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Abstract

A new approach to modelling and pricing derivative securities based on many underlying assetsis
developed, with the ultimate, practical aim to properly price such derivativeswhen each underlying shows
a volatilit y smile/skew. We show that the proposed multidimensional model can indeed accourt for the
observed implied volatilit y smiles for a range of single securities, when ead single-assetvolatilit y smile
is modeled according to a density-mixture dynamical model. Extending in an intuitiv e way the model
from the univariate to the multiv ariate setting, this theory allows to sample from an ertirely new type of
dynamics that still enjoys an internal consistency with the observed volatilit y surfacesfor the individual
securities.

The computational implications have a strong impact on the calculation of prices of Europ ean options
on baskets of securities. Operative proposalsfor the useof this model to deduceskewson baskets of many
stocks/FX rates will be preserted. A natural extension to the caseof the Lib or Market Model would
allow computing in a quasianalytical fashion the swap rates' smile given the smiles in the individual
caplets.

Intro duction

It is known that the Black{Scholesmodel [2] doesnot price all European options quoted on a given market
in a consistert way. In fact, their model lies on the fundamertal assumptionthat the assetprice volatilit y
is a constart. In reality, the implied volatility (i.e. the volatilit y parameter that, when plugged into the
Black{Scholesformula, allows to reproduce the market price of an option) generally showvs a dependenceon
both the option maturity and strike. If there were no dependenceon strike one could extend the model in a
straightforward fashion by allowing a deterministic dependenceof the underlying's instantaneous volatilit y
on time, sothat the dynamics could be represened by the following stochastic di erential equation (SDE):

(1) dS; = S.dt+ (S dW;;

+ being the deterministic instantaneous volatilit y referred to above. In that case,reconstruction of the
time dependenceof  would follow by consideringthat, if v(T;) denotesthe implied volatilit y for options
maturing at time T;, then

Z:

2) v(Ti)?Ti = 2ds:
0

Implied volatilit y however doesindeed shaw a strike dependence;in the common jargon, this behaviour
is described with the term smile whene\er volatilit y hasa minimum at the forward assetprice level, or skew
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when low{strik e implied volatilities are higher than high{strik e ones. In the following we will loosely speak
of both e ects as\v olatilit y smile".

The aim of this paper is to incorporate the e ect of the volatilit y smile obsened on the market when
pricing and hedging multiasset securities. A whole lot of sud structured securitiesis nowadays o ered to
institutional and retail investors,in the form of options on baskets of stocks/FX rates and on combinations of
forward interest rates such ase.g. European/Bermudan swaptions. In our approac we remain within a local
volatilit y model for the individual assetscomposing the underlying of the option (be it a basket of stocks
or a swap rate) that has proved to be quite e ective in accourting for the obsened single assets'smiles,
but we move one step beyond the approad usedon the street when writing the joint multiasset dynamics:
instead of discretizing the multidimensional SDE through, say, Euler or higher order numerical schemes[22]
under the assumption of a given instantaneouscorrelation structure, we incorporate the correlation in a new
schemethat enjoys analytic multiv ariate densitiesand a fully analytic dynamics. In so doing we are able
to sample a new manifold of instantaneous covariance structures (and a new manifold of dynamics) which
ensuresfull compatibility with the individual volatilit y smiles.

The outline of the paper is the following: rst, a brief (and by no meansexhaustive) review of the main
approadesto single assetsmile modelling will be preseried, along with the one that has been deweloped
by this group [5, 6, 7]. Then, examplesof typical securities that need a multiv ariate setting for proper
pricing. The extension of the single assetmodel to the multiv ariate framework will follow, with a thorough
discussionof the implications for the dynamics stemming from a nave approad and from ours. In the end,
the conclusionsand proposalsfor further researd.

