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Abstract

This note addresses scenarios of buyers purchasing rate along paths in a nonhier-
archical communication network. A sum bid game is proposed in which each buyer
submits a bid, also equal to a payment, and the network allocates rate in a weighted
proportionally fair fashion, with the bids as the weights. This is in contrast to an
itemized bid game, considered recently by Johari and Tsitsiklis, under which a buyer
separately bids for rate on each link along a path. Johari and Tsitsiklis show that the
worst case efficiency for allocation by strategic buyers is 75% for the itemized bid game.
It is argued in this note that the sum bid game captures more fully the interactions
among strategic buyers. It is shown in a simple example that the worst case efficiency
for the sum bid game is zero, meaning that the cost of strategic behavior on the part
of the buyers can approach 100%. It is also shown that Nash equilibria can fail to exist
for the sum bid game, and the payoff function of a buyer need not be concave.

1 Introduction

This note addresses scenarios of buyers purchasing rate along paths in a flat (i.e.
nonhierarchical) communication network. A sum bid game is proposed in which each
buyer submits a bid, also equal to a payment, and the network allocates rate in a
weighted proportionally fair fashion, with the bids as the weights. This is in contrast
to an itemized bid game, considered recently by Johari and Tsitsiklis [1], under which
a buyer separately bids for rate on each link along a path. In either game, buyers in
Nash equilibrium are considered.

This note is organized as follows. An itemized bid game, actually a slight variation
of the extended network game defined by Johari and Tsitsiklis [1], is defined in Section
2. A sum bid game is defined in Section 3, and it is argued that the sum bid game
captures more fully the interactions among strategic buyers than does the itemized
bid game. The efficiencies for the two games are compared in Section 4 for a specific
network consisting of links in series. The efficiency of allocation for the itemized bid
game in the example is at least 75%, the worst case bound of [1]. However, the worst
case efficiency for the sum bid game is zero, meaning that the cost of strategic behavior
on the part of the buyers in the sum bid game can approach 100%. The sum bid game
is explored further for a network of two links in Sections 5 and 6. The example of
Section 6 shows that Nash equilibria can fail to exist for the sum bid game, and the



payoff function of a buyer need not be concave. The basic network notation is given in
the remainder of this section.

Consider a network with a set of links L, set of buyers R = {r1,...,rx}, and vector
of positive link capacities C' = (C; : | € L). Corresponding to each buyer r is a single
path in the network, which is a subset of L. By a slight abuse of notation we write
[ € rif link [ is in the path of buyer r. A feasible rate vector is a vector (z, : r € R)
with nonnegative coordinates such that 3 . ., 2, < C; for each I. For each buyer r
there is given a valuation function!U,., assumed to be a nonnegative, strictly increasing,
differentiable, concave function on IR4 = [0,00). A feasible rate vector x is said to
be efficient if it maximizes the sum of values ), U(x,) over the set of all feasible rate
vectors. The efficiency of a rate vector is the sum of values for the rate vector, divided
by the sum of values for an efficient rate vector.

2 An itemized bid game

The focus of this note is the sum bid game, but for comparison purposes an itemized
bid game is considered in this section. The definition of itemized bid game given here
is a variation of the definition given by Johari and Tsitsiklis [1] (see the remark below).
Each buyer r submits a bid «y,. for each link [ € r. Roughly speaking, each link assigns
capacity to the buyers in proportion to their bids on that link. The corresponding rate
assigned to a buyer is the minimum of the rates that she receives from the links in her
path. A question arises, however, about how to allocate capacity on a link if all the bids
for that link are zero. The following allocation will be used. Given the bids (ay,.), let B
denote the set of links for which at least one bid is positive: B ={l: > ., oz > 0}.
If | € B and r is a buyer with [ € r, define x}. to be the proportional share of capacity
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Let )° denote the set of feasible rate vectors y = (y, : r € R) satisfying the two
constraints:

yr <z} whenever [ € rnNB
ZyrSCl for l € LN B¢

r:ler

Let ) denote the set of maximal elements of }°. Assignments in ) correspond to the
network allocating capacity on the links in B¢ in a “best effort” fashion. Define a pair
of vectors J = (¥,) and y = (y,) as follows:

Yy :max{yr ty € y}
y, =min{y, 1y € Y}

The actual rate allocation vector x = (z, : r € R) is given by # = y. To emphasize
that the sets J° and ) and vectors x, 7, and y are functions of a, we sometimes write

