
1

Optimal Allocation of a Divisible Goodto
Strategic Buyers
SujaySanghavi andBruceHajek

ElectricalEngineering,University of Illinois at UrbanaChampaign
sanghavi@uiuc.edu,hajek@comm.csl.uiuc.edu

Abstract— We address the problem of allocating a
divisible resource to buyers who value the quantity
they receive, but strategizeto maximize their net payoff
(valueminus payment).An allocation mechanismis used
to allocate the resource basedon bids declared by the
buyers. The bids are equal to the payments, and the
buyers are assumed to be in Nash equilibrium. For
two buyers such an allocation mechanismis found that
guarantees that the aggregate value is always greater
than

�

� of the maximum possible,and it is shown that no
other mechanismachievesa larger ratio. For a general
�nite number of buyersan allocation mechanismis given
and an expressionis given for its worst caseef�ciency.
For thr ee buyers the expression evaluates to 0.8737,
for four buyers to 0.8735and numerical computations
suggest that the numerical value does not decrease
when the number of buyers is increasedbeyond four.
A potential application of this work is the allocation of
communication bandwidth on a single link.

I . INTRODUCTION

Playersin non-cooperative gamestry to maximize
their own payoff functions. If such a game has a
designerwith preferenceson the outcomes,it may be
possiblefor the designerto decideon strategy spaces
and the correspondingoutcomes(i.e. the mechanism)
so that the players' strategic behavior will not leadto
an outcomethat is far from desirable.

Consider the game involving the allocation of a
singleunit of a divisible resourceto competingbuyers
eachof whom hasto make a paymentin compensa-
tion. Each buyer obtainsa certain amount of value

from allocationsof the resourcemadeto it, but strate-
gizes to maximize his net payoff - the value minus
payment.An allocationof theresourcethatmaximizes
the aggregatevalue(given the buyer value functions)
is said to be ef�cient, other allocationswith lower
aggregatevalueare inef�cient.

Nash equilibria are fundamentalin the study of
gamesof this nature.That inef�cient allocationsmay
occur at Nash equilibria is well known in the eco-
nomics literature [9]. The questionaddressedin this
paper is: how to design an allocation mechanism
that results in the worst-caseinef�ciency of a Nash
equilibrium beingas low aspossible?

Recentresearchcontainsmany examplesof efforts
to quantify the inef�ciency of Nash equilibria in
gamesrelatedto resourceallocation.Koutsoupiasand
Papadimitriou [5] and Roughgardenand Tardos [4]
quantify worst-caseinef�ciencies of Nash equilibria
in routing games.Johari and Tsitsiklis [1] quantify
the inef�ciency in allocatinga divisible good with a
uniform price.All of thesepapersusethe ratio of the
welfareatNashequilibriumto thewelfareat thesocial
optimum,thusevaluatingfractionalef�ciency.

Auctionsof divisiblegoodshavealsoreceivedmuch
attention.Besides[1] mentionedabove, Maheswaran
and Başar [7] and Gopalkrishnanand Hajek [2] also
deal with allocationof a single divisible good.Kelly
[6] shows that if thebuyersarenot strategic but price-
taking,allocationof a divisible goodcanbemadein a
sociallyoptimumway. In theeconomicsliteraturethis
modelappearsin Back andZender[8] who advocate
using discriminatorypricing for the sale of treasury
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Fig. 1. The allocationrule 
 : buyer �
� pays ��� andreceives 
��

bonds.

For two buyersthis paper�nds the mechanismthat
has the lowest worst-casefractional inef�ciency for
allocating a divisible good when the bids that the
buyers place are the paymentsthey will make. The
mechanismensuresthat any Nash equilibrium (for
any set of buyer preferences)will be at least

�

�

���

as
ef�cient asthe optimal allocation.The extensionto �

buyershasnot beencompletelyevaluated,but numer-
ical computationssuggestthat the worstpossiblecase
(with any numberof buyers)hasa fractionalef�ciency
of 0.8735. Other characteristicslike uniquenessof
equilibria arealso investigated.

