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Jumpsize c.

N: = c S isabirth anddeathprocess.

Probability that jump sizeY; = 1is .

Sud a procesxanbe considere@sa discretizedrersion
of the Blak-Stolesmadel if the intensity of jumpsis
proportionalto N 2.

Considemprocessewith intensity (N2

¢ IS a constan

¢ a stochasticprocessand N; Is a birth and death
procesconditionalonthe ; process.

Let the measurassaciatedwith the procesdN; be P.
Let (t) bethe underlyingprocessf ewvert times.
So d (t) = 1if thereisajump at time't.

dS(t) = cY(t)d (t)

Convergence

(n)
X{" = In(=-)

R
XM =x" JEIN@+ WINZ wdu X"
[1]JAssumé& > 08t > 0
im g limsug, P M(xjlypa (0> )= 0
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Proof:
Step(1)8u> 0
E[n(1+ )INZ y= (2ps DNy o+ O(3)

T 4 9 pu= e+ D)
Step(2):8t > 0 R

Step(3): X, ™ local martingale
(2),(3),[1]and Thm VII1.3.12imply

t

X ™= BM@©  ,du)
0

This and (1) impjy X 7 S
X¢= BM(Xo+ o(fy 3 w)du; o ydu)

P —
dXo) = (re 3 Qdt+  (dW,

XM =f X:5M = exp(X M) = exp(X)
sinceexp is corntinuousfunction.
By Ito's formula,

d(et)

1 P —
St[(rt 5 )dt+ tdW]

+ St tdt
— S[r dt + S[ tth
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Hedging

The marlket is completewhenwe add a market traded
deriative securiy.

We canhedgean option by trading the stock, the bond
and anotheroption.

Let F1(Xx; t); Fao(X; t) be the pricesof two optionsat time
t whenthe priceof the stock is cx. Let Fg(X; t) be the
priceof the stock.

Assumd=; arecortinuousin both argumets.

We shallconstructa self nancing risk-lesgortfolio

X
v = DR
i=0
Let u()(t) = (')(\t,)(Fti)(X;t) be the proportion of wealth in-
pestedin asset.
u(') =1
SinceV, is self nancing,
dvp) _ X (,)(t)dF(x )
V(t) F(x;1)

i=0

= U(O)(t)%(let dN2t)
X2

+  uO)( g (x; t)dt

=1
T K (X, t)dN]_t t F (X, t)dNZt)
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Vi isrisk-lgsss)
U(O)(t)% + .21 u(')(t) 3 (x;t) = 0;
uOMz+ L) () =0
No arbitrage=) =, u®(t) r(x;t) =  The hedge
ratiosare:

y® = (Rt F)
BRC Pt Fy) Fr Fo T Ry
u@ = (et F)
RO F T Fy) Rt R

u(o) — 1 u(l) U(Z)



Stochasticintensity

Now we considethe casevherethe unobsergdintensity

¢ IS a stochasticprocess.
We rst assumatwo stateMarkov madelfor ;. Naik(1993)
Later we descrile howv we can have similar resultsfor
othermaodelson ;. Hull and White(1987)
Supposethere is an unobsergd state process ; whidh
takes2 values, say O and 1.
The transitionmatrix is Q.
When t — i, t— -
Courting processassaciatedwith ¢ is .
Let usdenotduy fG;gthecompleteltration (S;; ;0
u t) andby P the probability measureon f{G.;g asso-
ciatedwith the procesqS;; ).
For hedgingwith stochasticintensit, sameresultsasin
the xed caseholdswith

, ; replacedyy ~; 7 ~

@

T = ( 0 FOFO t FlFl)
- = ( 0 FOFO t FlFl)
In this settingwe needoneoptionandthe stock to hedge

an optionanddo not needto invert at all time poirts as
would be casdf we did not usethe posterior.

@0 @)
'@
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Let us assumehat the risk-neutralmeasures the mea-

sureassaiatedwith a birth-deathprocessith ewert rate
N and probability of birth p, = 51+ ﬁ) where

Is a Markov processwith statespace 1; -0.

