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Motiv ations

Insurance Portfolio

The problem was rst motivated by portfolio insurance which is
designedto give the investor the ability to limit downside risk while
allowing someparticipation in upside markets.

The aim of the portfolio manageris to keepportfolio value from falling
belov a minimum wealth, commonly termed the o or at any time.
Classical optimization problems generally try to maximize an expected
utilit y criterion, related to individual preferences , through concave

Increasing utilit y function.

Related works

In a complete market : Huang& alii(1991), NEK-M.Jeanblanc(FS1998),
Cuoco& alii (1999),NEK-M.Jeanblanc-V.Lacoste (JEDC2004)

In Incomplete Market, Du e-Fleming-Soner-Zariphop oulo(1998),
Bouchard&Pham (2003)
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Martingale optimization w.r. to convex order

For power utilit y functions, the problem may be transformed into
optimization program for martingales with the same initial value

) subjected to the constraint to dominate a o or X.
) The optimality hasto hold for any utilit y functions.
) This last point is related to the convex order

Max-Plus decomp osition of supermartingale

The solution is given through the decomposition of the Snell envelope
Z (American option) of the o or in terms of an adapted increasing
process ; and martingale M sud that M ; = sup(Z;, +)

t = SUPy< <t Ly Ly €[00, + 7]
Study strongly related to the work of H.Foellmer and P.Bank .

Outline of the presentation

Thesedi erent stepsin the reverse order
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Assumptions

Fix somehorizon date 71" ( nite or not).
The uncertainty i1s modelled by a some ltred probabilit y space
( ,F,(Fo<i<T,P), satisfying the usual conditions of right-contin uity

and augmertation by P-negligible sets.
All processesX that we considerare adapted, right cortinuous with left

limits (CadLag ), and of class (D),
the family of random variables (X (5),S <T, S & 7) where7 is

the family of stopping times lessthan T is uniformly
iIntegrable , or equivalently dominated by an u.i.martingale

If the processX hasnot accessiblgumps, it is said to be quasi-left
contin uous. It is equivalent to saidthat E(Xg ) — E(Xg) if the

sequenceof stopping times S,, — S.
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Supermartingale Decomp ositions

Let Z be a supermartingale satisfying the previous assumptions

Do ob-Mey er decomp osition

There exist a previsible non-decreasingprocessA; (A = 0) and a u.l.

martingale NPM | such that Z, = NPM — A, or equivalertly
NPM=Z.+A;.

If Z is quasi-left continuous, A is continuous.

Multiplicativ e Decomp osition of positiv e surmartingale

There exist a previsible non-decreasingprocessB; (Bg = 1) and a u.l.

martingale N™Ut such that N[ = 7, xB,
Max-Plus decomp osition
There exist a non-decreasingadapted process ; ( _o = —o0) and a u.l.

martingale M, sudhthat M = Z; VvV .

In all these decompositions, the martingale is unigue , with the
additional assumptionin the Max-Plus represertation that only
Increasesif M = Z. may be maximally chosed.
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Max-plus algebra

De nition : The \exotic" algebraic structure R ax
The symbol Rax denotesthe set R U {—oo} with max and + asthe two
binary operations & and ®, respectively.
We call this structure the max-plus algebra . Sometimesthis is also
called an ordered group.
We remark that the natural order on Rnhax may be de ned using the &
operationa <b If a®db=h.
Theorem : The algebraic structure Rmax IS an idempotent commutativ e
semi eld.
the operation & is assaiative, commutativ e and has a zero elemen
e= —00. ASa®a = a, Rmax IS Idempotent.
the operation ® de nes a commutativ e group on Rmax — {—o0} , it is
distributiv e with respectto ¢ and its identity elemern e = 0O satis es

eXe=eRe= e
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Why Max-Plus ?

Comparison Rmax and R

) @ is idempotent in place of invertible for +
) there are no zerodivisors in Ryax (a b= —0co =a= —oo0rb= —o0)
) Algebric computations are e cien t

A new old object

This idempotent semiring has beenreinvented may times theselate fties

? discret event systemtheory

? graph theory (path algebra)

? performanceevaluation of manufacturing systems,Markov decision
theory

7 Hamilton-Jacobi theory (McEneaney, Fleming...)

7 Asymptotic analysis, large deviations...(Quadrat, Akian,...
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Uniqueness in the Max-Plus decomp osition

Let Z be a supermartingale satisfying the previous assumptions,and
suppose

1. there exist two non-decreasingadapted process { and 2 ( ‘,= —o0)
and two u.i. martingale M* and M? such that M4t = % and M} = Z

2. ' only increasesat times when the martingale M?* hits the
supermartingale 7

3. (M*, *) aretwo (max-+) decompositions of Z (¢ = V = max)

Mi=Z® {, Mi=Z,0 2

Then, M* and M? are indistinguishable  martingales. There exists a
maximal increasingprocess.

