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Intro duction

Linea r Optimization (LO) problems

minchx:Ax: b;X> 0g; XZRn; A2Rm£n

1947: (Dantzig ) Simplex metho d: the rst practical metho d for
LO.

1956: (Tucker) Homogeneous Self-dual mo del.

1972: (Klee, Mint y) Exp onential example for the Simplex metho d:
O(2") pivots in the worst case.

1978: (Khachiy an) Ellipsoid metho d: the rst polynomial algo-
rithm for LO.
Complexit y: O(n?L) iterations, O(n“L) bits op erations, where
L = the input size of the problem.

1984. (Karmarkar) Interio r Point Metho ds (IPMs) : O(nL) iter-
ations, O(n°L) hit op erations.
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Interio r Point Metho ds for LO

1950s-60s:  (Frisch) Loga rithmic barrier metho d,
(Huard ) Metho d of centers,
(Dikin ) Atne scaling metho ds: rst IPMs.

1984. (Kama rkar) Projective metho ds.

1989: (Kojima-Mizuno-Y oshise)
Primal-dual path follo wing metho ds.

1989, 1992: (Mehrotra ) Predicto r-co rrecto r.
1994: (Ye, Todd, Mizuno ) Self-dual Emb edding Mo del.

2000: (Peng, Roos, Terlaky ) Self-Regula r IPMs :; Best known .
worst-case complexit y for large-up date IPMs : O P nlog nlog & :
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The SR direction for LO

The central path and the Newton step:

Ax = b; x ., O; At x = O;
ATy+z = ¢ s, O; AT¢y+¢Z = 0;
Xz = le: ZzZ¢C X+ x¢Cz = 1,ej Xz,
Classical Newton direction: Self-Regula r Newton direction:
Apx = O; Apx = O;
AT¢cy+ p, = O; AT¢cy+ p, = O
Px + Pz = Vili \Y px + pz = ir 3 V)

where A= LAVilx; v = diag (v); X = diag (x) with

S — r
.  XZ, i 1. . _ Ve X _ Ve z
vi= o viti= — pxi= . Pz = ——
XZ X Z
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Self-Regula r Function

A(t) is Self-Regula r (SR) if

SR1 : A(t) is strongly convex,
global minimum: A(1) = O, |
9;°1;°2> 0 and p;q, 1; 2
such that for 8t2 (0;+ 1)

o (tPi L4+ tliay . AOQt) . o,(tPil 4+ tliq);

=T
o

o o
.
@2

(p=1.0=3)

|
L5 |

SR2 : Fortq;to> 0, r 2 [0; 1]:
A(tit ") - rA(ty) + (1§ r)A(ta);

05
\
(p=10=1) <
\

g : barrier degree;

p: growth degree. I T N T

SR2 : A(exp (»)) is convex.
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Examples of Self-Regula r Functions

W e have two sets of SR functions in R., ! R.:

(ti 1)j logt; q=1
p(p+ 1) p

8 p+l . .
%t i 1 piil
2

" opa(l) = |
p+l . 1i q . .
t '1+t Il+|O'q(ti1);q>1:
p(p+ 1) a(gi 1) Pq
and
_ (t) B tp+l i 1 s tli qi 1 1 > 1
| piq _p+1 Qil’p”q :
t2 :
S 1aa(t) = i logt is the well-kno wn log-ba rrier function.

a js a proximit y measure, \distance" of vto e= (1;1;::1)7.

P ~ : :
Let 2 v) =  A(vj) where A(t) is a SR function.

(1)

(2)
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The Linea r Optimization Problem

Consider the follo wing LO problem:
min C

O- Xj- U, 121;

0. Xj; ] 23J;

where A 2 RMEN: rank (A) = m, | SJ = f1;2;:::;ng and |TJ = .

