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Background& ExistingLiterature

� GeometricBrownian motion Black and Scholes(1973),Mer-

ton(1973)

� StochasticVolatility Hull and White(1987), Heston(1993),Du�e

et. al.(2000)

� Jumpdi�usion Merton(1976),BakshiandChen(1997),Ait-Sahalia(2002)

� Purejump processesEberlein and Jacod(1997),Madan(1999)

� DiscretenessHarris(1991), Brown et. al. (1991), Gottleib and

Kalay(1985), Ball(1988) { Discretetime or Roundingof
Continuouspath

� Birth Deathmodel Korn et. al. (1998)
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Birth & DeathModel

Perrakis(1988), Korn et. al.(1998)
Jumpsize� c.
N t = c � St is a birth anddeathprocess.
Probability that jump sizeYt = 1 is pt.
Such a processcanbe consideredasa discretizedversion
of the Black-Scholesmodel if the intensity of jumps is
proportional to N 2

t .
Considerprocesseswith intensity � tN 2

t .

� � t is a constant.

� � t a stochasticprocessand N t is a birth and death
processconditionalon the � t process.

Let the measureassociatedwith the processN t be P.
Let � (t) be the underlyingprocessof event times.
So d� (t) = 1 if thereis a jump at time t.
dS(t) = cY(t)d� (t)

Convergence

X (n)
t = ln(N (n)

t
n )

X � (n)
t = X (n)

t �
Rt

0 E[ln(1 + Yu
Nu

)]N 2
u � udu � X (n)

0
[1]Assume8� > 08t > 0
lim� !1 lim supn P � (n)(jxjI jxj>a � � � (n)

t > � ) = 0
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Proof:
Step(1):8u > 0
E[ln(1 + Yu

Nu
)]N 2

u � u = (2pu � 1)Nu� u + O(1
n)

P� ! ru � � u
2 =) pu = 1

2(1 + ru� � u
2

Nu� u
)

Step(2):8t > 0
[X � (n)

t ; X � (n)
t ]t

P� !
Rt

0 � udu
Step(3): X � (n)

t localmartingale

(2),(3),[1]andThm VIII.3.12imply

X � (n) d=) BM (0;
Z t

0
� udu)

This and(1) imply X (n) d=) X
X t = BM (X 0 +

Rt
0(ru � 1

2� u)du;
Rt

0 � udu)

d(X t) = (r t � 1
2� t)dt +

p
� tdWt

X (n) d=) X ; S(n) = exp(X (n)) d=) exp(X )

sinceexp is continuousfunction.
By Ito's formula,

d(eX t) = St[(r t �
1
2
� t)dt +

p
� tdWt]

+
1
2
St� tdt

= Str tdt + St

p
� tdWt
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Hedging

The market is completewhenwe add a market traded
derivative security.
We canhedgean option by trading the stock, the bond
andanotheroption.
Let F1(x; t); F2(x; t) be the pricesof two optionsat time
t whenthe priceof the stock is cx. Let F0(x; t) be the
priceof the stock.
AssumeFi arecontinuousin both arguments.
We shallconstructa self�nancing risk-lessportfolio

V(t) =
2X

i=0

� (i )(t)Fi (x; t)

Let u(i )(t) = � (i )(t)Fi (x;t )
V (t) be the proportion of wealth in-

vestedin asseti .P
u(i ) = 1

SinceVt is self�nancing,

dV(t)
V(t)

=
2X

i=0

u(i )(t)
dF(x; t)
F (x; t)

= u(0)(t)
1
x

(dN1t � dN2t)

+
2X

i=1

u(i )(t)(� Fi (x; t)dt

+ � Fi (x; t)dN1t + 
 Fi (x; t)dN2t)
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Vt is risk-less=)
u(0)(t)1

x +
P 2

i=1 u(i )(t)� Fi (x; t) = 0;
� u(0)(t)1

x +
P 2

i=1 u(i )(t)
 Fi (x; t) = 0
No arbitrage=)

P 2
i=1 u(i )(t)� Fi (x; t) = � t The hedge

ratiosare:

u(1) =
� (� F2 + 
 F2)

� F2(� F1 + 
 F1) � � F1� F2 + 
 F2

u(2) = �
� (� F1 + 
 F1)

� F2(� F1 + 
 F1) � � F1� F2 + 
 F2

u(0) = 1� u(1) � u(2)
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StochasticIntensity

Now weconsiderthe casewherethe unobservedintensity
� t is a stochasticprocess.
We�rst assumeatwostateMarkov modelfor � t. Naik(1993)
Later we describe how we can have similar resultsfor
othermodelson � t. Hull and White(1987)
Supposethere is an unobserved state process� t which
takes2 values, say 0 and1.
The transitionmatrix is Q.
When� t = i , � t = � i .
Counting processassociatedwith � t is � t.
Let usdenoteby fGtg thecomplete�ltration � (Su; � u; 0 �
u � t) and by P the probability measureon fGtg asso-
ciatedwith the process(St; � t).
For hedgingwith stochasticintensity, sameresultsasin
the �xed � caseholdswith
� ; � ; 
 replacedby ~� ; ~� ; ~


