

, s.t.

�

�

�

�

�

�

�




�

is small.Thesameholdsfor

	

�

andtherows of � .

Thismeansthata situationwith oneor moresmall




�

implies � is nearly
rankof de�cient andvectors

	

�

and

�

�

associatedwith thesmall




�

arethe
numericalnull vectorsof �

� and� respectively.
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Thusthematrix in adiscreteill-posedproblemis alwaysill conditioned
andits numericalnull-spaceis spannedby vectorswith many sign
changes.

Theclassicalalgorithmfor computingSVD of a densematrix is dueto
Golub,KahanandReinsch(1965,1970).

Subroutinesfor computingtheSVD of adensematrixareavailablein
mostmathsoftwarelibrariestodaysuchasLAPACK Library.

Thecomputationalcostof SVD algorithmfor densematricesis

��

�	

�

�

�

	

� to computefull SVD.

Therearerank-revealingmethodswhen� hasa numerical

���

rank

�

�

and
thereis a well-determinedgapbetweensingularvalues




	




and
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�

where
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�

�

.
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SuchmethodsaretherankrevealingQRandLU factorization.

TheQRfactorizationof an

	

�

�

matrix is givenby

�

�

�

�

where

�

�

�
�

�

� is orthogonal.

�

�

�
�

�
� is uppertriangular,

�

�
	

.

If � hasfull columnrank,the�rst
	

columnsof

�

form anorthonormal
basisfor range(A).
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Methods for rank de�cient problems

Considergivenmatrix � asanoisyrepresentationof a mathematically
rankde�cient matrixandreplace� by amatrix closeto � and
mathematicallyrankde�cient rank�

�

matrix �

�

de�ned as

�

�

�

�

�
�

�
	

�



�

�

�

�

where




�

�

�




� � �







�

smallsingularvaluesaresetto zero.whichmeans
weprojectill-conditionedmatrix � ontosetof rank

�

�

matrices.
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Dir ect regularization

Developedby Tichonov(1963)andPhillips(1963).

Includeor incorporate“a priori” assumptionsaboutsizeandsmoothness
of thedesiredsolutionin theform of smoothingfunction

�� �
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�
�
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��� �
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�	�
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�




�

�

�

�

�

residual

�

� regularizationparameter

�

�

�

��� �

�

�

�
�

� �

�

discretesmoothingnorm

Thesmoothingnormis in standardform if L is theidentitymatrix.
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Thekey ideaof Tichonov is to incorporateapriori assumptionsaboutsize
andsmoothnessof thedesiredsolution.Transformedinto

�� �
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TypicalTichonov regularizationleadsto minimization
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�




wheretheregularizationparameter

�

controlstheweightgivento
minimizationof regularizationtermrelative to theminimizationof the
residualnorm.
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Applications of Regularization Methods

Estimationof in�o w boundaryconditionsis of signi�cancein many heat
transferengineeringproblem.Theestimationproblemfor inverseheat
conductionis importantwhendirectmeasurementson theconsidered
boundaryareeitherunreliableor impossible.Suchexamplesare

� Ablationproblemswheresatellitesreentertheatmosphere,

� Controlof weldingprocesses,ovensor quenchingbaths

Onesearchesin theinverseheatconductionproblemfor anunknown
boundarycondition

�

��� �

� �

,
�

beingtheparameterspace,by
minimizinganobjective function

�

�

�

�

�

� ���

�

�

�

�

�

	

� �

�



(2)
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wherethemappingto thespaceof observations� �

�

�

�

�

�

�

�

� is
known,

�

denotesa functionto bedetermined,

�

	 is a noisyobservation
and� and

�

areHilbert spaces.

Ill-posednessof theInverseHeatConductionProblem(IHCP) is
characterizedby thefactthattheminimumsolutionof (2) doesnot
dependcontinuouslyon thegivenobservation

�

	 , i.e. for any tolerance

�

�

�

thesolutionset
�

�

�

�

�

�

�

�

�

�

�

�

�

�

�




is unbounded.

