Robust Quadratically Constrained Programs

Garud lyengar

IEOR Department, Columbia University

Joint work with Donald Goldfarb


http://www.columbia.edu/~gi10
http://www.ieor.columbia.edu/
http://www.columbia.edu/
http://www.ieor.columbia.edu/gold.html
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® Generic problem
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Convex quadratically constrained program

® Generic problem

minimize c¢I'x

subjectto xT'Q;x+2qfx++, <0, i=1,...,p,

x € R", ceR", q; e R"and Q;, = V!V, € R"*" = 0 (positive semidefinite)
® Convex quadratic constraint < second-order cone constraint

® This problem is a second-order cone program (SOCP)

minimize c¢I'x
2V¢X

subject to
(147 + 29} x)

] <l-—v—2ql%x, i=1,...,p.



Convex quadratically constrained program

® Parameters {(Q;,q;i,7i),i = 1...,p} not known accurately
® estimation errors
$ measurement/sensor errors
® implementation errors



Robust quadtrically constrained program

® Parameters {(Q;,q;i,7i),i = 1...,p} not known accurately
® estimation errors
$ measurement/sensor errors
® implementation errors

® Uncertain (Q;,q;,v;) € S;: robust problem

minimize c¢Ix

subjectto  x7'Q;x+2q! x+v; <0,Y(Qi,q:,7:) € Si

For a large class of uncertainty structures S; the robust problem is a semidefinite
program (SDP) (Nemirovski & Ben-Tal (1998), El Ghaoui et al (1997,1998))
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® Parametrizable: parameters defining S easy to estimate
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Properties of uncertainty structures

® The uncertainty structures S; must be:
® Flexible: model a large variety of perturbations
® Parametrizable: parameters defining S easy to estimate
® “Optimizable”: resulting robust optimization problem tractable

® Goal: Identify structures for which robust problem is a SOCP

Outline of remaining talk

® Three families of uncertainty sets that admit a SOC representation
® Polytopic uncertainty sets
& Affine uncertainty sets
® Factorized uncertainty sets

® (Engineering ?) applications of robust quadratically constrained programs
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Polytopic uncertainty set

® Uncertainty set

(Q,a,7) =251 2(Qj,45,7;), Q; =0

Sa = <Q7q77):
A=[A1,As...,AlJA=b, A>0

® Robust constraint: x7Qx +2q'x+ v < a, ¥(Q,q,7) € Sa

® Define
=xTQ.ix+ 29 x + . =1 k
c; =x" Qjx q;x+7v, J=1...,

® Linear programming duality

AMe<a, YA>0:Ax=b < 3Ju: blu<a AlTpu>c
® Robust constraint equivalent to

bl
xTij + Qq?x +

IA A



Affine uncertainty set

® Combined linear and quadratic terms
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Q; = 0,u; >0,|ul| <1

Problem NP-Hard if u; unconstrained



Affine uncertainty set

® Combined linear and quadratic terms

Sb _ {(Q,q,’)/) : (qu/y) — (QO)q())’yO) _'_Z.l;:]_ uz(ijq];’VJ) } .

Q; = 0,u; >0,|ul| <1

Problem NP-Hard if u; unconstrained

® Separate linear and quadratic terms

Se = {<Q,q,7> Q=Qo+ Xk, wQ; Q0 uf <1 }

(@,7) = (q0,70) + X5 vilaz,v) vl <1



Affine uncertainty set

® Robust quadratic constraint:

if € RF,

x"(Qo+ ;4 Qj)x < B, Vu

)
x" Qox + | f]

xTij

<
<

B,
I

] =

9 s o e



Affine uncertainty set

® Robust quadratic constraint:

x'(Qo + X, u;Qj)x < B, Vu

()
If ¢ RF, xTQox+|f|| < 5,
<

XTQjX fj7 j: ,...,k.
® Robust linear constraint:

Vv (o + 20, v5q5) x4 (o + X0, v75) L @
T

dgeR*, alx+v+gl < o
g;j = qfx—l—w, 7=1,... k.



Factorized uncertainty set

® Uncertainty set

p

(Q7 q, ’YO) .

Q=VTFV,
F=Fy+A>0A=AT |[N"2AN 2| <1,
V =Vo+W e R™" |W;l|l, < pi, Vi,
a=qo+¢ [S2¢) <8




Factorized uncertainty set

® Uncertainty set

p

Q= VTFV,

F=Fo+A>0A=AT [N"2AN" 2| <7,
V =Vgo+WcR™" W,y < ps, Vi,
a=qo+¢ IS¢ <.

