2. Applications of Duality

Stefan Leopoldseder *

IMA Tutorial on Geometric Design:
Geometries for CAGD
Minneapolis, April 19, 2001

* Institut fur Geometrie, TU Wien, Austria.



2. Applications of Duality
2.1. Fundamentals
Scene: Real projective plane P2

Point X: XR = (xg,x1,22)R = (zg : 1 : 22)
... homogeneous coordinates

X = (z1/z0,22/%0)
... iInhomogeneous coordinates

xo = 0 < xR ideal point

Line L: upxQ + u1x1 + uoxo =0
... homogeneous linear equation

Ru = R(ug,u1,u2) = (ug : u : up)
... homogeneous line coordinates

Incidence Relation:

u-x=0<« xR € Ru

This relation is symmetric with respect to point
and line coordinates.



Principle of duality:

If a true statement about geometric objects
in the projective plane employs only 'points’,
'lines’ and 'incidence’, one obtains a true state-
ment (dual statement) by interchanging the
words 'point’ and 'line’ and leaving 'incidence’
unchanged.

Examples (Dualizing geometric objects):
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2.2. Planar curves
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planar curve dual curve
c(t) = c(t)R U(t) = Ru(t)

tangent T(t) = Rt: envelope X (t) = xR:
T(t) =c(@)RVCER)R, X&) = Ru(t) ARu(e),
i.e. t(t) =c(t) x ¢(t) i.e. x(t) =u(®) x u(t)

Example: ¢(t) = (1,¢,t3)R
Let c¢*(t) be the family of tangents of ¢(t)

(c*(t) ... dual curve to c(t))
c*(t) = c(t) x &(t) = R(2t3, —3¢2,1)

ordinary inflection point ordinary cusp



2.3. Planar rational Bézier curves

Let c¢(t) = c(t)R be a rational Bézier curve
with c(t) = > B} (t)b;. BI'(t) denote the
Bernstein polynomials.

Bézier points are B; = b;R = (b;0, b;1, b;2)R. As
the points B; do not identify b; uniquely, one
can use weights of B; which simply are the first
coordinates b;g. As weights are not projectively
invariant it is often better to use frame points
Fi — fiR, fi — bi + bi+1-

The projective control polygon of ¢(t) is com-
posed of those segments of the projective lines



B;V B;41 in which Fj; is lying (see figure). Sim-
ilar to polynomial Bézier curves we have the

Projective variation diminishing property: A
line does not intersect a Bézier curve ¢(t) more
often than its projective control polygon.

2.4. Dual rational Bézier curves

A dual rational Bézier curve U(t) = Ru(t) is
given by u(t) = X"y BI'(t)b;.

Bézier lines Bi = Rbi = R(bio, bi17 bi2)
Frame lines F; = Rf;, with f;, =b; + b; 1



Conversion to point representation c(t)R:
The last but one step of the deCasteljau algo-
rithm gives two lines Ru; and Ruy

S g BT (t)b;

u;(t) .
Y=o BT (Wbt

ur(2)

which intersect in the enveloping point

c(t) = up(t) x urp(t).

In rational Bézier representation we obtain

2n—2
ct) = Y. BI"2(t)py
k=0
with
1 —1 —1
" (%) z’-l-%::k: (C g ) j )i < Dj1.

Remark: c(t) = c(¢t)R is (in general) of alge-
braic class n (cf. dual representation) and of
algebraic order 2n — 2 (cf. point representa-
tion). Degree reductions are possible.



2.5. Rational curves with rational offsets
(PH curves)

To a rational curve ¢ with inhomogeneous rep-
resentation c(¢) the offset at distance d is

Cq(t) = c(t) +dn(t)

with n(¢) as unit normal vector of c¢(t).

In general n(t) is not rational. For rational
offsets n(t) = (n1(t),no(t)) must be a rational
parameterization of the unit circle ¢, thus

2a(t)b(t) a?(t) — b2(¢)
a2 (t) 4+ b2(t)’ a?(t) +b2(t)

ni1(t) = no(t) =

The tangents at ¢(t) have line coordinates

U(t) = R(—-h(t),n1(t), n2(t))

with rational h(t). Because of n?+n3 = 1, h(t)
is the signed distance of U(t) from the origin.



Replacing h(t) by h(t) + d gives the dual rep-
resentation of the offset c (t)

U(t) = R(—h(t) —d,n1(¢),n2(¢)).

