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1.Convexrelaxationofglobaloptimizationproblems

(1)max.f(x)sub.tox∈S,wheref:R
n

→RandS⊂R
n
.

(a)afeasiblesolutionx̂∈Swithalargerobjectivevaluef(x̂)

(b)asmallerupperboundζfortheunknownoptimalvaluef(x
∗
)

=⇒amainroleofconvexrelaxation
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1.Convexrelaxationofglobaloptimizationproblems

(1)max.f(x)sub.tox∈S,wheref:R
n

→RandS⊂R
n
.

(a)afeasiblesolutionx̂∈Swithalargerobjectivevaluef(x̂)

(b)asmallerupperboundζfortheunknownoptimalvaluef(x
∗
)

=⇒amainroleofconvexrelaxation

Ifζ−f(x̂)issmaller,wecanacceptx̂asahigherqualityapproximate
optimalsolution.

f(x*):unknown

x

^

^

opt. value f(x)

ζ

x*
S
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1.Convexrelaxationofglobaloptimizationproblems

(1)max.f(x)sub.tox∈S,wheref:R
n

→RandS⊂R
n
.

(a)afeasiblesolutionx̂∈Swithalargerobjectivevaluef(x̂)

(b)asmallerupperboundζfortheunknownoptimalvaluef(x
∗
)

=⇒amainroleofconvexrelaxation

•SDPrelaxationisverypowerfulintheory.

(a)Lovász-Schrijver’91for0-1IPs

(b)Goemans-Willianson’95formax-cutproblems

(c)SomespecialQOPscanbesolvedapproximatelyorexactlyby
SDPrelaxation,Nesterov’88,Ye’99,Zhang’00,Ye-Zhang’01

(d)HierarchicalSDPrelaxationbyLasserre’01,Parriloforpolyno-
mialprograms—theoreticallyverypowerful:theoptimalvaluecan
beapproximatedinarbitraryaccuracybysolvingafinitenumber
ofSDPrelaxations.

(e)...
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1.Convexrelaxationofglobaloptimizationproblems

(1)max.f(x)sub.tox∈S,wheref:R
n

→RandS⊂R
n
.

(a)afeasiblesolutionx̂∈Swithalargerobjectivevaluef(x̂)

(b)asmallerupperboundζfortheunknownoptimalvaluef(x
∗
)

=⇒amainroleofconvexrelaxation

•CanSDP(orconvex)relaxation,withoutcombininganytechniqueon
(b),bepowerfulenoughtosolvepracticallargescaleproblems?

???,mainlybecausesolvinglargescaleSDPsisexpensive.

•Incorporateconvexrelaxationintobranch-and-boundmethod.

•Howtocombinethemeffectively.

•Explorationofeffectiveandinexpensiveconvexrelaxations.

BesidesSDPandLPrelaxation,weexplorevariousconvexrelaxations
towardspracticallyeffectiveandefficientmethods.
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Thepurposeofthistalkistopresent

ageneralframeworkforconvexrelaxationmethods

Themainingredientsare:

(a)PolynomialOptimizationProblems⊃QOPsand0-1IPs

⇓(b)Addvalidconstraintsandreformulate

(c)PolynomialOptimizationProblemsoverCones

⇓(d)Linearization

(e)LinearOptimizationProblemsoverCones

Iwilltalkabout

•Anillustrativeexample

•(c)⇒(d)⇒(e)

•(b)
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2.Anillustrativeexample

Originalproblem:max.−2x1+x2

sub.tox1≥0,x2≥0,x
2
1+x

2
2−2x2≥0, ∥∥

∥∥
(

x1+1
x2

)∥∥
∥∥≤2(SOCPconstraint)