The last two constraints can be written as
Fx+ s=u x, L O:s, 0; F2RMEN.

the rows of F are unit vectors, s;u2 R™: m; = jl j.
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The LO Dual Problem

The primal LO problem can be rewritten in the form:

(LP) min ¢’ x
st AX = Dby
FX +s = u;
X; s ., O
£

where ¢:x 2 RM™ b2 RM: A2 RMEN E 2 RMf

The dual problem is:

(LD) max b'y;j

uT
st Aly; FT

w
w +

N N

W,
where y2 R™ w2 R™ and z2 R".
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The LO Optimalit y Conditions

Optimalit y Conditions

Ax = b:
Fx+ s = u;
ATyi Flw+ z = C; (3)
Ws = 0;
Xz = 0;

where X = diag (x);W = diag( w).
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The LO Central P ath

The primal-dual central path is de ned as the set of solutions
(x(1);s(t)) and (y(*);w(1);z(*)) for 1 > 0 of the system

Ax = b;
FX+ s = u;
ATyi FTw+ z = C; (4)
Ws = le;
Xz = le;
where e= [1:1;:::;1]"
SR proximit vy:
As ! ¢ As ! A
A xpi1) = X i X Z; . X X Sj Wi %y = XZ
=1 : =1 : W

Tam@s Terlaky, Advanced Optimization Lab., CAS, McMaster 10



SR-Infeasible IPM: Newton equation

Self-reqgula r proximit y based Newton equation is given as:

0 10 1 0 1
A 0 0 O 0 ¢ X i Tp
F I 0 O 0 ¢ s i Tu
0 0 AT 1 jFT&kBeyk= i Tc ;
Z 0 0 X 0 ¢ z i Wvqr 2 vq)
O W 0 O S ¢ w i WWVor 3 vo)
where
9%z
'y = AXj Db; Vi = 35
9 sw
ruy = FX+ sj u; Vo = >
re= Alyi FTw+ z c v = [vq Vol

(5)
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Predicto r-Co rrecto r Search Directions

The azxne-scaling direction :

o) 10 0 1
A 0 0 O 0 ¢ x@ i Tp
F I 0 O 0 ¢ s2 i Tu
0 0 AT 1 jFT&Beyak= Bire (6)
Z 0 0 X O ¢ z2 i XZ
oW 0 O ¢ w? i WS
The Self-Regula r based \co rrecto r* direction:
0 10 1 0 1
A O ¢ X i b
F O O O ¢ s i Tu
0 0 AT I jFT&kBeyk= i Ic
Z 0 0 X 0 ¢ z i ttvira vi)i ¢ x3 z2
OwW 0 0 S ¢ w ittvora( vy)i ¢ wae s?

1* js given by Mehrotra's rule (see page 14).

(7)
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No rmal Equation for SR-Infeasible IPM
After simplifying, normal equation Is given as:
AD°AT¢ y= AD?rni ry (8)
Where
D? = (Xilz+ silw)il (9)
rh = irc+ SIWry+ Sitvgra vy) + Xilw,ra( vp) (10)
Then, compute
¢z = XIUNiwaird( vi)i Z¢x); (11)
¢s = i rui ¢ X (12)
¢w = Si(w(ry+ ¢ x) i Woar 3 vy)); (13)
¢ X = D%(AT¢ yi rp): (14)
Tam@s Terlaky, Advanced Optimization Lab., CAS, McMaster 13



SR-Infeasible IPMs

Input:
Given initial point (x9;s%y%:z% w°), such that (x°;s%;z%w°% > 0
an accuracy parameter 2 > 0, and damping facto r 2

b egin
while xTz+ sTw, 2 do
predicto r
solve system (6) and compute the max. feas. step size
Iet 1 — (X+ ®¢ x?)T(z+ ®¢ z°)+( s+ ®¢C s?)T(w+ ®¢ w?)
a-~— n+ m;
correcto r
compute target 1t = (Lg=t)31
solve (7) for ¢ x;¢ s;¢ y;¢ z;¢ w
Compute the max. feas. step size ®p, ®y
Update the iterate (x;s) = (x;s) + %®(¢ x; ¢ s)
Up date the iterate (y;z;w) = (y;z;w) + %®(¢ y;¢ z;¢ w)
end
end
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Self-dual Emb edding Mo del

For given y% w®%>0; x°>0; ¢%=1;°%°=1;s">0; z°>0; -2> 0; we

construct a skew-symmetric self-dual LO problem called (SP):

