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MainPoints

�Animportantprobleminthemanagementofcommunicationnetworks:
resourceallocation

�Frequency,transmittingpower;Goal:highdatarate,lowbiterrorrate

�Transmitter+receiverformulti-userhighspeedbroadbandDigitalSubscribe
Lineapplication

�Directformulationisnonconvex;equivalentformulationisSDP(thusconvex);

�Furthersimpli�cationtoSOCP,andtocombinatorialpolynomialtime
algorithm

�Valuableguidelinesandinsightsforoptimalpracticaltransceiverdesign
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Content

�Elementsofdatacommunication:OFDM,subcarriers,powerloading,
precoding/equalization.

�Transceiver(Transmitter+Receiver)designforthetwouser
multi-accesschannel:

{SDPformulation

{SOCPformulation

{O(n3)stronglypolynomialalgorithm

�Generalmulti-accesschannel

�Extensionstovectorbroadcastingchannel
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SingleUserSISOCommunicationSystem

Single  Input Single Output Communication System

s g
x

received signal

+

Receiver Filter Noisen

h

Channel (FIR)

f s

Transmitter Filter

�sisinputsignal(assumedstatisticallywhite)

�h2<kisalinear,time-invariantchannel(assumedknown)

�f,garetransmitter�lterandequalizer�lterrespectively

�nistheadditive(Gaussian)noise
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AnEquivalentMIMOSystem

*

Multi-Input Multi-Output Communication System

Noisen

+
s H F S/P s

GP/S

Parallel-Serial Converter

Receiver matrix  Filter
(equalizer)

Channel (FIR)
(precoder)

Transmitter Matrix Filter

Serial-Parallel Converter

x
received signal

�S/P:serial-parallelconverter(withcyclicpre�xing);P/S:parallel-serial

�F:n�`transmittermatrix�lter(orprecoder),obtainedfromf;datarate
=`=n

�G:`�nreceiverequalizermatrix(obtainedfromg)

�H:channelmatrix(obtainedfromh);n:noise

�x=H
�

Fs+n,H
�

iscirculant.
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*

s g
x

received signal

+

Receiver Filter Noisen

h

Channel (FIR)

f s

Transmitter Filter

Single  Input Single Output Communication System

Multi�Input Multi�Output Communication System

ss

x
+

Serial�Parallel ConverterParallel�Serial Converter

H S/PP/S

Noisen

H  is a circulant matrix

Channel

FG

(precoder)

Transmitter Matrix Filter
(equalizer)

Receiver matrix  Filter

received signal

*
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OFDMSystem

�ThecirculantchannelmatrixH�canbediagonalizedviaIFFT/FFT:
H�=DyHD,whereDisthestandarddiscreteFouriertransform
matrix,Hisdiagonal

�Thediagonalizedchannelbecomesasetofindependentsubchannels

�Eachsubchannelcorrespondstoasubcarrierwithaparticularfrequency
(fromFFT)

�Thisdiagonalizationisnotchanneldependent

�OrthogonalFrequencyDivisionMultiplexingSystememploysIFFT/FFT
todecomposethechannelH�
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Noisen

Serial�Parallel ConverterParallel�Serial Converter

S/P sH+x
received signal

P/S
s

Channel (FIR)

Multi�Input Multi�Output Communication System

+
+
+
+

Channel (FIR)Noisen

h(2)

h(3)

h(4)

h(1)

received signal
x

Receiver Filter

Transmitter Filter

Subcarriers

FIFFTFFTG

FIFFT
(precoder)

Transmitter Matrix Filter

FFTG
(equalizer)

Receiver matrix  Filter

Equivalent to a Diagonal Channel Matrix
(a set of independent parallel subchannels)

Orthogonal Frequence Division Multiplexing (OFDM) System

H*
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LinearlyPrecoded/PowerLoadedOFDM

�TheprecoderFcanbeageneraln�nmatrix,subjecttopower
constrainttr(FFy)�p.

�TheoptimizeddesignFwillhavearank`�n,resultinginanoptimal
datarate`=n.

