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Abstract
Free form surfacesare commonlyrepresentedby triangular or quadrilateral meshes.Often thesemeshesare
obtainedfromunorganizedpoint setssampledfromsomeobject's surface.
Weshowthat local ratherthanglobal triangulationsof pointsetsareequallywell suitedfor objectrepresentations
andthat thelocal triangulationsproposedin this papermayevenleadto fasttriangulationroutines.

1. Intr oduction

For many computer-aidedapplicationsin manufacturing,ge-
ography, medicine,designetc.it is necessaryto reconstruct
three-dimensionalobjects.With todaysscanningmethodsit
is easyto obtainlargedensesetsof pointson a givenobject
surface.We will call suchsetspoint clouds.

To obtain a continuoussurface representationvarious
methodshave beendevelopedto generatetriangularmeshes
from point clouds. Given a triangular net standardtech-
niquescan be usedto visualize the underlying object, to
reducethe amountof dataand/orreducenoisedue to the
scanningprocess,andto modify andedit theobject.

In Section3 of thispaperweshow thatvery local triangu-
lationssuf�ce to visualizeanobjectgivenby a point cloud.
Further, in Section4 wepresentideasfor afasttriangulation
routinebasedonour local triangulation.In Section5 we de-
velopasmoothingoperatorandin Section6 weevaluateour
methodby comparingit to relatedwork.

2. Relatedwork

In the ninetiesvariousapproacheswere presentedto gen-
eratetriangularmeshesout of point clouds.Thealgorithms
arebasedon spatialsubdivision (e.g.1� 2� 3� 5� 6 � 8� 10� 14� 25), dis-
tancefunctions(e.g.6� 14), warping(e.g.1), andincremental
surface-increase(e.g.4� 5� 10� 19). A survey is givenin 20.

To obtain high accuracy and resistanceagainst error
distortion the measuringtechniquesnowadaysproduceup
to many millions of samplingpoints. Thus, usually point
cloudsaredownsampledbeforea surfacereconstructional-
gorithm is applied.For the datareductionsomeheuristics
like groupingof pointsareused9� 24� 29� 31.

Smoothingoperatorsfor triangularmesheswere devel-
opedin 7 � 12� 15� 28.

Alreadyin 1992SzeliskiandTonnesenpresentedoriented
particles27. Thesearepoint clouds,whereeachpointhasan
orientation,compatiblewith thenormaldirectionof therep-
resentedsurface.To forceorientedparticlesto groupthem-
selves into surface-like arrangements,they apply potential
energies.For renderingpurposesthey useaxes,discs,or af-
ter triangularmeshgenerationswireframesandshadedtri-
angulations.

3. Visualization

In particleanimationsof �re, fog,water, etc.pointcloudsare
visualizedby drawing only all thepoints22� 26. However, for
asolidobjectthissimpletechniquedoesnot leadto arealis-
tic plasticimpressionasillustratedin Figure4(a).Raycast-
ing givesbetterresults,but thepoint cloudhasto be rather
denseandfor frameratesof 1-2 fpsapproximatelyonehour
of preprocessingis required11� 21.

In our method we compute for each point p a k-
neighbourhoodconsistingof k pointersto pointsp1 ��������� pk
of thecloudcloseto p asdescribedfurtherbelow. Theneigh-
bourspi are determinedsuchthat the k trianglesppipi

�

1
form a fan that approximatesa “disc”, i.e. neighbourhood,
of p on thesurfacerepresentedby thepoint cloud.

With k � 6 all k-neighbourhoodstakeaboutthesamestor-
ageasatriangularmesh.However, sincethetrianglefansdo
not form onecoherentmesh,they aremuchfasterto com-
pute,seeSection6 for a comparison.

To determinea k-neighbourhoodof a point p we deter-
minethek nearestneighboursp1 ��������� pk, computetheplane
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P with the leastsum of squareddistancesto p � p1 ������� � pk
andprojectall pointsinto P. Thenwe sort, i.e. permutethe
indicesof p1 ������� � pk such that their projectionsq1 ������� � qk
form increasinganglesj i �

�

q1qqi with the projectionq
of p. In this order the points pi form a triangle fan or k-
neighbourhoodof p, seeFigure1.

1

2

j
p

p

p

pi

i

Figure1: A k-neighbourhoodfor k � 5.

If the point density varies sharply around p, then
the neighbourhoodmay not enclosep, see Figure 2(a).
Thereforeif � j i � j i �

j i � 1 �

90� , we replaceqk by the
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Figure 2: Necessityof the anglecriterion for choosingthe
neighbours of a pointp.

�

k � 1� st neighbourandif necessaryby furthernext neigh-
bourstill the anglecriterion � j i 	

90� is metor a certain
thresholdnumberof replacementshasbeenreached.