8



2.Anillustrativeexample—1

Originalproblem:max.−2x1+x2

sub.tox1≥0,x2≥0,x
2
1+x

2
2−2x2≥0, ∥∥

∥∥
(

x1+1
x2

)∥∥
∥∥≤2(SOCPconstraint)

x1

x2

1

1

2

Feasible
region

0
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2.Anillustrativeexample—1

Originalproblem:max.−2x1+x2

sub.tox1≥0,x2≥0,x
2
1+x

2
2−2x2≥0, ∥∥

∥∥
(

x1+1
x2

)∥∥
∥∥≤2(SOCPconstraint)

⇓Validconstraintsand/orreformulation

max.−2x1+x2

sub.tox1≥0,x2≥0,x
2
1≥0,x1x2≥0,x

2
2≥0,x

2
1+x

2
2−2x2≥0, ∥∥

∥∥
(

x1+1
x2

)∥∥
∥∥≤2,

∥∥
∥∥
(

x
2
1+x1

x1x2

)∥∥
∥∥≤2x1,

∥∥
∥∥
(

x1x2+x2

x
2
2

)∥∥
∥∥≤2x2.

⇓
Linearization:Keepthelinearterms,
butreplaceeachnonlineartermbyasingleindependentvariable

10



2.Anillustrativeexample—1

Originalproblem:max.−2x1+x2

sub.tox1≥0,x2≥0,x
2
1+x

2
2−2x2≥0, ∥∥

∥∥
(

x1+1
x2

)∥∥
∥∥≤2(SOCPconstraint)

⇓Validconstraintsand/orreformulation

max.−2x1+x2

sub.tox1≥0,x2≥0,x
2
1≥0,x1x2≥0,x

2
2≥0,x

2
1+x

2
2−2x2≥0, ∥∥

∥∥
(

x1+1
x2

)∥∥
∥∥≤2,

∥∥
∥∥
(

x
2
1+x1

x1x2

)∥∥
∥∥≤2x1,

∥∥
∥∥
(

x1x2+x2

x
2
2

)∥∥
∥∥≤2x2.

⇓
Linearization:Keepthelinearterms,
butreplaceeachnonlineartermbyasingleindependentvariable

max.−2x1+x2

sub.tox1≥0,x2≥0,X11≥0,X12≥0,X22≥0,

X11+X22−2x2≥0, ∥∥
∥∥
(

x1+1
x2

)∥∥
∥∥≤2,

∥∥
∥∥
(

X11+x1

X12

)∥∥
∥∥≤2x1,

∥∥
∥∥
(

X12+x2

X22

)∥∥
∥∥≤2x2.
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2.Anillustrativeexample—1

Originalproblem:max.−2x1+x2

sub.tox1≥0,x2≥0,x
2
1+x

2
2−2x2≥0, ∥∥

∥∥
(

x1+1
x2

)∥∥
∥∥≤2(SOCPconstraint)

⇓Validconstraintsand/orreformulation

max.−2x1+x2

sub.tox1≥0,x2≥0,x
2
1≥0,x1x2≥0,x

2
2≥0,x

2
1+x

2
2−2x2≥0, ∥∥

∥∥
(

x1+1
x2

)∥∥
∥∥≤2,

∥∥
∥∥
(

x
2
1+x1

x1x2

)∥∥
∥∥≤2x1,

∥∥
∥∥
(

x1x2+x2

x
2
2

)∥∥
∥∥≤2x2.

⇑X11=x1x1,X12=x1x2,X22=x2x2

max.−2x1+x2

sub.tox1≥0,x2≥0,X11≥0,X12≥0,X22≥0,

X11+X22−2x2≥0, ∥∥
∥∥
(

x1+1
x2

)∥∥
∥∥≤2,

∥∥
∥∥
(

X11+x1

X12

)∥∥
∥∥≤2x1,

∥∥
∥∥
(

X12+x2

X22

)∥∥
∥∥≤2x2.
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3.Polynomialopt.problemsoverconesandtheirlinearization

max.f0(x)sub.tof(x)∈K,where

K:aclosedconvexconeinR
m

,

x=(x1,...,xn):avariablevector,f(x)≡(f1(x),...,fm(x)),

fj(x):apolynomialinx1,...,xn(j=0,1,...,m).