In the literature on communication systems and networks, such functions are usually called utility
functions. However, in the economics literature, a buyer’s utility includes the payment.



them as V’(a), V(a), z(a), ¥(a), and y(a), respectively. The philosophy of using the
allocation z = y is that y, is the rate guaranteed to buyer r no matter which rate
allocation vector y is selected by the network from the best effort set ). It is not hard
to see that the following three conditions are equivalent: (i) v € Y, (ii) Y = {y}, (iii)
7=y

We seek a Nash equilibrium of the game in which the payoff to buyer r is given by
P.(a) = Uy(zr(a)) — >, our. The following proposition is proved in the appendix.

Proposition 2.1 A Nash equilibrium point (NEP) exists. A vector of bids (ay,.) is a
Nash equilibrium point if and only if it satisfies the following conditions:

xp =z},  wheneverl € rNB (1)
For each | € L, the cardinality of {r : | € r and oy > 0} is not one (2)
<0 ifx-=0
U'(x,) — Z E’O‘“” =0 if0<z, <C) foraller (3)
lemB Tr >0 ifx, =C) for somel er

Remark A simpler allocation mechanism would be for the network to allocate zero
capacity on the links in B¢. The paper [1] gives three simple examples for which Nash
equilibrium points do not exist for such a mechanism. The paper [1] defines a related
extended game such that Nash equilibrium points do exist. The extended game of
[1] includes routing, and it can handle the case that the valuation functions are not
strictly increasing. Here the allocation mechanism is changed but the space of bids
is not extended. It is not clear how to incorporate routing or to include valuation
functions that are not strictly increasing into the itemized bid game defined above. A
similar philosophy is used to define a sum bid game in the next section.

3 A sum bid game

A sum bid game is defined in this section. Recall that the system optimization problem
is to find a feasible assignment vector to maximize the sum of the values, ) U,(z,).
Kelly and his co-workers (see [2]) noticed that the social optimization problem decou-
ples into a buyer problem and a network problem. The buyers submit bids w, to the
network, and given the vector of bids (w, : r € R), the network determines a feasible
rate allocation vector that maximizes

Z wy- log x;
reR

Again there is some ambiguity if some of the bids are zero. The specific rate allocation
rule for the sum bid game is defined as follows. Let ) denote the set of maximal
elements of the set of solutions to the problem of maximizing

Z wy log Yy

reR

over the set of feasible vectors y. Define y and ¥ as before, and, finally, let = = y.



Remarks: (1) If there is only one link in the network, this game reduces to the same
one link game as before.
(2) Let us briefly compare the itemized bid game to the sum bid game. Under the
itemized bid game, each buyer is responsible for deciding how to spread her money
among the links in her path. In the sum bid game, a buyer r simply specifies a total
amount w,, and it is up to the network to distribute the money among the links in
an efficient manner. Therefore, strategic buyers of the itemized bid game take into
account their own impact on the prices of each of the links they use, but they do not
account for the natural shifting of bids that will result by the other buyers in response.
Intuitively, the sum bid game requires more sophisticated anticipation on the part of
the buyers than the itemized bid game.

4 Comparison of efficiencies for a series network

The sum of values is found for a simple network with links in series for three rate
allocations: the efficient allocation, the allocation arising from the itemized bid game,
and allocations arising from the sum bid game. The network has L links, numbered 1
through L, each with unit capacity, and there are L 4+ 1 buyers, numbered 0 through L.
The path of buyer zero contains all L links, and Uy(xz) = vz for some constant v > 0.
The path of buyer [ for 1 <1 < L contains just the single link [, and U;(x) = =.

Efficient allocation To obtain the efficient allocation, set x; =1 —xzg for 1 <1 < L,
and to select g to maximize the sum of values: yxo+ L(1—xg). The efficient allocation
is to grant all the capacity to buyer 0 if v > L, and grant all the capacity to the other
buyers if v < L. The maximum sum of values, then, is max{~y, L}.