Smiles in recent literature

Trying to incorporate the smile e ect into a consistert theory has beenthe subject of a lot of researt in
recert years. Generally speaking four main streams of investigation can be identi ed:

postulating an alternative explicit dynamics for the asset{price processthat by construction ensures
the existenceof volatilit y smilesor skews. An exampleis the CEV processproposedby Cox [11] and
Cox and Ross[12]. A general classof problems was preseried by Carr et al. [10]. In general this
approach doesnot reproduce accurately enoughthe market volatilit y structures.

postulating a continuum of traded strikes [3]. This was extendedyielding an explicit expressionfor the
Black{Scholes implied volatilit y as a function of strike and maturity [15, 16, 13, 14]. This approac
howewver needsa smooth interpolation of option prices between consecutiwe traded strikes and matu-
rities. Explicit expressionsfor the risk{neutral stock price dynamics were also derived by minimizing
the relative entropy to a prior distribution [1] and by assumingan analytical function describing the
volatilit y surface[9].

Another approacd consistsof nding the risk{neutral distribution on a lattice model for the underlying
that leadsto a best t of the market option prices subject to a smoothness criterion [20, 8]. This
approad hasthe drawbadk of being fully numerical.

The last approach is an incomplete market approad, and includes stochastic volatilit y models[19, 18,
25] and jump{di usion models[24].

A possible solution to the problem of nding a risk{neutral distribution that consisterily prices all
guoted options is given by assuminga particular parametric risk{neutral distribution dependert on se\eral
parametersand usethe latter in conjunction with a calibration procedureto the market option prices. The
model earlier proposed|[5, 6, 7] nds a dynamics leading to a parametric risk{neutral distribution exible
enoughfor practical purposes.



The mixture of densities (MD) model

It is basedon the hypothesisthat, xing atime T and denoting by Pgr the price at time 0 of the zero{coupon
bond maturing at T, the dynamics of the assetunderlying a given option market takesthe form

3) dS = Sdt+ (S t)SdW,

under the T{forward measureQ". Here, is a constart, W is a standard Q" Brownian motion and (the
\lo cal volatilit y") is a well behaved deterministic function. In order to guarantee the existenceof a unique
strong solution to the above SDE, is assumedto satisfy the linear growth condition

(4) 2(x;t)x?2  L(1+ x?) uniformly in t

for a suitable positive constart L.
Considering N di usion processeszt(k) with dynamics

(5) dZ¥ = A9t + v (49 t)dw,

with marginal densities pEk) and v satisfying linear growth conditions, the marginal density p; of S; is
assumedto be represettable asthe superposition of the pﬁk) [5, 6, 7]

X ) X
(6) p(S) = o with 0,8k and (=L
k k

The problem can then be cast in the following form: is there a local volatility  for Eq. (3) such that
Eq. (6) holds? Purely formal manipulation of the related Kolmogorov forward equation

¢ @, @iy 1 =0

and of analogousequationsfor the pﬁk)'s shows that a candidate is

\A
HPn 2 (k)
. -1 kVEOGtpe
® (o) = b kKOO R
k=1 kpt

A digressionis in order now: supposethat ewverything in the above approach works ne, and with a
judicious choice of the v¢'s the unique strong solution for the dynamics of S exists. Then the pricing of
European options on S would be immediate: given any call option, say, with strike K and maturity T, the
option value at presern time would be

X z +1 ‘ Xy
) O=PorE'f[St K]'g= kPor x KIp{ (x)dx = kOk:
k=1 0 k=1

In plain words, the option price would simply be the weighted average of prices of call options written on
the auxiliary processesz. Hedging would be just as easy As a consequencejf the auxiliary densities pﬁk)
are chosenso that the option prices Ok are computed analytically and allow for su cien t exibilit y, a fast,
stable and accurate calibration to the whole implied volatilit y structure over a wide range of option strikes
and maturities follows [7].



The most natural choice for the (ZX);vi; pt*)) triplet is
8
4= 5,

V(X 1) = X k(1)

(10) YR—
§ Vi(t) =, «k(s)?ds
() (y) = p__ 1 L X o+ ivem
P (x) = 2 XV (t) exp 2V2(1) n 5 2 Yk (t)

with ¢ deterministic (mixture of lognormal densities).

It has been proven that with the above choice and additional nonstringent assumptionson the vy the
corresponding dynamics for S; admits indeed a unique strong solution. A greater exibilit y can also be
achieved by shifting the auxiliary processestensity by a carefully chosendeterministic function of time (still
preserving risk{neutralit y). This is the so{called shifted lognormal density model.