TypicalexamplesofK:R
m
+:thenonnegativeorthantofR

m
.

S
`
+:theconeof`×`psdsymmetricmatrices,wherewe

identifyeach`×`matrixasan`×`dimvector.

N
1+`
p≡

{
v=(v0,v1,...,v`)∈R

1+`
:
∑̀

i=1

|vi|
p

≤v
p
0

}

:thepthordercone(p≥1).

N
1+`
2:thesecondordercone.
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3.Polynomialopt.problemsoverconesandtheirlinearization—2

max.f0(x)sub.tof(x)∈K,where

K:aclosedconvexconeinR
m

,

x=(x1,...,xn):avariablevector,f(x)≡(f1(x),...,fm(x)),

fj(x):apolynomialinx1,...,xn(j=0,1,...,m).

TypicalexamplesofK:R
m
+:thenonnegativeorthantofR

m
.

S
`
+:theconeof`×`psdsymmetricmatrices,wherewe

identifyeach`×`matrixasan`×`dimvector.

N
1+`
p≡

{
v=(v0,v1,...,v`)∈R

1+`
:
∑̀

i=1

|vi|
p

≤v
p
0

}

:thepthordercone(p≥1).

N
1+`
2:thesecondordercone.

Whenfj(x)(j=0,1,2,...,m)arelinear,

K=S
`
+⇒SDP(SemidefiniteProgram),

K=N
1+`
2⇒SOCP(Second-OrderConeProgram)
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3.Polynomialopt.problemsoverconesandtheirlinearization—2

max.f0(x)sub.tof(x)∈K,where

K:aclosedconvexconeinR
m

,

x=(x1,...,xn):avariablevector,f(x)≡(f1(x),...,fm(x)),

fj(x):apolynomialinx1,...,xn(j=0,1,...,m).

Linearization—Keepthelinearterms,butreplaceeach
nonlineartermbyasingleindependentvariable.

Example1:

f(x1,x2)=

(
1−2x1+3x2+4x

2
1+5x1x2+6x

2
2

9+8x1+7x2+6x
2
1−5x1x2−4x

2
2

)
∈K

⇓Linearization

F(x1,x2,X11,X12,X22)

=

(
1−2x1+3x2+4X11+5X12+6X22

9+8x1+7x2+6X11−5X12−4X22

)
∈K

HerethethreenewvariablesX11,X12andX22areintroduced.
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3.Polynomialopt.problemsoverconesandtheirlinearization—2

max.f0(x)sub.tof(x)∈K,where

K:aclosedconvexconeinR
m

,

x=(x1,...,xn):avariablevector,f(x)≡(f1(x),...,fm(x)),

fj(x):apolynomialinx1,...,xn(j=0,1,...,m).

Linearization—Keepthelinearterms,butreplaceeach
nonlineartermbyasingleindependentvariable.

Example2:

f(x1,x2,x3)=

(
1−2x1+3x2+4x

2
1x3+5x1x2x3+6x

4
3

9+8x1+7x2+6x
2
1x3−5x1x2x3−4x

4
3

)
∈K

⇓Linearization

F(x1,x2,U,V,W)

=

(
1−2x1+3x2+4U+5V+6W

9+8x1+7x2+6U−5V−4W

)
∈K

HerethenewvariablesU,VandWareintroduced.Ingeneral,weneed
asystematicmethodofassigninganewvariabletoeachnonlinearterm.
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3.Polynomialopt.problemsoverconesandtheirlinearization—2

max.f0(x)sub.tof(x)∈K.where

K:aclosedconvexconeinR
m

,

x=(x1,...,xn):avariablevector,f(x)≡(f1(x),...,fm(x)),

fj(x):apolynomialinx1,...,xn(j=0,1,...,m).

