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Abstract

We explore a dynamic term structure factor model that implicitly allows for
arbitrage opportunities, and we estimate it on Treasury data. Using this model
we construct instantaneously risk free portfolios, and we write down a formula for
their possibly non-zero excess returns. Our model anticipates that such excess yields
may be quite large. When testing the performance of these portfolios we find that
their returns in practice perfectly match what our model predicts. An important
implication of our approach is that hedging against factor risk may involve substantial

excess gains or losses, that can be determined by our model.

Key words: Term Structure, Principal Component Analysis, Dynamic Hedging,

Convenience Yield.



1 Introduction

In this paper we suggest a dynamic term structure model that explicitly allows
for arbitrage opportunities, and estimate the model on Treasury data to determine
the magnitude of these opportunities. Of course, arbitrage opportunities do not
really exist; the interpretation of the apparent arbitrage opportunities is that market

frictions prevent investors from exploiting them.

We suggest this model in contrast to the usual approach of imposing no-arbitrage
in dynamic term structure models (as in HIM (1992), Duffie and Kan (1996), and
others). In the construction of no-arbitrage models one makes the strong assumption
that market frictions do not exist, while deviations from no-arbitrage are typically
interpreted as noise. However, markets are not without frictions, and therefore a
model that explicitly allows for arbitrage opportunities may be more useful than the

standard approach if it can tell something about the magnitude of these opportunities.

A model that is not arbitrage-free has been suggested by Litterman and Scheinkman
(1991). They show that the term structure of interest rates is reliably modeled by an
affine three factor model attained by principal component analysis (PCA). However,

they disregard the possible deviations from no-arbitrage, presuming these are small.

In this work we adopt the factor model of Litterman and Scheinkman (1991), and
model its deviations from no-arbitrage. We construct zero cost portfolios that have
no exposure to factor risk, and are therefore instantaneously risk free. While such
portfolios should have no return in an arbitrage free model, in our model the return

on such a portfolio may be non-zero, and we call it convenience yield.

We derive an analytical formula for the convenience yield and estimate the pa-
rameters of the formula using historical data of US bond markets. We may use the
formula to theoretically determine the instantaneous convenience yield of any zero cost
portfolio with zero instantaneous variance. For the same portfolio we then measure
the return that is attained in practice. By comparing the long-run performance
of the portfolio with our theoretic projections we find that our formula determines
the convenience yield with striking accuracy, both in sample and out of sample.
Furthermore, the convenience yields of zero cost portfolios with instantaneous zero

variance may be quite large: we easily construct such portfolios with yearly return of



almost one percent of the long (or short) side of the portfolio.

Different kinds of frictions may cause such large convenience yields. For example,
repo specialness can make certain bonds more attractive than others. However, it is
important to emphasize that in this work we do not attempt to determine what may
be the reasons for excess yields to exist, but only to quantify such yields when they

exist,.

The most straightforward application of this result is in hedging. When standard
no-arbitrage models are used for hedging, the hedged portfolio will always return
the risk free rate. This is not the case when our model is used, since the hedging
results with an excess yield that depend on the specific instruments that we use for
the hedging. Surprising as it may sound, the empirical results strongly support our
model: indeed when we hedge a certain bond using our model, we get different excess
yields that depend on the specific bonds used for the hedging, and these excess yields

perfectly agree with our theoretic prediction.

Closely related to the methodology presented in this paper is the (potential)
predictability of the term structure. Several recent works address this issue (see
Diebold and Li (2002) and references therein). Indeed, if changes in the term structure
are predictable, one will make excess gains by holding an appropriate portfolio. Dai
and Singleton (2003) show that certain no-arbitrage models are capable of accounting

for such predictability.

Nonetheless, our methodology is fundamentally different. While forecasting is
actually betting on the direction in which the leading factors of uncertainty change,
our incentive is to actually construct portfolios with no exposure to these factors
at all. Even if one can predict future changes in the factors, these predictions are

completely ineffectual in a portfolio with no exposure to these factors!

A remarkable feature of our work is that the model works so well despite the
use of rather elementary specification and estimation method. It turns out that a
specification of the actual term structure dynamics is not needed in order to determine

the excess return of portfolios with zero instantaneous variance.

In order to demonstrate the robustness of our model, we also apply our formula

to simulated data that is generated by the Vasicek model. First we synthetically



generate prices that contain no arbitrage opportunities, and as expected we find zero
convenience-yield. Then we synthetically add arbitrage to the prices, and use our
formula to find a portfolio with significant non-zero convenience yield. The yields
attained in practice (using the synthetically generated prices) exactly match those

predicted by the model.

The paper is organized as follows. In section 2 we specify the model, show how
risk free portfolios should be constructed within our framework, and derive a formula
for the convenience yield of such portfolios. We also show how to find a risk free

portfolio for which the convenience yield is maximal.

