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Model problem:

© ci = ~V(ucy) + dV(KVC) + f;(0) + i (1)

1=1...5

where

c(t,z) € R® - concentrations vector
u(t,z) - wind field

K (t,z) - diffusion tensor

E;(t,x) - source/sink terms
f;(t,xz,c) - chemical reactions

r € Q C R3, bounded

t € [to, T]



After space discretization on (Ng, Ny, N):

{ 9 = Fa(c) + Fp(c) + Fr(c)
c(tp) = Co

(2)

Some potential parameters:
e Initial state
e Boundary values
e Emissions and depositions rates

e Chemical reactions rates



4D-var with respect to cp:
Consider ¢ = ¢(t, z, cg)
Given

e An estimate ¢, of cg

e Measurements M, = M(ty),k=1,m
scattered over [tg, T]

Find cg that minimizes:

1
F(co) = §(C0 —cp)iB (co— ) +

1 _
5 (cr, — MTRL(cp — My)
k=1

(3)



Success of the assimilation depends on:

Availability of data

Spatial-temporal distribution of measure-
ments

Accuracy of the background estimate
Assimilation window
Errors in measurements

Errors in model representation



The gradient of the cost function:

Bck

T
— | R (cpr—M
aC()) k ( k k)

Ve F(Co) = B™H(co — G) + Emz (
Algorithm: -
1. Initialize V¢, F = 0O
2. fork=m,1,—1do

T S .
Ve F = (8C—/:1> [Rk (Cr — Mg) + Vcoj'_]
3. VeoF =B 1(co—¢p) + Vo F

Intermediate steps:

Cp_1—Ct — ... Ci —Cp



Operator Splitting (Strang) h =t1 — tg

F 4 - explicit, may be nonlinear
Fp - (semi)-implicit, linear
Fp - highly nonlinear, stiff method

In general at least 2-level checkpointing
required.



d

5= F'(c) = Fa(c) + Fp(c) + Fr(c)

Second order 2-stage Rosenbrock method

c1

1
A——DNk
( 7h)l

co + mik1 + moko
F(co)

1
(A——Dky = F(co+ aky)+ ékl
vh h

with A = JO = F/(Co)
L-stable for A = Jp and

1 2 3 1
a=——;ﬁ:_;m1:__;m2:__
gl gl 2 217
=1+—=

gl NG

[Verwer, Blom, Sandu]:

A = Jp+ Jgp—~hJpJR
1 1
(A——1I) = (I —~hJp)(Jp——1I)
vh vh



Adjoint computations:

T T T
0 %¢ k
ocy u:u+m1€; u+m2§3 .
0Co 0Co 0Co

Problems:
- compute JTu

- solve (A — ,ylhI)Tfu —u

- compute (agé’;))Tu



Jlu = J:zl;fu, -+ Jlj;u -+ Jgu

Yh
<8(Ak)>T B
0Co =

Compute w = (I — vhJp)Lw, then

( 1 )T 1 .1 T
A——I) =((Jp——I)"{ —~hJp)
vh
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KPP Kkinetic preprocessor generates:
e JAC - compute sparse Jp
e DECOMP - sparse Jp = LU decomposition
e SOLVE - forwd/backwd LUz = b
e JVECT - sparse Jr*xu
e JTVECT - sparse J} xu

e TSOLVE - forwd/backwd (LU) Tz =1b
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