I I . THE SETUP

Considerthe situationwhereoneunit of a divisible
good is to be split up among � buyers. Let � �

�

�
�����������

��� � be the (non-negative) paymentsthat the
buyersmake andlet !"�

� #

���������$�

#

�%� bethequantities
they are allocatedas a result.The allocationis made
accordingto a pre-speci�edallocation mechanism � ,
so that given the payments� the allocationto buyer

&

is given by
#('

�

�

'�)

�+* . This procedureis depicted
in Figure.

An allocationrule � is saidto be a valid allocation
mechanismif it hasthe following properties:

A1 It is an allocation: �

'-,/.

and 0

'

�

'�)

�+*1�32

for all valuesof � suchthat 0

'

�

'546.

. Also,

�

'�)7.

�

�98

'

*:�

.

for all �98

'

i.e. a zerobid �

'

�

.

will get zeroallocation(even if all bids zero).
A2 It is smooth: �

'�)

�

'

�

�;8

'

* is differentiable,in-
creasingand concave in �

'

for all �;8

'

, except
in the casewhen �;8

'

�

.

. Also for each
&

,
�

' )

�+* and <�=?>

<�@A>

)

�9* arecontinuousin the vector
of payments� over the set B

� CEDGF

.IH

.
A3 It is symmetricin the buyer indices: �

'�)

�+*J�

��KML

'�N

)7OP)

�+*�* for all permutations
O

of theindices
&

�Q2

�������$�

�

A4 It is scalefree: for all real R

4S.

and
.UT

&

T

� ,
�

'�)

R(�9*P�

�

'�)

�+* . 1

Oneexampleof a mechanismin theclassabove is the
proportionalallocation(or uniform price mechanism)
thatdividesthegoodsothateachbuyergetsa quantity
proportionalto the paymentit made.

The buyerseachhave a value function V

'W)X#A'

* for
the amountof the good they are allocated.A value
function is said to be valid if it is differentiable,
concave andstrictly increasing,with V

'
)7.

*5�

.

. This
paperdealsonly with valid value functions.

The aggregatevalue (or social welfare) of an allo-
cation ! is the sumof the individual values.For a set
of valuefunctions,anallocation !
Y is ef�cient if it has
the largesttotal value:

Z

'

V

'[)X#

Y

'

*

,

Z

'

V

'[)X#('

*]\"!

Whether an allocation is ef�cient dependsonly on
the functions V

'

and not on � . The ef�ciency of any
allocation ! is de�ned to be the fraction

0

'

V

'[)X#('

*

0

'

V

'W)X#

Y

'

*

By de�nition the ef�ciency lies between0 and1.

Given the payments� , the pro�t ^

'

of eachbuyer
is the value derived from the allocation minus the
paymentmade:

^

'W)

�

'

�

�98

'

*P�_V

'[)

�

'�)

�+*�*

D

�

'

1Stateddifferently, the mechanismis independentof the units
in which the paymentsaremade.
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Note that ^

'

is concave in �

'

for every �x ed valueof
the otheramounts� 8

'

.

The buyers play a non-zero-sumnon-cooperative
gamewith strategy variables�

'

andpayoff (or reward)
functions ^

'

respectively. A vectorof payments `� is
said to be a Nashequilibrium if individual deviations
(changesin paymentmade)cannothelp a buyer:

^

' )

`

�

'

�

`� 8

'

*

,

^

' )

�

'

�

`�

'

*a\

&

� �

' ,S.

For a vector `� to be an Nash equilibrium, i.e.
for `� bdc

)

�e�

F

V

'[H

* the necessaryand suf�cient
conditions are that `

�

'"4f.

for at least two buyers
&

and

Vhg

'

)

�

'W)

`�9*�*jilk

�

'

k

�

'

)

`�;*nm

D

2�o

�

.

if `

�

'
4S.

Tp.

if
`

�

'

�

.
(2)

for all
&

�q2

�������$�

� .