Allocation for the itemized bid game Suppose that the buyers are strategic using
itemized bids. We shall identify the bid vector (ag, oo, ..., aro, @11, ...,arr) that is
an NEP. The vector of all zeros is not an NEP, because any buyer could increase her
payoff by switching to a very small positive bid. Hence, at least one bid is positive.
In view of (2), all bids are positive. By (1), buyer 0 purchases the same amount of
capacity zg on each link, which means that buyers 1 through L each purchase capacity
1 — ¢ on their respective links. Consequently, by condition (3), the bids of buyers 1
through L are identical. Therefore, the L link bids of buyer 0 are equal to each other.
Let a denote the bid of buyer 0 on each link, and let b denote the bid of each single
link buyer. It remains to find a and b for this to be an NEP. The payoff to buyer zero

is Pp = v (ﬁ) — La, and the payoff to buyer [ for 1 <[ < L is P, = (aL—i-b) —b.
Maximizing Py with respect to a for b fixed, and P; with respect to b for a fixed, yields
that there is a unique NEP and it satisfies 70 = La. Therefore, the rate allocation
under the NEP vector is given by z¢ = vl—L and x; = WLL for 1 <[ < L. Thus, the sum

’y2+L2
y+L

The efficiency

of values for the unique NEP allocation of the itemized bid game is given by
2+ L2

Ly+L?%"
is minimized over v and L by taking L/y = v/2 4 1, yielding the minimum efficiency
2 — /2 &~ 0.8284. Thus, for the network of this example, the loss in efficiency due to

the use of strategic buyers with itemized bid allocations is always less than 18%. The

Assuming that L > ~, the efficiency for the itemized bid game is



loss is moderate, and is smaller than the maximum efficiency loss for the itemized bid
game for arbitrary networks, identified by Johari and Tsitsiklis [1] to be 25%.

Allocation for the sum bid game Suppose, next, that the buyers are strategic using
sum bids. For notational convenience we write wq for the bid of buyer 0 and b; for the
bid of buyer I, for 1 < [ < L. We begin by finding conditions on the sum bid vector
(wg,by,...,br) that are necessary for being an NEP. The vector of all zeros is not an
NEP, because any buyer could increase her payoff by switching to a very small positive
bid. An NEP must have wy > 0, or else a single link buyer with a positive bid could
decrease her bid slightly, and still get rate 1. Also, an NEP must have ), b > 0, or
else buyer 0 could decrease her bid slightly and still get rate 1. In summary, both wq
and ), b; are positive for any NEP in the sum bid game. Given the bid vector, the
network allocates rate xzg to buyer 0 and rate x; = 1 — 2 to each single link buyer,
where 1z is selected to minimize the NETWORK cost function:

wo log (o) Z by) log(1 — ).

This yields the allocation zg = wo+w7ilbz and x; = 1 —xg for 1 < < L. The payoff

functions and their partial derivatives are thus given by

Py(wg,by,...,br) #ﬁlbl—wo
Pi(wg,b1,...,by) = wg%g » b 1<I<L
SP(; (wo,br,...,br) = (w07+zglbz) -1
g?(wo,bl,...,bL) - (W)ﬁuﬁ—l 1<I<L
Note that Py(wo,b1,...,br) is a differentiable concave function of wq for the bids b;

fixed with )~, b; > 0. Slnce any NEP must have wg > 0, any NEP must have 6P v =0.
Similarly, for 1 <[ < L, P;(wg, b1,...,br) is a differentiable function of b;, for the other
bids fixed with wg > 0. Since any NEP must have b; > 0 for some [, any NEP must
have % = 0 (note that this equation doesn’t really depend on [). Solving these two

equations yields that every NEP for the sum bid game satisfies the following conditions.

~
b = ——— 1<I<L 4
Zl (v +1)2 >t (4)
2
v+1
ol 1
o oy =g 1sis (6)

Conversely, if a bid vector satisfies (4) and (5), then if any one buyer switches her
bid, the payoff of that buyer is a concave function of her new bid, and the payoff is
maximized by the original bid because the derivative of the payoff function is zero
at the original bid value. Hence, any bid vector satisfying (4) and (5) is an NEP. In



summary, an allocation vector is an NEP for the sum bid game if and only if is satisfies
(4) and (5). While the NEP is not unique, all NEPs have the same rate allocation
vector, given by (6). Thus, the sum of utilities and the efficiency for the sum bid game
are given as follows.

v+ L
Sum of utilities for NEP for sum bid game: 1
~y
Efficiency (f bid g L>q) L TE
ciency (for sum bid game assumin Do
Yy g gL =7 v+ 1)

As L — oo the efficiency ratio converges to 1/(y + 1). Also, taking 7 to be an integer
and L = ~? yields the efficiency ratio 2/(1+ ). The ratio converges to zero as y — 0o.
Thus, the loss of efficiency due to anarchy can be made arbitrarily close to 100% by
selecting v to be a large enough integer, and L = ~2.