Note that the dual representations of ¢, ¢; and
of the unit circle ¢

U(t) = R(—1,n1(t), n2(t))

differ only in the first coordinate. Thus, corre-
sponding tangents (tangents to same parame-
ter t) of ¢,cg and c are parallel.

After conversion to Bernstein form of same de-
gree n we can state that corresponding Bézier
and Farin lines of ¢,cy and ¢ are parallel.



Example: Rational PH curve c with offset ¢4

c... algebraic class 3, algebraic order 4
Applications:

Gl Hermite interpolation with rational PH curves
of class 3 (see [13]).

G2 Hermite interpolation with rational PH curves
of class 4 (see [13]).



2.6. Fundamentals of n-dimensional real
projective space P"

Point X: xR = (xg,...,zn)R=(zg :...: zp)
... homogeneous coordinates

X = (a:l/xo, e ,:Bn/xo)
... iInhomogeneous coordinates

xo = 0 < XR ideal point

Hyperplane U:. upgxg + ...+ upnxn =0
... homogeneous linear equation

Ru = R(ug,...,un) = (ug : ... : un)
... homogeneous line coordinates

Incidence Relation:

u-Xx=0<« xR € Ru



Principle of duality:

If a statement involving k-dimensional projec-
tive subspaces, projective span, intersection,
and inclusion of subspaces in P™ is modified by
replacing these items by (n—k—1)-dimensional
subspaces, intersection, projective span, and
reverse inclusion of subspaces, then this new
statement is called dual to the original one.

A statement which fulfills above criteria is true
if and only if its dual is.

Examples in real projective 3-space P3:
o) Points are dual to planes.
o) Lines are dual to lines (self-dual).

o) 'Intersecting lines’ and 'skew lines’ are self-
dual terms.

o) The points of a line are dual to the planes
which contain a line.



2.7. Dualizing spatial curves c(t):

&(t)

spatial curve c¢(t) = c(t)R
curve tangent c(t) V ¢(t)
osculating plane c(t) Vv ¢é(t) Vv é(t)

developable surface (as envelope of
1-parameter family of planes U(t) = Ru(t))
generator line U(t) A U(t)
singular point U(t) AU(t) AU(t)



We define the dual curve ¢* to ¢ by
c*(t) = c(t) ve(t) Vve(t).

The envelope of these osculating planes of c is
the tangent surface of c¢. ¢*(¢) is the tangent
plane in all points of the tangent at ¢(¢). Thus
we have c¢** = ¢, if ¢ is sufficiently smooth.

Example (Twisted cubic c¢(t) = c(t)R):

c(t) = (1,tt2,t3)
() = (0,1,2t,3t2)
&) = (0,0,2,6t)

The tangent surface of the twisted cubic ¢(t)
has the dual representation ¢*(t) = Rc*(¢) with
c*(t) = c(t) x &(t) x &(t) = (23, —6t2, 61, —2)

This surface is of algebraic class 3.

We have
c*(t) (2t3, —6t2, 6t, —2)
&*(t) (6t2,—12t,6,0)
¢*(t) = (12t,—12,0,0)
c**(t) = c*(#) xe*(B) x&*(t) = (1,t,t2,t3) = c(t)



2.8. Developable rational Bézier surfaces

The dual representation of a developable ra-
tional Bézier surface U(t) = Ru(t) is

n

u(t) = > B (t)b;

i=0
with Bézier planes B; = Rb; and frame planes
F; = R(b; + b;41) (cf. section 2.4.).

Developable surface of class 3 (left figure) and
its Bézier planes (right figure). The frame
planes have been chosen as planes of symmetry
of consecutive Bézier planes.



Dual to the fact that the central projection of
a Bézier curve is a Bézier curve we get:

The intersection of a developable Bézier sur-
face with a plane a gives a Bézier curve. The
intersection of the Bézier and frame planes
with « yields the Bézier and frame lines of the
boundary curve in «.

Conversion to tensor product form:

The intersection with two planes «, 3 gives
two boundary curves of degree 2n — 2 whose
Bézier representations can be found according
to section 2.4. Thus we obtain Bézier points



Bio€a, Bj1 €8,i=0,...,2n -2 and frame
points F; o, F;1,1=0,...,2n — 3.

For any parameter t, we get points in « and S8
which belong to the same generator. Thus the
developable surface patch can be represented
as rational (2n — 2, 1)-tensor product surface

2n—2 1

x(t,u)= Y Y B"2()Bj(u)b, ;.

i=0 5=0
Applications:

Connection of two planar curves with a de-
velopable surface and its approximation by a
rational developable surface (see [14]).
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