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Abstract—We address the problem of allocating a
divisible resource to buyers who value the quantity
they receve, but strategizeto maximize their net payoff
(value minus payment). An allocation mechanismis used
to allocate the resource based on bids declared by the
buyers. The bids are equal to the payments, and the
buyers are assumedto be in Nash equilibrium. For
two buyers such an allocation mechanismis found that
guaranteesthat the aggregate value is always greater
than - of the maximum possible,and it is shown that no
other mechanismachievesa larger ratio. For a general
nite number of buyers an allocation mechanismis given
and an expressionis given for its worst caseef ciency.
For three buyers the expression evaluates to 0.8737,
for four buyers to 0.8735and numerical computations
suggest that the numerical value does not decrease
when the number of buyers is increasedbeyond four.
A potential application of this work is the allocation of
communication bandwidth on a single link.

. INTRODUCTION

Playersin non-cooperatie gamestry to maximize
their own payof functions. If such a game has a
designemwith preference®n the outcomesjt may be
possiblefor the designerto decideon stratgy spaces
andthe correspondingputcomesqi.e. the medanisn)
so thatthe players'stratgyic behavior will not leadto
an outcomethatis far from desirable.

Considerthe game involving the allocation of a
singleunit of a divisible resourcgo competingbuyers
eachof whom hasto make a paymentin compensa-
tion. Each buyer obtainsa certain amountof value

from allocationsof the resourcemadeto it, but strate-
gizesto maximize his net payof - the value minus
paymentAn allocationof the resourcahatmaximizes
the aggreatevalue (given the buyer value functions)
is said to be efcient, other allocationswith lower
aggre@atevalue areinef cient.

Nash equilibria are fundamentalin the study of
gamesof this nature.Thatinef cient allocationsmay
occur at Nash equilibria is well known in the eco-
nomics literature [9]. The questionaddressedn this
paper is: how to design an allocation mechanism
that resultsin the worst-caseinefciency of a Nash
equilibrium beingaslow aspossible?

Recentresearctcontainsmary examplesof efforts
to quantify the inefciency of Nash equilibria in
gamegelatedto resourceallocation.Koutsoupiasand
Papadimitriou [5] and Roughgarderand Tardos [4]
guantify worst-caseinef ciencies of Nash equilibria
in routing games.Johari and Tsitsiklis [1] quantify
the inefciency in allocatinga divisible good with a
uniform price. All of thesepapersusethe ratio of the
welfareat Nashequilibriumto thewelfareat the social
optimum, thus evaluatingfractional ef ciency.

Auctionsof divisible goodshave alsorecevedmuch
attention.Besides[1] mentionedabove, Mahesvaran
and Bagr [7] and Gopalkrishnanand Hajek [2] also
deal with allocationof a single divisible good. Kelly
[6] shaws thatif the buyersarenot strateic but price-
taking, allocationof a divisible goodcanbe madein a
socially optimumway. In the economicditeraturethis
modelappeardn Back and Zender[8] who adwocate
using discriminatory pricing for the sale of treasury



Fig. 1. Theallocationrule : buyer andreceves

pays

bonds.

For two buyersthis paper nds the mechanisnthat
has the lowest worst-casefractional inef ciency for
allocating a divisible good when the bids that the
buyers place are the paymentsthey will make. The
mechanismensuresthat ary Nash equilibrium (for
ary setof buyer preferencespill be at least- as
efcient asthe optimal allocation.The extensionto
buyershasnot beencompletelyevaluated but numer
ical computationsuggesthat the worst possiblecase
(with any numberof buyers)hasa fractionalef ciency
of 0.8735. Other characteristicdike uniquenessof
equilibria are also investigated.

Il. THE SETUP

Considerthe situationwhereone unit of a divisible

good is to be split up among buyers. Let
be the (non-n@ative) paymentghat the

buyersmake andlet bethe quantities
they areallocatedas a result. The allocationis made
accordingto a pre-speci edallocation medanism
so that given the payments the allocationto buyer

is given by . This procedureis depicted
in Figure.