It canbe shown that Nashequilibria exist with the
assumptionsstated.The way to do this is to consider,
for the given set of value functions V

'

, the r -game
where eachof the buyers are forced to bid at least

r . Also, the paymentswould never exceedthe value
obtainedfrom having the entire unit of the resource,
sowe canassumethat �

'sT

V

'[)

2$* . Then,by Theorem
1 in Rosen[3] there exists an NEP `

�lt for the r -
game.A sequencer

�vu

.

will have a sequenceof
correspondingequilibria

`

�lt7w . Considera convergent
subsequencein the sequenceof equilibria, and let

`

�

be its limit point. Then it can be shown that
`

� will
satisfythenecessaryandsuf�cient conditionsasstated
above. 2

Given a set of value functions
F

V

'nH

and valid
allocationmechanism� , let c

)

�e�

F

V

'xH

* be the setof
Nashequilibria and let !
Y be an ef�cient allocation.
Then, the worst case ef�ciency when the good is
allocatedaccordingto � is given by

y�z|{

}�~

>€•

y�z|{

•

‚jƒ…„

0

'

V

'[)

�

'�)

`�;*�*

0

'

V

'�)X#

Y

'

*

2If assumptionA2 does not hold it is possible to construct
exampleswherethereareno Nashequilibria.

The worst case is taken over a very broad set of
buyer preferencesand numbers,and indeed many
allocationmechanismsare likely to have zero worst-
caseef�ciency. Statedin theseterms,[1] proves that
theworstcaseef�ciency of theproportionalallocation
mechanismis

�

† .

Our objective is to �nd the allocation mechanism
with the highestworst-caseef�ciency, in the classof
valid mechanisms(i.e. thosethat satisfy assumptions
A1-4). We also want to �nd the value of this best
possibleworst caseef�ciency:

‡Wˆ|‰

=

yŠz|{

}�~

> •

yŠz|{

•

‚jƒ…„

0

'

V

'W)

�

'�)

`�+*�*

0

'

V

'�)X#

Y

'

*

(3)

I I I . REDUCTION TO L INEAR VALUE FUNCTIONS

Following [1], which consideredonly the propor-
tionalallocationmechanism,it is shown in this section
that for the purposesof evaluating the worst case
performanceof any valid allocationit is suf�cient to
assumethat the buyers have linear value functions.
This is crucial to the analysisthat follows, for two
reasons:it simpli�es thespaceoverwhich thein�mum
has to be taken, and the ef�cient allocation has the
simpleform of giving all to thebuyerwith thehighest
slope.Note that the resultsin this sectiondo not use
the scale-freeassumptionA4 andhave no restrictions
on the numberof buyersexcept that it be �nite.

Lemma1 is reproducedfrom [1], whereit appears
as Lemma 4. The readeris referred to the original
paperfor a proof.

Lemma 1 (Johari and Tsitsiklis [1]): For any value
functions

F

V

'nH

if anef�cient allocationis !
Y and ! is

any otherallocation,the following inequalityholds:

0

'

V

'�)X#A'

*

0

'

V

'[)X#

Y

'

*

,

0

'

V

g

'

)X#A'

*

#('

‹UŒ�•

'

V

g

'

)X#('

*

As in [1], Lemma1 implies that consideringonly
linear valuefunctionsfor the buyersis suf�cient.

Proposition 1: For every � satisfying A1-3, valid
value functions

F

V

'nH

and `� bŽc

)

�e�

F

V

'[H

* there
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exist linear value functions •V

'�)X#A'

*•�’‘

'X#A'

such that

`�“bUc

)

�e�

F

•V

' H

*•” �vc

)

�e�

‘
* and

0

'

V

'�)

�

'�)

`�9*�*

0

'

V

'[)X#

Y

'

*

,

0

'

‘

'

�

'[)

`�9*

‹–Œ�•

'

‘

' (4)

where !—Y is an ef�cient allocationfor
F

V

'nH

.