We are not going in any more detail on the single assetcase;the above description givesa su cien t base
for presening our generalization of the mixture of lognormal densitiesto the multiv ariate setting (as before,
at rst on the basisof pure formal manipulations, then with full rigour) with the specic aim of nding a
method to infer the \implied volatilit y* of a basket of securitiesfrom the individual componerts and/or an
explicit dynamics for the multiasset system. Later in the paper, formal proofs of the general consistencyof
the model and of the existenceand uniquenessof the solution to the multiv ariate version of Eq. (3) will be
provided.

Formulation of the problem

One of the aims of this approad is to be able to compute the smile e ect on the implied volatilities for
basket options, i.e. options on the average

X
(11) Bi=  wiS!;

k

where St(k) is the k{th component of the basket, and may represen a stock price, to x ideas. (It must
be noted in passingthat S could also represen a forward rate processFy(t) in the Libor Market Model
(LMM) and instead of (11) we could have a more complicated expressionrepreseting a swap rate.)

Sud options have the most varied nature: from the plain European call/put options on the value of the
basket at maturity T,

(12) T=[IBr K

(' = 1for acall/put respectively), to options somewhatmore complicated, such as Asian options on the
basket, Himalaya options, rainbow options and soon.

In the sequel,and for the ultimate purposeof this application, we will be concernedonly with European
options on a basket. Even the pricing of a plain call on a basket made of v e stocks can be a formidable
problem in its own right, in both the analytic and computational sense.

It is customary to seekfor analytic (and by all meansapproximate, dealing with multisecurities) formul
for the prices of such options. Some of these formul have been examined elsewhere[4] along with their
regimesof validity in terms of volatilit y and correlation structures of the individual stocks composing the
basket. They typically rely on dictating a speci ¢ dynamicsfor the "basket price" B, and solving the pricing
problem through the formul implied by such dynamics. And, surprise surprise!, the geometric Brownian
motion (GBM) postulate for the dynamics of B; is often usedon the market.



In other words, the appeal of the GBM model and of Black{Scholes' theory is still sowide that, even
if the problem at hand is intrinsically multidimensional, we are still led to think of the basket value in
(11) as having a lognormal dynamics, thus neglecting its internal composition in terms of stocks having
ead its own dynamics and character. The approximation goeseven so far in our minds that we naturally
start to wonder, at some point, if we can somehav keep into consideration possible smile e ects on the
basket. Becausethe main limitation of the formul (apart from being approximate, and yielding grossly
wrong answersin speci ¢ cased4]) is that they structurally cannot keepinto accourt any smile e ect on the
individual stocks' volatilit y, and therefore on the "basket volatilit y".

In the following we will tackle the problem in a rigorous way, through the generalization of a dynamical
model that has proven to perform quite well on somemarkets [5, 6, 7] and that is under extensionto the
equity markets case.

An extension of the MD model to handle multiv ariate problems

To x ideas,supposewe are facedwith the following problem: we want to price an option maturing at T on
the basket of securitiesof Eq. (11). Each of these securitieswill have a \smiley" volatilit y structure, and we
strongly suspect that the basket will shav a smile in its implied volatilit y, too.

Through Egs. (3{10) we now have a piece of machinery that allows usto calibrate an MD to the implied
volatilit y smile structure of the individual componert S(K) of the basket. Supposewe have already calibrated
the individual MDs to such smile surfaces,thus nding the local volatilities governing the dynamics of each
S() . In order to price a plain European option on the basket the traditional approadch suggeststo use a
Monte Carlo simulation that samplessuitably discretized paths accordingto the drift rate of ead componert
(risk{free minus dividend yield) and to the diusion matrix given by the local volatilit y function deriving
from the mixture of densities model. Therefore, assumingto have an exogenouslycomputed structure of
instantaneous correlations j; (computed e.g. through historical analysis and supposedconstart over time)
amongthe stocks' returns, we could apply a naeve Euler Monte Carlo schemeand simulate the joint evolution
of the stocks through a suitably discretizedtime grid ;=0 n = T with acovariance matrix whose(i; j)
componert over the ( |; 1+1) propagation interval (constart in the Euler scheme)is

U p

(13) Ci(S:5:t="t

v
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ket ik ik ( NP (S)F ke ik ik NAED
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k=1 ik P (SI) k=1 ]kpl (S])