�Aspecial,andpopular,linearprecoderisthesocalledpowerloading
precoder:Fisdiagonal.
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LinearlyPrecoded/PowerLoadedOFDM

FFT

+
+
+
+

Transmitter FilterChannel (FIR)Noisen

h(2)

h(3)

h(4)

h(1)

received signal
x

Receiver Filter

+
+
+
+

Transmitter FilterChannel (FIR)Noisen

h(2)

h(3)

h(4)

h(1)

received signal
x

Receiver Filter

General Linearly Precoded OFDM System

Power�Loaded OFDM System

f(1)

f(2)

f(3)

f(4)

IFFT

g(1)

g(2)

g(3)

g(4)

FFT

FIFFTG

Page9



IMASDPWorkshop2003Zhi-Quan(Tom)Luo

Two-UserMulti-AccessCommunicationChannel

s

H

2

1

H

F

F2

1

+

Noise n

Diagram of Two�user Communication System

x

G

G

1

2

ss

s

1

2

1

2

received 
signal

TransmittersChannel MatricesReceivers

Mathematicalmodel:x=H1F1s1+H2F2s2+�n;�>0:
Detection:si=sign(Gix);i=1;2:

Goal:Giventhechannelmatrices,H1,H2,designtransceiversF1,F2,G1,G2.
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ApplicationsandPreviousWork

�ApplicationsincludethecurrentandfuturesystemsofDSL,DAB,DVB.

�Equalizer(orreceiver)designfora�xedtransmitterhasbeenresearched
extensivelyinthelastdecade.

�Thejointtransmitterandreceiver(transceiver)designwasconsideredrecently,
butonlyforthesingleusercase(Giannakis'group,UMN;Cio�'sgroup,
Stanford;...).

�Inthesingleusertransceiverdesignwork,thedesigncriteriausedinclude:

{MinimumMeanSquareError,

{maximuminformationrate,

{channelcapacity

�Thelasttworequirecomplexreceiverstructures.
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MeanSquareError

�Thedetectionwithreceiver(equalizer)Gi:ŝi=sign(Gix):

�Leteidenotetheerrorvector(beforemakingtheharddecision)foruseri,
i=1;2.Then

e1=G1x�s1=G1(H1F1s1+H2F2s2+�n)�s1

=(G1H1F1�I)s1+G1H2F2s2+�G1n:

�Thisfurtherimplies

E(e1e
y
1)=(G1H1F1�I)(G1H1F1�I)

y
+(G1H2F2)(G1H2F2)

y
+�

2
G1G

y
1

�Similarly,wehave

E(e2e
y
2)=(G2H2F2�I)(G2H2F2�I)

y
+(G2H1F1)(G2H1F1)

y
+�

2
G2G

y
2:
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Formulation:MMSEEqualizerCase

�Ourgoalistodesignasetoftransmittingmatrix�ltersFiandasetofmatrix
equalizersGisuchthatthetotalmeansquarederror

MSE=tr(E(e1e
y
1))+tr(E(e2e

y
2))

isminimized.

�Asisalwaysthecaseinpractice,therearepowerconstraintsonthe
transmittingmatrix�lters:

tr(F1F
y
1)�p1;tr(F2F

y
2)�p2

�Theaboveisnonconvex.

�We�rsteliminatethevariablesG1,G2:theMMSEequalizers.
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Formulation:MMSEEqualizerCase

�ByminimizingE(e1e
y
1)withrespecttoG1,weobtainthefollowingMMSE

equalizerforuser1:G1=F
y
1H

y
1W;where

W=
�

H1F1F
y
1H

y
1+H2F2F

y
2H

y
2+�

2
I
��1

:

�SubstitutingthisintoE(e1e
y
1)gives:

E(e1e
y
1)=�F

y
1H

y
1WH1F1+I:

�Similarly,theMMSEequalizerG2foruser2isgivenbyG2=F
y
2H

y
2Wand

resultingminimized(withrespecttoG2)meansquareerrorforuser2isgiven
by:

E(e2e
y
2)=�F

y
2H

y
2WH2F2+I:
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TotalMSE

Substitutingintotheaboveexpressiongivesriseto

MSE=tr(E(e1e
y
1))+tr(E(e2e

y
2))

=�tr
�

F
y
1H

y
1WH1F1

�
�tr

�
F

y
2H

y
2WH2F2

�
+2n

=�tr
�

WH1F1F
y
1H

y
1

�
�tr

�
WH2F2F

y
2H

y
2

�
+2n

=�tr
�

W(H1F1F
y
1H

y
1+H2F2F

y
2H

y
2)

�
+2n

=�
2
tr(W)+n;

wherethelaststepfollowsfromthede�nitionofW.
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Formulation:MMSEEqualizerCase

�Introducematrixvariables:U1=F1F
y
1;U2=F2F

y
2.