In section 3 we test our approach on simulated data. First we synthetically
generate bond prices that contain no arbitrage opportunities, and as expected we
fail to find a statistically significant non-zero convenience yield. Then we perturb
the prices, and use our formula to indeed recover non vanishing convenience yield.
Hence we are able to quantify the excess return that is attained as a result of a small
perturbation in price. This simulation demonstrates the robustness of our approach

despite the use of relatively simple interpolation and estimation methods.

In section 4 we focus on US Treasuries. We estimate the model parameters and
compute the theoretical time dependent convenience yields in hedging certain bonds
using different sets of bonds. The yearly convenience yield in some cases is as high as
0.4% of the long side of the position. The agreement between the theory and practice
is striking. We then compute the zero cost zero risk portfolio that maximizes the
convenience yield under some norm constraint. In this case the yearly convenience
yield can be as high as 1% of the long side of the position and the Sharpe ratio of the

convenience yield in this case exceeds 2 in annual terms.

While so far we discussed only convenience yields of portfolios with zero instan-
taneous variance, in section 5 we suggest a way to define the convenience yield of

specific bonds so that all convenience yields are zero iff there is no arbitrage.

We conclude in section 6 with a short discussion.



2 The convenience yield

In this section we specify our model for a market with N discount bonds® of maturities
T1,...,Tx. We derive an expression for the drift of individual bonds, and fit a factor
model to account for the randomness in the yields. We then show how to construct
zero cost portfolios with zero exposure to the leading factors of uncertainty. Finally,
we write down the formula for the excess yield of such portfolios, which we define as

the convenience yield.

Denote by y(t, 7) the spot rate for 7 years at time ¢t. In this paper we use 7" and 7
interchangeably to denote maturity and time to maturity of the same bond, namely,
T =t + 7. Similarly, for a bond indexed by i € {1,..., N} we identify T; =t + 7;.

B(t,T) = e~™*7) is the price at time ¢ of a discount bond maturing at T' =t + 7.
Given $1 invested in a discount bond, we construct a zero cost portfolio by borrowing
$1 at the instantaneous risk free rate, 7(¢). The instantaneous change in the value
of such a portfolio is dB(t,T)/B(t,T) — r(t)dt. The following theorem (proven in
appendix B) quantifies the drift (u(¢,7)) of these processes:

Theorem 2.1 Given a dynamically evolving term structure y(t, ) which is differen-

tiable in T,

—————= —r(t)dt = p(t, 7)dt — dy(t, 1), (2.1)

where

ay(th) + 1 2d<y(t7—)>
or 2 dat

p(t, ) =y(t,7)—rt)+7 (2.2)

and (-) denotes the quadratic variation.

0y(t, 7)/0T is the slope of the term structure at 7. Given N spot rates, in order to

compute this slope we must interpolate the term structure. For the results presented

IThe theory we develop can be fitted also for a continuum of maturities in a straightforward

manner.



in this paper we use cubic spline. However, when we test with different interpolation

techniques the results that we obtain are very similar.

The estimation of the quadratic variation term d(y(t,7)) in eq. (2.2) should be
based on the observed variation. With continuous-time data this quantity can be
estimated with infinite accuracy. In this work we use monthly data and maturities
up to 10 years, and then it turns out that the quadratic variation term hardly affects

the results.

While Theorem 2.1 completely specifies the drift u(¢,7), a model is needed in
order to specify dy(t,7). We assume that the economy is driven by F factors of
uncertainty z;, 2 = 1,..., F', and that the spot rate for 7 years admits the specification

y(t,7) = 8 ui(7)zi(t) + e(t, 7), which immediately implies that

dy(t,7) = ui(1)dz(t) + de(t, 7). (2.3)

i=1

One may choose u;(-) arbitrarily, but such a representation becomes useful only
if the residual noise de is small. Consequently we set u;(7) as the (orthonormal)

principal directions determined by applying standard principal component analysis
(PCA) to a sequence of vectors (dy(t, 1), ...,dy(t,7y)) € RY (for discrete times t)2.
The procedure that we use is portrayed in detail in Appendix A.

By taking u; as the principal directions, and then defining dz;, 2 = 1, ..., F" as the

orthonormal projections of dy(t, -) onto u,(+),

dz(t) = Z:l dy(t, 7j)ui(7;),

J

we minimize the in-sample mean squared error 3, S | de?(t, ;) (Jolliffe (1986)).

Since (2.3) is the only assumption we make on dy, we can say nothing regarding

2There are many other reasonable choices of u;. One example is the Nelson-Siegel (1987) factor

loadings.



the statistical properties of neither z;(t), ¢ € {1,...,F}, nor €(¢t,7). If the term
structure evolves in a complex manner, so will the factors z;(t). In particular, these
are not assumed to be martingales, and may have non-zero correlations. Nonetheless,
for a given F', the obtained factors will explain most of the in-sample variance in the

sense of minimizing the squared error above.