(It must be mertioned that quite recenly an interesting extensionof this approact was suggested17] based
on the assumption that basket option prices be available at all strikesand maturities, a la Dupire [15, 16].
This is howewver not generally the casein real markets). It can easily be showvn that the approad of Eq.
(13) is consistert with both the individual dynamics induced by a MD model for ead stock and with the
instantaneouscorrelation structure j imposed. However, besidesthe practical and heartwarming possibility
of cortrolling the instantaneouscorrelation, one must be aware of its main limitations:

Remark. By imposing that the instantaneous covariance of the multidimensional processbe of the form (13)
one is moving only within a given manifold of the possiblelocal volatility structuresfor the multidimensional
process. Moreover, this schemeimposescostly discretization procedureson the f ;g grid for pricing eventhe
simplest derivatives.

One could try to do something di erent and approacd the problem sothat, under suitable assumptions,
the individual MD models (one for ead stock, separately calibrated ead on its volatilit y surface) could be
mergedso as to provide a coherent multiasset model that allows for a degreeof (semi)analytic tractabilit y
comparableto the onetypical of the univariate case.

For this purposewe needto briey revise some properties of the multidimensional It processesand
extend in a trivial fashionthe existing MD model.



The multidimensional Kolmogoro v equation

Consider an n{dimensional stochastic processx(t) whosegenerici{th componert follows the SDE

dxi(t) _
xi(t)

where  and C;(x;t) are deterministic functions of time and of the state of the process. Bold letters will
denote vector/matrix quartities in the following. W is a standard d{dimensional Brownian motion, d n.

Denoting Cjj (x;t) = Ci(x;t) C;(x;t), the asswiated Kolmogorov forward PDE to be satis ed by the
corresponding probability density is

(14)

i(Ddt+ Ci(x;t) dW

X i 1)@
(15) @7 21 oxm @@@

a . @& [Cu Xi Xj pel =

IJ =
where all functions are evaluated at (x;1).

The existenceand uniquenesstheorem for strong solutions still holds for a vector SDE, provided that the
generalizedlinear growth conditions hold: that there exists a positive K sud that

(16) KC(x;t)k?kxk? K (1 + kxk?)

and similarly for  [21]. The symbol kk denoteshere vector and matrix norms.
Inspired by the univariate approach which gave rise to the MD model, let us postulate that the density
at any time t of the multiv ariate processx be equalto a weighted averageof densities p{k)

X (k)
(17) pr(x) = kP (X); k 08k; k=1
k=1 k=1

ead corresponding to a given dynamics corresponding to the Kolmogorov equation

(18) @7, Opuyey 1@

(k) P = o;
@’ _ @ Xi Py e X Oxixjp 1= 0;

Ij_

The condition that p; satisfy Eq. (15) and that eadh pEk) satisfy the corresponding equation leadsthrough
standard algebrato the PDE
" | #
X X
1 @@@ Cij (x;t)p k i(jk)(x Hp? xix; = 0:
|] =1 k=1

(19)

This is a rather complex PDE, that we solve by setting, for all i;j *
PN ® (k)

- (x; t)p
(20) Ci (xit) = —=p- :
k=1 kpt

1A heuristic argument suggests that thi'g is the only possible solution with physical meaning: it can be easily proven that
the most general solution of the equation i @(@2@( fij (x) = 0 has a Fourier transform satisfying (q;f (q)q) = 0. The only

matrix function f (q) satisfying it and in nitely dieren tiable with respect to q is constant. This constant must be zero in order
to have nite rst and second moments of the multiv ariate density pt.




The connection between univ ariate and multiv ariate MD

Let us make a strong assumption, namely that the volatilit y coe cien t for the k{th \base" density pgk) of

Eg. (18) is a deterministic function of time, independen of the state, and of the particular form iﬁk)(x;t) =
k k
RICEN IO . | | N
Under this hypothesiswe already know the dynamics corresponding to Eqg. (18), and we can explicitly
write the density pt(k) statisfying it at all times:

1 o K )
(2 )% det (9(t) Iyx 2 '

(21) 9 (x) =

where () (t) isthe n n integrated covariance matrix of returns for the many componerts of the processx:

z t
(22) Po= e s
( ) is assumedto be invertible at all times) and
|
Z, _ -(k)z(s)-
(23) % =Inx; Inx;(0) Q) 'T ds:
0
- . . ; (k) Ky = (k) (k) ,
Life is not simple unlessoneis ready to make the further assumption ;*'(t) 7/(t) = 7 (t) ;7'(t) .