(SP) min 0
S.t AX be irp1°
i  Fx + us jrpx® is
i ATy + FTw + ¢, irp° i z
b’y i u'™w | c'x i rg° P -
T T T :
rprY + IppW + IgX + rg¢
y; ®©free; w, 0; x, 0; ¢, O0;s, 0; z, O; 0;
where
rpr = Ax%i be;
rpp = i Fx%+ u®j 2%
rg = j uTwl+ b'y®; c™x%; - O

Denote Fgp the set of feasible solution for (SP).
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SR-IPM for SP: The Newton System

0 10 1 0 1
0 o) A ib jrpr O 0 0 ¢y 0
0 0 i F u jrp2 jI O O ¢ w 0
i AT FT. 0 ¢ jrp O jl1 O ¢ x 0
bl ;ul ¢ 0 jrg 0O 0O I ¢ B O
e, rd rl rl 0 0 0 O0ERB¢°E RBO
0 S 0 0 0) W 0 O ¢ s I'sw
0 0 Z 0 0 0O X 0 ¢z I'xz
0 0 0 : 0 0 0 ¢ ¢ - re.
(15)
Where M S_Wﬂ M ﬁﬂ ur 1
Frsw=j Swir?@ I rxz = j Xzt r?@ 1 rc',-_lpé_l_ra 61_
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Solving the Newton System

By using linear algebra, we can reduce (15) to

[AD °AT + BaT]¢ y = »; (16)

and then compute ¢ x; ¢ z; ¢ w;¢ s;¢ ¢; ¢ - from Cvy.
Use Sherman-Mo rrison Formula to solve (16)

1. Do Cholesky decomp osition for AD 2AT

2. Solve normal system ADZ2AT" = »: get the solution 9.
3. Solve AD2AT" = #, get the solution 1.

4. Finally
‘04 0T 1, aT-0-1

ty= 1+ Al 1
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Sparse Cholesky Solver

If the matrix AD 2AT is sparse, we can use WSMP directly to
solve the system AD 2AT¢ y = % by using the follo wing steps:

0. Ordering and Symb olic facto rization for the structure of
AD 2AT just once in the whole algo rithm

1. Numerical facto rization of AD 2AT
2. Back solve to get the solution

3. lterative re nement if necessary

If matrix A has one or more dense columns , then AD 2AT will be
dense.
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Choice of Self-Regula r Function

N

N

N

N

N

2. 1i q. .

We choose j 1.4(t) = Y5t + t(']“q'll; g> 1 as our SR family .

2. 2 i 2
10 = FpRglogt and () = G i L

vii 1l

a 1.q(v) = | é i logvi and @ j.3(v) = Zkvi vilk?

=1
ra.q(v)=vj vil and ra q.3(v) = vij vis:

T

Results:
& 1;1(vg) - minf& 1:1(va); & 1;1(Vh)G; % 1;3(ve) - 2 1;3(vg) = @ 1;3(Vh)
1 g minimizes 2 1:1(V) 1o minimizes 2 1.3(V)
Dualit y gap remains unchanged if
1gis tageted with 2 1:1(V); 1o is targeted with 2 1.3(v)
Dualit y gap Is exactly predicted
forany * | O with 2 1.1(v); if 1 is targeted with 2 1.3(V)
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Adaptive  Choice of SR-F unction

> We choose our SR functions from the family j 1.q(t)
2 Fixed settings: p=1,and g= 1; 2 or 3
2 Dynamic update of q:

{ Set g= 1 as default, steptol = 10i 2

{ calculate search direction

{ while ® - steptol, then
alet g= q+ 2
g change ! to 'go
a calculate search direction
aif q, 5, then break

end
{ make step

{ reset q=1

Tam@s Terlaky, Advanced Optimization Lab., CAS, McMaster
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Numerical Results: Compa rison
OSL, LIPSOL

with

System environment:
IBM RS/6000 44P Mo del 270 workstation
with AIX 4.3

Coding with C, WSMP , OSL, and ESSL
or C, WSMP , and Matlab .

Benchma rk problem set is the full Netlib set.
Base set; Kennington set; Infeasible set.