An allocationrule is saidto be a valid allocation
mechanisnif it hasthe following properties:

and
suchthat

Al It is an allocation:

for all valuesof . Also,

for all i.e.azerobid
will getzeroallocation(evenif all bids zero).
A2 It is smooth: is differentiable,in-
creasingand concare in  for all , except
in the casewhen . Also for each ,
and — are continuousin the vector
of payments over the set .
A3 It is symmetricin the buyer indices:
for all permutations of theindices

A4 |t is scalefree for all real and ,

1

Oneexampleof a mechanismin the classaboveis the

proportionalallocation (or uniform price mechanism)
thatdividesthe goodsothateachbuyergetsa quantity
proportionalto the paymentit made.

The buyers eachhave a value function for
the amountof the good they are allocated.A value
function is said to be valid if it is differentiable,
concae andstrictly increasingwith . This
paperdealsonly with valid value functions.

The aggreyatevalue (or social welfare) of an allo-
cation is the sumof the individual values.For a set
of valuefunctions,anallocation is efcient if it has
the largesttotal value:

Whether an allocation is efcient dependsonly on
the functions andnot on . The efciency of ary
allocation is de ned to be the fraction

By de nition the ef ciency lies between0 and 1.

Giventhe payments ,theprot  of eachbuyer
is the value derived from the allocation minus the
paymentmade:

!Stateddifferently, the mechanismis independenbf the units
in which the paymentsare made.



Notethat is concaein
the otheramounts

for every x edvalueof

The buyers play a non-zero-sumnon-cooperatie
gamewith stratgy variables andpayof (or reward)
functions respectiely. A vectorof payments is
saidto be a Nashequilibriumif individual deviations
(changesn paymentmade)cannothelp a buyer:

For a vector to be an Nash equilibrium, i.e.

for the necessaryand sufcient
conditions are that for at leasttwo buyers
and
if
— 2
i 2
for all

It canbe shown that Nashequilibria exist with the
assumptionstated.The way to do this is to considey
for the given set of value functions , the -game
where each of the buyers are forced to bid at least

. Also, the paymentswould never exceedthe value
obtainedfrom having the entire unit of the resource,
sowe canassumehat . Then,by Theorem
1 in Rosen|[3] there exists an NEP for the -
game.A sequence will have a sequenceof
correspondingequilibria . Considera corvergent
subsequencan the sequencef equilibria, and let
be its limit point. Thenit can be shovn that  will
satisfythe necessarandsufcient conditionsasstated
above. ?

Given a set of value functions and valid
allocationmechanism , let be the setof
Nashequilibriaandlet  be an efcient allocation.
Then, the worst case ef ciency when the good is

allocatedaccordingto is given by

2If assumptionA2 does not hold it is possibleto construct
exampleswherethereare no Nashequilibria.

The worst caseis taken over a very broad set of
buyer preferencesand numbers, and indeed mary
allocationmechanismsare likely to have zero worst-
caseef ciency. Statedin theseterms,[1] provesthat
theworstcaseef ciency of the proportionalallocation
mechanisnis -.

Our objective is to nd the allocation mechanism
with the highestworst-caseef ciency, in the classof
valid mechanismdi.e. thosethat satisfy assumptions
Al-4). We also wantto nd the value of this best
possibleworst caseef ciency:

®3)

I11. REDUCTION TO LINEAR VALUE FUNCTIONS

Following [1], which consideredonly the propor
tional allocationmechanismit is shovn in this section
that for the purposesof evaluating the worst case
performanceof ary valid allocationit is sufcient to
assumethat the buyers have linear value functions.
This is crucial to the analysisthat follows, for two
reasonsit simpli es the spaceoverwhichthein mum
hasto be taken, and the ef cient allocation hasthe
simpleform of giving all to the buyerwith the highest
slope.Note that the resultsin this sectiondo not use
the scale-freeassumptiomA4 andhave no restrictions
on the numberof buyersexceptthatit be nite.

Lemmal is reproducedrom [1], whereit appears
as Lemma 4. The readeris referredto the original
paperfor a proof.

Lemma 1 (Johari and Tsitsiklis [1]): For ary value
functions if anefcient allocationis and is
ary otherallocation,the following inequality holds:

As in [1], Lemmal implies that consideringonly
linear value functionsfor the buyersis sufcient.