Discussion and comparison Among the NEPs for the sum bid game for this network,
there is a unique one such that all single link buyers have the same bid. This NEP is
given by b = v/(L(y + 1)?) and wy = —17- If buyer 0 were to distribute her bid wo
equally among the L links, so that she bid a9 = ﬁ on each link, then an itemized
bid vector results. The rate allocation for this itemized bid vector for the itemized
bid game is identical to the rate allocation for the sum bid game. Why isn’t this bid
vector an NEP for the itemized bid game? Suppose a single link buyer [ unilaterally
increases her bid. In the itemized bid game the bid only competes against the bid
ajo made by buyer 0 for the same link. Let § denote the resulting increase in rate
allocation to buyer [. The rate allocation increase for buyer [ results in a decrease of
rate allocation to buyer 0 on that link, and hence to buyer 0 overall, of size §. However,
it also means that buyer 0 is purchasing J units more rate on the other links than she
can use. Naturally, buyer 0 would like to rectify this situation by transferring some of
the money she is spending on other links to link /. Buyers in the itemized bid game do
not take this reaction into account, whereas buyers in the sum bid game do take this
into account, because in the sum bid game the network automatically rebalances the
bids of buyer 0.

5 The sum bid game in a two link network

The sum link game for the two link network shown in Figure 5 is investigated in
this section, in order to illustrate some of the properties of the sum bid game. The
links have capacity C7 and C5 respectively, and there are three buyers . Buyer 0 uses
both of the links, buyer 1 uses link 1, and buyer 2 uses link 2.

We shall begin by identifying the mapping from the bid vector w = (wg, w1, ws) to
the rate vector x = y. First, if wg = w; = we = 0, then Y° = {y : yo+y1 < C1,yo+y2 <
Co} and Y = {yo +y1 = C1,y0 + y2 = Co}, which implies z = y = (0,0,0).



Figure 1: The 2-link network topology

If wo + wy +we > 0, then z = (xg, C1 — 29, Co — x(), where

0 if(wozo,w1+w2>0)
Ci N Cy if(w0>0,w1+w2:0)
To = or (w(;l_;_owl > g? wg > 0,wy > 0, ws —0) (7)

C
or (s = & wo > 0,w1 = 0,wp > 0)

. wy _ w1 wy
solution to e = + - fweW

where the set W is defined as follows:

W = {w0>0,w1>0w2>0}
ﬁ Cl ZUO>01U1>01U2—0}
&ﬁ%ﬁ (hum>0w1 0,ws > 0}
Note that W = {w : x;(w) > 0,7 = 0,1,2}. The mapping from w to x has now been
completely identified.

Our goal now is to narrow the search for NEPs. First, it is proved that W contains
all the NEPs, if there are any. Obviously, w = (0,0,0) is not an NEP. If (wo =
0, w1 +wg > 0), then buyer 1 or buyer 2 can decrease her bid by a small € and still get
the same rate allocation, so that such w is not an NEP. If (wg > 0,w; + we = 0), then
buyer 0 can decrease her bid by a small ¢ and keep the same rate allocation, so that
such w is not an NEP. If (w(H_w1 > g—f,wo > 0,w; > 0,wy = 0), then 1 = C1 — Co
as long as w; > 0 because zq is constrained by the capacity Cy. Thus buyer 1 can
decrease her bid by a small ¢ and still get the same rate allocation, so that such w is
not an NEP. Similarly, in case ( TW > gl ,wo > 0,w; = 0,wy > 0), w is not an NEP.
Consequently, by elimination of other possibilities, all NEPs are contained in W.

Next, we seek the NEP in W.

Lemma 5.1 If w € W, then % exists at point w. Furthermore,

81‘2' (wi, TI)_Z')

o B (®)

1
5B +%+%

0 1
where T is the rate allocation corresponding to w. (If w; = 0 then (8) gives the right
directional derivative.)