Linearization—Keepthelinearterms,butreplaceeach
nonlineartermbyasingleindependentvariable.

Systematicmethodofassigninganewvariabletoeachnonlinearterm:

anonlineartermx
α
1x

β
2···x

ζ
n⇒y(α,β,...,ζ)∈Ranewvariable

Forexample,

n=5,x
2
1x2x

3
3x

4
5=x

2
1x

1
2x

3
3x

0
4x

4
5⇒y(2,1,3,0,4).

Intheory,anymethodofassigninganewvariabletoeachnonlinearterm
works.⇒Thismethodisnotessential.
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4.Generalframeworkforconvexrelaxation

OriginalQOP,0-1IP,Polynomialprogramstobesolved

⇓Validconstraintsand/orreformulate

POP:max.f0(x)sub.tof(x)∈K,where

K:aclosedconvexconeinR
m

,

x=(x1,...,xn):avariablevector,f(x)≡(f1(x),...,fm(x)),

fj(x):apolynomialinx1,...,xn(j=0,1,...,m).

⇓Linearization—Keepthelinearterms,butreplaceeach
⇓nonlineartermbyasingleindependentvariable.

LOP:max.F0(x,y)sub.toF(x,y)∈K,where

ydenotesanewvariablevectorwhoseelementscorrespondtononlin-
eartermsappearedinthepolynomialsfj(x)(j=0,1,...,m).
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Illustrativeexampleagain—1

Originalproblem:max.−2x1+x2

sub.tox1≥0,x2≥0,x
2
1+x

2
2−2x2≥0, ∥∥

∥∥
(

x1+1
x2

)∥∥
∥∥≤2(SOCPconstraint)

⇓Validconstraintsand/orreformulation

max.−2x1+x2

sub.tox1≥0,x2≥0,x
2
1≥0,x1x2≥0,x

2
2≥0,x

2
1+x

2
2−2x2≥0, ∥∥

∥∥
(

x1+1
x2

)∥∥
∥∥≤2,

∥∥
∥∥
(

x
2
1+x1

x1x2

)∥∥
∥∥≤2x1,

∥∥
∥∥
(

x1x2+x2

x
2
2

)∥∥
∥∥≤2x2.

⇓
Linearization:Keepthelinearterms,
butreplaceeachnonlineartermbyasingleindependentvariable

max.−2x1+x2

sub.tox1≥0,x2≥0,X11≥0,X12≥0,X22≥0,

X11+X22−2x2≥0, ∥∥
∥∥
(

x1+1
x2

)∥∥
∥∥≤2,

∥∥
∥∥
(

X11+x1

X12

)∥∥
∥∥≤2x1,

∥∥
∥∥
(

X12+x2

X22

)∥∥
∥∥≤2x2.
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Illustrativeexampleagain—2

Originalproblem:max.−2x1+x2

sub.tox1≥0,x2≥0,x
2
1+x

2
2−2x2≥0, ∥∥

∥∥
(

x1+1
x2

)∥∥
∥∥≤2(SOCPconstraint)

⇓Validconstraintsand/orreformulation

max.−2x1+x2

sub.tox1≥0,x2≥0,x
2
1≥0,x1x2≥0,x

2
2≥0,x

2
1+x

2
2−2x2≥0, ∥∥

∥∥
(

x1+1
x2

)∥∥
∥∥≤2,

∥∥
∥∥
(

x
2
1+x1

x1x2

)∥∥
∥∥≤2x1,

∥∥
∥∥
(

x1x2+x2

x
2
2

)∥∥
∥∥≤2x2.