To stabilizethesolutiontwo approachesarepossible:

� Modify theobjective functionby addinga penalizationterm

� Modify soughtfunctionspaceby discardingits ill-posedparts
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Thisconsistsof two stages:

� Find thesolutionset

�

�

� Selectaconvenientsolution

If onelinearizesthemapping� (i.e.usinglinearmapping� �

�

�

�

� )
theobjective functionalis replacedby

�

�

�

�

�

� �

�

�

�

�

	

� �

�



(3)

Let

�

�

�

�

bethenull spaceof � . If

�

� is solutionof �

�

�

�

	 then

�
�

�

�

�

�

�

(4)

is thesolutionsetof �

�

�

�

	 . To solve �

�

�

�

	 wedecompose

�

into

�

�

�

�

�

���

�

�

�

���

(5)

(it canbeshown that

� �	

���

�

�

�

�

�

�

�

�

	 	� �

�

�

�

�

) andwe restrictthe
solutionto beonly on

�

�

�

�

� .
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Dir ectional sensitivity

Thequantity � �

�

�

� �

� �

�

� �

is calleddirectionalsensitivity of mapping� in

direction

�

andprovidescharacteristicsaboutthesolutionset

�

�

.

For agivendirection
�

, if sensitivity is small,thesolutionset

�

�

contains
a largeinterval in thatdirection.

Otherwiseanerrorin thenoisydatacouldbeampli�ed by a factor � �

�

� �

� �

�

�

� �

in thesolution.
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For eachsubspace

�

�

�

we introducethefollowing boundaryfunctions

�
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�

�

�

�

�

� ��

�

�
�
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	 �

� �

�

�

� �

� �

�

� �

�

�


�

�

�

�

�

��

�

�

�
�

��
	 �

� �

�

�

� �

� �

�

� �

For numericalreasons
�

is decomposedinto

�

�

�

�

�

���

suchthat

�
� is anumericallynull spaceandtherestrictionof � on

�

� is
numericallyinvertiblei.e. �

�


�

�

���

�

�

�

and�

��

�

�

�

�

�

�

�

for some

�

�

�

.
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Decompositionof space

�

with SVD

Let �

� betheadjointof � . �

�

� is asymmetriccompactnon-negative
linearoperatoron

�

andoneobtainsanorthonormalset

�

�

of
eigenfunctionsof �

�

�

�

�

�

�

�

�

�

�

�

�

�

with

�

�

�

�

�

�

� � �

�

�

(6)

�

�

arecalledright singularvaluesof � and

�

�

arecalledsingular
functions.

For each

�

�

�

wecandecompose

�

into
�

�

�

�

�

�

���

�

where

�

�

�

is spannedby thesetof singularfunctions

�

�

�




� � �




�

�




and

�
�

�

is spannedby theset

�

�

�

�

�




�

�

�

�




� � �




with

�

�

�

�

�

�

�

�

�

.
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For anumericallystableinversesolutionof � weneedto discardthe
ill-posedparts

�
�

�

andlimit thesolutiononly on

�

�

�

.

Thiscorrespondsto theso-calledtruncatedsingularvaluedecomposition
methodTSVD.

WhenSVD is dif�cult to implementonecanattemptto �nd two
suboptimalsubspaces

�

�

�

,

�

�

�

for eachgiven

�

�

�

suchthat

�

�


�

�

�

�

�

�

�

�

and�

��

�

�

�

�

�

�

�

�

.

A waveletbasisis usefulfor suchadecomposition(SeeWavelets:Theory
andApplications,Erlebacher,HussainiandJamesonEds1996).TheSVD
is replacedby a multi-scale(wavelet)decomposition.
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UsingMallat's multiresolutionanalysis(1989)wavelettheoryyieldsa
seriesof embeddedsubsetsof

�

�

	

�

�

�

�

�

�

� � �

�

�

�

�

�

and

�

�

�

�

	

�

�

	

�

�

�

�

� � �

�

�

�

�

�

wherethenotation
�

(i.e.

�

	

�

�

�

�

�

�

)
indicatesthatthevectorsin

�

�

areorthogonalto thevectorsin

�

�

and
thespace

�

	

is simplydecomposedinto thesetwo componentsubspaces.
Here

�

�

is asubspacespannedover thewaveletmotherfunctionof scalej.

�

�

�

�

�

�	

���

�

�

�

�

�

�
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�

�

�

�

�

�

�

�

�

�

�
	




with	 thesetof integersand� theHaarbasisfunctions.
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Usingabove decomposition,forevery scale

�

thespace

�

canbe
decomposedin

�

�

�

�

�

�

�

�

where
�

�

�

�

�

�

�

�

�

�

�

�

� � � is thesubspaceof highscalewavelets.

Work of Liu etal. (1995)demonstratedfor Haarbasisthat

�

�


�

�

�

�

�

�

�

�

�

�

�

� andfor every

�

onecan�nd a

�

suchthat

�

�


�

�

�

�

�

�

�

�

.