Using PCA we obtain the affine decomposition that best explains the observed
variance of dy among all decompositions with F' factors. In addition, PCA has
the significant advantage that it requires no ad-hoc assumptions on the dynamics
of processes. No assumptions are needed for the PCA to recover the most significant
principal directions in sample, but this does not guarantee that the principal vectors
will perform well out of sample. Stationarity is a sufficient (but not a necessary)

condition for the PCA to perform well also on out of sample data.

The number of factors, F', should be as small as possible, yet large enough to make
the residual noise de(t, 7) negligible. In practice, strong correlations among bonds of
different maturities lead to reliable characterization of the dynamics of all bond prices
with F' significantly smaller than N. Typically, about 99% of the variance in bond

yields can be explained by as few as three factors.

For the rest of this paper denote a bond portfolio at time ¢ by

where 7;(t) (i = 1,...,N) is the amount of money at time ¢ in bond of maturity 7;.



Constructing portfolios with no factor risk. To this end we concentrate on
zero cost portfolios with no factor risk. Denote the value of a given portfolio 7 by:

V =3, m. The instantaneous change in V' is:

N dB dB(t,T;)
; B(t T’

(2.1) with (2.3) imply that the ezposure of this portfolio to factor k is: 0, =

SN mmue(Ti). Hence, the value of any portfolio 7(¢) is independent of dz;, iff

Zm Yriug(m;) = 0. (2.5)

Any portfolio that satisfies (2.5) for all k € {1,..., F'} entails no factor risk.

Then it takes at least (F' + 2) bonds to construct a zero cost riskless portfolio.
Given (F'+ 2) bonds, such a portfolio is simply a solution of a set of linear equations
which is detailed in appendix C. Note that these portfolios consist of constant weights

since we assume that the u;(7) do not vary in time.

With the assumption that there is no residual risk, (2.1), (2.3) and (2.4) imply

that the excess return of a zero cost portfolio 7 with no exposure to factor risk is:
Z mi(t) (L, 7). (2.6)

Definition. The convenience yield at time t of a zero cost portfolio 7(¢) with no

exposure to factor risk is its excess return, u(m(t)).

The formula (2.6) for the convenience yield is accurate up to an error term
that is bounded by the mean squared residual error that was mentioned earlier.

To see this, note that the instantaneous return on the portfolio 7 (t) is actually



SN m(t) (u(t, 7)dt + de(t,7)). Tt follows from the Cauchy-Schwartz inequality that
the deviation of this return from the one implied by the theoretical convenience yield

is therefore bounded by

IZm t)de(t, 7)| < |[x(@)]lllde(t,-)]]-

For a zero cost dynamic allocation with no factor risk and norm of unity, the error
in the cumulative profit is therefore bounded by ¥, N | de?(t, 7;). We saw that this
quantity is minimized (in sample) by using PCA, and that is an additional important

justification for using PCA.

Since the number of leading factors is smaller than the number of traded securities,
there is a continuum of zero cost instantaneously risk free portfolios. In order to
evaluate the magnitude of the convenience yield we would like to find the zero cost
risk free portfolio which maximize the convenience yield. A formulation of such
an optimization problem and its solution are presented in appendix C. Since the

optimization is performed instantaneously, the optimal asset allocation varies in time.



3 Testing in simulation

In this section we test our methodology in simulation. We assume Vasicek dynamics
for the term structure of interest rates. When yields follow this simple model, the
arbitrage free price dynamics is well known (see for example Hull (1997), page 419).
Hence, for all maturities we synthetically generate weekly prices that are arbitrage
free with respect to this model. We then estimate the factor loadings in our model,
find the convenience yields for all bonds, find the optimal dynamic allocation that

will produce maximal gains, and find that indeed there is no arbitrage.

We begin by assuming that the instantaneous risk free rate is modeled by the

following stochastic process:

dr = a(b—r)dt + odW, (3.1)

where we use as an example a = 0.05, b = 0.05, 0 = 0.02, 7o = 7%. We iterate
this equation on a weekly basis, pick a realization in which rates are never negative,
and determine the prices of discount bonds maturing at 3M, 6M, 1Y, 2Y, 3Y, 5Y,
7Y and 10Y according to the equation (Hull (1997), page 419):

B(t,T) = a(t,T)exp (—=0(t, T)r(t)), (3.2)

where

B(LT) = 1 —exp(—a(T — t)))

a

a(t,T) = exp (BE.T) =T tg)(QQb —0%/2) B UZBi(C;j,T) |

Based on these prices as raw data we first use PCA to determine the leading
factors. Not surprisingly we find that the first factor accounts for 100% of the variation

in the term structure.

In Figure 1 we plot the cumulative (out-of-sample) profit from trading optimally

in all bonds according to the scheme suggested in section 2, while using the prices



attained from the simulation. The norm of the portfolio is set to $100 while the
portfolio has a net worth of zero at all times. Gains are not reinvested so the slope of
this plot is the instantaneous rate of profit from the portfolio while restarting every
week from a normalized zero cost position. A dashed line stands for our theoretical

prediction while solid lines show profit obtained by trading in practice.