Proposition 1: For every
value functions and

satisfying A1-3, valid
there



exist linear value functions suchthat
and
(4)
where is anefcient allocationfor
Proof: Since , the vector satis es

the conditions (2). Considerlinear value functions
de ned by

It is easyto seethat by checkingthatthe

conditions(2) hold for the new linear value functions
. Equation(4) is exactly the sameasthe statement

of Lemmal with andwriting

in the RHS.

Notethatthe LHS of (4) is the ef ciency of a Nash
equilibrium for andthe RHS is the ef ciency
of the sameNashequilibrium for (sincefor linear
valuefunctionsan ef cient allocationgivesall of the
goodto the buyerwith thebiggestslope).ThusPropo-
sition 1 saysthat the efciency of a particularNash
equilibrium pair is lowest when the corresponding
value functions are linear. Thus, for the in mum in
the objective function (3) it is sufcient to consider
linear value functionsfor both the users.

If are the value functions of the buyersand

is the setof Nashequilibria for theseunder

allocationmechanism thenthe objective function (3)
canbe rewritten as

()

Therestof the analysisin this paperdealswith the
objective function given above.

IV. TwO BUYERS

Consider rst the case of there being only two
buyers.SinceassumptiorA3 asksfor invariancewith
respecto permutatiorof indices,it is sufcient for the
two-buyer caseto specifya mechanisnby theamount

it allocatesto the higherbuyer (who makesthe larger
payment)andto the lower buyer.

Let bethelower paymentmadeand  bethe
higher payment,i.e. and let be
the allocationmechanisngiven by

—— and — (6)

where s the allocationto the lower buyer and

is to the higher buyer In this sectionwe will prove
thatthis is indeedthe optimal valid mechanismit has
the highestworst-caseef ciency.

Theprice (paymentmadefor unit quantityreceived)
eachbuyer paysis different, making this a discrimi-
natoryprice mechanisnwith the pricesdeterminecy
the willingnessof eachbuyerto pay The mechanism
hasa “volumediscount”: a higherbuyer paysa lower
price, and so hasan incentive to bid high and- asa
result- geta higherallocation.This discountpartially
offsets the effect that a high buyer tendsto bid up
the price andwork againsthimself, causinga stratejic
high buyer to buy lessquantity thanis ef cient.

Thefollowing lemmais easilyveri ed, andwe omit
the proof.

Lemma 2: is a valid allocationmechanism.

The theoremthat follows shows that this is the
optimal valid two-buyer mechanismFirst thoughwe
needa proposition:

Proposition 2: For ary two-buyer valid allocation
mechanism thereexists a function

suchthat

— and —
whenever . We say that the allocation
is basedon . The function further satis es the

following properties:

B1 for all
and -
is differentiable increasingandconcaein
for all

, with

B2



Proof: Given a valid allocation , de ne

, i.e. the allocationto the lower buyer when
the lower paymentis andthe higheris 1. Then, it
is easyto seethatwhen ,

where the rst equality follows from the scale-free
assumptionA4 with —. This and A1 imme-
diately imply that and that
. Also by A1, whenthelower payments
0 thelower allocationis 0, andthis givesus .
When both paymentsare equal and non-zero, say
, the symmetry assumptionA3

impliesthat - andhence -. Thus
satis esB1. Theassumptiom2 that beincreasing,
concae anddifferentiablein ~ when implies

that B2 holdsfor . Thusthe propositionis proved.

Notice that the corverse does not hold: not all
functions  satisfying B1, B2 correspondto valid
allocation mechanismssince B1, B2 do not address
the issueof concaity and differentiability in one of
thepayments atthepoint of the otherpayment |,
i.e. in the region where becomes
Maximizing the worst caseef ciency over the space
of functions satisfying B1, B2 thus yields an upper
boundon the ef ciency of valid allocations:

where istheallocationto buyer from anallocation
basedon function . The following theoremevaluates
the right handside for two users.

Theorem 1. Whentwo buyersare presentthe worst
caseefciency of is -, and no valid mechanism
canachieve a higherratio.

Proof: We will rst prove that - representan upper
bound,andthen show achievability.