We get two di erent valuesof the expectedprice under

the two valuesof (0).

The procesdss unobsergd.

We cannotinvert an optionto get (0) becausat takes

two discretevalues.

Needto introduce i(t) = P( = IjF{) whereF; =
(Su;0 u )

As shavnin Sryder(1973)underary P 2 P the ; pro-

cese\wlvesas:

d i = a(t)dt + b(t; 1)dNy + b(t; 2)dNy wherea(t) and

b(t; 1) areF; adaptedprocesses.

We still needonemarket traded option andthe stock to

hedgean option. But to get the hedgeratios, we need

(t); a(t); (t).

The hedgeratiosinvolve a(t); b(t). Sowe needthem
to be predictable.But if we have to invert an option
to getthem,thenwe needo obserethe priceat time
t to infer { andfromthereto geta; andh. Sothey
areno morepredictable.

Givenavalueof (tp) , thewholeprocess (t);t > tg
Is determinedby the conditionaldistribution of the
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procesgyiventhe obseredprocesss;. (t) iIscom-
pletelydeterminedy historicaldata. We do not have
the freedonof determining (t) by inverting options.
Thus, inferring (t) at eat time point t indepen-
dertly will giveincorrectpricesandleadto arbitrage.

BayesianFramevork

As shavn in Yashin(1970and Elliott et. al.(1995) the
posteriorof ;(t) is givenby:

Z iy
ity = j(0)+ g i(u)du
z, O
+ j(u)( (u) NS

R

+ b (u)
O<u<t

where (t)= ; i(t) ; and

_ b jpj(Su I Su)
gu)= ) = CRETEY 1
P |
Thus, g (u) =" ;g i(W+ o j(W( (W) HNZ
Now we canhedgeasin the constan intensity casewith
modi ed hedgeratios.




Pricing

R
How to getE(e o 95X jF o) under xed valuesof

Q; o 1 0(0)?

Fix 0= |

Generatdhe process.

Generatedhe waiting timesasnon-homogeneol®is-
sonprocess.

At eat ewert time S; jumpshby ¢ with probability py
andl p..

Get the expectationunder =1 fori = 0; 1.

Now take the averageof thesewith respgectto .

Generating :

GenerateT from Exp( N§)

Let o= iInfft: {6 oQ

If To< o, jump at time Ty.

Otherwisegeneratel; fromExp(  N?)
1= Infft: (6 g

If T, < 4, jumpattime o+ T,

Cortinue.

Thisis justi ed by memorylessness.




Descriptionof data

Thedatawasobtainedromthe optionmetricglatabase
on 3 stocks: Ford (Dec2002),IBM (June2002)and
ABMD(Feb 2003). The staock data is transactionby
transaction.The optiondatais daily bestbid andask
pricesfor all optionstradedon that day.

The datais Itered for after hour and international
market trading. The datanow is ontradingsin NAS-
DAQ regularhours.

The tick sizeis == for Ford and - for IBM and
ABMD.

We shallusethe data for the rst day of the morth
as training sampleand for the rest of the days as
test sample. Estimating risk-neutralparameterdy
iInverting option pricesin training sample.

Reducinghumber of optionsrequired

We needto infer5 parameterspi; o, o; 1, 0o(0)
) Invert the pricesof 5 optionswith di erent matu-
rities at time O.

Somestocks do not have somary options.Usingthe

ltering equationgt is possibleto infer the required
guariities by usingoneoptionat 5 points of time close
to O.
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Anotherpossibiliyy of reducinghe number of param-
etersto be estimatedsto assuméhat the processs

In equilibriumwhenwe start observing.Thenweneed
to estimatgor invertfor) 4 parametersps; Gio; o, 1)
ThechainisirreducibleandT;;  EXxp(thot 0py) that

IS non-latticeand nite mean.