�ThentheMMSEtransceiverdesignproblembecomes

minimizeU1;U2tr
�

(H1U1H
y
1+H2U2H

y
2+�2I)�1

�

subjecttotr(U1)�p1;tr(U2)�p2;

U1�0;U2�0:

�ReformulateusingtheauxiliarymatrixvariableW:

minimizeW;U1;U2tr(W)

subjecttotr(U1)�p1;tr(U2)�p2;

W�(H1U1H
y
1+H2U2H

y
2+�2I)�1

U1�0;U2�0:
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SDPFormulation

�TheconstraintW�(H1U1H
y
1+H2U2H

y
2+�2I)�1isequivalenttoLMI:

2

4WI

IH1U1H
y
1+H2U2H

y
2+�2I

3

5�0:(3)

�WeobtainanSDPformulation:

minimizeW;U1;U2tr(W)

subjecttotr(U1)�p1;tr(U2)�p2;

Wsatis�es(3);

U1�0;U2�0:

�InteriorpointmethodwitharithmeticcomplexityO(n6:5log(1=�)),�>0isthe
solutionaccuracy.
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OFDM:DiagonalDesignsareOptimal!

Result

IfH1andH2arediagonal,asintheOFDMsystems,

thentheoptimaltransmittersarealsodiagonal.

Implication

TheMMSEtransceiversforanmulti-userOFDMsystem

canbeimplementedbyoptimallysettingthedataratesand

allocatingpowertoeachsubcarrierforalltheusers.
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LinearlyPrecoded/PowerLoadedOFDM

FFT

+
+
+
+

Transmitter FilterChannel (FIR)Noisen

h(2)

h(3)

h(4)

h(1)

received signal
x

Receiver Filter

+
+
+
+

Transmitter FilterChannel (FIR)Noisen

h(2)

h(3)

h(4)

h(1)

received signal
x

Receiver Filter

General Linearly Precoded OFDM System

Power�Loaded OFDM System

f(1)

f(2)

f(3)

f(4)

IFFT

g(1)

g(2)

g(3)

g(4)

FFT

FIFFTG
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FromSDPtoSOCPFormulation

�Restrictingtodiagonaldesigns,theSDPbecomesSOCP:

minimizew;u1;u2

nX

i=1

wi

subjectto
nX

i=1

u1(i)�p1;
nX

i=1

u2(i)�p2;

wi
�
jh1(i)j

2
u1(i)+jh2(i)j

2
u2(i)+�

2�
�1;

u1(i)�0;u2(i)�0;i=1;2;:::;n:

�Thereexisthighlye�cient(generalpurpose)interiorpointmethodstosolve
theabovesecondorderconeprogram.

�ArithmeticcomplexityO(n
3:5

log(1=�)),�>0istheaccuracy.
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SubcarrierAllocation

�OFDMchannelwithoptimaltransceivers:

x=H1F1s1+H2F2s2+�n;withHi,Fidiagonal.

�Considerthetwosubcarriercaseandassumingequalpowerptothetwosubcarriers:

x(1)=0:01e0:2jf1(1)s1(1)+0:7e2:2jf2(1)s2(1)+�2n(1);

x(2)=0:8e1:7jf1(2)s1(2)+0:5e0:7jf2(2)s2(2)+�2n(2);

{ifsubcarrier1isallocatedtouser1,subcarrier2isallocatedtouser2,then
f2(1)=f1(2)=0,f1(1)=f2(2)=

p
p

SINRforuser1=
0:012p

�2;SINRforuser1=
0:52p

�2

{ifsubcarrier1isallocatedtouser2,subcarrier2isallocatedtouser1,then
f1(1)=f2(2)=0,f2(1)=f1(2)=

p
p

SINRforuser1=
0:82p

�2;SINRforuser1=
0:72p

�2
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PropertiesofOptimalMMSETransceiver

�Letu
�
1�0,u

�
2�0betheoptimaltransceivers.De�ne:

8
<

:
I1=fiju

�
1(i)>0;u

�
2(i)=0g;I2=fiju

�
1(i)=0;u

�
2(i)>0g;

Is=fiju
�
1(i)>0;u

�
2(i)>0g;Iu=fiju

�
1(i)=0;u

�
2(i)=0g:

�I1,I2:subcarriersallocatedtouser1anduser2;
IsandIu:subcarrierssharedandunused;
datarates:(jI1j+jIsj)=n,(jI2j+jIsj)=n

�{Foreachi2I1andj2I2,wehave
jh1(i)j

2

jh2(i)j2�
jh1(j)j

2

jh2(j)j2:

{Foralli;j2Is,wehave
jh1(i)j

2

jh2(i)j2=
jh1(j)j

2

jh2(j)j2:

{Foranyi2Iuandanyj2I1[Is,wehavejh1(i)j
2

<jh1(j)j
2
.Similarly,

foranyi2Iuandanyj2I2[Is,wehavejh2(i)j
2

<jh2(j)j
2
.
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IntuitiveInterpretation

�x=H1F1s1+H2F2s2+�n,withHi,Fidiagonal;
x(i)=h1(i)f1(i)s1(i)+h2(i)f2(i)s2(i)+�

2
n(i).

�Inafadingenvironment,thepathgainsjh1(i)j
2
,jh2(i)j

2
arerandom,

)theprobabilityofhavingtwoequalpathgainsiszero.

)Isissingleton:atmostonesubcarriershouldbesharedbythetwousers.

�Theremainingsubcarriersareallocatedtothetwousersaccordingtothepath
gainratios:subcarrieritouser1andsubcarrierjtouser2onlyif

jh1(i)j
2

jh2(i)j2�
jh1(j)j

2

jh2(j)j2:

�ThesubcarriersinIuhavesmallpathgainsforbothusers(i.e.,bothjh1(i)j
2

andjh2(i)j
2

aresmall),andtheyshouldnotbeusedbyeitheruser,i.e.,they
areuselesssubcarriers!
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AStronglyPolynomialTimeAlgorithm

�ThepropertiesofoptimalMMSEtransceiverscanbeusedtodesigna
combinatorialalgorithm.

�Assume

jh1(1)j2

jh2(1)j2>
jh1(2)j2

jh2(2)j2>���>
jh1(n�1)j2

jh2(n�1)j2>
jh1(n)j2

jh2(n)j2:

�ThenI1�f1;:::;igandI2�fi;:::;ngforsomei.

�LeadstoanO(n3)stronglypolynomialtime(combinatorial)algorithm
(vs.O(n3:5log1=�)interiorpointalgorithmforSOCP).
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PracticalImplications
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+
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Generalm-UserCase

�Mathematicalmodel:

x=H1F1s1+H2F2s2+���+HmFmsm+�n:

�LetGibethelinearMMSEmatrixequalizeratthei-threceiver.ThenthetotalMSE
isgivenby

�2tr
�

(H1F1F
y
1H

y
1+���+HiFiF

y
iH

y
i+�2I)�1

�
+(m�1)n:

�LetUi=FiF
y
i.ThenthepowerconstrainedoptimalMMSEtransmitterdesign

problemcanbedescribedas:

minimizeU1;:::;Umtr
�

(H1U1H
y
1+���+HmUmH

y
m+�2I)�1

�

subjecttotr(Ui)�pi;Ui�0;i=1;:::;m:
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SDP/SOCPFormulation

SDPformulation

minimizetr(W)

subjecttotr(Ui)�pi;Ui�0;i=1;2;:::;m; 2

4WI

IH1U1H
y
1+���+HmUmH

y
m+�2I

3

5�0:

SOCPformulation

minimizew;u1;:::;um

nX

i=1

wi

subjectto
nX

i=1

uj(i)�pj;j=1;2;:::;m;

wi
�
jh1(i)j2u1(i)+���+jhm(i)j2um(i)+�2�

�1;

uj(i)�0;i=1;2;:::;n;j=1;2;:::;m:
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SimulationScenario

�Uplinkwith16activeusersand160availablesubcarriers

�Eachuser\sees"itsownRayleighchannel(complex-valued)

�Threeschemes:

1.AMOUR{Nochannelknowledge;Eachuseruses10subcarriers,spreads8bits
overthesecarriersusingaDFT-typespreading.