Remark Let us obsene that the equality M= Z; & ! =Z; & 2 does
not imply that 1= 2, dueto the non uniquenessof the linear equation
a @& x = b in the max-plus algebra. In particular, @ 2 is alsosolution.
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Sketch of the pro of when Z and are bounded by below

R | .
Recall the assumption OT \M! — Zs|d % = 0.

S

Then, for any regular corvex function (C? with linear growth) g, g(0) = 0.

gMt-M7) < g M3 —MA) (M7 — M7) = ¢'( v~ 7)(Mg— Mz)

EgML-—M7) <

ZT
Ed(5— HMp—M3) +E (M7 —-Mz)  ¢'( 1— D 1= 3)
Z . °
E (M{-M)J"( t1— 2(d ;— 9
ZOT Z
E (Zi—-M)G"( 11— Dd t— (M{—=Z)g"( t— 9d § <0
0 0

by the at condition and the convexity of g.
In particular, E g(M 1+ —M?3) = 0for g(x) = x*
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Remark Let Z = N — A the Doob Meyer decomposition of Z.
By Itd's formula for Z Vv , and the martingale property (in the
contin uous case)

1

dM; = 1z~ A ANPM —dA)+ 15 < d o+ édL'fC
1
1{Zt: t}d + T édLItOC = O, 1{Zt> t}dAt = 0.

The at-o  condition on isin fact a necessary condition .

April 2004
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Existence via A Convex family of
sup ermartingales

Quite similar to the construction given in papers of NEK-Bank,
NEK-F oellmer.
Z i1s to be assumedleft quasi-cortiinuous
The supermartingale convex family
Introduce the Snell envelop e of the convex family of processes
(Z¢ V m)¢>o Indexed by a real parameter m and de ned by

Zy(m) = esssUpcr, E(Z. Vm|F),

Given Snell envelope properties, Z (m) is the smallest Cadlag
supermartingale dominating Z VvV m, and T;(m) is the smallest of the
optimal stoppingtimes T¢(m)=inf{se[t,T],Zs(m)=2ZsVv m}.
Each martingale dominating Z; vV m necessarilydominates Z;(m).

If (Z:):>0 IS @ martingale , then (Z; V m);>o IS a sub-martingale and
Z¢(m) = E(ZtVmMm|F).
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11



Nicole El Karoui Convex Analysis

Convex Analysis

Prop erties
1. Foreweryt € [0,1], m — Z;(m) IS convex and non-decreasing.
2. m— Zy(m) —m IS hon-negative, corvex and non-increasing,and
(Zi(m) —m)>o is the Snell envelop e of (Z; —m)/,
3. The family of optimal stopping times 7;(m) is a non-decreasing,
left-con tinuous  Z¢(M)=E Zr1,(m) VM|F .

Main theorem

By the envelop theorem , m — Z;(m) hasleft-hand deriv ativ es given
by

0~ _ _

o 2tm) = B Lpsze o1 1Pt = B Linon= mingm> 203117

sincem > Zg, () < Ti(m) = T'andm > Xr.
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Partial representation result

Theorem
De ne for a € (t,11], the left-continuous inverseof T;(.) w.r.t. m by

Li(a) = sup{m; T(m) < o} & {Li(a) < m} = {Ti(m) > o}
Put o= Li(T)V Zr, then

Ze(m)=E( ¢oVM|F), Z¢= Zi(—o0)= E( ¢7|Ft))

Pro of : That is becausefor a.e.m g—mzt(m) =E 1 i+ el Ft -
Sincelim,,, .+ oo Ziy(m) —m = 0.
Z . 5 Z ;o
= Ziy(m) —m = N % (Zi(a) — ) da = N 1Lﬁ+ L da
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Max-plus density of ;r

Max-plus density
Let L, belL; := sup{m,Z(m) = Z,} the right-point of the closedinterval
{m € R|Z,(m) = Z;}, with the corvertion Lt := Zr.
The left-inverseof T;(m) is also given by
Li(a)= sup Ly=@%L, 1= sup L,= &L,

t<s<a t<s<T

Max-plus decomp osition
Since o+@® (1T = o7, Weobtain the Z max-plus decomp osition via

the increasingprocess ¢ .