As is evident from Figure 1, our model arrives at the conclusion that the con-
venience yield is zero, and arbitrage gains cannot be made. Moreover, the profit
attained from trading optimally in the simulated prices is in excellent agreement with

the theoretical prediction.

Out-of-sample profit on zero cost dynamic allocation with norm of 100

8T in practice
theoretic

£ oy spot rates are
a 10bp too high
(<3
2 4f
K
=]
S
a
3L
2k
1k
Arbitrage free prices
- - - .
1 1 1 1 1 1 1
1990 1992 1994 1996 1998 2000 2002

Year

Figure 1: Profit from zero cost zero variance portfolios on prices generated using
Vasicek model

To generate prices that are inconsistent with arbitrage we set the price of the 2Y
discount bond lower so that its yield to maturity is 10 basis points higher than the
yield implied by the arbitrage free model. This means that the term structure has
a tiny bump around 7" = 2V, that does not vanish in time. This clearly generates
an arbitrage opportunity, and this opportunity is fully exploited by our optimized
procedure: we now get an upward sloping cumulative profit plot where the slope,
which is the instantaneous rate of profit, is maximized. Once again, the theoretical

profit and the profit in practice are almost identical.
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Despite the small mispricing in the single perturbed bond, the convenience yield
that can be attained by a properly chosen portfolio is quite large. In this portfolio
both long and short legs worth about $125, which means that the convenience yield

is approximately 0.5% of each leg.

The amount invested in each bond is plotted in figure 2 (the optimal portfolio in
this case hardly varies in time). The consistent bump was clearly detected by our
scheme since the emerging optimal strategy sells short 3Y bonds and buys 2Y bonds,
both producing excess capital gains due to the 2Y excessive YTM. The rest of the
weights though are not zero in order to make the portfolio zero cost and without

exposure to risk.

Optimal portfolio (L2 norm constrained to be $100)

60 b

40f g

Il | |

amount invested [USD]

1 1 1 1 1 1 1 1 1 1 1
0 1 2 3 4 5 6 7 8 9 10
time to maturity [years]

Figure 2: Optimal portfolio when prices from Vasicek model are perturbed

This simulation clarifies the strength of our methodology: first we show how to
choose a risk free portfolio that captures imperfections in term structure dynamics
and exploits them by maximizing the risk free gains. Additionally, our approach
suggests these excess gains (0.5% in this example) as a measure of how far is the
observed term structure dynamics from being consistent with no-arbitrage. Finally,

we accurately predict what this excess yield is expected to be using formula (2.2).

11



4 Convenience yields in US bonds

In this section we apply our methodology to the US bond market. We start by
estimating the leading principal directions u;(7), and for ant ¢ we compute the drifts
w(t, ;) for all maturities 7;,. While hedging single bonds using other sets of bonds we
demonstrate the existence of non-zero convenience yields which may vary substantially
as a function of the assets used for hedging. Finally we find a dynamic zero cost
allocation with zero instantaneous variance which maximizes the excess return. For
each portfolio we compare the expected rate of return with the returns obtained in

practice in order to demonstrate the good fit between the two.

Our data includes spot rates of US Treasuries for 3M, 6M, 1Y, 2Y, 3Y, 5Y, 7Y,
and 10Y. These numbers are provided by the US federal reserve on a weekly basis.
We use the data between June 1987 till June 2002. Even though in-sample testing
produces more impressive results, we focus on out-of-sample testing, since this is more
interesting from a practical point of view. This means that we determine the principal
directions u;(7) based on the first half of the data set (1987:6-1994:12), and test on
the second half (1995:1-2002:6). Since the data is weekly, we approximate monthly

data by considering each fourth measurement.

The principal directions. Based on our data set we apply PCA (as detailed in
Appendix A) on the vectors (dy(t,m1),...,dy(t,7y)) for all ¢ in the learning period,
and determine the principal directions u;(-). The three leading principal directions

that are based on the learning period (1987-1994) are drawn in Figure 3.

12



The leading principal directions
0.6 T T T T
— ul
- - u2
u3

0.4 b

0.2 b

1 2 3 4 5 6 7 8 9 10

Time to maturity [years]

Figure 3: The first three principal components (1), us(7), us(7)

These principal directions seem to agree with those found in earlier works (cf
Litterman and Scheinkman (1991)). It is important to mention that the u; for i =
1,2, 3 hardly depend on the time interval over which they are estimated. This is not
the case for principal directions of higher order, and that is one good reason why one

should avoid using models with more than three factors.

The first factor explains approximately 87% of the variance in the term structure.
From the plot it is seen to be almost constant as a function of maturity, and hence
it is responsible for parallel shifts of the yield curve. The second factor accounts
for additional 10.5% of the variance and mainly tilts the curve. The third factor

contributes additional 1.5%, and is responsible for changes in curvature.

Summarizing the above observations, the model should consist of at least two
factors, but no more than three. A two-factor model produces higher excess yields,
but at the expense of slightly higher variance of the residual noise. In this work we
therefore focus on the three factor model, which makes the residual noise as small as
possible without defining principal directions of higher order which are too sensitive

to the selection of the learning period.
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Convenience yields in bond hedging.