2.IndividuallyMMSEpower-loadedOFDM{SamesubcarrierallocationasAMOUR.
Eachusersends1bitpersubcarrier,i.e10bitsperblock;knowsitsallocated
channelsanddoesMMSEpowerloadingforthesebits.

3.Multi-userMMSEpowerloadedOFDM{UsingtheSOCPformulation.Inthis
casethesubcarrierallocationsandthenumberofbitsperblockvaryfromblockto
block,buttheaveragenumberofbitsperblockremains10.
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SimulationResults

-20-1001020304050
10

�4

10
�3

10
�2

10
�1

10
0

BlockSNR, dB

average B
E

R
16�user OFDM in a length 3 Rayleigh channel, 160 subcarriers, Coding gain smaller here

Multi�usr MSE power loading via SOCP, 10 bits/blk on ave                 
AMOUR, no channel knowledge, 8 bits/blk                                  
Single�usr MSE power loaded OFDM with AMOUR subcarrier alloc, 10 bits/blk
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E�ciencyoftheDesignApproach

OnaPIII600MhzPC,

�Twousers,2symbolsperblock,length3channel;

{SDP�0.65secs

{SOCP�0.13secs

�16users,10symbolsperblock,length3channel

{SOCP�0.65secs
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ExtensionstoVectorBroadcastingChannel

F
s

-�
�

�
�

Z
Z

Z
Z

H1

HK

-

-

��

��
+

��

��
+

?

6

�1

x

y1

�K

yK

G1

GK

ŝ1

ŝK

..

.

yi=HiFs+�i;i=1;2;:::;K

where�iisthezero-meanGaussiannoiseassociatedwiththei
th

receiver,which

hasaknowncovariancematrixRi.
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OptimalTransceiverforVectorBroadcastingChannel

�Theequalizeroutputis

ŝi=GiHiFs+Gi�i;i=1;:::;K:(1)

�Leteidenotetheerrorvectorassociatedwiththei
th

receiver,

ei=s�ŝi:

�TheweightedMSEisgivenby

WMSE=
KX

i=1

�iTr(Efeie
H
ig);(2)

wherethe�i'sarenon-negativeweights.
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OptimalTransceiverforVectorBroadcastingChannel

�Thecovariancematrixofeiis

Efeie
H
ig=(I�GiHiF)(I�GiHiF)

H
+GiRiG

H
i

wherethecovariancematricesofthesignalandnoiseareEfss
H

g=Iand
Ef�i�

H
ig=Rirespectively.

�TheproblemofdesigningFandGisoastominimizetheweightedMSE
subjecttoaboundonthetransmittedpowercanbecastasthefollowing
optimizationproblem:

min
F;G1;:::;GK

KX

i=1

�iTr(Efeie
H
ig)(3a)

subjecttoTr(FF
H

)�p:(3b)
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OptimalTransceiverforVectorBroadcastingChannel

�SincetheGi'sareunconstrainedvariables,theycanbeeliminatedfrom(3)by
�rstminimizingtheweightedMSEwithrespecttoGi.Thisresultsinthe
MMSEequalizers,

Gi=F
H

H
H
i

�
HiFF

H
H

H
i+Ri

��1
=F

H
H

H
iWi;(4)

where

Wi=
�
HiFF

H
H

H
i+Ri

��1
;i=1;:::;K:(5)

Substituting(4)into(3a)yields

WMSE=n
KX

i=1

�i�Tr
�

KX

i=1

�iF
H

H
H
iWiHiF

�

=Tr
�

KX

i=1

�iWiRi
�
:
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OptimalTransceiverforVectorBroadcastingChannel