Proof. From (7), for w in a neighborhood of w, the network rate allocation is given
by
wo w1 w9

= —+ —=, wherezy =Ci —xqg, 19 = Co — 19 (9)
Zo €1 45)



Thus z( is a function of wq, w1 and ws, which is determined implicitly by,

wo w1 w2
F = — — — = 1

Obviously, F' is differentiable with respect to w and xy over the set W. In W,

or <w0 N wi N wa )
axo xo (Cl — w0)2 (Cg — 1‘0)2
Wwo Wi | W2
_ (W w1 w2 11
(Fa+ %) -
is continuous and non-zero. The Implicit Function Theorem implies that 0( ) exists
if w € W. Futhermore,
dmo(w) — OF (9F\!
owyg B Owg \ Oz
1 1
= —— 12
zo ;U—(é)) + 53 + 1;—%2 (12)
By exactly the same method, 8:01(1”) and misz %) can be derived. So (8) is proved for
1=0,1,2. a

The payoff function of each buyer is also differentiable at point w € W, and
OP;(w;, w—;)

W;

~1 (13)

A necessary condition for a vector w to be an NEP is that @w must be in W and satisfy
the first order necessary condition (FONC): For each buyer i

oP; (wi, w_i)

<0 with equality if w; > 0. (14)
Wy -

Wy

Combining the equations (8), (13) and (14) yields that a vector w € W satisfies the
FONC if and only if

Ui(xi)

T

< w—% + w—% + :—%2 with equality if w; > 0, i = 0,1,2 (15)

where xg, 1, 2 are determined by wq, w1, wy in (9).

Proposition 5.2 There exists a bid vector w* in W satisfying the FONC. Let x* =
(x5, C1 — x5, Co — ) be the corresponding rate allocation. The value of x§ for all such
w*’s is uniquely defined by

Up(wo) _ T { Ui (Cy — 560)7 Us(Co — wo)}
fy) Ch1 — xo Cy — o

(16)

If the three curves Uéggjo), U{éfl_;jo) and % do not all meet at a single point (i.e.

there is not a “triple intersection”), then the value of w* is also unique.

8



X5 Cy c, X

Figure 2: The uniqueness of z*

Proof. Let w* € W satisfy the FONC, and let z* = x(w*). Since wj > 0, (15)
implies that %{ij?ﬁ) > max{Ung),LfE)}. Since w} + w; > 0, (15) implies that

1 Zo
_Uoégg) < max {%ﬁ;l), %?5)} So z{y must satisfy (16).
Next we show the existence and uniqueness of xz*. From the definition of the

valuation function, we know that U/(0) > 0. Thus 1immiéo%fi) — +00. There

Up(zo) Ui(Ci—z0) U3(Ca—zo)
o o/ Ry s . Also

must be an intersection point of the curve and max {

because the function M is monotonically decreasing, the intersection point is unique.
This result can be easﬂy seen in Figure 2. Let «* = (2, 2], x3) where z{ is the unique
value of x( satisfying (16).

Next, we show there is a w* so that * = z(w*) and w* satisfies FONC. Suppose z*

is not a triple intersection of the curves M Then we can let Ui (xl) < UO( 0) without
loss of generality as shown in Figure 2. Thus w] = 0 and the FONC can be written as
Ué(fé) — wg wp
wwy O (a7)
R

There is a unique solution w* to (17). On the other hand, if z* is the triple intersection.
Then the FONC holds if

M = Yo 4 w1 + w2

i oy Gny | Gay (18)
wo _ w4 Wy
xp 3 x5

There are two linear equations in (18), while there are three variables (wq, w1, w2).
Thus, the solution w™* is not unique. O

Remark Except in the case that xz* is a point of triple intersection, then either
buyer 1 or buyer 2 has the bid 0. For example, if w] = 0, then the price of the link 1
is 0. In this case, buyer 0 and buyer 2 bid for the capacity on link 2. Buyer 1 enjoys
some free capacity on link 1, but is not willing to compete for more capacity.

To study the existence of the NEP further, we find the second derivative of z; with



respect to w; in W. We find

6250() _ 1 1 w1Cq wo Co
A e SR
0 ) 0 e

1 wol w2
i = el e e (G2 Gl (19)
8%y 2 1 woCa | wy

=_2 +m(C) - C

ow3 x%(%g—+%%—+%§—)3[ z3 m%( 1 2)]

The relations (19) show that if C; = Cy, then x; is a concave function of w; over the
region such that w € W. Actually, if C; = Cs, x; is a concave function of w; over the
whole feasible region {w : w; > 0}. The detailed proof is not shown here. Therefore,
if C; = (5, then x* is the unique NEP. Unfortunately, an NEP need not always exist,
as shown in the next section.