In the following examples we use the minimal number of bonds needed to hedge
$100 invested in a certain bond (which we index by ¢ in appendix C) against all factor
risk. This is done by arbitrarily choosing different sets of bonds for the hedging. Since
we use a three factor model (F' = 3), we need four additional bonds to construct a
hedged portfolio that costs zero. The bonds used for hedging were chosen arbitrarily,
since the key issue here is not achieving big excess gains but rather demonstrating
the good fit between theory and practice despite the existence of convenience yields

that are substantially non-zero.

When analyzing empirical results we quantify the magnitude of excess gains by
summing up monthly gains without discounting. In other words - we do not reinvest
gains, so the plots do not represent growth of wealth (which would be exponential).
Instead, one should regard the slope of these plots as the instantaneous rate of profit
from the portfolio while restarting every month from a zero net position. In the
figures to follow, a dashed line stands for our theoretical prediction while solid lines

show profit obtained in practice.

Figure 4 shows the cumulative profits from such portfolios, when hedging the

5-year note.

It is evident that the cumulative profit attained in practice (solid line) is in

excellent agreement with what is predicted by our model (dashed line).

In addition, it is evident that the drift is substantially different from zero. For
example, when using maturities of 3M,6M,3Y and 10Y, the null hypothesis is rejected
with p-value of 0.05%, while the result is even more significant when hedging with
3M,6M.,2Y and 3Y. Even in the case of hedging with 3M,6M,2Y and 10Y, where the
profit plot seems close to zero, the p-value for rejecting the null hypothesis is about
10%.

While only $100 were invested in the 5Y note, it turns out that in some cases
bigger amounts are invested in other bonds that are used for the hedging. The

hedging portfolios that correspond to Figure 4 are summarized in Table 1.
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Excess yield in hedging $100 in a 5Y note

—— in practice
theoretic

12

3m,6m,2y,3y

3m,6m,3y,10y

Cumulative profit [$]

3m,6m,2y,10y

2y,3y,7y,10y

-4+

I I I I I I I I
1995 1996 1997 1998 1999 2000 2001 2002
Year

Figure 4: Hedging $100 invested in the 5Y note against three leading factors

Maturity: 3M | 6M | 1Y | 2Y | 3Y | bY | 7Y | 10Y
S3M,6M,2Y . 3Y: | -129 | 66 357 | -394 | 100
3M,6M,2Y,10Y: || -207 | 311 -178 100 -26
3M,6M,3Y,10Y: || -181 | 229 -131 | 100 -17
2Y,3Y,7Y,10Y: -17 4 | 100 | -127 | 40

Table 1: Description of the portfolios that hedge $100 in a 5Y note

A straightforward computation may provide a preliminary estimate of the mag-
nitude of this phenomena. Consider, as an example, the first hedging portfolio that
consists of maturities 3M, 6M, 2Y, and 3Y. In 7.5 years, the portfolio gained a profit of

about $13, which is $1.73 per year on average. The net long and short positions in this

15



portfolio are worth $523 each, so the excess rate of return equals 1.73/523 ~ 0.33%
of the long (and short) size of the portfolio.

We hedged other bonds as well, always with similar results. In Figure 5 we provide

one more result, this time for hedging of the 3M note using different sets of bonds.

Excess yields while hedging $100 in a 3M note

5| — in practice
theoretic

1y,2y,5y,10y

6m,2y,5y,10y

6m,3y,7y,10y

5+

2y,3y,7y,10y

Cumulative profit [$]

15+

1 1 1 1 1 1 1
1995 1996 1997 1998 1999 2000 2001
Year

Figure 5: Hedging $100 invested in the 3M note against three leading factors

Once again, it is clear that the choice of the hedging instruments may have a

crucial effect on the excess return of the hedged portfolio.

The computation above serves as a preliminary estimate of the magnitude of this
phenomena, with an arbitrarily chosen hedging portfolio, and with no attempt to
optimize. Clearly optimization would increase these numbers substantially, as we

now show.
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Maximizing the convenience yield.

We now implement convenience yield optimization on the market data. In the
figures below we plot cumulative profit from intertemporally maintaining an optimal
portfolio. As before, we focus on out-of-sample testing, the plots sum up monthly
gains without discounting, a dashed line stands for our theoretical prediction and a

continuous line show profit obtained in practice.

Excess yield of the optimal zero cost hedged dynamics allocation

— in practice
6H theoretic
5l
4
g
s
(<3
=
<
S 3r
£
=1
8}
2l
1k
0 1 1 1 1 1 1 1
1995 1996 1997 1998 1999 2000 2001 2002

Year

Figure 6: Arbitrage cumulative profit

Figure 6 shows the cumulative profit on a the optimal dynamic allocation that is
kept zero cost with long size of $100 and zero exposure to factor risk at all times.
Once again, the excellent fit between the theory and practice is striking. In addition,
a substantial gain is evident: we are able to generate zero cost dynamic allocation

with low volatility return of about 6/7.5 = $0.8 per year, which is an excess yield of
0.8%.

