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Subgradient methods
for non-smooth minimization

Advantages:
e Very simple iteration scheme.
e Low memory requirements.

e Optimal rate of convergence (uniformly in the dimen-
sion).

e Interpretation of the process.

e Extensions (saddle points, variational inequalities,
stochastic optimization, etc.)

Objections:

e Low rate of convergence. (Confirmed by theory!)

e No acceleration.
e Very high sensitivity to the step-size strategy.

e Absence of dual information.
e No reliable stopping criterion.



Non-smooth unconstrained minimization

Problem:
min{ f(zr): x € R"} = 2" f"=f(z"),

where f(x) is a non-smooth convex function.

Subgradients:
gedf(x) « [fly)=fla)+{g,y—=z) VyeR"

Main difficulties:

e g € Of(x) is not a descent direction at x.

e g € Of(x*) does not imply g = 0.

Example:

f(z) = max {{a;,z) + b}

1<j<m

Of(x) = Conv {a; : (aj,z) +bY) = f(x)}.



Lower complexity bounds
(Nemirovsky, Yudin 1976)

Model of the problem:

f(x) is given by a black-boz local oracle.

e We can see only O(x) = (f(z),g(x) € 0f(x)).
e Change of f at y does not imply a change at x.

Note: “We’ = “method”.

Theorem:

In a black-box local setting it is impossible
to converge faster than O <ﬁ> uniformly in

the dimension of space of variables.

(Proof: look at max ()

1<i<n

Here:
e k is the number of calls of oracle.

e Any auxiliary computation is allowed.

e No memory limitations.

Note: Convergence is very slow.
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Question:
We want to find an approximate solution of the problem
| (4) o n
1g%%{<a],x>+b } — min: r€R", (1)

by a gradient scheme (n and m are quite big).

What rate of convergence we can gquarantee?

Answer (Complexity Theory): In order to find an
e-solution we need at least

o(3)

calls of oracle (= iterations).

Goal of the talk: a gradient scheme for solving (1)
with efliciency estimate

1terations.

Reason of speed up: (1) is not a black box.



Complexity of smooth minimization

Problem:
flx) — min: e R (2)

where f is a convex function with Lipschitz-continuous
oradient:

IVI(z) = Vil < Lif)llz -yl
for all x,y € R". (Notation: f € CH(R").)

Rate of convergence:

1. Gradient method: O (%)
2. Optimal method: O <(—{
[Nesterov 1983]
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Complexity: O( M)

Note: The difference with O (;12) 1S enormous.



Main questions:

1. Given by a non-smooth convex f(z), can we find for
it a smooth e-approximation f(x) with

un=of!)

If yes, we need only O (%) iterations.

2. Can we do that in a systematic way?

Conclusion:

We need a convenient model of our problem.

(Compare with the theory of self-concordant functions.)



Adjoint problem

Primal problem:
Find f* = mlin{f(x) LT € Q1)

where ()1 C Ej is convex closed and bounded.

Model of objective function:

fla) = f(x) + max{(Az, u)s — d(u) : u € Qa},

where
° f (x) is differentiable and convex on Q).

e ()o C F5is a closed convex and bounded.

° gg(u) is continuous convex function on ().

e linear operator A : By — Ej.

Adjoint problem:
mpc{6(u) : u € Qu

H(u) = —p(u) + min{ (Az, u)s + f(x) : = € Qi}.

Note: Adjoint problem is not unique!



Example: Consider
fla) = max |(aj, ), — 9]

1<5<m

1.(22551%3::Eﬁ,/1::[7
qg(u) = fi(u) = m@x{(@t,:v)l — f(z): z € £}

= min {5 sVl . ¢y =¥ ,
seR™ | j=1 g=1 j=1

2. By =R" QB(U) = (b, u)o,
fz) = max [(a;,z); — bV

1<j<m

S uW{aj, ) — b9 ¥ |ul)| < 1}.

= IMax ,
{jl 7=1 -

ueRm

3. By = R>™, &(u) is a linear, ()7 is a simplex:

fla) = max { & (' — ) - [(a;, ) — V)

(ui” +uy’) =1, u > 0}.

Rule: Increase in dim Ey = decrease in complexity of
representation.



