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Overview

o .

Numerical linear algebra motivation.
Interior point methods motivation.
The result for Cholesky factorization in LP and QP.

“Extensions” for SOCP (and SDP).

o -
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Cholesky Factorization

o .

GivenamatrixM 2 R™ "itsCF:- M = L L

2 3 2 3
1

L=9 1 & =3 - 5

1
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Cholesky Factorization
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GivenamatrixM 2 R™ "itsCF:- M = L L

2 3 2 3
1

L=9 1 & =3 - 5

1
The error of back/forward-solving depends on jjLjj .

Forward error of CF depends on jjLjj.

If M is nearly singular, symmetric pivoting can be used to
reduce jjLjj .

o -
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Example 1
2 3 o

1 1 1
I\/I=21 1+ 1+ g
1 1+ 3
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Example 1

2 3 -
1 1 1
M=311+ 1+ &
1 1+ 3
2 3 2 3 2 3
1 00 1 11 1
11 1 16 § £ 801 1= 4
1 1= 1 1 00 1
|t |—z—} |—72—
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Forward Err or

Assume that machine precision
2 3
1 1 1
M = 2 1 1+ 1+ g
1 1+ 3
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Forward Err or

Assume that machine precision

2 3
1 1 1

M:211+ 1+ E7>
1 1+ 3

2 32 3
1 1 1 1

1 530 5
0

2
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Forward Err or

Assume that machine precision
2 3
1 1 1
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1 1+ 3
2 32 3
1 1 1 1
1 2 £301 &
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2 32 3
1 1 1 1
2 2  £3o01 —§

1- 00 1 J

A new property of Cholesky factorization of matrices arising in interior point methods. — p.5/2



Example 2.
2 3 o

1 1 1
I\/I=21 1+ 1+ g
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Example 2.
2 3 o

1 1 1
I\/I=211+ 1+g
1 1+ 3
2 3 2 3 2 3
1 00 1 1 11
11108 § £ 301 14
1 11 2 - 0 01

| —z2—} | {z b} | —{z
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Forward Err or

2 3 .

1 1 1
M=31 1+ 1+ £
1 1+ 3
2 3 2 3
1 11 1
9 £90 + v 4
0+ 2+
2 3 2 3
1 11 1
9 @@+ ) £80 1 &

O (1+ ) 2+
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Forward Err or

2 3 .

1 1 1
|\/|:211+ 1+L-‘7>
1 1+ 3
2 3 2 3
1 1 1 1
3 £330 + + 6
0 + 2 +
3 2 3
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Linear Programming

XZe = e;
Ax = b;
Ay+z=c;
x 0,z O
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Linear Programming

fNear the central path
() z= (1)
() x = (1)

x! 0) X

z! 0) z



Linear Programming

fNear the central path T
x ! 0) x= ()z= (1

z! 0) z= () x= (I

2
(-)
o (-)
E ()
.
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Linear Programming

fNOT near the central path
x! 0) x6 ();,z= (1
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Linear Programming

fNOT near the central path T
x! 0) x6 (),z= (1

z! 0) z6 (), x= (1

(—)
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LP Theorem

Theorem 0 Givena xed matrix A 2 rR™ "

supfljLjj: LL = ADA ; 8 positive diagonal Dg< 1



Sketch of the proof

2 3 .
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Sketch of the proof

) 3 o
E m
m

=m m =rADATr+r ADAT
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Sketch of the proof

) 3 o
E m
m
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Quadratic Programming

A(Q+D) A D=X Z
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Quadratic Programming

o .

A(Q+D) A D=X Z

Theorem 1 Given xed matricesA2 R™ "and Q2 R" "
p.s.d.

supfljlL)j: LL = A(Q + D) A ; 8 positive diagonal Dg< 1

o -
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min(c) X +(c) x +:::+(c ) X
AX +AX +:.:+A X =D
X 2K :x 2K ::::: x 2K
x =(x;x)2K R": jix']
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SecondOrder ConeProgramming

o .

AX +AXx +:::+A X =D
yA+z = c¢c; 8 =1,N
Arr(x)Arr(z)eg, = O
2 3
X 10X
X
Arr(x)zg _ %
X
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Normal equation, primal method

2 3
F
F
AFA : Fzg | %:
F

o .
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Normal equation, primal method

2 3
F
F
AFA : Fzg | %:
F

(x) + X 2x (X')
2X X (x) I1+2 X (X)

o .

F =

(x) = - Xy 0
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Eigenvalue/vector decompositionof F

o .

F= QDQ ;
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Threetypesof cones

o .

By complementarity

x)z =0 (x)(z)=0

Under strict complemetarity, there are three types of cones:
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By complementarity
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. (x)>0,z =0

Nl (x)=0,x 60, (z)=0,z 60 .

A new property of Cholesky factorization of matrices arising in interior point methods. — p.16/2.



On the central path
-

Arr(x)Arr(z)eg =  ep; x) (@)= ()
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Bad Example (cont.)

2 3 -
(1)
D=9 () £
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Bad Example (cont.)
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Bad Example (cont.)
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Bad Example (cont.)

2 3 -
(1)
D=9 () £
()
Ty O
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Bad Example (cont.)

B > 3 -
(1)
D=9 () £
()
Ty O
e=4 " @ EHE;
@m " @

m —aFKa) =aQDQ(a) +aQDOQ (a);

P —

D= (1);aQ = ( )m = ()

- m =aQDQ(a) +::= (") -
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SOCPTheorem

Theorem 1 Givena xed matrix A2 R™ ", and F - a set of
SOCP primal scaling matrices for x( ), with
X()=x + (),andany > Othen

supfllLjj: LL = AFA ; as8F2 Fg< 1

-
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ldea of the proof

o .

fx=x + (), thenQ ( )= Q + IS)
(inthebad exampleQ ( )=Q + ("))

A new property of Cholesky factorization of matrices arising in interior point methods. — p.22/2.



Conclusionsand extensions

o .

For LP (and QP) it is not essential to follow the central path
for stability of L.

o -

A new property of Cholesky factorization of matrices arising in interior point methods. — p.23/2.



Conclusionsand extensions

o .

For LP (and QP) it is not essential to follow the central path
for stability of L.

For SOCP it is important to stay in proximity of the central
path.

o -

A new property of Cholesky factorization of matrices arising in interior point methods. — p.23/2.



Conclusionsand extensions

o .

For LP (and QP) it is not essential to follow the central path
for stability of L.

For SOCP it is important to stay in proximity of the central
path.

For SDP Jos Sturm has an example that shows the same.

o -

A new property of Cholesky factorization of matrices arising in interior point methods. — p.23/2.



Conclusionsand extensions

o .

For LP (and QP) it is not essential to follow the central path
for stability of L.

For SOCP it is important to stay in proximity of the central
path.

For SDP Jos Sturm has an example that shows the same.

LP: (Dikin-Stewart-Todd-...)

supf]J(ADA ) AD|j: 8diagonal positive Dg< 1
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Conclusionsand extensions

o .

For LP (and QP) it is not essential to follow the central path
for stability of L.

For SOCP it is important to stay in proximity of the central
path.

For SDP Jos Sturm has an example that shows the same.

SDP: On the central path (Sturm, Zhang)

supf]](AFA ) AFjj: 8diagonal positive Dg< 1

o -
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