�NotingthatRiandWiarepositivede�niteforalli=1;:::;K,andletting
U=FF

H
,theoptimalMMSEtransceiverdesignproblemcanbecastas:

min
U;Wi;i=1;:::;K

Tr
�

KX

i=1

�iWiRi
�

(6a)

subjecttoWi�(HiUH
H
i+Ri)

�1
;8i(6b)

Tr(U)�p;(6c)

U�0:(6d)

�UsingtheSchurcomplement,theconstraint(6b)canbere-writteninalinear
matrixinequality(LMI)formas:

2

4WiI

IHiUH
H
i+Ri

3

5�0;i=1;:::;K:(7)
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SDPandSOCPformulations

�Therefore,theformulationin(6)canberewrittenas:

min
U;Wi

Tr
�

KX

i=1

�iWiRi
�

(8a)

subjectto(7),Tr(U)�p,andU�0(8b)

�IfthechannelmatricesHiarediagonal,thentheoptimalmatricesWiandUarealso
diagonal.

�WecanreplaceWiin(8)byvectorswianduthatrepresentthediagonalelements
ofWiandUrespectivelytoobtain

min
u;wi

KX

i=1

nX

k=1

�i�2
i(k)wi(k)(9a)

subjecttowi(k)
�
u(k)jHi(k)j2+�2

i(k)
�

�1;8i(9b)
X

k

u(k)�p;u(k)�0;8k=1;:::;n:(9c)
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ASimulationExample

�Consideratwouserbroadcastsystemwhichemployscyclicpre�xbasedmulticarrier
modulationwith32subcarriers.

�Eachuser'schannelisathree-tapFIR�lter.Thefrequencyresponsesofthese�lters
areplottedinFigure1,alongwiththeoptimalpowerallocation.This�gureshows
thatoptimalpowerloading,intheMMSEsense,atanSNRof10dB,assignspower
inawaysimilartothewater-�llingprinciple.

�InFigure2,weconsiderthesamechannelsasinFigure1.Wecomparethebiterror
rateperformancewhenoptimalanduniformpowerloadingsareused.Weobservethat
forabiterrorrateof2�10�2,againofabout3dBisobtainedviaoptimalpower
loading.
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SimulationResult
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Figure1:OptimalpowerloadingintheMMSEsenseatablockSNRof10dB.The
frequencyresponsesofthetwousers'channelsareshown.
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SimulationResult
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Figure2:Acomparisonofthebiterrorrateperformanceofvarioussystems:Ana-
lyticalandsimulationresults.
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Summary

�Sofarwehave

{PresentedvariousSDP/SOCPformulationsandalgorithmsfortheoptimal
transceiverdesignproblems

{Studiedthepropertiesoftheoptimaltransceiverdesigns.

{DemonstratedthepotentialofSDP/SOCP/interiorpointmethodsindigital
communication.

{Resultsprovidevaluableguidelinesandinsightsforthepracticalsystemdesign.

�Futurework

{Moresimulationresults

{IncorporatingQoSandotherreceiverstructuresintheformulation.

{Extensionsinvolvingsumratemaximization.

{Dynamicre-optimizationwhenusersenter/dropfromthesystem.
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ClosingWords

�Therecentadvancesinconic/robustoptimizationhaverecentlystartedtosigni�cantly
impactvarious�eldsofappliedsciencesandengineering,e.g.,digitalsignalprocessing
andcommunication.

�Inthepast,thewidelyusedoptimizationmethodsinboth�eldshadbeenthegradient
descentorleastsquaresmethods.

�Theopportunityisripetousethenewlydevelopedinteriorpointoptimization
techniquesandhighlye�cientsoftwaretoolstohelpadvancethe�eldsofsignal
processinganddigitalcommunication.

�Thesuccessfulapplicationsincludeadaptive�ltering,robustbeamforming,designand
analysisofmulti-usercommunicationsystem,channelequalization,decodingand
detection,...

{givingpowerfulnewmodelingandcomputationaltoolstosolvepreviously
consideredintractableproblems.

{providinginsightandunderstandingofoptimalsystemdesigns
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