Thuswavelettransformationprovidesanorderingof subspaces

�

�

�

accordingto thescalej andtheminimaleigenvalues.

Thediscretewavelettransformis usedfor approximationof control
function

�

�
�

�

�

�

	

�

	

�
�

�

�

�

�

�

	

�

�

�

�

�

�

	

�

�

���

�

�

�

�

�

�

�

written in �nite-dimensionalform as

�

�

�

�

�

�

�




�

�

�

�
	

,

�

is the
scale,

�

thetranslationand	 thenumberof controls.
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Application to the 2-D parabolizedNavier-Stokes
equations

Considertheproblemof estimatingunknown in�o w parameters

�
�

�
�

�

�

�
�

�
�

�




�

�
�
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�

�
�

�




�

�
�

� �

on thein�o w boundaryfrom measurementsin a �o w �eld section

���

� �

�

�

�




�

�

�

.

A costfunctionalconsistingof thediscrepancy of measuredand
calculated�o w parametersis minimized.
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Weconsiderlaminar�o w which is supersonicalong

�

coordinate

�

�
�

�

�

�

�

�

�

�
�

�

�

�

�

�

�

�

� �
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� �
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� �
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� �
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� �
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� �
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� �
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�
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�

�

�

�

�

�

�

�
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� �

�

�

� �

�

�

�

where

�

�

�

�

�

�

�

�

�

�

�




�

�

�

�

�

�

�

�

�

�

�

�

� , and

�

�

�

�

�




�

�

�

�

� .
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TheentranceBoundaryConditions(for

�

�

�

) areasfollows:
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�
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�
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�
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�

Theout�ow condition �

�

�

�

�

�

is usedat

�

�

�

and

�

�

� .
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Wesearchfor in�o w parameters
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�
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� �

usingout�ow databy minimizing thecostfunctional
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� �
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� � �
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�
�

�

�

�

�

� � �

�

Sincewedealwith anonlinearproblemwewill usetheHessianof the
costfunctionalwith respectto thecontrolvariablesinsteadof the

�

�

� operator.
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Onecande�ne aLagrangian
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� �
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� �
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� � �
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HeretheLagrangemultipliers(adjointparameters)are
�

�

�

�




�
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�
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�
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�
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�

�

�

�

�

where�

�

�

�

�

�

�

is theHilbert spaceof functionshaving derivativesof �rst
orderin

�

andderivativesandderivativesof secondorderin

�

.
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Fischer Inf ormation Matrix

An approachusingFischerinformationmatrix (approximatingthe
Hessianof thecostfunctionin vicinity of thesolution)canbeusedfor
estimationof problemill-posedness.

For thecostfunctional

�

�

	

�

�

�

�

�
� � �

�

�

�

�

�

	

� �

�

	

beingthevectorof controlparameters,theHessianof thecost
functionalwith respectto thecontrolparametershastheform

�

�

�

�

�

�

�

�

	

�

�

�

�

�

�

�

�

�

	

�

�

�

�

�

	

�

�

�

�

�

�
� � �

�

�

�

�

�

�

�

�

�

�

	

�

�

	

�
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Let

�

�

�

�

�

�
�

�




�

denotetherectangularsensitivity matrixandlet usde�ne
�

�

�

�

�

�
�

�




�

�

�
�

�




�

astheinformationmatrix.

Let




bethedataerrordispersionthenFishermatrix is de�ned by

�

�

�

�

�

�

�




�

�

�

�

�

�

	

�

�

�

�

�

	

�

Theinversematrix �

�

�

�

�

� is adispersionmatrixof thecontrol
parameters

	

�

.

Themagnitudeof theFischerinformationmatrixminimal eigenvaluecan
becomparableto thedataerror, i.e.

�

� ��

�




� , i.e. it canbeusedto
estimatetheproblem's ill-posedness.
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Algorithmic form of sequentialmultiscalealgorithm

Usingadjointmethodscanprovide acheapway for thecalculationof the
Hessianactionandconsequentlytheboundsof its eigenvaluesspectrum.

Wemaythenexaminesubspacesfrom theperspective of minimal
eigenvalueof theHessiananda priori known dataerror.

Thealgorithmthenconsistsof thefollowing stages:
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1) Calculateminimaleigenvalueof Hessianof costfunctional.If
�

� ��

�




� (with




beingthedataerrordispersion)theproblemis
consideredwell-posed.Otherwiseif

�

� ��

�




� weperformthe
following operations.