⇓
Linearization:Keepthelinearterms,
butreplaceeachnonlineartermbyasingleindependentvariable

max.−2x1+x2

sub.tox1≥0,x2≥0,X11≥0,X12≥0,X22≥0,

X11+X22−2x2≥0, ∥∥
∥∥
(

x1+1
x2

)∥∥
∥∥≤2,

∥∥
∥∥
(

X11+x1

X12

)∥∥
∥∥≤2x1,

∥∥
∥∥
(

X12+x2

X22

)∥∥
∥∥≤2x2.
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Illustrativeexampleagain—2

Originalproblem:max.−2x1+x2

sub.tox1≥0,x2≥0,x
2
1+x

2
2−2x2≥0, ∥∥

∥∥
(

x1+1
x2

)∥∥
∥∥≤2(SOCPconstraint)

⇓Validconstraintsand/orreformulation

max.−2x1+x2

sub.tox1≥0,x2≥0,x
2
1+x

2
2−2x2≥0,

∥∥
∥∥
(

x1+1
x2

)∥∥
∥∥≤2,




1
x1

x2


(

1x1x2

)
≡




1x1x2

x1x
2
1x1x2

x2x1x2x
2
2


�O.

⇓Linearization

max.−2x1+x2—SDP
sub.tox1≥0,x2≥0,X11+X22−2x2≥0,

∥∥
∥∥
(

x1+1
x2

)∥∥
∥∥≤2,




1x1x2

x1X11X12

x2X12X22


�O.
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Givenaproblem,therearevariouswaysofaddingvalidcon-
straintsandreformulatingtheproblem.Theyusuallyyield
differentconvexrelaxations.
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Illustrativeexampleagain—2

Originalproblem:max.−2x1+x2

sub.tox1≥0,x2≥0,x
2
1+x

2
2−2x2≥0, ∥∥

∥∥
(

x1+1
x2

)∥∥
∥∥≤2(SOCPconstraint)

,

weobtainedtwodistinctconvexrelaxations.

max.−2x1+x2—SOCP
sub.tox1≥0,x2≥0,X11≥0,X12≥0,X22≥0,

X11+X22−2x2≥0, ∥∥
∥∥
(

x1+1
x2

)∥∥
∥∥≤2,

∥∥
∥∥
(

X11+x1

X12

)∥∥
∥∥≤2x1,

∥∥
∥∥
(

X12+x2

X22

)∥∥
∥∥≤2x2.

max.−2x1+x2—SDP
sub.tox1≥0,x2≥0,X11+X22−2x2≥0,

∥∥
∥∥
(

x1+1
x2

)∥∥
∥∥≤2,




1x1x2

x1X11X12

x2X12X22)


�O.
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Illustrativeexampleagain—3

Originalproblem:max.−2x1+x2

sub.tox1≥0,x2≥0,x
2
1+x

2
2−2x2≥0, ∥∥

∥∥
(

x1+1
x2

)∥∥
∥∥≤2(SOCPconstraint)

,

x1

x2

1

1

2

Feasible
region

0

CutbySOCPrelaxation

CutbySDPrelaxation
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Someexamplesofvalidconstraints
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Someexamplesofvalidconstraints—2

•Universallyvalidconstraints.

(a)SDPtype:

u(x)
T
u(x)=







1x1x2x
2
1x1x2x

2
2

x1x
2
1x1x2x

3
1x

2
1x2x1x

2
2

x2x1x2x
2
2x

2
1x2x1x

2
2x

3
2

x
2
1x

3
1x

2
1x2x

4
1x

3
1x2x

2
1x

2
2

x1x2x
2
1x2x1x

2
2x

3
1x2x

2
1x

2
2x1x

3
2

x
2
2x1x

2
2x

3
2x

2
1x

2
2x1x

3
2x

4
2







�O,

whereu(x)=
(
1x1x2x

2
1x1x2x

2
2

)

Moregenerally,takearowvectorconsistingofabasisofthepolyno-
mialsinx1,...,xnwithdegree`foru(x).[Lasserre’01].