0o(0) = qlgi%m (e.g.RossPg214)

ComputationabDetalls

Theplanisto nd the parameteisetthat minimizegshe
root meansquareerrorbetweenthe bid-ask-midpint and
the daily averageof the predictedoption price, for all
optionsin the training sample. | folloved a diagonally
scaledsteestdescenalgorithmwith cerral di erence
approcimationto the di erential. The starting valuesof

0, 1, Qo1 Cho are obtainedby an iterative methal that
has?2 steps.Let the underlyingstate procesde , that
IS the intensity is ; when ¢ isi. In onestep,the MLE
of the parametergs obtainedgiven the ; process. In
the next step, for ead t whenthereis a jump in the
stock price,we assign ¢ to that i whidh maximizeghe
probability of anewert. Whenthis methal cornvergeswe
doa nite searb onthe parameter .
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Figure 1: Estimation: ABMD Data, generalmodel

Figure 2: Estimation: ABMD Data, Birth Death model with Stochastic volatilit y

Date:Dec2,2000.Tick= 3. n=12. Rangeof option prices$0-$1.60.Avg bid askspread=50.

We obtain the intervals for option pricesunder various
valuesof the intensity parameter. The gures plot the

length of the predictedinterval againstthe distanceof

the predictedinterval from the obsered interval. The

Intervals from the birth-death processare clearly mud

smallerthan thoseof the generalmadel with the same
errorlewels.
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Black Scholes with constant volatility
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Thesegurespresenthe predictedntervalsandthe bid-
askmidpoint for the Ford data.
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Generalizations

Accordingto Sryder(1973)the (t) processe\wlvesas:
d (t) = a(t)dt+ b(t; 1)dN + b(t; 2)dN» wherea(t) and
b(t; 1) are F; adaptedprocesseslLet us seethe form of
the posteriorin the generatase:

Let ci(V]N¢,t) bethe posteriorcharacteristidunctionfor

¢ givenan obseredpath
do(ViNg) = Nt;:lf\]t+dt EEexp(v ) NeNgs o Nt;Nt+dt)th0?t)dt
+ E(exp(iv 1) 1(ViNt; 0iNg:)dt E(exp(iv )g(N)( ¢ 1)iNg)dt
where

N = O(Ng) tpong IF = Ne+ 1
g(Nt) t(I pn) i =N 1
0 o. w.

Nei ¢ E( Nt; t(t; Nto:t; t)tho;t)

t(ViNto:it; t) = E(exp(iv ¢)jNtoits t)

For exampleletd = f¢( ¢)dt + G¢( {)dW;, whereW,
IS Brownianmotion. In this case
t(VINtgt; ) = ivEe( ¢) %VZGtZ( t)-
As longasthe obsered processs Markov jump process,
the seconcand third termsare sameasin the two state
Markov caseandhenceyield the sameunctionontaking
InverseFouriertransform. The rst term, on taking in-
verseFouriertransformyieldsL, the Kolmogore-Fokker-
Plank di erlgntlal operatorassaiatedwith
di =L+ o jW(  §o(Su)du
P b iP J- (Su! Su)

* O<u<t j(U ) i i(u) ip(Su! Su) 1
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Anotherpossibledirectionis to considejumpsof size>
1. But then we no longerhave the distribution of jump
sizefrom simplemartingaleconsiderations\We have to
either assumahe jump distribution, or estimateit, or
Imposesomeoptimizationcriterionto geta uniqueprice.
Also, if the jJump magnitudecantake k values,we need
k 1 market tradedoptionsand the stock to hedgean
option.

Conclusions

QuadraticVariationis not obserable

Boundsaresmallasopposedo generajump models
whidh producehugeintervals

Generallump maodelsare not amenabldo hedging,
Birth-Death processs

Stachasticintensity

Conmbining risk neutral estimationwith updating by
historicaldata

Not inverting option pricesat all poirt of time asop-
tionsarenot asfrequetly tradedasstocksandhence
not very reliable
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