Tam@s Terlaky, Advanced Optimization Lab., CAS, McMaster
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Testing Results From SR-Infeasible IPM and Compa risons (1)

SR-I IPM OSL LIPSOL

Problem lter | Flag-q | Digits Iter | Digits Iter | Digits

25fv47 25 0) 11 27 9 25 11
80bau3b 40 0 10 44 12 40 9
adlittle 11 0 10 13 10 13 11
aro 8 0 11 9 10 8 11
agg 17 0) 11 22 11 21 11
agg2 17 0) 11 18 11 18 12
agg3 16 0) 12 17 11 17 12
bandm 18 0) 11 17 10 18 10
beaconfd 9 0 10 9 11 13 11
blend 15 0) 11 12 11 12 11
bnil 31 0) I 26 I 26 I
bnl2 31 0) 11 34 11 31 9
boeingl 24 0 11 24 9 21 9
boeing2 15 0 10 17 10 19 9
bore3d 19 0 11 19 12 18 11
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T esting Results

From SR-Infeasible

IPM and Compa risons (2)

SR-I IPM OSL LIPSOL

Problem Iter | Flag-q | Digits Iter | Digits Iter | Digits

brandy 15 0) 11 17 12 17 11
capri 19 0 11 19 11 19 11
cycle 27 0 12 25 10 25 8
czprob 34 0 11 31 11 36 11
d29g06¢ 35 0 4 32 4 32 I
d6cub e 26 0) 11 21 8 23 9
degen2 15 1 12 14 9 14 11
degen3 20 1 11 19 11 25 10
d°001 *43 1 10 56 10 79 I
e226 22 0 10 21 1 21 11
etamacro 30 0) 7 34 7 25 7
®®f800 29 0] 7 32 I 26 I
nnis 24 0 10 26 6 30 11
t1d 20 0 12 21 10 19 11
tip 16 0) 9 16 10 16 10
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T esting Results From SR-Infeasible IPM and Compa risons (3)

SR-I IPM OSL LIPSOL

Problem lter | Flag-q | Digits Iter | Digits Iter | Digits

t2d 22 0) 11 26 11 7 6
forplan 25 1 6 25 6 22 6
ganges 17 0 6 15 6 18 6
gfrd-pnc 16 0 10 17 10 21 11
greenb ea | *38 1 7 48 3 43 4
greenbeb | 38 0 4 59 5 38 4
growl5 16 0) 11 17 11 17 11
grow22 16 0) 12 20 11 19 11
grow? 16 0) 11 17 11 16 11
Israel 21 0) 10 21 9 23 11
kb2 15 0) 12 17 11 15 12
lot 15 0) 11 15 10 18 11
maros 28 0) 11 24 8 33 11
maros-r/ 18 0) 11 14 11 15 11
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T esting Results

From SR-Infeasible

IPM and Compa risons (4)

SR-I IPM OSL LIPSOL

Problem Iter | Flag-q | Digits Iter | Digits Iter | Digits

mo dszk1l 22 0) 11 24 7 24 10
nesm 31 0) 6 38 6 33 6
pilot 41 0) 4 34 4 31 4
pilot87 41 0) 6 44 6 37 6
pilotnov 22 0 11 23 11 38 6
recip e 9 0 11 11 11 9 11
scl05 10 0) 10 10 10 10 11
sc205 11 0) 11 11 10 10 9
scb0a 10 0 11 10 9 10 11
sc50b 8 0) 12 8 10 7 8
scagr2s 16 0 11 18 11 17 11
scagr’/ 12 0 7 14 7 14 7
scfxml 18 0) 11 16 2 19 11
scfxm2 *23 0 10 28 I 21 12
scfxm3 *23 0) 8 22 9 21 11
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T esting Results From SR-Infeasible IPM and Compa risons (5)

SR-I IPM OSL LIPSOL

Problem lter | Flag-q | Digits Iter | Digits Iter | Digits

scorpion | 16 0 11 14 11 15 11
scrs8 22 0) 5 22 5 24 5
scsdl 9 0) 10 10 8 9 6
scsd6 12 0) 11 12 12 11 !
scsd8 11 0) 11 11 11 11 10
sctapl 18 0 12 16 10 17 12
sctap?2 19 0 12 17 10 19 11
sctap3 20 0 10 18 12 18 12
seba 19 0 11 20 12 22 11
sharelb 21 0) 12 22 9 22 11
share2b 14 0) 12 13 10 13 11
shell 17 0) 10 19 10 21 12
ship04l 13 0) 11 17 11 14 11
ship04s 13 0) 10 15 11 14 11
ship08l 17 0) 12 16 10 16 11
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T esting Results