Note that this is similar to what done in (13), the main di erence being that this imposition is now made
at the level of the di usion processesorresponding to the constituent densities, rather than of the actual,
\physical" diusion. At rst sight this might appear innocuous: after all, we would be doing something
pretty standard if we were dealing with only one density. But the very fact that the densities will get
mixed up through Eq. (17) will have dramatic consequence®n the actual structure of correlations, both
instantaneousand average. But rst, let us prove that under a further assumptionwe can be fully consister
with the dynamics speci ed by the MD model for the individual stocks.
Let's assumethat we have calibrated an MD model for ead x; (t): if t(') is the density of S;, we write

: Xi : X

(24) W(x) = w (x); with 4 0;8k and ) =1
k=1 k

t('k) being a suitably modi ed lognormal density (by suitably modi ed we mean any modi cation sud as
e.g. shifts in the process|[5, 6, 7]; no needto go into details right now. The most general caseof shifted
lognormal densitiesis a trivial extension of the presernt approad.)

For notational simplicity we will assumethat the number of basedensities ; will be the same, , for all
stocks. The exogenouscorrelation structure j is given by the symmetric, positive{de nite matrix R.
The most natural tentativ e choice for the basedensitiesof Eq. (17) is

X (i1 in)
(25) pr(x) = Lis mii n Pt (x)
i1jiz; in=1
with
(26) p'(:il iﬂ)(x): . 1 exp X-(il in) (i1 |n)(t) lx.(il in)

(2 )% det (v () Iy 2

Here, (1 1n)(1) is the integrated covariance matrix whose(l; m) elemert is
o Zy
(27) M= () mia () mds
0



and, generalizingEq. (23)

|
Z, (li)?”

(28) x't ") = Inx;  Inx(0) am ST ds:
0

Putting notational complexity aside, what we are ultimately doing is to mix in all possible ways the
componert densities for the individual stocks, still ensuring consistencywith the starting models for the
componerts stocks, and imposing the instantaneous correlation structure R at the level of the constituent
densities.

This is indeed consistert with the mixture of densities models through which we have specied the
dynamics of the single componerts of x:

Prop osition. Givenany f : R ! R and any t 0, under the assumptions of Eqgs. (25){(27) the
expectation of f (x;(t)) is

z
(29) Eoff (xi(1))g=  dxf(x)

t(') being given by Eq. (24).
Proof. The proof is trivial: it is enoughto compute the multiple integral

R R R

Eof f (xi(t)g dxy dx; dxn f (x)pe(x)

P R R R (i1 in)

= =1 Lin oni, OX1 dx dxnf (x1)p; (x)

i15i2;

(30)

Integrating out all variablesbut x(") in ead of the integrals in the right hand side we have

P R (i
Eff ()9 = i, =1 1 mia o Axif(xi) ¢ (i)
3D P R (i) R 0
= gzt dxf ) U 0a) = dxif(x) ()
P
since by the condition that probability integrate up to onewe know that ,_, = 1for alli. O

An immediate consequencef this is the following

Corollary . Under the assumptionsof Egs. (25){(27) all moments, at any order, at any time, of the indi-
vidual components are exactly reproduced.

In other words the theory we have built is fully consistert from the statistical viewpoint with the MD
model postulated at the beginning for eadh componert at any time. This implies alsodynamical consistency
which is alsodirectly provenin the following

Prop osition. Under the assumptionsof Egs. (25){(27) the unconditional dynamics of each component of
X is exactly the sameas in the correspnding MD maodel.