Proof: Since `�3b+c

)

�e�

F

V

'[H

* , the vector `� satis�es
the conditions (2). Consider linear value functions
de�ned by

•V

'[)X#('

*P�˜‘

'7#('

�_V

g

'

)

�

'W)

`�9*�*

#A'

It is easyto seethat `�™bUc

)

�e�

‘s* by checkingthatthe
conditions(2) hold for the new linear valuefunctions

‘

'€#('

. Equation(4) is exactly thesameasthestatement
of Lemma1 with

#('

�

�

'�)

`�+* andwriting V

g

'

)X#('

*š�a‘

'

in the RHS. ›

Note that theLHS of (4) is theef�ciency of a Nash
equilibrium for �e�

F

V

'nH

andthe RHS is the ef�ciency
of thesameNashequilibriumfor �e�

‘ (sincefor linear
value functionsan ef�cient allocationgivesall of the
goodto thebuyerwith thebiggestslope).ThusPropo-
sition 1 saysthat the ef�ciency of a particularNash
equilibrium pair is lowest when the corresponding
value functions are linear. Thus, for the in�mum in
the objective function (3) it is suf�cient to consider
linear valuefunctionsfor both the users.

If ‘

'X#A'

are the value functions of the buyers and
c

)

�e�

‘
* is the set of Nashequilibria for theseunder
allocationmechanism� thentheobjective function(3)
canbe rewritten as

‡Wˆœ‰

=

y�z|{

•

y�z|{

•

‚jƒ…„

L

=Ÿž

•

N

0

'

‘

'

�

'[)

`�;*

‹–Œ�•

'

‘

' (5)

The restof the analysisin this paperdealswith the
objective function given above.

IV. TWO BUYERS

Consider �rst the case of there being only two
buyers.SinceassumptionA3 asksfor invariancewith
respectto permutationof indices,it is suf�cient for the
two-buyercaseto specifya mechanismby theamount

it allocatesto the higherbuyer (who makesthe larger
payment)and to the lower buyer.

Let �¡  be the lower paymentmadeand �

� be the
higher payment,i.e. �¡ 

T

�

� and let �

Y

)

�•  � �

�

* be
the allocationmechanismgiven by

�

Y

 

�

�• 

¢

�

�

and �

Y

�

�Q2

D

�• 

¢

�

�

(6)

where �

Y

  is the allocationto the lower buyer and �

Y

�

is to the higher buyer. In this sectionwe will prove
that this is indeedtheoptimalvalid mechanism:it has
the highestworst-caseef�ciency.

Theprice(paymentmadefor unit quantityreceived)
eachbuyer pays is different, making this a discrimi-
natorypricemechanismwith thepricesdeterminedby
the willingnessof eachbuyer to pay. The mechanism
hasa “volumediscount”:a higherbuyer paysa lower
price, and so hasan incentive to bid high and - as a
result- get a higherallocation.This discountpartially
offsets the effect that a high buyer tends to bid up
thepriceandwork againsthimself,causinga strategic
high buyer to buy lessquantity than is ef�cient.

Thefollowing lemmais easilyveri�ed, andwe omit
the proof.

Lemma 2: �

Y is a valid allocationmechanism.

The theoremthat follows shows that this is the
optimal valid two-buyer mechanism.First thoughwe
needa proposition:

Proposition 2: For any two-buyer valid allocation
mechanism� thereexistsa function £;¤

� .

�

2

�¥u

� .

�

2

�

suchthat

�
 

)

�• 
�

�

�

*š�¦£
i

�• 

�

�

m and �

�

)

�• 
�

�

�

*P�Q2

D

£
i

�• 

�

�

m

whenever �

�

4 .

. We say that the allocation �

is basedon £ . The function £ further satis�es the
following properties:

B1
.;T

£

)X§

*

T

2 for all
§

b

� .

�

2

� , with £

)7.

*•�

.

and £

)

2$*š�

�

�

B2 £

)X§

* is differentiable,increasingandconcave in
§

for all
§

b

� .

�

2

� .
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Proof: Given a valid allocation � , de�ne £

)X§

* ”�

�  

)X§

�

2$* , i.e. the allocation to the lower buyer when
the lower paymentis

§

and the higher is 1. Then, it
is easyto seethat when �

�

4S.

,

�  

)

�•  � �

�

*6�

�  

i

�• 

�

�

�

2 m � £ i

�• 

�

�

m

where the �rst equality follows from the scale-free
assumptionA4 with R¨�

�

@(©

. This and A1 imme-
diately imply that �

�

)

�•  � �

�

*•�ª2

D

£

)

@¬«

@ ©

* and that
.UT

£

)X§

*

T

2 . Also by A1, whenthelowerpaymentis
0 the lower allocationis 0, andthis givesus £

)7.