From SR-Infeasible

IPM and Compa risons(6)

SR-I IPM OSL LIPSOL

Problem Iter | Flag-q | Digits Iter | Digits Iter | Digits

ship08s 14 0 11 16 11 15 11
ship12| 16 0 11 18 11 18 11
shipl2s 16 0 12 17 11 18 12
sierra 16 0) 11 19 11 17 11
stair 17 0 10 18 3 14 10
standata 18 0 11 15 10 17 12
standgub 18 0 10 15 9 17 12
standmps 27 0 11 21 12 24 12
sto cforl 12 0 9 16 10 16 11
sto cfor2 24 0 12 22 11 21 11
sto cfor3 34 0 5 33 5 32 5
truss 18 0 11 18 10 19 11
tu® 20 0) 10 19 12 20 6
vtpbase 10 0 11 11 10 23 11
woodlp 26 1 11 19 4 19 7
woodw 36 0 11 25 10 28 8
T otal 1832 907 1882 830 1877 869
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Compa risons of classic

IPMs and SR-IPMs

Classic IPM Dynamic SR-IPM
Problem Iter Digits Iter Digits
degen2 17 11 15 12
degen3 35 8 20 11
d°001 65 7 43 9
forplan 25 6 25 6
greenb ea 38 9 38 7
woodlp 26 11 26 11

Tam@§s Terlaky, Advanced Optimization

Lab., CAS, McMaster

28



T esting Results for Kennington problems
SR-I IPM OSL LIPSOL

Name lter | Flag-Q Digits Iter | Digits Iter | Digits
cre-a 29 1 11 35 10 30 11
cre-b 42 0 11 48 10 42 11
cre-c 28 0 11 34 10 30 11
cre-d 39 0 10 51 9 38 11
ken-07 14 0 11 16 11 16 11
ken-11 18 0 10 21 11 22 11
ken-13 23 0 11 25 11 27 11
ken-18 33 0 11 31 11

osa-07 30 1 11 24 10 27 11
osa-14 44 1 11 25 11 37 11
osa-30 30 0 9 36 11 36 10
0sa-60 38 1 11 32 10

pds-02 21 0 11 22 11 29 11
pds-06 34 0 11 34 11 43 11
pds-10 45 1 11 46 11 53 11
pds-20 49 0 11 58 11 69 11
total 517 172 538 169
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T esting Results

From SR-Emb edding

IPM

T esting Results

by using MA TLAB

and WSMP

Results from SR-IPM Results form LIPSOL
Name Iter | Residual Cor-digits Iter | Residual Cor-digits
d°001 52 | 3.85e-08 8 79 | 1.23e-07 7
vtpbase | 18 | 1.12e-09 9 23 | 2.70e-11 11
woodlp | 17 | 9.04e-09 9 19 | 3.23e-9 7
scagr/ 13 | 1.10e-10 7 14 | 1.87e-10 7
woodw | 23 | 7.72e-08 7 28 | 6.65e-10 7
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T esting Results by using OSL, ESSL and WSMP

SR-Emb edding IPM OSL
Name Iter | Cor-digits | Iter | Cor-digits
aro 8 8 8 10
blend 8 7 11 11
boeing2 15 10 16 10
bore3d 16 10 18 12
degen3 14 11 19 11
e226 17 10 21 6
Israel 20 7 21 9
kb2 16 11 15 11
pilot.ja 35 7 57 6
pilot.w e 45 6 53 6
scagr/ 14 7 14 7
scorpion 12 9 14 11
standmps | 19 9 20 12
sto cforl 14 8 15 10
vtpbase 9 8 10 10
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Conclusions, Ongoing W ork

Conclusions:

2 Qur algorithms have solved all Benchma rk LP problems
(Standa rd, Kennington and infeasible sets) in Netlib.

2 The average iteration numb er of the infeasible algo rithm
IS less than that of LIPSOL, OSL while the solution has

the same precision.
2 The dynamic SR-IPM seems to be helpful for hard prob-

lems.
2 Encouraging computational results, still space to imp rove.