2) Controlspaceis transformedinto waveletspace

3) Coef�cients of thesmallestscalearediscarded(i.e. weeffectively
decreasecontrolspacedimensionby a factorof 2).

4) RecalculateHessianminimal valuefor next controlspace.If

�

� �� �




� thenproblemis consideredwell-posedin thissubspace.If not
thenthefollowing scaleis discardedandtheiterationis repeated.
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First and SecondOrder Adjoint

Thesolutionof theadjointproblemis usedfor gradientof cost
calculation,while theactionof theHessianis obtainedby usingsecond
orderadjoint.

Let

�

denotethemarchingcoordinate,

�

thevectorof �o w parameters,

�

theobservationoperator,
�

thecostfunctionmeasuringthediscrepancy
betweenmodelcalculationandtheobservationandlet

�

bethevectorof
controlparameters(in thiscasethein�o w boundaryparameters).
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Theforward problem

�

�

� �

�

�

�

�

�

�

�

�

�

�

�

�

�

	

�

�

�

�

�

�

�

�

�
� � �

�

�

� � �

�

First order adjoint ( � areadjointvariables)
�

�

� �

�

�

�
�

�

�

�

�

�
�

�

�

�

�

�
� � �

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�
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Tangentproblem

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

	

Secondorder adjointproblem(tangentto �rst orderadjoint)
�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�
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�
�

�

�

�

�

�

�

�
�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

	

�

�

�

�

�

�

�

Scienti�c Comput/Appl.Math Seminar I. M. Navon Slide 40



ThustheHessianactionon thevectorU maybeobtainedby solving
sequentiallytheabove four initial boundaryvalueproblems:

1. Forwardproblem( X is increasing)

2. Firstorderadjointproblem(x is decreasing)

3. Tangentlinearproblem( x is increasing)

4. Secondorderadjointproblem(x is decreasing)
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Thetypical costof �nding theactionof a Hessianof thecoston avector
is �

�	 . Onecanusea lessaccuratemethodi.e. theHessianfree
�nite-dif ferenceexpression

�

�	

�

�

�

� � �

�

	

�

� �	

�

�

�

� � �

�

	

� �

�

�

which is aboutascostlyastheexactapproach.

Thedataerroris modeledby a normallydistributedrandomvalues

�

�

with dispersion




�

�
� � �

�

�

�

.

The�o w �eld wascomputedusinga �nite-dif ferencemethodmarching
along

�

with �rst orderof accuracy in

�

andsecondorderin

�

. The
pressuregradientfor supersonic�o w is computedfrom energy and
density.
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Samegrid wasusedfor adjointproblemsolutionbut integrationis in the
reversedirectionbeginningat

�

�

�

� � �

. Thegrid has50pointsalong

�

and100pointsalong

�

.

A limited-memoryquasi-Newton L-BFGSlarge-scaleunconstrained
optimizationwasusedto performtheminimization.Iterationsof thetype

�

�

�

�

�

�

�

�

and
�

�

� � �

�

�

�

�

�

�

� � �

�

�

�

�

areusedfor obtainingmaximumeigenvalues

�

� � �

.
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Theminimaleigenvalueis calculatedby amethodof shiftediteration

�

�

�

�

�

where� is theeigenvaluesmajorantand� is theunit matrix.

TheminimumeigenvaluecanalsobecalculatedusingtheRayleigh
quotientalgorithm

�

�

�

�

�

���

�

�

�

�

�

�

�

�

�




� � �

�

�

�

�

�

�

���

�

� � �

�

�

�

�

� �

�

	

�

�

�

�

�

�

�

�

�

�

Iterationswereperformedusingthesteepest–descentmethodof theform

�

�

�

�

�

�

�

�




�

�

�

�

�

�

�

�

�

�

Whenminimaleigenvaluesarerelatively large( �

�

�

� ) bothalgorithms
obtainsimilar results.For smallereigenvaluesRayleighquotientturned
out to bemoreaccurate.
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Results

Testswerecarriedout for a typicalerrorof




�

�

�

�

� . Iterationsare
stoppedat

�

�




	

where

�

�

�

�

�

	

�

�

�

� is thenormalizedcostfunction
and




	

is thedataerror.

A Machnumberof 4 wasusedwith Reynoldsnumbersvaryingin the
range�

�

�

�

�

�

� .Low Reynoldsnumbers(highviscosity)correlatewith
smalleigenvaluesandpoorqualityof parametersobtained.(SeeFig 2)

For thewavelettransformationaDaubechies-20transformationwasused.
Calculationswereperformedfor estimatingthevariationof

�

� ��

eigenvaluewith changeof scalej.
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Thediscretewavelettransformationwasusedfor controlfunctions
approximation.