Smooth approximations

Prox-function: dy(u) is continuous and strongly con-
vex on (Qy:

do(v) > da(u) + (Vda(u),v — u)s + 2oal|v — ul)5.
Assume: ds(ug) = 0 and da(u) > 0 Vu € Qs.

Fix p > 0, the smoothness parameter, and define

fulz) = max{(Az, u)s — d(u) — pda(u) : u € Qa}.
Denote by u(x) the solution of this problem.

Theorem: f,(x)is convex and differentiable for x € E.

Its gradient Vf,(x) = A*u(x) is Lipschitz continuous
with the constant
1

2
o= oAl

where ||All12 = r%%xﬂA:C,u)g |zl =1, ||ulle = 1}

L

Note: 1. for any 4 > 0 and x € E; we have

folz) > fu<x> > fo(z) — pDo,
where Dy = max{da(u) : u € Qa}.

2. All norms are very important.
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Optimal method

Problem: min{f(z): = € Q} with f € C"(Q).

Prox-function: strongly convex di(x), x € Q1
di(zg) =0, di(z) 2 0Vz € Q.

Gradient mapping:
T(z) = arg min {(Vf(2),y — x)1 + 5L(f) |y — I3}

Method: For £ >0 do

1. Compute f(xy), V f(zp).
2. Find yp = T'(xy).

3. Find z;, = arg Hégl{@dl(x) + 50%(Vf(xi), T)1}
reQ i=

_ 2 k+1
4. Set xppq = %k T sk

Convergence:

— <
) = flat) <"
where x* is the optimal solution.
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Applications

Smooth problem:

fu(az‘) = f(a:) + fu(r) — min: z € Q.

Lipschitz constant:
. 1
L,=L(f)+—
= L(f) 0,

Denote Dy = max{di(z) : © € Q1}.

| Al

Theorem: Let us choose N > 1. Define

_ _ 2[4lhe  [D
M= M<N> o ]V-l—i2 . 01021D2'

After N iterations set £ = yy € ()1 and

- N 2(i+1
U= Z'EO (N+(1)(]\/)+2) /UJ(xZ) = QQ-

A

A ~ 4||A 4L(f)D
0< f@) - @) < I O + iR

AN

Corollary. Let L(f) = 0. To get e-solution we choose
€ 1AIIT i
MZE’ L:213722 61’2, N24HAH172 %'%.
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Example 1: Equilibrium in matrix games

Denote A, ={x € R": = >0, élx(i) = 1}. Consider
the problem

min max{(Ax,u)s + (¢, x)1 + (b, u)2}.

TEA, UEA,

Minimization form:

min f(2), f(2) = {e.oh + max [(ag,2); + 00,

ax
TEA, <J<m

5161%}{ qb(U): gb(’“) = <b, u>2 + lr%lgnK&M ’LL>2 i C(i)])

where a; are the rows and a; are the columns of A.

1. Euclidean distance: Let us take

n . noll/2 12
ol =[£Gl = | & @

1=1

di(z) = i|lz — Le,||3 and do(u) = §|lu — Le,||3. Then

[ Al 2 = M (ATA)

max

e ANL2 (AT A)
Fl@) = pla) < e S
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2. Entropy distance. Let us choose

||| = g:l 2], di(z) =Inn + élaz(” In 2@,
|ul|ls = _%1 w9, dy(u) =lnm+ = ul) Inub),
j= —

j=1
Then
or=09=1, Dy=Inn, Dy=Inm.

Moreover, since

Al = mpoc{ ma (o, 2)] + ol = 1}

2Y,

we have

f(@) = pli) < WREP - max | AT,

Note: 1. Usually max |AU)| << A2 (AT A).
7/7]

max

2. fu(z) is easily computable:

fulw) = (e, ah -+ pln 1 8 el ).

]:
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Example 2: Continuous location problem

Problem: p cities with population m; are located at
CjERn, 17=1,...,p.

Construct a service center at point x*, which minimizes
the total distance to the center. That is

. § . p _
Find f* = min{f(z) = £ mylle = il ¢ llalls < 7.