Zy = E( 1| F) = E( <SU<I3TL3|]:t)> M? = E( or|Ft)=ZeV o0x
1<s<

Decomp osition of the Snell Envelop e of pro cess X
Ly = sup{m,Z¢(m) = Z;} and o, only increaseson Z = M®

April 2004
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Example

Martingale case

Ly = sup{m,E(Mtvm|F) =M= E(Mr|F)}

So, MrVvVm= My, F;—P,a.s., and L; isthe conditionnal essinf of
M. In this casel ; is an non decreasing pro cess.

Monotone case

Suppose”Z to be a decreasing process.The Ly = Zy.

April 2004
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Stochastic order and Max-plus decomp osition

April 2004
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Sto chastic orders

De nition

Let X; and X, be two random variables. Then we say that X, is less
variable than X, in the convex stochastic order , and we write
X1 <ex X o if for all convex functions g (if that makessense)

E[g(X1)] < E[g(X2)]

If the inequality holds only for all decreasing cornvex functions, then
X1 Is said to be smaller than X5 in the decreasing convex order
(denoted by X1 <j.. X5).

) X1 <. Xo = E(X3) = E(X,) provided the expectations exist and
var(Xi) <var(X,), whenewer var(X>) is nite.

) X1 <gex X2 = E(X71) > E(X>) provided the expectations exist.

April 2004
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Form ulation of the martingale optimization
problem

X-En velop e de Snell

In that follows, the previous results are applied to the Snell envelope Z* of
X.

The optimization problem
n 0
Set M(z) = (M¢);>ou.i.martingale|Mo = z and M > X Vt € [0,T]

We aim at nding a martingale (M) in M(x) sudh that for all
martingales (M;) in M(x)

M:;:‘SCXMT

The initial value of any martingale dominating X must be at least
equal to the one of the Snell ervelope Zg* = sup, 7. E[X/],

April 2004
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Necessary and Sucien t condition of
optimalit y

Theorem
Let us considera martingale (M,)% o in M(Zg"), satisfying the terminal
conditon M % = K, where (Kt)_tzo IS an adapted increasing process,
which only increases when the martingale hits the o or X.

)  Then (M}),., is the \smallest martingale" in M(Zg) dominating
the o or, with respect to the convex stochastic ordering

) Supposez = Z;<. The martingale M © of the max-plus
Z-decomposition is an optimale solution .
In particular, M 3. is lessvariable than M 2M where MPM € M(Zg) is
the martingale of the Doob's decomposition of Z.
If x > 77, the sameresults holds, in terms of increasingprocess

o,T VX

April 2004
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Pro of
Let (M), be an arbitrary elemert of M(x) and g be a real convex
function, for which E[g(M7)] and E [¢g(M7)] are well de ned.

) g corvex = g(Mr) — g(M7™) > ¢'(My™)(Mr — M7™) =
E[g(Mr)] — Elg(M7r7)] > E[¢'(M7™)(Mr — M1™)].

Remark that (g’(Kﬁr}t > 0) Is a nondecreasingprocessand that
g (Kr) = ¢'(Ko) + , dg'(Ky).
=  Elg'(M7") (M1 — M77)] :RE [¢'(K ") (M1 — Mr™)]
= E[9'(Ko)(M7 — M7r™)] + E OT(MT — Mr7™) dg'(K;)
:>R Elg'(Ko)(Mr — M7™)] = 9/(IR(0)(M0 — Mo")=0
= E( o (Mp—Mr*)dg'(Ky)) = E( 4 (M —M (") dg'(K0)
- E WM —X0) dg'(K) >0

April 2004
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Portfolio Insurance with American Constrain t

April 2004
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Portfolio management with guaran tee

We are concernedwith the portfolio problem where the goal of the
manageris

to exceed the performance of a given benchmark pro cess at
any time during the life of the fund.

Example : A fund guarantees
1. a part of an index performance/;

2. at any time the investor could receive 90% of his initial investmen,
without capitalization, that is

1
Vi> Gy = sup(ono,ﬁI—;)

Similar problems appear when the manageris submitted to legal
constrain ts .
The guarantee may be called the o or.