Proof. Take for instance the rst componert: using the shorthand i for (i;; i,) integrate Eq. (18) with



respect to Xo;  Xn:
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Noting that ;" */(x1) = dxz2  dx,p;’(x) and denoting
o Z Z Z _
(33) H0x) = dxe dxio1 dxig dxepl” (%)
the above equation becomes
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All terms evaluated in zeroand in nit y in the above equation vanish becausein order to have nite rst
and secondmomert with respect to all componerts, the following limits hold

limy,r +1 Xip(x) =0 limy,r oXipt(x)=0
(35)
limy,1 +1 X?p(x) =0 limy,1 ox2pt(x) =0

and similar conditions hold for the derivativesof p;.
Each term in Eg. (18) for eath basemultiv ariate density therefore reducesto the corresponding term of
the Kolmogorov equation for the one{body density of x;. O

The consequencedor pricing are immediate: supposethat x represens the vector S of stock prices
composing the basket of Eq. (11). A corvertional scheme for pricing a plain option on the basket in a
way fully consistert with individual local volatilities would require, as already said, a su cien tly ne time
discretization coupledwith a Monte Carlo integration with instantaneouscovariancegivenby Eq. (13) (or by
more complicated discretization schemesfor SDES, seee.g. Milstein's [22]). The preseri choiceallows instead
to compute the option price (12) through a set of single{step Monte Carlo integrations (one integration for
eat combination (i;; in)). But the actual consequence®f this approad are wider, in that they a ect
the many{b ody dynamicsin a deeper way.

Sofar we have only provided a candidate density and dynamics for the multiv ariate problem. We must
still prove that our choice doesindeed lead to a unique strong solution of the vector SDE for x;. Moreover
a deepanalysis of the consequencesf this choice hasto be performed.



Existence and uniquenessof a strong solution follows from the usual technical assumptionsfor the indi-
vidual volatilities t("‘): supposing they are all bounded form above and below [5], standard algebrayields

(36) ¢

~=infy of MiNiz1 ni, = g

P
% n2~2 KkCk?= " | _ Cim(x;t)2 n27%
E g

[H]
A= sup ofmaxicy ni= g Mg

and the linear growth condition holds.

Choice and consequences of an exogenously given correlation struc-
ture

Multiv ariate mixtures: the instan taneous correlation structure

The link betweenthe correlation structure R imposedon the constituent densities and the actual instan-
taneous correlation \felt" by the real processis not straightforward. An apparert inconsistency already
shaws up at the instantaneousvariance level. Without lossof generality considera two{dimensional process
Xt = (X¢;yt) modelled through a MD model. Denote by ¢ and ¢ the coe cien ts of the individual MD for
x andy, respectively, and by t(k) and t(k) the corresponding instantaneous volatilities.

Recall that in a standard Monte Carlo schemethe instantaneous variance for the x componert, say, of
the processover the interval ( |; +1) would be (seeEq. (13))

P (92 @0

(37) Cu(xt) = —pt T
(1k)

k=1 k | (X)

and the instantaneous covariance of returns between componerts one and two would be
v

v
u P k 1k u P kO 2k
(38) C ()(-y-t):%I k=1 Kk (|) (| )(X)%J k=1 k (|) (| )(y)
A T (1K) P 2K)
ket ko1 (%) k=t ko1 (Y)
to be comparedwith the expressions
P 0
(k)2 J(KK®) (.
Ko=1 kKO P, (X y)
(39) Cll(x; y,t) - I'(l:"‘k0 1 | (kkO\)
kko=1  k keP T (XY)
and
P o o
(k) (k%) 5 (KkD) .
Ko=1 Kk KO p (x;y)
(40) Cra(x;t) = —<¥p2 ‘ I(kko) :
kiko=1 k kP (x;y)
of our model.

An evidert dierence is that, while in Eq. (37) the instantaneous covariance of x depends only on x
itself, and not on y, the opposite is true of Eq. (39). In other words, the diusion matrix is now fully
dependert on the componerts of the multidimensional process. Moreover, the two equations (38) and (40)
are structurally di erent. However, there must be a link betweenthe two, becausewe know that in the limit
when the correlation betweenthe two componerts vanishes,they will in fact ewlve ignoring one another.
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By the choice we made at the beginning, pﬁkko) is a bivariate lognormal density, i.e. it hasthe expression
(41)