Primal space:

lzllf = £ (@), di(2) = 3ll2lf, o1=1, Di=3

1=1
Adjoint space: By = (Ej)’, |[ull3 = £ m;(|lu;]7)”
Q2 ={u=(uy,...,up) € By |Ju|[i <1, j=1,...,p},
do(u) = %||u||§, oo =1, Dy= %P.

with P = ¢ m, the total size of population.

j=1
Operator norm: ||A|;, = P!/
Rate of convergence: f(z) — f* < ]%[Tl

fula) = & m(le = ¢ilh), wm{ w,
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Ex.3: Variational inequalities (linear operator)

Consider B(w) = Bw+c: E — E*, which is monotone:
(Bh,h) >0 Vh e E.

Problem:
Findw* € @: (B(w"),w—w")>0 YweQ, (3)

where () is a bounded convex closed set.

Merit function:

d(w) = mpe{(Blo)w —v) - ve Q) ()

e )(w) is convex on Fj.
e Y(w) > 0 for all w € Q.
e y(w) = 0 if and only if w solves (3).

Primal smoothing:

0(w) = mpx{(B(v),w — v) — pdy(v) - v € Q}.

Dual smoothing:
6u(v) = min{(B(v), w — v) + pdy(w) - w € Q}.
(Looks better.)
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Example 4: Piece-wise linear functions

1. Maximum of absolute values. Consider
(aj, )1 — bV - $€Q1}-

mgn{f(x) = max [{a;,
For simplicity choose ||z||* = gl(a:(i))Q, di(z) = 3||z||~

[t is convenient to choose Ey = R?*™,
2m . 2m . .
|ul|ls = '21 W], dy(u) = In(2m) + .Zl w9 InuW.
j= j=

Denote by A the matrix with the rows a;. Then
f(x) = mgx{(ﬁx,ub — <Z;, wyo 1 u € Aoyt
b) ThUS, 01 = 09 = ].,

where A = (_ﬁ) and b = (—b
Lp2 = mfgx{”x”l L x € Qh}

Dy = In(2m),

Operator norm: ||Al|;2 = A a;|l7-

Complexity:

) * |
2v2 7 max fa|[7yn(2m) -

Approximation: for (1) = i[e” + e~ 7] define
(a7} + b0

==

fu(z) = pn (% el
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2. Sum of absolute values. Consider
mxin{f(:p) = & (gm0 v e Ql}. (5)
=

Let us choose

Ey=R"™ @Qy={ueR": |[uV| <1, j=1,...,m},
dfu) = Ml =& 2 oyl -
Then

fulz) = ||%||1 wu( |a]1|1b<)|)>

1/2

A2 = P2 =] 2 ol

On the other hand, Dy = %P and oy = 1. Thus, we get
the following complexity bound:

1 8D1
L P 8 agl

Note: The bound and the scheme allow m — oo.
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Computational experiments

Test problem:

min max (Ax, u)s.
re€NAy UEA,

Entries of A are uniformly distributed in [—1,1].

Goal: Test of computational stability.

Computer: Pentium 4, 2.6GHz.

Iteration: 2mn operations.
Results for ¢ = 0.01. Table 1

m\n| 100 300 1000 3000 10000
100 308 1011 1112 1314 1415

O// O/I 3// 12// 44//
200 910 [112 1415 1617 1819

O// 2// 10// 35// 135//
1000 1112 1213 1415 1718 2020

2 8" 32" 115" 451"

Number of iterations: 40 — 50% of predicted values.
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Results for ¢ = 0.001.

Table 2

100

300

1000

3000

10000

100

6970
2//

3530
8/

9394
29//,

10000
91//

10908
349"

300

e
8//

10101
2 7//

12424
9 7//

14242
313"

15656
1162"

1000

3783
30//

11010
105"

13030
339"

15757
1083"

18282
4085”

Results for ¢ = 0.0001.

Table 3

100

300

1000

3000

100

6700638
25//

72073
80//

74075
287"

80081
945"

300

35086
89", 42%

92093
243"

101102
914"

112113
3302”

1000

97098
331"

100101
760"

116117
2936"

139140
11028"
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Comparing the bounds

Gradient: 2-4-"/Innlnm.

Short-step path-following method (n > m):

(7.2y/nnl) - m(”;rl) n.

Right digits

m n 2 3 4 D
100 100] g g b b
100 300| g g b b
100 1000| g g b b
100 3000 g g b b
100 10000| g g b b
300 300| g g b b
300 1000 g g b b
300 3000 g g = b
300] 10000 g g g b

1000 1000| g g g b

1000 30001 g g g b

1000] 10000| g g g =

g - gradient method, b - barrier method
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