Sd = 9 (Qaqavo) .

\

® Models situations here Q is not full-dimensional

® Not all perturbations may be present in applications




Factorized uncertainty set

® Uncertainty set

p

Q= VTFV,

F=Fo+A>0A=AT [N"2AN" 2| <7,
V =Vgo+WcR™" W,y < ps, Vi,
a=qo+¢ IS¢ <.

Sd = 9 (Qaqavo) .

\

® Models situations here Q is not full-dimensional
® Not all perturbations may be present in applications

® Robust constraint:

xT'Qx+qTx+7 <0, VY(Q,q,7) € Sy

)

1
maXQegd{xTQx} + qu +0[ST2x|4+7% <0
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QcSy {W:[W;llg<p;}



Factorized uncertainty set

® FixxandF: suersd{xTQx} <g

sup {XTQX} = sup ||Vx—|—Wx||?c
QcSy {W:[W;llg<p;}

® \Worst case: all W, aligned

sup {xTQx} <B4 sup [Vx+ (pTIx))wll} < 4
QeS, {w:l|lwlg<1}
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® FixxandF: suersd{xTQx} <g

® \Worst case: all W, aligned

sup {xTQx} <B4 swp [Vx+ (pTIx)wll} < 4
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Factorized uncertainty set

® FixxandF: suersd{xTQx} <g

® By S-procedure: If and only if 37 > 0 such that

M — B—1T— xTngVOX —rxTng%
—TF%Vox TG — r2F

® |etH=G ZFG 2 = QAQT. Then M » 0 iff

1 ol

M 1
0 G2Q

1
—rA2w

1 oT
0 QTG:

I —r2A

1
{ v—17—wlrfw —rwlA2



Factorized uncertainty set
® FixxandF: suersd{xTQx} < g
® letH=G 2FG % = QAQT. Then M = 0 iff

1 ol
0 GzQ

1 o

. | M
0 QTG:z

1
—rAzw I —r2A

1
{ v—1—wlw —rwlA2

$ Equivalently 7 > 72 A\pax (H), and Schur complement 71 — r? A

B—T—WTW—TQ( Z —Aiwi .)ZO-



Factorized uncertainty set

® FixxandF: suersd{xTQx} <g

® Equivalently 7 > 72 Amax (H), and Schur complement 71 — 72 A

B—T—WTW—T2( Z —Aiw? )>O.

T —1r2)\;

® Equivalentto 37,0 > 0andt € R

IA N AN IV

T+ 1Tt,
oT,

(1—0oXt;, i=1,...,m,

1
Amax (H)



Factorized uncertainty set

® FixxandF: suersd{xTQx} <g

® Equivalently 7 > 72 Amax (H), and Schur complement 71 — r2A

B—T—WTW—T2( Z —Aiw? )>O.

2\ ) =
iiTHEr2ZN, T
® Equivalentto 37,0 > 0andt € R
B > 7T+17%,
r2 < o,
w? < (A=oX)t;, i=1,...,m,
o < 1

Amax (H)

® The perturbation in F can be handled by a simple extension
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Some applications of polytopic uncertainty

® Decision problem with scenarios

: T T
min {c x + ;neai{ {x EP[Q]X}}
® Q: discrete random variable with pmf p

® A: polyhedral subset of the probability simplex

® Combining information from different sources
® Multiple “looks” at the same information

Yy; =r;jx+ny, E[n?]:a?,jzl,...,k

® Noise power: ¢ = (02,...,02) € P a polytope.
® Outputz =hTy = (hTr)z +h'n
® Optimization problem:

h

k
min {03(1 —h'r)® + Engg{j;é}h?}}



Linear least squares

® Linear least squares problem:

A =Jajas ...

» Many applications:
® Regression/Estimation
#® Image reconstruction
® Output tracking

min [|Ax —Y||2
X

am|? =[A1 As ...



Linear least squares

® Linear least squares problem:
min [[Ax — yl|,
X
® Robust linear squares problem

: Ax — }
miepas 4% vl



Linear least squares

® Linear least squares problem:

min [|Ax — yl|,
X
® Robust linear squares problem

. Ax — }
m}gnggg{ll x =yl

® A number of robustness results available

® S={[ADb]:]||[A,b]—[A,b]| <p}: SOCP (El Ghaoui & Lebret)
» S= {[Aab] . [A7 b] — [A07 bO] + Z?:l uz[AubZ]) ||u|| < P}
SDP (Ben-Tal & Nemirovski)
® a,c{ara=a’+Y "  wa’, ||ul <p;}: SOCP (El Ghaoui & Lebret)