Along sharpedgesthebest�tting planemaybenormalto
thesurface,seeFigure3. Thentheanglecriterioncouldnot

best fitting plane

p

pi

Figure3: Best�tting planefor anedge point.

be satis�ed. In sucha casewe �ip the �tting planearound
pi � 1pi by 90� andtry againto build theneighbourhood.

If theanglecriterioncanstill not bemet,thenwe assume
thatpi � 1, p, pi lie on theboundaryof thesurface.

To visualizetheobjectrepresentedby thepoint cloudwe

renderthe cloud of all triangle fans,seeFigure 5(a). Al-
though the fan cloud doesnot form a coherenttriangular
meshit is so closeto it that no artefactscan be seenin a
shadedimage,seeFigure4(c) andthenext sectionfor a de-
taileddiscussion.

To useGouraudor Phongshadingweassociatewith each
point the normal of the best �tting planewhich hasbeen
computedabove.A consistentorientationof thenormalscan
becomputedwith theminimalspanningtreedescribedin 14.
A resultis shown is Figure4(c) for k � 8.

Renderingdiscsor similar surfacepiecesinsteadof our
triangle fans as done in 27� 32 does not lead to a com-
parablewell surface visualization,see Figure 4(b). In 23

Rusinkiewicz andLevoy develop their QSplatapproachto
overcomethis problem.However, for goodresultsthis ap-
proachneedsa triangularmesh.Moreover for bestresults
they resortto antialiasingtechniqueswhich furtherraisethe
timecomplexity of theirmethod.

4. Global triangulation via fan cloud

A fan cloud consistsof k 
 n triangleswhereasa triangular
meshconsistsof only 2n triangles.However, therearemany
duplicatesin a fancloud.Without thema fancloudconsists
of about2 � 5n triangles.

Furthertherearequadrilateralscoveredby threeor four
trianglesof a fancloud,i.e. by oneor two super�uoustrian-
gles.Removing thesesuper�uoustrianglesreducesthenum-
berof trianglesto about2 � 1n in Figure5(b).Thisreducedfan
cloudcanbeviewedasseveraldifferenttriangulationsof the
point cloudon topof eachother.

In factit is possibleto obtaina triangularnetfrom there-
ducedfancloud.Wecansimplygrow atriangularnetbysuc-
cessively addingontriangles.Theresultis illustratedin Fig-
ure5(c). It hasfew (0 � 01%)selfoverlapssincewe neglected
any geometricaspectsand basedthe constructiononly on
topologicalaspects.Sinceby constructiontherearenoedges
with morethan3 triangles,theoverlapscorrespondto holes
that fold backonto themselvesasillustratedin Figure6 by
heavy lines.

Thistriangulationis fast.Its runningtimeis givenin Table
1.

5. Smoothing

For triangularnetsseveral smoothingoperatorsareknown.
Kobbelt15 presentsa discreteLaplaciansmoothingoperator
that movesany point p to the centroidq of its neighbours.
This operatorcanalsobeusedto smoothpoint cloudswith
ourk-neighbourhoods.

Sincethe Laplaciansmoothingoperatorshrinksthe ob-
ject, Taubin 28 proposesfrom a signal processingpoint of
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(a) (b) (c)

Figure 4: (a) Plotting the points of a point cloud. (b) Drawing an accumulationof piecesof the representedsurface. (c)
Visualizationof thefan cloud.

(a)

(b)

(c)

Figure5: Froma fan cloudto a triangular net.

view to usetheoperator

p : �

�

1
�

l � p � l q

alternatelywith positive and negative l 's. This causesthe
objectto alternatelyshrinkandgrow.

Figure6: Overlappedfoldedhole.

As a sideeffect thesesmoothingoperatorsalsoequalize
theshapeof thetriangles.Thiscanaffect textureandcolour.
ThereforeGuskov et al. 13 develop a smoothingoperator
thattakesthegeometryinto accountandapproximatelypre-
servestheshapeof thetriangles.

Their smoothingoperatorgives a meshwith a minimal
sum

E � å
e

�

D2
e �

2

of squaredseconddifferences

D2
e � å

x
���

i � j � k � l �

ce� xpx �

wherewith thenotationgivenin Figure7

ce� i �

djk
Ai jkAl k j

Alk j ce� j �

�

djk
Ai jkAl k j

Akil

ce� k �

�

djk
Ai jkAl k j

A j l i ce� l �

djk
Ai jkAl k j

Ai jk

d jk ��� p j �

pk � 2 and Axyz denotesthe signedareaof the
trianglepxpypz.