KKO 1 1 1 a2 aip aj
p§ ) %2 2

Xy)= —p———6exp 2%y +y
2 anay  2a3, Xy 2" anap 28, aijady  2af, anjap  2af

with x and y de ned asin Eq. (23) and

8 R 2
% ain = (; {ds
R 02
(42) E apy = (; ék) ds
R 0
T ap= ¢ P s

The tetrachoric expansionfor the bivariate normal density with correlation reads[26]

Xk
(43) nixcy: ) =nny)  gHe)Hed(y)
k=0
(H e is the k™ Hermite polynomial) which, applied to pﬁkko) yields
h i h i
(KK®) g ()
PrU(GY) P 8XD X Para— eXp oV
(44) h i h i
+ Z:I.Tu%exp 2;11)62 Z:I.Tzz%exp %yz )(_y-aﬁgzz +0O( 2)

and similarly expanding Egs. (39) and (40) we get

8
< Cu(xy;t) = Cu(x;t) + O( ?)
(45)
Ci2(X y;t) = Cra(X; y;t) + O( 2)

In other words the traditional multiv ariate simulation schemecan be seenan approximation of the presert
one, valid for weakly correlated systems. The instantaneous correlation structure induced by this model is
P

k) (k% (kk®
(46) — kiko=1 Kk k° t( ) t( )p§ )(X; y)
t — 71

k)2 (kkO© ) P k92 (kk© )
kko=1 k kO {2k (x; y) kko=1 Kk KO (92 5Kk (x: y)

where we made use of the Schwartz inequality.
The physical signi cance of these results, in particular with respect to the positive de niteness of the
instantaneous covariance matrix [23] is enforcedby the following

Prop osition. The matrix C(x;t) of Egs. (20,25 and 27) is positive de nite.

Proof. Omitting the explicit dependenceon x the genericelemert of C(x;t) can be written as

1 X (i in)
(47) Ca=p TES) Lis min ki (8 i (1) kb

i1z in=1 Lia nii n Pt ii2; in=1
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and therefore

P . .
— (i1 in)
= Pwlzwz: in=1 1;i11 nii nDEil in) i1iiz; in=1 Lia n;inplll I
0 10 10
(48) i, (D 0 g % 11 12 g % i, (D) 0
0 ni n (t) nl n2 0 nin (t)

The thesisis a trivial consequencef the fact that C is a linear combination of positive de nite matrices
with positive coe cien ts, thanks to the conditions of Eq. (6). O

Multiv ariate mixtures: the average (\term", \terminal®) correlation structure

The averagelogreturn for componert x is

X Z, (k)2
(49) EofInx Inxeg= K s S? ds
K 0
and its varianceis
X 4
(50) VargfInx  Inxeg = K (K2 ds
k 0

The averagecovariance of returns of x and y is instead
X Zy
(51) CovofInx Inxe;Iny Inyeg= K KO (k9 ds;
kk© 0
giving rise to an averagecorrelation betweenreturns up to time t
P R 0
52) < L >o= p CovofInx Inxg;Iny Inyeg _ ko kKO S & Mds

p s = R« P Rt (o :
VaroflInx  InxegVarefiny Inyoeg ¢« « ot é)zds)( 0 KO g é )st)

Conclusions and perspectiv es

Throughout this paper we have illustrated how to extend in a conceptually simple fashion an asset price
model already shovn to reproduce quite general implied volatilit y structures commonly obsened on the
market [5, 6, 7], lying within the manifold of the so{called local volatilit y models. The extension aims
at inferring an analytic expressionfor the local volatilit y of a multiv ariate security (such as e.g. a basket
of stocks) that is consistert with i) the individual dynamics of each componert of the security, ii) a given
instantaneouscorrelation structure (and the link with what is usually donein a standard multiv ariate setting
is establishedin the limit of low correlations). The main practical advantage is that our approac allows
for a semianalytic pricing of European style derivatives on the multiv ariate seturity in a way that keeps
into accourt the smile structures of the individual componert securities, thus reducing computational time.
Finally, an issuenot to be disregardedis that the dynamics we proposeis alternative to the discretized
multiasset dynamics commonly postulated when dealing with multisecurities.

Future extensionsof this work include the testing of this approac in actual situations, two of which are
particularly challengingfor practitioners: baskets of many stocks with a smile structure of implied volatilities,
and swap rates' derivativeswithin the Lib or Forward Model (LFM).
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