Linear least squares

® Linear least squares problem:

min [|Ax — yl|,
X
® Robust linear squares problem

. Ax — }
m}gnggg{ll x =yl

® A number of robustness results available
® S={[ADb]:]||[A,b]—[A,b]| <p}: SOCP (El Ghaoui & Lebret)
® S= {[A,b] : [A,b] = [Ag,bo] + D71 u;[Ai, byl |Jul| < p}:
SDP (Ben-Tal & Nemirovski)
® a,c{ara=a’+Y "  wa’, ||ul <p;}: SOCP (El Ghaoui & Lebret)

® New: Robust least squares an SOCP when A; € {a:a =a+ éa, |oall, < pi }



Portfolio selection

® Portfolio selection: r = N (u, X), (1, ) known.

minimize ¢! T ¢,
subjectto  pl'¢ > a,
1T¢p =1.

Equivalent reformulations: maximum return problem, Sharpe ratio problem
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Portfolio selection

® Portfolio selection: r = N (u, X), (1, ) known.

minimize ¢! T ¢,
subjectto  pl'¢ > a,
1T¢p =1.

® Great theoretical success: CAPM and other pricing models

® Uncertainty in parameter values leads to poor performance

® Robust factormodel: r = p+ VI f + €

9
o
o

Mean return vector: p € Sy, = {p: o = pg + &, 1&| < 74}
Factor loadings: V € S, = {V : V =V + W, [[W,], < p;}
Factor: f ~ N (0, F),

FeS ={F=Fo+A>0:A=AT N 2ZAN z| <¢}
Error: e ~ N (0,D), D € Sy = {D = diag(d) : d; € [d;,d,]}



Portfolio selection

® Portfolio selection: r = N (u, X), (1, ) known.

minimize ¢! T ¢,
subjectto  pl'¢ > a,
1T¢p =1.

® Robust factor model: r = p + VIf + €
® Meanreturnvector: pp € Sy = {p: = py + £, 1&| < i}
® Factorloadings: V € S, = {V:V =V + W, W], <p;}
® Factor: f ~ N(0,F),
FecS;={F=Fy+A=0:A=AT N AN z|| < ¢}
® Error: e ~N(0,D),D € Sy = {D = diag(d) : d; € [d;,d,]}
® Justification and parametrization of the uncertainty structure
® Sets are implied by confidence regions around the MLE of (., V, F)
® Parametrized by setting a confidence threshold w
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Portfolio selection

® Portfolio selection: r = N (u, X), (1, ) known.

minimize ¢! T ¢,
subjectto  pl'¢ > a,
1T¢p =1.

® Robust portfolio selection problem

min maX v F,D)eS, (W)X Sf(w)xSq(w) {d)T(VTFV + D)d)}’

subjectto  mingcg, () {n' @} > o,
17¢ = 1.

® S5, (w),S(w),S¢(w),Sq(w) is a combination of S;—S; ... problem SOCP

® Translates w into a confidence on the performance of the optimal portfolio ¢*
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Antenna design problem (Tom L uo)

® System description: m antennae
1 o T3 Lm

w1 w2 | w3 ce Wm
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® System description: m antennae
1

w1 w2

N

9 o

Z2

w3

3




Antenna design problem (Tom Luo)

® System description: m antennae
1 o T3 Lm

w1 w2 | w3 ce Wm

\% ﬂ
Y = W"X
® User i uses steering vector a;, i =0,..., N — 1

N-—-1
yzwﬂ( Z x;a; +n)
1=0

® Signal power: Ps = o2|wtag|? ... Interference power P; = w#(A*SA + R)w
® A=lajay...an_1], X =diag(c?,...,0%_,), Ris the noise covariance



Antenna design problem (Tom L uo)

® Optimization problem:

axX —— == axX
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® Optimization problem:

{PS} B { c7(2)|wﬂao|2 }
max<{ — » — max

® Equivalent problem: ...can convexify using phase symmetry

ming wW!(AFZA +R)w

s.t. oZ|lwhag|?2 >1
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® Equivalent problem: ...can convexify using phase symmetry
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Antenna design problem (Tom Luo)

® Optimization problem:

{PS} { c7(2)|wﬂa0|2 }
max § — — Imax
® Equivalent problem: ...can convexify using phase symmetry

ming wW!(AFZA +R)w

s.t. oZ|lwhag|?2 >1
® Steering vectors a; uncertain: a; € S; = {a la—a;|| < e}.
® Robust antenna: robust quadratically constrained problem

minw MaxQes {Wjj (Q)W}

s.t. mina es, {oi|wrag|?} > 1

® Uncertainty set S = {Q — AITSA+R: la; — a;|| < e}
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Hyperplane separation

® Training data: {x;,y;}, v; € {+1, -1}, x; € R?