(b)SOCP(Second-OrderConeProgramming)type:

∀f1,f2:R
n

→R,

∥∥
∥∥
(

f1(x)
2

−f2(x)
2

2f1(x)f2(x)

)∥∥
∥∥≤f1(x)

2
+f2(x)

2
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Someexamplesofvalidconstraints—2

•Derivingvalidconstraints,“multiplication”ofvalidconstraints:

originalconstraintsnewconstraints

R3f(x)≥0,R3g(x)≥0⇒f(x)g(x)≥0[Sheraliet.al’92]

f(x)≥0,G(x)�O⇒f(x)G(x)�0[Lasserre’01]

F(x)�O,G(x)�O⇒F(x)⊗G(x)�0(Kroneckerproduct)

‖f(x)‖≤f0(x),f(x)∈R
`

‖g(x)‖≤g0(x),g(x)∈R
`

}
⇒‖f(x)◦g(x)‖≤f0(x)g0(x)

(SOCPconstraints)(component-wiseproduct)
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5.Basictheory

POP:max.f0(x)sub.tof(x)∈K,where

K:aclosedconvexconeinR
m

,f(x)≡(f1(x),...,fm(x)).

⇓Linearization—Keepthelinearterms,butreplaceeach
⇓nonlineartermbyasingleindependentvariable.

LOP:max.F0(x,y)sub.toF(x,y)∈K,

whereydenotesanewvariablevectorwhoseelementscorrespondto
nonlineartermsappearedinthepolynomialsfj(x)(j=0,...,m).
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5.Basictheory—2

POP:max.f0(x)sub.tof(x)∈K,where

K:aclosedconvexconeinR
m

,f(x)≡(f1(x),...,fm(x)).

⇓Linearization—Keepthelinearterms,butreplaceeach
⇓nonlineartermbyasingleindependentvariable.

LOP:max.F0(x,y)sub.toF(x,y)∈K,

whereydenotesanewvariablevectorwhoseelementscorrespondto
nonlineartermsappearedinthepolynomialsfj(x)(j=0,...,m).

Lagrangianfunct:L(x,v)≡f0(x)+〈v,f(x)〉for∀x∈R
n
,v∈K

∗

UndertheSlatercondition(∃x;f(x)∈intK),ifζ̄istheopt.value
ofLOPthenthereexistsv̄∈K

∗
satisfyingL(x,v̄)=ζ̄for∀x∈R

n
.

Henceζ̄=max{L(x,v̄):x∈R
n
}(aLagrangianrelaxation)

≥min
v∈K

∗max{L(x,v):x∈R
n
}(Lagrangiandualrelaxation)
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5.Basictheory—2

POP:max.f0(x)sub.tof(x)∈K,where

K:aclosedconvexconeinR
m

,f(x)≡(f1(x),...,fm(x)).

⇓Linearization—Keepthelinearterms,butreplaceeach
⇓nonlineartermbyasingleindependentvariable.

LOP:max.F0(x,y)sub.toF(x,y)∈K,

whereydenotesanewvariablevectorwhoseelementscorrespondto
nonlineartermsappearedinthepolynomialsfj(x)(j=0,...,m).

CharacterizationoftheprojectedfeasibleregionofLOPontoR
n
:

F̂≡{x∈R
n

:F(x,y)∈Kforsomey}

DefineL≡{v∈K
∗
:〈v,f(x)〉islinearinx∈R

n
}and

F̃≡{x∈R
n

:〈v,f(x)〉≥0foreveryv∈L}

“thesetoflinearconsequencesoff(x)∈K”.

ThenF̂⊆F̃,and(theclosureofF̂)=F̃under∃x;f(x)∈intK.
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6.Concludingremarks

Theframeworkproposedinthistalkforconvexrelaxationisquitegeneral.

Butweneedtoinvestigatevariousissues.

•Effectiveness—Howdowegeneratebetterbounds?

•Lowcost—Resultingrelaxedproblemsneedtobesolvedcheaply

•Howtocombinethisframeworkwithothermethodslikethebranch-
and-boundmethod

•Parallelcomputation?
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