�

���

is increasingasReynoldsnumberincreases.

Thewavelettransformationallows usto useonly � �

�

	

�

calculationof
eigenvaluesinsteadof	 –whentheentireHessianspectrumis used.

Wecomparedwaveletregularizationatdifferentscaleswith theTichonov
regularization.

StandardTichonov regularizationtransformthecostfunctioninto

�

�

�
�

�
�

� �

�

�

�

�

�
� � �

�
�

�

�

�

�

�

�

�
�




�

� �

�

�

�

� �

�




�
�

�
�




�

� �

�

� � �

�




beingtheregularizationparameter.

Thisvariantusuallyresultsin overly smoothedin�o w parameters.

Onecanconsideradditionof asecond–orderTichonov regularizationterm




�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�
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to thecostfunctional

�

�

�

�

.

Thisprovidesamuchbetterqualityof regularizationandtheresultis
similar in quality to theresultobtainedusingthewavelettransformation.
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Thesearchfor themagnitudeof a suitableTichonov regularization
parameter




is not transparentanddoesnotprovide for a counterpartof
theautomaticprocedureof comparingminimaleigenvalueanddataerror
usedin thewaveletregularization.
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Summary and Conclusions

� Numericaltestsdemonstrateamonotonousdecreaseof theHessian
minimaleigenvaluesasthescaleof thewavelettransformation
decreases.

� An algorithmof regularizationbasedon multi-scaleresolution
(waveletanalysis)andHessianminimaleigenvaluecalculation.was
tested

� It is basedonusingthesolutionof secondorderadjointof the
problem.

� Numericaltestsusinga 2-D parabolizedNavier–Stokesequation
modelshow applicabilityof thisalgorithmto thesolutionof inverse
convectionproblem–allowing optimalestimationof in�o w
parametersfrom measurementsin a down stream�o w �eld section.
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� Useof adjointmethodis ef�cient whena largenumberof control
parametershasto beestimated.

� A comparisonwith azerothorderTichonov regularizationmethod
revealsthatthelatteryieldsunacceptableresults(oversmoothing).

� Theapproachoutlinedherecanbereadilyextendedto other
problemswhereill-posednessis presentandwhenadjointparameter
estimationis carriedout.
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Regularization in optimal control

Many typicaloptimalcontrolproblemshave theform:
Given

1. Statevariable
�

2. Control or designparameters

�

3. Costor objectivefunction

�

�

�




�

�

4. Constraint equations�

�

�




�

�

�

�

�nd controls

�

and states

�

suchthat

�

�

�




�

�

is minimized subject to

�

�

�




�

�

�

�
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Many optimizationproblemssetin thismannerareill-posedin thesense
thatsolutionswith boundedcontrolsdo notexist.

Thishappenswhentheobjective costfunctionalto beminimizeddoesnot
explicitly dependon thecontrolsor designparameters.Onemustthen
limit sizeof thecontrols.Therearetwo waysto do this

� Penalizetheobjective functionalwith somenormof thecontrol,i.e.
insteadof minimizinga functional �

�

�

�

onewould minimize

�

�

�




�

�

�

�

�

�

�

�




� �

�

� �

�

� Placeconstraintson thesizeof theadmissiblecontrolsto bewithin a
boundedset,i.e. for asuitablenorm

� �

�

� �

�

�
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Regularization of the functional in optimal control

Functionalsto beminimizedareoftennot “well-behaved”. They maynot
beconvex -or dependweaklyon somedesignvariables.

Discretizedfunctionalsmayexhibit spuriousnumericallocalminima
whichwill slow down theconvergenceto desiredminimaor preventit
altogether.

Regularizationof functionalby additionof penaltytermscanimprove
optimizerperformanceat leastin theearlystagesof minimization.

Regularizationreducesthenumberof optimizationiterationssinceone
works–atleastin thebeginning–with “easier”functional.
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Regularizationchangespositionof minima.An ideais to reducethesize
of thepenaltyor eliminateit onceoneis “near” theminima.

Thismayresultin inaccuraciesandrequireschoiceof penaltyparameters
andknowledgewhento lower thevaluesof penaltyparameters.

In Navier-Stokesequationstherearestill openquestionsaboutsuch
approaches.
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