*š�

.

.
When both paymentsare equal and non-zero, say

�• 

�

�

�

�

�

43.

, the symmetry assumptionA3
impliesthat �  

)

� � �

*­�

�

� andhence£

)

2$*š�

�

� . Thus £

satis�esB1. TheassumptionA2 that �   be increasing,
concave anddifferentiablein �h  when �

�

4S.

implies
that B2 holds for £ . Thus the propositionis proved.

›

Notice that the converse does not hold: not all
functions £ satisfying B1, B2 correspondto valid
allocationmechanisms,sinceB1, B2 do not address
the issueof concavity and differentiability in one of
thepayments�

� at thepoint of theotherpayment�
� ,

i.e. in the region where �®�°¯˜�•� becomes�°�

4

�•� .
Maximizing the worst caseef�ciency over the space
of functions satisfying B1, B2 thus yields an upper
boundon the ef�ciency of valid allocations:

‡±ˆ|‰

=

y�z|{

•

y�z|{

•

‚jƒ…„

L

=Ÿž

•

N

0

'

‘

'

�

'�)

`�9*

‹UŒ�•

'

‘

'

T

‡Wˆ|‰

²

yŠz|{

•

y�z|{

•

‚­ƒŸ„

L

²

ž

•

N

0

'

‘

'

£

'[)

`�9*

‹UŒ�•

'

‘

'

where £

'

is theallocationto buyer
&

from anallocation
basedon function £ . The following theoremevaluates
the right handside for two users.

Theorem 1: When two buyersare present,the worst
caseef�ciency of �

Y is
�

� , and no valid mechanism
canachieve a higher ratio.

Proof: We will �rst prove that
�

� representsan upper
bound,and thenshow achievability.

By the reasoningin Section III, for the purposes
of worst case analysis it is suf�cient to consider

linear value functionswith slopes ‘

  and ‘

� for the
two users, both being strictly positive. In light of
Proposition 2 above we will consider functions £

satisfyingB1-2. If
)

`

�¡  �

`

�

�

*�bUc

)

£

�

‘s* , thentheNash
equilibrium conditionsof (2) give

2

`

�

�

£Ag¥i

`

�• 

`

�

�

m³�

2

‘

 

and
`

�• 

`

�

�

�

£Ag�i

`

�• 

`

�

�

m´�

2

‘

�

The above equations imply that for a given pair
of linear value functions there will be unique Nash
equilibrium

)

`

�¡  �

`

�

�

* andcombiningthetwo equations
above gives

•

«

•

©

�

•

@(«

•

@(©

. The ef�ciency of the unique
Nashequilibrium for the given slopesis thus

µ

•

�

‘

 

£;¶

•

@ «

•

@(© ·–¸

‘

�

¶M2

D

£9¶

•

@ «

•

@(©I·¹·

‘

�

Minimizing this overall ‘ suchthat ‘

 

T

‘

� will give
theworstcaseperformanceof £ , andmaximizingthis
overall £ will givetheupperbound.Denoting

§

�

•

«

•

©

,
the upperboundis given by

‡Wˆ|‰

²

‹

y�z

º…»œ¼�»

�

§

£

)X§

*

¸

2

D

£

)X§

*

Thefunction £
Y

)X§

*š�

¼

� satis�esB1-2 andhas £

)X§

*

T

£¬Y

)X§

* for any other £ that alsosatis�esB1-2. Thusit
achieves the sup above, and the upperboundcan be
evaluated:

‹

y�z

º…»œ¼�»

�

§

�

¢

¸

2

D

§

¢

� ½

¾

(7)

wheretheminimumis achievedat
§

�

�

� . Thus
�

� rep-
resentsanupperboundon theworstcaseperformance
of valid mechanisms.

For achievability, note that �

Y is the mechanism
basedon £¬Y

)X§

*h�

¼

� (in the senseof Proposition2),
and Lemma 2 guaranteesthat it is valid. All that is
needednow is a direct veri�cation of the worst case
performance.