April 2004
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Investment funds strategies

In pratice, the rst step in the managemen of investmert fund or pension
fund is to de ne a Strategic allo cation

According to the investor's risk aversion, the managerdecidesthe
proportion of Indexs, securities, coupon bonds, in a well-diversi ed
portfolio with presern value S;.
In mathematical framework S; is the optimal portfolio for a non
constrained problem assaiated with given utilit y function

Tactic Allo cation

or How to managethe strategic portfolio (underlying) in sudc a way
that they are

high performanceof the fund (optimalit y ?)

no large losses

This last condition may be required by the regulator asa legal constraint

As we would see,by doing that the manager has an optimal
behaviour .

April 2004
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Links with the classical optimization problem

Let usintroduce a nancial market, where interest rate and risk premium
are given trough the state price density H;, in sud way that for any
self- nancing portfolio V;, H{V ; is a local martingale .

Considerthe following \non-constrained"  problem :

max E{u(Vr), (ViH:),>o,martingale and Vo = z}

) (V*)isoisoptimal i E[u/(V*Z)(VE —V*2)] = 0, for any
self- nancing portfolio (V;*):>0, wWhere z stands for the initial capital.
) In acomplete market «'(V*%) = MHy, where )\ is a Lagrange
multiplier, and H the state prices process.
)  For CRRA utilit y function : u(x) = % for all x € R, with
v €]0,1[, V *% = xS+, where Sp = V*1. denotesthe optimal portfolio
with initial capital Sp = 1.

April 2004
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Change of numeraire and martingale problem

Constrained decisionproblem : maxy, E(u(V 1)), subject to (V;):>0
self- nancing portfolio, Vi > G; Vit € [0, T]and Vy = .

) Let M? = H.S, bethe S-martingale and de ne Q° the risk-neutral
probability w.r.to S . .

M
ddip = M—§ = HrpSr.

In the caseof a CRRA utilit y function , sinceS is the optimal
portfolio, (S7)~7 = AHr

1 1
EulVr) = —ES;~ ’Y( )1 Y = ——)E HTST(—)1 g
1_ 1—7 St
Under Q°, V5= gt . IS a martingale and the problem becomes:
t t_

Gy .
max Egs uw(Vy) ,subjecttoVy > o - X . and V3 given
t

t

April 2004
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Characterization of the optimal solution

Supposex = Zj
The solution Is given by the martingale of the max-plus
decomp osition of the Snell ervelope Z* of X in the Qg-market s.t.

Z{(m) = esssUpcy, Eqs (Z7 Vm)|F; = esssupcr, Eqs [(X-V m)|F].

LP = sup{m, ZX(m) = ZX = X,} is the boundary in strike of the
Qs-American Call option with pay-o (X; —m)*.
Then, the optimal Qg-martingale is

S,* _ S _ S S
Mt*_ EQS O,T’ft - EQS O,t\/ t,T|}_t 9

. o — S
f 6:= SUPpcy<ily
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American Option In BS Framew ork

We assumethe underlying to be a geometrical Bro wnian motion .
e The American Put with strike K is a function, U“%(t, x) satisfying the
variational inequality

1
oU" + éazxzé’ixU“ + rx0, U —rU"= 0

on the contin uation region {x > b(t)} = {U*(t,x) > K — x} (b(t) Is the
exercise boundary ) with the smooth-t condition at the boundary
o U?a(t,b(t)) = —1.
o Then, for Sf = xS;, U*(t,xS;) = esssup>.E e "V"(K — 2Sy)* | F
By change of numeraire , under the probability Qg
Ua(tvxst) _
St

C2(t,KS¢ ', x) = esssup;>;Eqs KSg' —X)" | F
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Closed form of the American Call option

Using previous notation

Ly = sup{z,C*(t, KS; *,2) = (KS;t — )"} = b(t) /S
bs = Sup b(u)/S.
t<u<s
o The strategy My" = §,+ C2(t,KS;*, §,) > KS; ' isthe optimal
Qg self-nancing martingale strategy dominating X; = K.S; * with
terminal value

Mp™ = (K/St) v sup (b(u)/S.)

e The price of the American Call option is given by

Ct, K8y *,a) = Eqs KSph —x VvV q)" [F
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