® Goal: Hyperplane (w, b) maximally separating +ve/-ve samples

minimize % w1 + C(Zézl &),

subjectto wlx; +b>1—§&;, if y; = +1,
WTX1+621+£I7 IfyZ:_]-7
£ >0, i=1,...,1.

® |n practice, one solves the dual:

maximize 1To — 1 22,3:1 ;o (yixi) T (y;%x4),
subjectto  >'_ | auy; =0,
0<a;<C, i=1,... 1
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Hyperplane separation

e o0 0

Training data: {x;,y;}, y; € {+1,—1}, x; € R4

Data {x;, y;} corrupted ... the separating hyperplane can shift sharply if x’s move

A simple model for perturbation: x; = x; + u,, [|[u;]| < p

Robust optimization problem:
maximize T,

subjectto 17T — %aTQa > T,

Zfli:l & Y; — Oa

0<a;<C, i=1,...

where the uncertainty set

vQ € S,

.

S = {Q :Q=V'V,V=V+ U, |U;| <p, Vo = [Xl,---,Xl]diag(Y)}



Hyperplane separation

® Training data: {x;,y;}, v; € {+1,—1}, x; € R
® Data {x;,y;} corrupted ... the separating hyperplane can shift sharply if x’s move
® A simple model for perturbation: x; = %; 4+ u;, |Ju;|| < p
® Robust optimization problem:
maximize T,
subjectto 1T — fa’Qa>r1, VQES,
Zfli:l & Y; — Oa
0<a; <C, i=1,...,1.
where the uncertainty set
S = {Q :Q=V'V,V=Vo+U,|U <p, Vo = [x1,...,%]] diag()’)}
® Thenorm | - || and p can be chosen to “match” S to confidence regions
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Estimation in linear models

® Parameter: x ~ N (u, X)
® o unknown ... apriori estimate

o 2681:{2:2—1:261+A§0,A:AT,HE§AE§HS??}

® Measurement: y = Cx +d,d ~ N(0,D),

D :VTFV,F:FO+A i O7||N_%AN_%H ST]’
DESQI D:

V=Vo+W, |[Wi||<pii=1,...,m

® Unbiased estimator: o = (I - KC)iz + Ky



Estimation in linear models

® Parameter: x ~ N (u, X)
® o unknown ... apriori estimate

1 1
 Tes={:2=5"+Ar0,A=AT |BZASZ| <n}
® Measurement: y = Cx +d,d ~ N(0,D),
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Estimation in linear models

® Parameter: x ~ N (u, X)
® o unknown ... apriori estimate

o 2681:{2:2—1:251+A§0,A:AT,HEO%AE§HS??}

® Measurement: y = Cx +d,d ~ N(0,D),

D= VTFV,F=Fo+A = 0,|[N"3AN"#|| <, }

DeS,=<{D:
V=Vo+W, |[Wi||<pii=1,...,m

Unbiased estimator: . = (I - KC) + Ky
P = E[(fi — p)( — p)7] = (I - KC)TE(I - KC) + K'DK

L J

® Goal: Choose K to minimize maxj <;<m { Tr(PvZ-v'f)}, v; given vectors



Estimation in linear models

® Parameter: x ~ N (u, X)
® o unknown ... apriori estimate

1 1
 Tes={:2=5"+Ar0,A=AT |BZASZ| <n}
Measurement: y = Cx +d,d ~ N(0,D), D € S
Unbiased estimator: . = (I - KC) 4+ Ky
P = E[(f — u)(@ — )] = (I- KC)TS(I - KC) + KTDK

Goal: Choose K to minimize maxj<;<m { Tr(PvZ-vff)}, v, given vectors

© o o0 @

Robust optimization problem:

min max max {V;"F(I - KC)'S(I-KC)v; + vaKTDva}
K {(Xe51,DeS2)} {1<5<m}
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® S, S, are factorized uncertainty sets ... problem SOCP



The punchline!

® Three classes of tractable uncertainties: SOCPs instead of SDPs
& Polytopic uncertainty
& Affine uncertainty
® Factorized uncertainty



The punchline!

® Three classes of tractable uncertainties: SOCPs instead of SDPs
& Polytopic uncertainty
& Affine uncertainty
® Factorized uncertainty

® These arise quite naturally in disparate application areas
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