As before,if ‘

  and ‘

� are the slopesof the value
functions of the buyers, then there will be a unique
Nash equilibrium

)

`

�¡ 
�

`

�

�

* and furthermorewe have
that

•

«

•

©

�

•

@(«

•

@
©

. Thus the worst-caseef�ciency of a
Nashequilibrium for �

Y is given by

‹

yŠz

•

«

»

•

©

‘

 

‘

�

i

‘

 

¢

‘

�

m

¸

2

D

‘

 

¢

‘

�
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Denoting
§

�

•

«

•

©

makes this exactly the sameas
the LHS of equation(7), and hencethe worst case
ef�ciency is indeed

�

� . ›

This worst caseoccurswhenthe slopeof the value
function of onebuyer is half that of the other.

UniqueEquilibria in �

Y

While the existenceof Nash equilibria is guaran-
teed,uniquenessis not: it is possiblethat more than
one Nash equilibria exist for a given set of value
functionsof the buyersandan allocationmechanism.
There are many ways in which the notion of an
equilibrium in a gamecanbe re�ned to “choose”one
of them. It would however still be of interestto see
if given an allocationmechanism� thereis always a
unique Nash equilibrium for any set of buyer value
functions.

The proof of Theorem1 indicatesthat allocating
accordingto �

Y resultsin a uniqueNashequilibrium
when the buyers have linear value functions. The
following theoremprovesthat this is the casefor any
pair of buyer value functions.

Theorem2: For thecasewhenthereareonly two buy-
ers, the allocationmechanism�

Y resultsin a unique
Nash equilibrium for any pair of valid buyer value
functions V

���

V

� .

Proof: Let 1 and 2 be the two buyers, and
c

)

�

Y

�

V

���

V

�

* be the set of Nash equilibria when
allocationis doneaccordingto �

Y . De�ne two types
of Nashequilibria:

Type I:
)

`

�°�
�

`

�•�

*5bUc

)

�

Y

�

V

�
�

V

�

* with
`

�°�

T

`

�•�

Type II:
)

`

�
���

`

�
�

*5bUc

)

�

Y

�

V

���

V

�

* with `

�
�

,

`

�
�

Note that an equilibrium will be of both types
iff

`

�
�

�
`

�
� . Any Nashequilibrium hasto satisfy the

condition given by (2). For �

Y allocationand Type I
equilibria this can be rewritten as

`

�®�

4¿.

,
`

�•�

4¿.

and

2

¢

V
g

�

i

`

�
�

¢

`

�•�

m
�

`

�
�

¢

`

�•�

V
g

�

i
2

D

`

�
�

¢

`

�•�

m
�

`

�
�

From V

�

)X#

* de�ne •V

�

)X#

* as follows:

•V

�

)7.

*š�

.

and •V g

�

)X#

*P�_V g

�

)X#

*

)

2

D

#

*

Note that •V

� is strictly concave for all valid V

� . Also,
if we de�ne `

#

�

•

@¹À

�

•

@AÁ

thenwe have that

`

#

�

ŒÃÂWÄG‹UŒ�•

º…»œÅÃ»

�

V

�

)X#

*

¢

¸

•V

�

)

2

D

#

*

The above function is strictly concave in
#

, hence
there exists a unique

`

#

maximizing it. For there to
exist Type I equilibria the maximumabove shouldbe
achieved with `

#’T

�

� : if this is not the casethere
will be no Type I equilibrium. This and the fact that

`

� �

�

�

�

V

g

�

¶

•

@ À

�

•

@ Á ·

meansthat therecanbeat mostone
Type I equilibrium.By similar reasoningtherecanbe
at most one Type II equilibrium. Also, at least one
Nash equilibrium point exists. Thus all we need to
prove is that if there is an equilibrium of eachtype,
thenthesetwo equilibria are the samepoint.