~� = (� 0
@F0

@t
+ � 1

@F1

@t
)

~� = (� 0� F0F0 + � 1� F1F1)
~
 = (� 0
 F0F0 + � 1
 F1F1)

In this settingweneedoneoptionandthe stock to hedge
an optionanddo not needto invert at all time points as
wouldbe caseif we did not usethe posterior.
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Let us assumethat the risk-neutralmeasureis the mea-
sureassociatedwith abirth-deathprocesswith event rate
� �

t N
2
t andprobability of birth p�

t = 1
2(1+ � t

� �
t Nt

) where� �
t

is a Markov processwith statespacef � 1; � 2g.
We get two di�erent valuesof the expectedpriceunder
the two valuesof � (0).
The � processis unobserved.
We cannotinvert an option to get � (0) becauseit takes
two discretevalues.
Needto introduce� i (t) = P(� t = i jF t) whereF t =
� (Su; 0 � u � t)
As shown in Snyder(1973),underany P̂ 2 P the � it pro-
cessevolvesas:
d� 1t = a(t)dt + b(t; 1)dN1t + b(t; 2)dN2t wherea(t) and
b(t; i ) areF t adaptedprocesses.
We still needonemarket tradedoptionandthe stock to
hedgean option. But to get the hedgeratios, we need
� � (t); a(t); b(t).

� The hedgeratios involve a(t); b(t). Sowe needthem
to be predictable.But if we have to invert an option
to getthem,thenweneedto observethepriceat time
t to infer � t andfrom thereto getat andbt. Sothey
areno morepredictable.

� Givena valueof � (t0) , the wholeprocess� (t); t > t0

is determinedby the conditionaldistribution of the
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� processgiventhe observedprocessSt. � (t) is com-
pletelydeterminedby historicaldata. Wedonot have
the freedomof determining� (t) by invertingoptions.
Thus, inferring � (t) at each time point t indepen-
dently will give incorrectpricesandleadto arbitrage.

BayesianFramework

As shown in Yashin(1970)and Elliott et. al.(1995),the
posteriorof � j (t) is givenby:

� j (t) = � j (0) +
Z t

0

X

i

qij � i(u)du

+
Z t

0
� j (u)( �� (u) � � j )N 2

udu

+
X

0<u<t

bj (u)

where�� (t) =
P

i � i (t)� i and

bj (u) = � j (u� )
�

� j p� j
(Su� ! Su)

P
i � i (u)� ip� i

(Su� ! Su) � 1
�

Thus, aj (u) =
P

i qij � i (u) +
Rt

0 � j (u)( �� (u) � � j )N 2
u

Now we canhedgeasin the constant intensity casewith
modi�ed hedgeratios.
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Pricing

How to getE(e�
RT

0 � sdsX jF 0) under�xed valuesof

Q; � 0; � 1; � 0(0)?

Fix � 0 = i
Generatethe � process.
Generatethe � waiting timesasnon-homogeneousPois-
sonprocess.
At each event time St jumpsby � c with probability pt

and1 � pt.
Get the expectationunder� 0 = i for i = 0; 1.
Now take the averageof thesewith respect to � 0.

Generating� :
GenerateT0 from Exp(� � 0N

2
0)

Let � 0 = inff t : � t 6= � 0g
If T0 < � 0, jump at time T0.
Otherwise,generateT1 from Exp(� � � 0

N 2
� 0

)
� 1 = inff t : � t 6= � � 0g
If T1 < � 1, jump at time � 0 + T1

Continue.
This is justi�ed by memorylessness.
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Descriptionof data

� Thedatawasobtainedfromtheoptionmetricsdatabase
on 3 stocks: Ford (Dec2002),IBM (June2002)and
ABMD(Feb 2003).The stock data is transactionby
transaction.Theoptiondataisdailybestbid andask
pricesfor all optionstradedon that day.

� The data is �ltered for after hour and international
market trading. Thedatanow is on tradingsin NAS-
DAQ regularhours.

� The tick size is 1
16 for Ford and 1

100 for IBM and
ABMD.

� We shallusethe data for the �rst day of the month
as training sampleand for the rest of the days as
test sample. Estimating risk-neutralparametersby
invertingoptionpricesin training sample.

Reducingnumber of optionsrequired

� We needto infer 5 parametersq01; q10; � 0; � 1; � 0(0)
) Invert the pricesof 5 optionswith di�erent matu-
rities at time 0.