It is important to mention that by considering only two factors rather than three,
and furthermore by applying the theory to weekly rather than monthly data, this

excess yield is more than doubled.
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5 Convenience yield of individual bonds

So far we defined, quantified, and demonstrated the existence of convenience yields
of portfolios with instantaneous zero variance. Here we ask what can be said about

the excess yields of individual bonds.

This question is actually ill-posed, since the arbitrage is only relative: an arbitrage
opportunity means that one bond is cheap relative to another, but it is impossible
to determine which of these bonds are consistent with no-arbitrage, if any. In other
words, there is no unique way to quantify the arbitrage in a specific bond. Nonetheless,
in this section we suggest a definition of the convenience yield that best estimates the

inconsistency of the bond yield with no-arbitrage, in the following sense:

It is well known (for example, Harrison and Kreps (1979)) that in a frictionless
market there is no arbitrage iff there exists an equivalent measure in which all bond
price processes become martingale. In a typical market with frictions however, this
condition will not be satisfied, and there are non-zero convenience yields. Here we
show that there is a unique way to define the convenience yield of specific bonds so

that all convenience yield are zero iff there is no arbitrage (Theorem 5.1 below).

Denote by (;(t) the orthogonal projection of the vector

Yooy
T1 N

<u(t,ﬁ) M(t>TN)>

onto the subspace spanned by {(w;(71), ..., u;(7n))};:

G(t) = <Mu()> _ g: “(tvﬁ) (), i=1,...,F (5.1)

Jj=1 T

We then denote by p(t, 7) the difference between p(t, 7) as defined in (2.2) and its

18



projection:
p(t.7) = p(t.7) — 73 wi(r)G(?), (5.2)

=1

and by p(t) the vector of all p;(t) = p(t, ;) at a given ¢:
p(t) = (pa(t),- -, pn(t)".
Combining (2.1) with (5.2) we get:

ABUT) | \dt = p(t,r)dt +7 iui(ﬂ (Gi(t)dt — dz(t) — de(t,7)| . (5.3)

=1

Eq. (5.3) and especially Theorem 5.1 below motivate the following definition:

Definition. The convenience yield at time t of a bond maturing in 7 years is
p(t,7) as defined in (5.2).

The following theorem (proven in appendix D) argues that there are no arbitrage

opportunities if and only if all convenience yields are zero:

Theorem 5.1 Suppose that in (5.3) de(t,7) =0, V73, t, namely,

% —r(t)dt = p(t, 7)dt + 7| D ui(7) (G(t)dt — dzi(t)) | - (5.4)

=1

3When a continuum rather than a finite set of maturities is considered, dy may be decomposed
into an infinite sum. Then the theorem still holds, but with N replaced by co. In this case, the
condition p(t) = 0 for F < oo must coincide with the Duffie and Kan (1996) condition. This
condition can be derived by substituting u from (2.2), (;(¢) from (5.1), and then y from (2.3) into
(5.2), while imposing p(t,7) = 0. The significance of our approach is in realizing that typically this
relationship does not hold in reality, thus leaving room for residual drifts which may be justified by

market frictions.
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Then

1. If F < N the model of (5.4) is arbitrage free iff p(t) = 0 Vt.

2. If F'= N then p(t) = 0 Vt and the model of (5.4) is arbitrage free.

The probability measure in which the processes dz; — (;dt become martingale is
the closest thing to a risk neutral measure: it becomes the risk neutral measure when

the market is arbitrage free.

Theorem 5.1 asserts that p;(t) should vanish in a frictionless market. Hence,
pi(t) < (>)0 implies a certain cost (reward) in holding security ¢. This motivates the
terminology convenience yield: it is a certain cost (reward) for the relative convenience

(inconvenience) associated with holding the security.

Note that our definition of the convenience yield is robust in the sense that it
remains unchanged even if one fits a dynamic term structure model that predicts
future yields. Any predictability in the leading factors of uncertainty contributes only
to portfolios that contain these factors. By considering only portfolios in the subspace
that is orthogonal to these factors, our convenience yield remains unaffected by such
predictability. A more intuitive interpretation is that predictability of a certain bond
is part of its compensation for risk, while p(¢, 7) approximates the risk-neutral excess

drift of the bond, which is the yield in excess of the compensation for risk.

Figure 7 summarizes properties of the convenience yields that we obtain for specific
maturities. In Figure 7(a) average drifts as a function of maturity are introduced.
The dotted lines denote a confidence interval of one twice the standard deviation for
each maturity. In Figure 7(b) we plot the dynamic behavior of p(t, ) for selected
maturities. It is evident that the variance of the drift grows with maturity, and hence
most of the time the long maturities produce larger convenience yields (in absolute

value) than the short ones.
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tion as a function of maturity maturities

Figure 7: Properties of p

6 Conclusions

We have proposed a new methodology in market modeling. In contrast with existing
models, we do not assume that there are no arbitrage opportunities in the market,
but rather acknowledge the possibility that market frictions may allow the existence
of what would have been arbitrage opportunities if market had been frictionless. We
therefore try to best fit the model to observed prices, and find that zero cost portfolios
with no exposure to factor risk may indeed have returns that are substantially different

from zero.