6 An example for which there is no NEP for the
sum bid game

The following example based on the two link network considered in the previous
section demonstrates that there can fail to be an NEP for the sum bid game in a two
link network. Suppose that C; = 5 and Cy = 8, and that the valuation functions of
the buyers are Uy(x) = Us(x) = z. The valuation function Uj(x) can be any concave

function with M' < %. By (16) and (17) there is a unique bid w* satisfying the

x
=4
FONC given by w* = (2,0,2) with the associated rate vector z* = (4,1, 4).
Fix wj and w. If we = w3, the rate allocation to buyer 2 is x5, and the payoff of
buyer 2 is,

Py(wp, wy, wy) = Uz(x3) — wy =2
While if wo = 0, the rate allocation to buyer 2 is Cy — C1, and the payoff of buyer 2 is,
Py(wg,wi,0) =Us(Cy — C1) =3

Thus, Ps(w§, w,0) > Py(wg,w],ws) so that 2* is not an NEP. Also because the
point satisfing the FONC is unique, we conclude that there is no NEP in this example.
Intuitively, in this specific case, C'; is close to z, so that buyer 2 does not lose much
capacity by decreasing her bid from 2 to 0. Figure 7?7 shows the payoff function
Py (w§, w,ws) as a function of wy. Note that it is not concave, which helps explain
the lack of an NEP.

7 Conclusions
The results of the sum bid game are mixed. On the positive side, the sum bid game
accounts more fully for the interaction among strategic buyers than the itemized bid

game. On the negative side, an NEP need not exist for the sum bid game. An open
problem is to find an appealing variation of the sum bid game for which an NEP

10



exists. Or, perhaps a point satisfying the FONC exists in great generality, and is not
too far from being an NEP. Of maybe an NEP exists for the sum bid game for “most”
networks. These questions are left for future investigation.

8 Appendix: Proof of Proposition 2.1

Proposition 2.1 is proved in this appendix. First the existence of an NEP is demon-
strated. The first half of the proof is the same as the proof in [1] that an NEP exists
for the extended game defined therein. It begins by considering the perturbed game,
called “the € game,” obtained by supposing that an outside buyer bids € on each link.
The rate allocated to buyer 7 is thus given by z¢(a) = minge, 27 (e) where

() = b )
€+ Zr’ Qyr

The payoff function for buyer r in the e game is P(«) = U, (z&(v)) — >, oy For each
fixed € > 0 and each buyer r, the payoff function Py is a strictly concave function of
the buyer’s own bid vector (z; : [ € r) for fixed values of the other bids, and is a
continuous function of the vector of all bids. Also, because of the capacity constraints,
without loss of generality the vector of bids can be restricted to a compact set. Rosen’s
theorem, based on Kakutani’s fixed point theorem, implies that an NEP «¢ exists for
each € > 0. Along some subsequence of € — 0, the set of NEP bid vectors a€ and the
corresponding allocations x¢ converge to some respective limit vectors a* and z*. (The
proof to this point follows exactly the proof in [1]).

Let B denote the set of links with at least one nonzero bid for the limit assignment
a*. Since the link allocation function is continuous if the sum of link bids is bounded
away from zero, x;" — xj, for | € B. Since z° € Y°(af) for all ¢, it follows that
x* € Y°(a*). In particular, y,(a*) < z¥ < 7, (a*) for all r. The next step in the proof
is to show that z* is the rate_assignment for bid vector a*.

A key claim is that z* = g(a*). The claim is now proved. Suppose for the sake of
argument by contradiction that the claim is false. Then there is some route r such that
xr <7,(a*). Let k denote the number of links [ in » N B¢, and let 6 be a small positive
number such that U, (7, (a*)) — Uy (x}) — kd > 0. For each € in the subsequence being
considered, let Z;. denote the value of . that would result if all the bids «j, for [ € rNB°¢
were increased by d, for a small § > 0, and all other bids are kept the same. Since the
bids of all other buyers for the links [ € rN B¢ converge to zero as € — 0, it follows that
z¢ — 7, (a*). Therefore, the net gain in payoff due to adding § to the bids for links
l € rN B¢ converges to U (Y, (a*)) — Up(x}) — k6 > 0. This contradicts the definition
of af, so that the proof of the claim by contradiction is complete. An immediate
consequence of the claim is that the limit z* satisfies * = z(a*) = g(a*) = y(a*).