� Somestocks do not have somany options.Usingthe
�ltering equationsit is possibleto infer the required
quantitiesby usingoneoptionat 5points of timeclose
to 0.
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� Anotherpossibility of reducingthe numberof param-
etersto beestimatedis to assumethat the� processis
in equilibriumwhenwestart observing.Thenweneed
to estimate(or invert for)4parameters(q01; q10; � 0; � 1).
Thechainis irreducibleandTii � Exp(q10+ q01) that
is non-latticeand�nite mean.
� 0(0) = q10

q10+ q01
(e.g.RossPg214)

ComputationalDetails

The plan is to �nd the parametersetthat minimizesthe
root meansquareerrorbetweenthebid-ask-midpoint and
the daily averageof the predictedoption price, for all
optionsin the training sample. I followed a diagonally
scaledsteepestdescent algorithmwith central di�erence
approximation to the di�erential. The startingvaluesof
� 0; � 1; q01; q10 areobtainedby an iterative method that
has2 steps.Let the underlyingstateprocessbe � t, that
is the intensity is � i when� t is i . In onestep,the MLE
of the parametersis obtainedgiven the � t process. In
the next step, for each t when there is a jump in the
stock price,we assign� t to that i which maximizesthe
probability of anevent. Whenthis method converges,we
do a �nite search on the parameter� .
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Figure 1: Estimation: ABMD Data, generalmodel
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Figure 2: Estimation: ABMD Data, Birth Death model with Stochastic volatilit y

Date:Dec2,2000.Tick= 1
100. n=12. Rangeof option prices$0-$1.60.Avg bid askspread=50.

We obtain the intervals for option pricesundervarious
valuesof the intensity parameter. The �gures plot the
length of the predictedinterval againstthe distanceof
the predictedinterval from the observed interval. The
intervals from the birth-deathprocessare clearlymuch
smallerthan thoseof the generalmodel with the same
error levels.

12



0 100 200 300 400 500 600

0
50

10
0

15
0

20
0

25
0

Index

pr
ic

e

Black Scholes with constant volatility

0 100 200 300 400 500 600

0
50

10
0

15
0

20
0

25
0

Index

pr
ic

e

Birth Death with constant rate

These�gurespresent the predictedintervalsandthe bid-
askmidpoint for the Ford data.
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Generalizations

Accordingto Snyder(1973),the � i(t) processevolvesas:
d� (t) = a(t)dt + b(t; 1)dN1t + b(t; 2)dN2t wherea(t) and
b(t; i ) areF t adaptedprocesses.Let us seethe form of
the posteriorin the generalcase:
Let ct(vjN t0;t) be the posteriorcharacteristicfunctionfor
� t givenan observedpath
dct (vjN t0 ;t ) = � �� 1

N t ;N t + dt
� E (exp(iv � t )( � N t ;N t + dt � � �

N t ;N t + dt
)jN t0 ;t )d� t

+ E(exp(iv � t )	 t (vjN t0 ;t ; � t )jN t0 ;t )dt � E (exp(iv � t )g(N t )( � t � �̂ t )jN t0 ;t j)dt

where
� N t ;� t = g(N t )� t p� t ;N t if � t = N t + 1

g(N t )� t (1 � p� t ;N t ) if � t = N t � 1
0 o. w.

� �
N t ;� t

= E(� N t ;� t (t; N t0 ;t ; � t )jN t0 ;t )

	 t (vjN t0 ;t ; � t ) = E(exp(iv � � t )jN t0 ;t ; � t )

For example,let d� t = f t(� t)dt + Gt(� t)dWt, whereWt

is Brownianmotion. In this case
	 t(vjN t0;t; � t) = iv f t(� t) � 1

2v
2G2

t (� t).

As longasthe observedprocessis Markov jump process,
the secondand third termsaresameasin the two state
Markov caseandhenceyieldthesamefunctionontaking
inverseFourier transform. The �rst term, on taking in-
verseFouriertransformyieldsL, theKolmogorov-Fokker-
Plankdi�erential operatorassociatedwith � .
d� t = L +

Rt
0 � j (u)( �� � � j )g(S(u))du

+
P

0<u<t � j (u� )
�

� j p� j
(Su�! Su)

P
i � i (u)� ip� i

(Su�! Su) � 1
�
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Anotherpossibledirectionis to considerjumpsof size>
1. But then we no longerhave the distribution of jump
sizefrom simplemartingaleconsiderations.We have to
either assumethe jump distribution, or estimateit, or
imposesomeoptimizationcriterionto geta uniqueprice.
Also, if the jump magnitudecantake k values,we need
k � 1 market tradedoptionsand the stock to hedgean
option.

Conclusions

� QuadraticVariation is not observable

� Boundsaresmallasopposedto generaljump models
which producehugeintervals

� Generaljump modelsare not amenableto hedging,
Birth-Deathprocessis

� Stochasticintensity

� Combining risk neutralestimationwith updating by
historicaldata

� Not invertingoptionpricesat all point of time asop-
tionsarenot asfrequently tradedasstocksandhence
not very reliable
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