Theassociatedsmoothingoperatoris

pi : � å
j

wi jp j
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Figure7: Thesupportof D2
e.

with

wi j �

�

å ece� ice� j

å ec2
e� i

�

wherethenumeratoris summedover all edgese, whoseas-
sociatedrhombus (cf. Figure7) containspi andp j , andthe
denominatoris summedover all edgese, that contribute to
theneighbourhood(trianglefan)of pi .

The supportof the smoothingoperatorhasthe form of
a starand is larger than a k-neighbourhood.Thereforewe
cameup with themodi�ed smoothingoperator

p : � p � l �� p �

where

�
� p �

k

å
i � 1

�

wi

w0
qi �

p (1)

andthevalueswi aredeterminedby

k

å
i � 1

�� pqi
�

k

å
i � 1

wiqi � w0p

with

�� p jpk
� å

x
���

i � j � k � l �

cxpx

andthecoef�cients

ci �

djk
dil

Alk j c j �

�

djk
dil

Akil

ck �

�

djk
dil

A j l i cl �

djk
dil

Ai jk

Note that �
� is Kobbelt's discreteLaplaceoperatorif all

trianglesof thek-neighbourhoodarecongruent.

Using Taubin's idea we alternatelyusea positive anda
negative l to avoid ashrinkageof theobject.

Figure8 shows a point cloudbeforeandaftersmoothing
it with ouroperatorfor k � 8.

Figure 9 illustratesthe effects of the Laplacianand our
smoothingoperatorappliedto a triangularmesh.While the
Laplaciansmoothingoperatorchangesthe triangle shapes
veryobviously, our smoothingdoesnotdoso.

The reasonfor the behaviour is that the normalizedvec-
tor �

� p is a very goodapproximationto thesurfacenormal.
Althoughwe foundthis operatorby trial anderror it givesa

muchbetterapproximationof the surfacenormalat p than
theaveragenormalof the trianglefanat p or thenormalof
thebest�tting plane,asillustratedin Figure10.

(a)

(b)

(c)

Figure 10: Surfacewith average normalsof triangle fans
(a),normalsof thebest�tting planes(b),andthenormalized
vectors of our smoothingoperator (c).

6. Discussion

In this sectionwe discusstheadvantagesanddisadvantages
of localtriangulationsin comparisonwith triangularmeshes.

If triangularmeshesareusedfor surfacereconstruction,a
meshneedsto begeneratedbeforeoperationslikesmoothing
canbeexecuted.Usually largepoint cloudsarereducedbe-
foreameshgeneration9� 24� 29� 31. In contrastto thisapproach
we can smoothpoint cloudsimmediately. Thus the whole
sampleinformationis usedanda reductioncanbebasedon
thesmoothedsurfacegeometryandcolourdistribution.

Variousmethodsweredevelopedfor the triangularmesh
generation.Many of them useDelaunaytetrahedrizations,
which have a time-complexity of O

�

n2
� for n points. In 30

it is shown thatthecomputationof thek-nearestneighbours
canbedonein O

�

nlogn� byusingapreprocessingstep.Thus
point cloudscanbevisualizedin O

�

nlogn� .

The pro�ts in time-complexity becomeclearerwhenwe
lookattheoverallrunningtime,seeTable1.Theseexamples
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(a) (b)

Figure8: Error eliminationbyapplyingour smoothingoperator.

(a) (b) (c)

Figure9: TheLaplace-operator appliedto a triangular mesh(a) changesthetriangleshapes(b), in contrastto our smoothing
operator (c).

show that with our methodthe running times are reduced
from minutesto seconds.

Newer approaches4� 10 try to cut down on thehigh costs
for a meshgenerationby makingextra assumptionson the
samplingrate.They achieve lower runningtimesat the ex-
penseof generality.

In our experiencevisualizinga triangularmeshversusa
point cloud with our neighbourhoodsleadsto resultswith
equalquality.

If measuringtechniquesscanthe object from different
viewpoints,many merging stepslike theoneshown in Fig-
ure 11 have to be executed.Again for triangularmeshrep-
resentationssophisticatedanalysesof theobject's shapeare
requiredto know exactly, whereandhow thesamplescanbe
merged.Numericalproblemsmay occur. For point clouds
thepointsof themultiplerangeimagesaresimplystuckinto
onesinglepoint cloud.Becauseof calibrationerrorswe ap-
ply oursmoothingoperatorto theregions,wherethesamples
overlap.If desiredthe overlappingregionscanbe reduced.
A resultfor point cloudsis shown in Figure11(c).

Furthermore,our local triangulation is also very well

suitedfor many othergeometricoperations,for examplere-
duction,multiresolutionmodelling,re�nement,andothers,
see18.
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(a) (b) (c)
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