Our conclusion is that in order to fully characterize the price dynamics of any bond
portfolio, in addition to its exposures to all factors of uncertainty as in Litterman
and Scheinkman (1991), the convenience yield should be considered. In this work we
provided the means to compute this quantity, and showed that the dynamics of bond

prices indeed agrees with our theoretical observation.

A valid criticism would be that we trade bonds with fixed time to maturity. Such
bonds typically do not exist, hence we trade interpolated prices. Indeed, one could
improve the empirical study by trading only traded securities. Nonetheless, we have

tested our method for robustness, so we expect to obtain essentially the same results.
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In particular, we used different interpolation techniques for both determining bond
prices and for differentiation of the yield curve. While some variability in the profit
plots is evident, these changes are minor, and the excess yield remains significant.
Clearly, since we construct zero cost portfolios, our results are completely insensitive

to changes in the instantaneous rate r(t).

In addition to this robustness which leads us to believe that our empirical results
are trustworthy, the excellent fit between our model predictions and what is attained

in practice remains as such in all robustness tests.

It would be interesting to explore the problem of pricing fixed income derivatives
within this framework. Since non-zero convenience yields are present, the no-arbitrage
assumption that lies in the heart of the pricing is violated by the underlying. However,
in a market with F' factors of uncertainty there is an F-dimensional subspace of
portfolios for which the convenience yield vanishes. This subspace may be considered
as arbitrage free, and in this subspace there is an equivalent martingale measure, so

risk neutral derivative pricing can be worked out.

In parallel research in progress, we have applied versions of our methodology to
options markets and to futures markets with striking success. In other words, results

of similar nature are common across all markets.
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7 Appendix A - Principal Component Analysis (PCA)

We outline the general idea of PCA, with emphasis on the special features used in
this paper. PCA dates back to Hotelling (1933). The interested reader may find more
details in Jolliffe (1986).

Given a set of N-dimensional vectors {dy(t) = (dy(t,1),...,dy(t,7n))}, ¢t =
L,..., M, PCA (sometimes referred to as the (discrete) Karhunen-Loeve transform)
explains the maximum amount of variance possible by F' linearly transformed compo-
nents. The F principal directions {u;}, i = 1,..., F are are those orthonormal axes

onto which the data is projected.

Denote by dy the sample mean of dy(t):

_ 1 M
dy == — ) dy(t).
Vi

PCA can be defined recursively: define the direction u; of the first principal direction
by:

w = arg max Bl(u” (dy () — dy))?,
where u is of the same dimension N as the random data vector. (All the vectors
here are column vectors). Thus, the first principal direction is the projection on the
direction in which the variance of the projection is maximized. Having determined
the first £ — 1 principal directions, the k-th principal direction is determined as the

principal direction of the residual:

[[ufl=1

e = arg max B [(u (@)~ - 'guiu?wy(-) - @)))] .

In practice, the computation of the u; is accomplished using the (sample) covariance

matrix
S = E[(dy(-) — dy)(dy(-) — dy)"] : (7.5)

23



the u; are the eigenvectors of S that correspond to its F' largest eigenvalues.

We denote U := (uq,...,ur) and dz(t) = (dzi(t),...,dzn(t))T. The factors

(principal components) are then given by

dz(t) = U' (dy(t) — dy), (7.6)

The basic goal in PCA is to reduce the dimension of the data. Thus one usually
chooses F' << N. Indeed, it can be proven [9] that the F' dimensional principal

subspace spanned by {u;}, j = 1...,F is the one that minimizes the squared recon-

struction error Y ||dy(t) — dy(t)||?, where the optimal linear reconstruction of dy(t) is
given by
dy(t) = Udz(t) + dy.

Such a reduction in dimension is important mainly since noise may be reduced,

as the data not contained in the F' first components may be mostly due to noise.

Under ergodicity assumption, the factors are uncorrelated zero mean random

variables. To see this, note that (7.6) implies:

E[dz;(-)] = u; Eldy(t) — dy| =0,

and

F O = 53U ()~ @) dyte) ~ B)'U
= T LS (dy(t) - d)(dy(t) - @)U = UTSU. (77)

=1

Since u; are the eigenvectors of S, this product is a diagonal matrix, the elements of

which are the F' largest eigenvalues, implying that the factors dz; are uncorrelated.
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8 Appendix B - Proof of theorem 2.1

We use T and 7 interchangeably to denote maturity and time to maturity of the
same bond, namely, " = ¢t + 7. Denote by g(¢,T) the yield to maturity (YTM) of
the discount bond that matures at 7. Unlike the definition y(¢,7) of the spot rate
for 7 years, here the time to maturity decreases as time passes. While T' =t + 7
implies y(t,T) = y(t,7), the dynamics of these quantities differ: dy(t,T) # dy(t, 7).