Ongoing work:

2 preprocessing and postp ro cessing

2 numerical stabilit y of search direction

2 handle numerical singularity of the matrix AD 2AT
2 adaptive choice of Self-Regula r proximit y
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Strategy for dense columns
1. Split the relatively dense columns

ADAT = P+ UuT:

where P is the sparse part, UUT is the dense part.
2. Change the system to

(P+ RST)t y= » where R= [U &]; S= [U 4]
3. Use Sherman-Mo rrison Formula to solve it

¢y= Pily; PIIR(I + STPIIR)I1gTpi 1y

Get the solution from the low-rank up dates algo rithm
1. Solve the symmetric sparse systems
PXxgp= » and PXg = R,
2. Solve the dense system (1 + STXg)yg= STxp,
3. Finally , the solution is ¢ y= Xgi XogYo:
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Prop erties of the emb edding problem
(SP)

2 (SP) is self-dual and satises IPC.
2 The optimal value of (SP) is trivial, °" = 0.
2 There is an optimal solution (y®;w";x%;¢%°%s%2% %) 2 Fgp
such that (Goldman-T ucker)
x“z% = 0; s*w" = 0; ¢-7=0
X+ z°>0; s+ w">0; ¢+ -%>0; and
o] o} WU ZO

i) If ¢®> 0 (-"= 0), then (XT;;%;%;.—@;.—G) IS an optimal,
& (& < < <

strictly complementa ry solution of (LP) and (LD).
i) If ¢®= 0(-"> 0), then
{ then (LD) is infeasible , whenever c'x®< 0;
{ then (LP) is infeasible , whenever j b'y®+ u'w® < 0:
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Central Path for (SP)

The central path for (SP) Is:

AxX  jb¢ jres® = 0;

i Fx +ug jirp® is = 0;

i Aly +FTw tcl irp° | Z = 0;

b'y ju'w jcTx i rg° i - = 0; (17)

roy +r5,w +rix +rge =0
Ws = le;

Xz = 1le;

(- = 1-

A solution of (17) with * = 0 is a complementa ry solution for
(SP). Although (SP) Is bigger in size,

size= (mM+ my+ n+ 2) £ (m+ 2ms + 2n+ 3):
Almost double, compare with (size=( m+ ms) £ (n+ m¢)), the
cost of one iteration is almost the same as for the original prob-
lem.
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Flo w-cha rt

of the Emb edding Algo rithm

C

Input Data

)

y

Preprocessing

A 4
Get the sparse,

structrue for AD AT

v

A 4

update the point

Get the step length

Ordering and symbolic
factorization

y

A

A 4

Two backsolves for
corrector direction

Get target m

Calculate feasibility

A

and relative error

A

Two backsolves for

Separate the sparse
and dense part

predictor direction
A

— o e
Yes
v
Postprocess ;K

Output results

)

Numerical factorization
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Numerical Problems with Cholesky

2 Handle Bad and Small Pivots by WSMP:

QO ~$
9 5 5
& & F &
SN S & 3
o> S O 9
S s S &
Q N N S
& ? & S
Q & % o
0 10™ 10" 10 10™

{ If the pivot value - Bad pivot threshold , it will be substi-

tuted by Bad pivot subst.
{ If the pivot value - Small pivot threshold , it will be sub-

stituted by Small pivot subst.

2 Singula rity: check and handle by K. Anderson's algo rithm
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Compa risons of SR with Di®erent g Values
g=1 g=2 Dynamic
Problem Iter | Digits Iter | Digits | lter Digits
degen2 17 11 | 25 11 | 15 12
degen3 35 8 | 100 2| 20 11
d°001 65 7 | 100 1| 43 9
forplan 25 6| 50 ? | 25 6
greenb ea | 38 9 | 100 8 | 38 7
woodlp 26 11 | 48 10 | 26 11
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