Fix a buyer 7. Let v be a vector such that a* + v has nonnegative coordinates and
vy = 0 for » # 7. That is, v represents a feasible deviation from a* by buyer r. It
must be shown that Pr(a* + v) < P:(a*), i.e. that v is not a profitable deviation for
buyer 7. Let e denote the bid vector with e,; = 1 if r = 7 and e,; = 0 for other r, and
let 6 > 0. Then af 4+ v + de has nonnegative coordinates for all sufficiently small € in

11



the subsequence under consideration. Moreover,

—
=
=

P;:(a* +v)

IN

Us(z15(a* + v + de)) Z (qui + viF)
!

—~
=
=

lin% Pi(a“ +v+de) + Lo

—
N

lin% Pi(af) + L

—
SH
=

= Pf(a*) + Lo.

The inequality (a) comes from the fact that x; is nondecreasing in the bids of buyer
7. Equality (b) comes from the fact that z;:(a 4+ v + de) — xjp(a* +v+9) ase — 0
along the subsequence. Inequality (c) follows by the fact that a® is an NEP for the e
game. Inequality (d) follows by the claim proved in the previous paragraph. Since §
is an arbitrary positive constant, the required equality Pr(a* +v) < Pr(a*) is proved.
Therefore, o* is an NEP.

To complete the proof it remains to show that (1)-(3) characterize the NEPs. Sup-
pose « is an NEP. Then if 2, # 7, for some buyer r and some [ € r N B, then x, < z7,
and the buyer could reduce her bid on link [ without reducing z,.. This would increase
the payoff to buyer r, contradicting the assumption that « is an NEP. Thus, the NEP
a satisfies (1).

If only one buyer r had a positive bid for a particular link, the bid could be decreased
to a smaller positive amount. It would not decrease x,., so that the payoff to buyer r
would increase. Thus, the NEP « satisfies (2).

If z, > 0 and the bids of buyer r are not all zero, a possible deviation of oy, : [ € 7 is
to decrease each nonzero element of oy, : [ € r by 6Zl ' %’ Such causes , to decrease
by § + 0(d). In order that such deviation not be proﬁtable for small ¢, it is required
that the left hand side of (3) be greater than or equal to zero if 2, > 0. Such inequality
is also true if the bids of buyer r are all zero.

If x, < C) for all | € r, then a possible deviation of (ay. : [ € r) is to increase

by 52 /Cll“

each nonzero element of (oy, : [ € r) , and increase each zero element of

oy 1 1 € rto 62, Such causes = to increase by 5 + 0(d). In order that such deviation
not be profitable for small 4, it is required that the left hand side of (3) be less than
or equal to zero if z,, < Cj for all [ € r.

Combining the previous four paragraphs shows that all NEP’s satisfy (1)-(3). Con-
versely, if a satisfies (1)-(3), then (2) implies that the payoff of each buyer r is a
continuous, convex function of her bid vector, and (1) and (3) togethis imply the the
bid vector of any buyer r is a local maximum of the buyer’s payoff function, for the
bids of other buyers fixed. Hence, the point « is an NEP and the proposition is proved.
Proof of the proposition. First the existence of an NEP is demonstrated. The first half
of the proof is the same as the proof in [1] that an NEP exists for the extended game
defined therein. It begins by considering the perturbed game, called “the € game,”
obtained by supposing that an outside buyer bids € on each link. The rate allocated
to buyer r is thus given by z&(a) = mine, z;)°(a) where

a3, C
€ + Z,r/ Q!
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The payoff function for buyer 7 in the € game is P¢(«) = U, (z5(ov)) — >, . For each
fixed € > 0 and each buyer r, the payoff function Py is a strictly concave function of
the buyer’s own bid vector (z; : [ € r) for fixed values of the other bids, and is a
continuous function of the vector of all bids. Also, because of the capacity constraints,
without loss of generality the vector of bids can be restricted to a compact set. Rosen’s
theorem, based on Kakutani’s fixed point theorem, implies that an NEP Nash w€ exists
for each € > 0. Along some subsequence of ¢ — 0, the set of NEP bid vectors a¢ and
the corresponding allocations x¢ converge to the respective limit vectors a* and x*.
(The proof to this point follows exactly the proof in [1]).