To do this, de�ne •
V

� from V

� in the sameway that
•

V

� wasde�ned using V

� , and let

`

Æ

�

ŒÃÂWÄÇ‹–Œ�•

º…»œÈ$»

�

•V

�

)

2

D

Æ

*

¸

V

�

)

Æ

*

¢

Supposeequilibriaof both typesexist. Then,from the
de�nitions of

`

#

and
`

Æ we have that

V

g

�

)

`

#

*

¢

�
`

#

V

g

�

)

2

D

`

#

* (8)

`

Æ

Vlg

�

)

2

D

`

Æ

*É�

V

g

�

)

`

Æ

*

¢
(9)

Also, we should have that `

#_T

�

� and `

Æ

T

�

� . This
givesus

Ê

ËsÌjÍ

Î�ÏÑÐ:Ò

Ê

ËMÓÕÔ

Ê

Ë:Ì�Í

Î5Ö

Ð

×|Ø

Ô

Ð

×

ÌjÍ

ÎjÖ

Ð

×eØ

Ô

Ì

Í

Î
Ï

Ê

Ù|Ó

×
(10)

Ê

Ù5ÌjÍ

Ú$ÏÑÐ:Ò

Ê

Ù|ÓÕÔ

Ê

Ù5ÌjÍ

Ú

Ö

Ð

×

Ø

Ô

Ð

×

ÌjÍ

Ú

Ö

Ð

×

Ø

Ô

Ì

Í

Ú
Ï

Ê

ËMÓ

×
(11)

Together(8)-(11) give us that
`

#

�
`

Æ

�

�

� , which for
given V

'

meansthat thereis only oneNEP given by

Û

�
�

�

Û

�
�

�

2

¢
Vhg

�

i

2

¢

m
�

2

¢
Vlg

�

i

2

¢

m

Thus,thereis a uniqueequilibriumfor the two-player
gamewhenallocationis doneaccordingto �

Y . ›
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Theabove techniqueshows theuniquenessof Nash
equilibria by formulating an equivalent optimization
problem.Similarmethodologieshavebeenusedbefore
in [2] andalso in [1].

V. � BUYERS

The optimal valid mechanismfor two buyers has
a natural extension to the case when there are �

buyers. Speci�cally, we saw that the optimal two-
buyermechanismwastheonethatgavea higherbuyer
a lower priceascomparedto a lower buyer, andthese
prices were determinedby the total amountseach
buyer waswilling to pay.

In this sectionwe will omit the proofs, sincethey
useessentiallythesameideasasin thetwo-buyercase
but aremore technical.

Given a paymentvector � let �¡Ü5Ý

Å denotethe
maximumpayment,andconsidertheallocationmech-
anism �

Y that allocatesto eachbuyer
&

accordingto

�

Y

'

�

�

'

��Ü­Ý

ÅßÞ

�

àxá

º�â

ã�ä

á

'

i
2

DÕå

�

ã

��Ü­Ý

Å

m_æ

å

if ��Ü5Ý

Å

4_.

and �

Y

'

�

.

for all
&

if ��Ü5Ý

Å

�

.

. The
valueof the emptyproductis taken to be 1.

Note that for �E�

¢

it simpli�es to the two-buyer
�

Y of the previous section. It is easy to see that
this allocationis symmetricandscale-free,i.e. that it
satis�esA3 andA4. Verifying A1 andA2 is technical
but straightforward, we do not include the proof here
but statethe resultbelow.

Lemma 3: The mechanism�

Y as de�ned above is
valid, i.e. it satis�es assumptionsA1-4.

Following the methodof Theorem2 above, we can
derive an expressionfor the worst-caseef�ciency of

�

Y . Unfortunatelywe have not beenable to evaluate
it analytically for general� :

Theorem 3: The worst caseef�ciency
µ

� of �

Y is

given by

µ

�

�

‹

y�zeç

ƒIè

º

ž

�êé

w�ë

À ì

2

¸

�

8

�

Z

'

á

�

§Ã'Xí

Þ

�

º

�

8

�

â

'

á

�

)

2

DÕå

§�'

* æ

å

D

ì

�

8

�

Z

'

á

�

§ ' í

�

8

�

â

'

á

�

)

2

D

§ '

* (13)

It canbeshown analyticallythatfor �î�

¢

theabove
givesa valueof

�

� , andfor �;�¦ï it gives
.