By the reasoningin Sectionlll, for the purposes
of worst case analysisit is sufcient to consider

linear value functionswith slopes and  for the
two users, both being strictly positive. In light of
Proposition 2 abose we will consider functions
satisfyingB1-2. If , thenthe Nash
equilibrium conditionsof (2) give

— — — and —

The above equationsimply that for a given pair
of linear value functions there will be unique Nash
equilibrium andcombiningthetwo equations
above gives —  —. The efciency of the unique
Nashequilibrium for the given slopesis thus

Minimizing thisoverall suchthat will give
theworstcaseperformanceof , andmaximizingthis
overall will givetheupperbound.Denoting —,
the upperboundis given by

The function - satis esB1-2 andhas

for ary other thatalsosatis esB1-2. Thusit
achievesthe sup above, and the upperboundcan be
evaluated:

(7)

wherethe minimumis achieved at -. Thus- rep-
resentsanupperboundon the worst caseperformance
of valid mechanisms.

For achievability, note that is the mechanism
basedon - (in the senseof Proposition2),
and Lemma2 guaranteeghat it is valid. All thatis
needednow is a direct veri cation of the worst case
performance.

As before,if and arethe slopesof the value
functions of the buyers, then there will be a unique
Nash equilibrium and furthermorewe have
that — —. Thus the worst-caseefciency of a
Nashequilibriumfor  is given by



Denoting — malkes this exactly the sameas
the LHS of equation(7), and hencethe worst case
efciency is indeed-.

This worst caseoccurswhenthe slopeof the value
function of one buyer is half that of the other

Unique Equilibria in
While the existenceof Nash equilibria is guaran-

teed,uniquenesss not: it is possiblethat more than
one Nash equilibria exist for a given set of value

functionsof the buyersandan allocationmechanism.

There are mary ways in which the notion of an
equilibriumin a gamecanbe re ned to “choose”one
of them. It would however still be of interestto see
if given an allocationmechanism thereis alwaysa
unique Nash equilibrium for ary set of buyer value
functions.

The proof of Theorem1 indicatesthat allocating
accordingto  resultsin a unique Nashequilibrium
when the buyers have linear value functions. The
following theoremprovesthat this is the casefor any
pair of buyer value functions.

Theorem 2: For the casewhenthereareonly two buy-
ers, the allocationmechanism  resultsin a unique
Nash equilibrium for any pair of valid buyer value
functions

Proof: Let 1 and 2 be the two buyers, and
be the set of Nash equilibria when
allocationis doneaccordingto . De ne two types

of Nashequilibria:

Typel: with
Typelll: with
Note that an equilibrium will be of both types
iff . Any Nashequilibrium hasto satisfythe

conditiongiven by (2). For  allocationand Type |
equilibria this can be rewritten as ,
and

From de ne asfollows:
and
Notethat s strictly concave for all valid . Also,
if we de ne — thenwe have that
The above function is strictly concare in , hence

there exists a unique maximizing it. For thereto
exist Type | equilibriathe maximumabove shouldbe
achieved with - if this is not the casethere
will be no Type | equilibrium. This and the fact that
meanghattherecanbe at mostone
Type | equilibrium. By similar reasoningherecanbe
at most one Type Il equilibrium. Also, at leastone
Nash equilibrium point exists. Thus all we needto
prove is that if thereis an equilibrium of eachtype,
thenthesetwo equilibria are the samepoint.

To dothis, de ne
was de ned using

from in the sameway that
, andlet

Supposequilibriaof bothtypesexist. Then,from the
de nitions of and we have that

(8)

— ©)
Also, we should have that - and —-. This
givesus
- - - —— (10)
- - - —— (11)
Together(8)-(11) give us that -, which for

given  meansthat thereis only one NEP given by

Thus,thereis a uniqueequilibriumfor the two-player
gamewhenallocationis doneaccordingto



The above techniqueshaws the uniquenes®f Nash
equilibria by formulating an equivalent optimization
problem.Similar methodologiefiave beenusedbefore
in [2] andalsoin [1].

V. BUYERS

The optimal valid mechanismfor two buyers has
a natural extension to the case when there are
buyers. Speci cally, we sav that the optimal two-
buyermechanisnwasthe onethatgave a higherbuyer
alower price ascomparedo alower buyer, andthese
prices were determinedby the total amountseach
buyer waswilling to pay.

In this sectionwe will omit the proofs, sincethey
useessentialljthe sameideasasin the two-buyercase
but are moretechnical.