Since the link allocation function is continuous if the sum of link bids is bounded
away from zero, z;)° — x, for | € B*. Let B* denote the set of links with at least
one nonzero bid for the limit assignment a*. Since z¢ € )° for all ¢, it follows that
x* € Y°. In particular, y,(a*)z; < yr(a*) for all ». The next step in the proof is to
show that z* is the rate assignment for bid vector .

A key claim is that z* = g(a*). The claim is now proved. Suppose for the sake of
argument by contradiction that the claim is false. Then there is some route r such that
xr <7y,(a*). Let k denote the number of links [ in N B¢, and let ¢ be a small positive
number such that U, (7, (a*)) — Uy (x}) — kd > 0. For each € in the subsequence being
considered, let Z;. denote the value of zf. that would result if all the bids «j, for [ € rNB°¢
were increased by ¢, for a small § > 0, and all other bids are kept the same. Since the
bids of all other buyers for the links [ € rN B¢ converge to zero as € — 0, it follows that
Z5 — 7.(a*). Therefore, the net gain in payoff due to adding ¢ to the bids for links
[ € rN B converges to U, (z}) — U,(y’) — ké > 0. This contradicts the definition of a¢,
so that the proof of the claim by contradiction is complete. An immediate consequence
of the claim is that the limit «* satisfies 2* = z(a*) = y(a*) = y(a*).

Fix a buyer 7. Let v be a vector such that a* + v has nonnegative coordinates and
vy = 0 for » # 7. That is, v represents a feasible deviation from a* by buyer r. It
must be shown that Pr(a* +v) < Pr(a*), i.e. that v is not profitable for buyer 7. Let e
denote the bid vector with e,; = 1 if r = 7 and e,; = 0 for other r, and let § > 0. Then
af 4+ v + de has nonnegative coordinates for all sufficiently small € in the subsequence
under consideration. Moreover,

—
=
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The inequality (a) comes from the fact that x; is nondecreasing in the bids of buyer
7. Equality (b) comes from the fact that z;:(a 4+ v + de) — xj(a* +v+9) ase — 0
along the subsequence. Inequality (c) follows by the fact that a® is an NEP for the e
game. Inequality (d) follows by the claim proved in the previous paragraph. Since §
is an arbitrary positive constant, the required equality Pr(a* + v) < Pr(a*) is proved.
Therefore, o* is an NEP.

To complete the proof it remains to show that (1) and (2) characterize the NEPs.
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Suppose « is an NEP. Then if x, # zj. for some buyer r and some [ € r N B, then
x, < xj. and the buyer could reduce her bid on link [ without reducing x,.. This would
increase the payoff to buyer r, contradicting the assumption that « is an NEP. Thus,
the NEP « satisfies (1).

If only one buyer r had a positive bid for a particular link, the bid could be decreased
to a smaller positive amount. It would not decrease x.., so that the payoff to buyer r
would increase. Thus, the NEP « satisfies (2).

If 2, > 0 and the bids of buyer r are not all zero, a possible deviation of . : | € ris
to decrease each nonzero element of oy, : [ € r by (5%;_7'5:" Such causes x to decrease
by d+o0(d). In order that such deviation not be profitable for small ¢, it is required that
the right hand side of (3) be greater than or equal to zero if z, > 0. Such inequality is
also true if the bids of buyer r are all zero.

If z, < C) for all [ € r, then a possible deviation of (ay. : [ € r) is to increase
each nonzero element of (ay. : [ € r) by 6%:;_7';1”, and increase each zero element of
ap- 2 1 € 7 to 2. Such causes z to increase by & + o(5). In order that such deviation
not be profitable for small 0, it is required that the right hand side of (3) be less than
or equal to zero if z,, < Cj for all [ € r.

Combining the previous four paragraphs shows that all NEP’s satisfy (1)-(3). Con-
versely, if « satisfies (1)-(3), then (2) implies that the payoff of each buyer r is a
continuous, convex function of her bid vector, and (1) and (3) togethis imply the the
bid vector of any buyer r is a local maximum of the buyer’s payoff function, for the
bids of other buyers fixed. Hence, the point « is an NEP and the proposition is proved.
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