�

¾

½

ï

½

. This
comparesfavorably with the proportionalallocation,
whichwasshown in [1] to haveaworstcaseef�ciency
of

¢

)?ð

¢

D

2$*Pñ

.

�

¾ò¢ò¾�ó

whenthereare two buyers.

The minimum for �

,

ó

is still unsolved analyt-
ically, but numericalcomputationssuggest(counter-
intuitively) that the worst caseover all � occurswhen

�ô�

ó

, i.e. there are only 4 users with non-zero
payments.The value then is 0.8735.We statethis as
a conjecture:

Conjecture 1: With ef�ciency
µ

� as de�ned above,
the worst caseef�ciency occurswhen �"�

ó

:
yŠz|{

� õ
�

µ

�

�

µ

†

�

.

�

¾

½

ïòö

If true,theaboveconjecturemeansthat �

Y compares
quitefavorably to theproportionalallocation:not only
is theworst caseratio for �

Y higherthanthe
�

† for the
proportionalallocation,thereis alsono degradationas
the numberof buyersgrows.

An interestingpropertyof �

Y is that it is theunique
“linear in the lower bids” mechanism:

Lemma 4: If � is an allocationmechanismsatisfying
assumptionsA1-3 andalsohasthe following property

L Linearity: �

'�)

�+* is linear in �

'

in the region
.–T

�

'
T

‹UŒ�•

ã�ä

á

'

�

ã , when ‹–Œ�•

ã�ä

á

'

�

ã

4S.

,

then �

�

�

Y .

It is obvious from (12) that property L holds for
�

Y . Property L has an interestingfeature when the
valuefunctionsof the lower buyersarelinear:at Nash
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equilibrium the paymentof eachlower buyersequals
the it obtainsfrom the allocation.

VI. CONCLUSION AND EXTENSIONS

This paperproposesa mechanismfor allocatinga
goodto buyersbasedonly on thepaymentsthey make,
so that the loss in valuecreateddue to strategizing is
minimized.The mechanismgives the lowest price to
the highestbuyer, thusgiving an incentive for buyers
who value the good more to bid higher. This results
in an increasein ef�ciency.

It is however not yet a completepieceof work. The
mostimmediatetaskis of courseto prove(or disprove)
the optimality of �

Y for �

,

ï , andevaluatethe worst
casevaluegivenby (13).A secondtaskis to determine
whetherTheorem1 is still true if assumptionA4 is
dropped.A third task is to see if the �

Y allocation
rule with � buyershasa uniqueNashequilibrium for
generalbuyervaluefunctions,possiblyalongthelines
of the techniquesusedfor the two-buyer case.

Notice that �

Y is a discriminatoryprice auction in
which a buyer with a larger paymentpays a strictly
lower price than one with a strictly lower payment.
This would suggestthat the mechanismis immune
to strategic splitting, wherein one buyer enters the
gameasmultiple buyerswho collaborate.Thepricing
suggeststhat it would be in its bestintereststo avoid
splitting, as for the sameamount of total payment
madeit would receive thehighestquantityof resource
if it madea single large payment.On the otherhand
though,this reasoningsuggeststhat buyerswill stand
to gain by cooperating.These notions have to be
formalized.

Another interesting (and obvious) feature of the
generalallocation �

Y with � buyersis its hierarchical
property: if ÷ of the � buyerssubmita paymentof 0
(or are “phantom”), the resultingallocationwould be
thesameasit would have beenif the �

D

÷ “serious”
buyerswere allocatedquantitiesaccordingto the �

Y

with �

D

÷ buyers.

Extending the above sort of analysis to multiple

inter-related goods (like e.g. capacitieson links in
a network) is also of interest.Speci�cally, it would
be interestingto see if the worst casebuyer value
functionsturn out to be linear in that caseaswell.

Besidesthis, anotherquestion in the single-good
scenariois oneof revenuemaximizationfor theseller.
A similar fractional formulation for the problem of
either worst-caseor best-caserevenue loss due to
strategizing can also be made,and allocation mech-
anismsfor minimizing this can be found. Again, it
would be of interest to see if the extremal value
functionsin this scenarioare linear.
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