Given a paymentvector let denotethe
maximumpaymentandconsiderthe allocationmech-
anism thatallocatesto eachbuyer accordingto

if and for all if . The

value of the empty productis takento be 1.

Note that for it simpli es to the two-buyer
of the previous section. It is easyto see that
this allocationis symmetricand scale-freej.e. that it
satis esA3 andA4. Verifying A1 andA2 is technical
but straightforvard, we do not include the proof here
but statethe resultbelow.

Lemma 3: The mechanism as de ned above is
valid, i.e. it satis es assumption#1-4.

Following the methodof Theorem2 above, we can
derive an expressionfor the worst-caseef ciency of

. Unfortunatelywe have not beenable to evaluate
it analyticallyfor general :

Theorem 3: The worst caseef ciency of is

given by

(13)

It canbe shown analyticallythatfor theabove
givesavalueof -, andfor it gives . This
comparesfavorably with the proportionalallocation,
whichwasshawn in [1] to have aworstcaseef ciency
of - whentherearetwo buyers.

The minimum for is still unsohed analyt-
ically, but numerical computationssuggest(counter
intuitively) thatthe worst caseover all  occurswhen

, i.e. there are only 4 userswith non-zero
paymentsThe value thenis 0.8735.We statethis as
a conjecture:

Conjecture 1: With efciency as de ned above,
the worst caseef ciency occurswhen

If true,theabove conjecturemeanghat compares
quitefavorablyto the proportionalallocation:not only
is theworstcaseratiofor  higherthanthe - for the
proportionalallocation,thereis alsono degradationas
the numberof buyersgrows.

An interestingpropertyof s thatit is the unique
“linear in the lower bids” mechanism:

Lemma 4: If is anallocationmechanisnsatisfying

assumption#\1-3 andalsohasthe following property
L Linearity: is linear in in the region
, when ,

then

It is obvious from (12) that property L holds for
. PropertyL has an interestingfeature when the
valuefunctionsof the lower buyersarelinear: at Nash



equilibrium the paymentof eachlower buyersequals
the it obtainsfrom the allocation.

V1. CONCLUSION AND EXTENSIONS

This paperproposesa mechanisnfor allocatinga
goodto buyersbasednly on the paymentghey make,
sothatthe lossin value createddue to strateyizing is
minimized. The mechanisngives the lowest price to
the highestbuyer, thus giving anincentie for buyers
who value the good more to bid higher This results
in anincreasen efciency.

It is however not yet a completepieceof work. The
mostimmediatetaskis of courseto prove (or disprove)
the optimality of  for , andevaluatethe worst
casevaluegivenby (13). A secondaskis to determine
whetherTheoreml is still true if assumptionA4 is
dropped.A third task is to seeif the  allocation
rule with  buyershasa uniqgueNashequilibrium for
generabuyervaluefunctions,possiblyalongthelines
of the techniquesusedfor the two-buyer case.

Notice that  is a discriminatoryprice auctionin
which a buyer with a larger paymentpays a strictly
lower price than one with a strictly lower payment.
This would suggestthat the mechanismis immune
to stratgyic splitting, wherein one buyer entersthe
gameasmultiple buyerswho collaborate The pricing
suggestghatit would bein its bestintereststo avoid
splitting, as for the sameamountof total payment
madeit would receve the highestquantityof resource
if it madea singlelarge payment.On the otherhand
though,this reasoningsuggestghat buyerswill stand
to gain by cooperating.These notions have to be
formalized.

Another interesting (and obvious) feature of the
generalallocation  with  buyersis its hierarchical
property if  of the buyerssubmita paymentof O
(or are “phantom”), the resultingallocationwould be
the sameasit would have beenif the “serious”
buyerswere allocatedquantitiesaccordingto the
with buyers.

Extending the above sort of analysisto multiple

inter-related goods (like e.g. capacitieson links in
a network) is also of interest. Speci cally, it would
be interestingto seeif the worst casebuyer value
functionsturn out to be linear in that caseaswell.

Besidesthis, anotherquestionin the single-good
scenarias oneof revenuemaximizationfor the sellet
A similar fractional formulation for the problem of
either worst-caseor best-caserevenue loss due to
stratgizing can also be made,and allocation mech-
anismsfor minimizing this can be found. Again, it
would be of interestto see if the extremal value
functionsin this scenarioare linear.
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