The following lemma quantifies this difference:

Lemma 8.1
y(t, 7)
or

dij(t, T) = dy(t, ) — dt, (8.8)

where dy(t, 7)/0T is the slope of the term structure at T when t is fized, and dy(t, T)
is specified in (2.3).

Proof. Unlike the case when 7 is constant, when 7" is fixed dy(t, 7) depends on ¢

also via 7. Hence,

dj(t, T) = dy(t,T — t) = ayg; 7 gt + 83’;’7)657 = dy(t,T) — 8yg§, Dat. (8.9)

T

Using Ito’s Lemma,

- MW#—MU¥¢M@TH+5T—0%@QT»—MQﬁ

= 9 T) — r()dt — (T = 0)dj(t, T) + 5 (T — 0d3(r, 7))

u(t, T —t)dt — (T —t) Zuz — t)dz(t) + de(t, T —t)| ,(8.10)

with p(t, 7) as in eq. (2.2).
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9 Appendix C: Zero cost risk free portfolios

9.1 Static risk free portfolios

We use the minimal possible number of bonds to generate a zero cost portfolio with
no factor risk, by satisfying eq. (9.11) for all k € {1,..., F'}:

Zm(t)nuk(n) = 0. (9.11)

Note that since this set of equations is homogeneous, if there are F' factors of
uncertainty, at least F' 4 1 assets are needed to eliminate all factor risk, and then the
risk free portfolio is determined up to a multiplicative constant. In addition we would
like to avoid using the risk free rate when evaluating portfolio performance, and this

is achieved by using an additional bond and adding the constraint that the portfolio

costs zero:
N
Z T = 0
i=1
Having selected (F'+2) bonds, indexed by i, . .., ir41, we choose to invest mp = $1
in bond 7y in order to remain with a unique solution. Then we have (F' + 1) linear
equations with the same number of unknowns: 7 := (m;,,..., ., ,)%.
Denote
1 1 1
Tﬁul(T’h) Tizul(TiQ) s TiF+1u1(7—’iF+1)
W = , (9.12)
T (Ti) TigUp(Tiy) oo Tip Ur(Tip,,)
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and

TioU1(Tig)

vi=— : (9.13)

TigUF (Tio )

Then 7 = W~1v is a zero cost portfolio with no factor risk, and its convenience

yield is 7% p.

9.2 An optimal portfolio

We would like to solve an optimization problem of the form: assuming (5.4) holds, for
an investor with no wealth at time ¢, find a normalized portfolio 7(¢) with no factor

risk for which the expected profit rate is maximized. Formally,

m(f%)X > omi(t)ps(t) (9.14)
™Y =1
s.t.
Z?Ll mi(t) =0 (zero net investment)
SN mt)rui(n) =0, j=1,...,F (zero factor risk) (9.15)
lx@)]| =1 (normalization).

The norm condition is aimed at limiting the size of the long and short sides of the
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portfolio, and should be linked to margin requirements, but then the solution must

be numeric. In the case of Euclidean norm, ||7(¢)| := />N, 72(t), this problem

can be solved analytically, so this is what we assume in order to proceed. Once the

Lagrangian is introduced, the computation is straightforward and therefore omitted:

Proposition 9.1 The optimal portfolio for the optimization problem (9.14), (9.15)
18:

(1= WIWWT) W] p(t)

o) = =TT W (010
where
p(t) = (pi(t),. ... pn(1)7,
1 1 . 1
— nui (1) Tui(r) ... TNvu(TN) | 017
Tup(T) Toup(me) ... TNup(TN)

and I 1s the identity matriz.
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10 Appendix D: Proof of Theorem 5.1

It is convenient to denote w; := (ru;(m),...,7™vui(Tn)), j = 1,..., F.

If < N, unless pu(t, 7)/7 is in the subspace spanned by {u;(7)}L,, p(t) # 0 and
it is orthogonal to the subspace spanned by {w;}, j =1,..., F.

Consider a portfolio 7(t) = (my(t),...,mn(t))" at time ¢ (recall that m;(t) (i =
1 ,N) is the amount of money held at time ¢ in bond of maturity 7;), which

satisfies

(x(t),w;) =0, j=1,...,F. (10.18)

Then the portfolio 7(t) is risk free, and the collection of all 7 (¢) satisfying (10.18)
form the complementary subspace orthogonal to the subspace spanned by {wj}le.

Thus, one may choose 7(t) such that (7(t), p(t)) # 0.

Then, (5.4) implies that this portfolio is risk free, and yet yields a rate of return

that exceeds the risk free rate, r(¢), and hence the existence of arbitrage.

For the case F' = N, the orthonormal basis u;(7)Y; spans the whole space and
therefore p(t) = 0 Vt. A risk free portfolio must satisfy (10.18), and then (5.4) implies

it yield zero return and hence no arbitrage.
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