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Landscapes
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Fitness

Sewall Wright's Fitness Landscape
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More abstractly: A landscape is a triple (V, X, f) where

V is a set of configurations.

E.g.: gene sequences, tours of travelling salesman, spin configurations,

f is a cost or fitness function f .V — R;

X is a way of defining “nearness’”, ‘‘closeness’, ‘“dissimilarity’”,
or “accessibility” among the configurations.
E.g. an adjacency relation (==graph), transition matrix (=Markov Chain), or a

(pre)topology on V.



Combinatorial Landscapes
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iological Realistic Landscapes
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Sequence — Shape/Structure — Fitness

Fitness landscapes inherit most their properties largely from the

sequence—shape or genotype-phenotype map



Ruggedness

Rugged: Bryce Canyon UT Smooth: Capulin Volcano NM

Measures of Ruggedness:

° Number of Local Minima and Maxima

° Length of Adaptive Walks



Correlation Functions

Correlation Functions:

Random walk on V' as defined through X: xg,x1,z5,... (Markov
process on V).

— “Time Series" f(xzg), f(x1), f(xz2),...
—= Autocorrelation Function

<(f<ast+s> ) (P — () >
<(f<xt> - <f>)2>

t

r(s) =

t

For simplicity:

f@) =@ -T  T=22Y @)

(Subtract the landscape average)



“Time series” = Markov process with transition matrix T.

Theorem. r(s) = (f,Tf)/(f, f).

Theorem. r(s) is an exponential function iff f is an eigenfunction of T. We

say (V, f,T) is an elementary landscape.

Correlation Length: ¢ =) 72 jr(s).

Associated Laplacian matrix. — A=A -D=(T-1)D

where D is the diagonal matrix of vertex degrees.



Ruggedness and Local Optima

Heuristic approximation: There are only a few local optima within a ball whose radius R is
determined by the distance d(xo, zy) that is reached by a random walk of length £ (correlation
length).
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Nodal Domains

Let f:V — R be an arbitrary function on a graph G(V, E).
A strong nodal domain is a maximal connected induced subgraph
G[W] of G such that either f(z) > 0 for all x € W or f(xz) <O

for all x € W.

A weak nodal domain is a maximal connected induced subgraph
G[W] of G such that either f(z) > 0 for all x € W or f(z) <O

for all x € W.

Each strong nodal domain is contained in a weak nodal domain.
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Eigenfunction of Laplacians
—Af =0 on V implies that f is constant.

Theorem. (Grover)
If xmin and xmax iS a local minimum and a local maximum, resp., then

f(@min) <0 < f(@max).

Suppose the eigenvalue of —A are ordered in the form

0=A1 <A< Az--- < Ayp.

Theorem. (Courant for manifolds, Davies et al. 2001 for graphs)
If —AY = Ay then ¢ has

at most £ weak nodal domains and

at most k 4+ mult(A;) — 1 strong nodal domains.
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Some Elementary Landscapes —Af = A(f — T}

Problem Move Set D A l/n order
pP-spin Hamming n 2p 1/(2p) D
additive Hamming n 2 1/2 1
NAES Hamming n 4 1/4 2
WP Hamming n 4 1/4 2
GC Hamming (a—1)n 2a (1-1/a)/2 2
XY-Hamiltonian Hamming (a—1)n 2a (1-1/a)/2 2
cyclic 2n 8sin?(w/a) | 1/[4sin?(w/a)] 2
GBP Exchange n?/4 2(n—1) 1/8-n/(n—1) 2
Hamming n 4 1/4 2
Linear Assignment | Transposition | n(n—1)/2 n 1 1
symmetric TSP Transposition | n(n—1)/2 2(n—1) 1/4 2
Inversions n(n—1)/2 n (1—1/n)/4 2
GMP Transposition | n(n—1)/2 2(n—1) n/4 2

NAES = Non-All-Equal-Satisfiability,
GC = Graph Coloring with « colors,
TSP = Traveling Salesman Problem,

XY-Hamiltonian:

WP = Weight Partitioning,
GBP = Graph Bipartitioning,
GMP = Graph Matching Problem

S, Ty COS(2E (i — ;) )

14




Elementary Landscape on the Boolean Hypercube

Spectral properties of —A well known:

Eigenfunctions are the Walsh or p-spin functions

er(x) = Ilrer x1 With eigenvalues eigenvalue Ay = 2|I| and mul-
tiplicity mult(A;) = (|7}|).

Here I C {1,...,n} and p = |I| is the interaction order.

Question: What do we know about an eigenfunction f with

—Af=2pf.
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Fourier Transform on Graphs and Groups

Quasiabelian Cayley graphs: Let G be a group with identity 2 and S C Gsuch thatz € S —
x~t €S, ¢ S. The Cayley graph (G, S) has vertex set G and edges {z,y} iff zy~1 € S. One

says that (G, S) is quasi-abelian if S is a conjugacy class.

Theorem. Let I'(G,S) be a quasi-abelian Cayley graph with a finite group G.

(i) The function s : G — C defined as

62(“‘) - pzj( )_ pzj( _1) (1)

|G|

\m

is an eigenvector of A(IN) with eigenvalue A, = dik ZSGS x:(8) where xi(s) = Trp*(s) is
the character of o* at s.

(ii) All quasi-abelian Cayley graphs on G have a common basis of eigenvectors and hence

their adjacency matrices commute.

(iii) A function f: G — R can be expanded in the form

F@ = kel with al= LR, (2)

ijk
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Amplitude Spectra

Let {©r} be an orthonormal basis of eigenvectors of the Laplacian —A. We

will be interested in the “Graph Fourier Transform” {ax} where

f() =) arpr(x)
K

Collect terms that belong to the same eigenspace:

— 1 2
Br = var(f] 2, o

Apr=Nyp

= “Amplitude Spectrum of f”.

Autocorrelation: r(s) = Zp#o B,(1 —A\,/D)*

Correlation length £:=3 "7 r(s) =D} .o Bp/Np
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Energy barriers

E[s,w] = min {max[ | |p: path from s to w},
B(s) = min {E[s,w] — f(s)|w  f(w) < f(s)}
Depth and Difficulty

(borrowed from simulated annealing theory)

D = max {B(s)|s is not a global minimum }

~ B(s)
v = max {f(s) — F(min)

s is not a global minimum}
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The flooding algorithm:

Read conformations in energy sorted order.

For each confirmation x we have three cases:

(2)

(b)

(©)

z is a local minimum if it has no neighbors
we've already seen

x belongs to basin B(s), if all known neigh-
bors belong to B(s)

if x has neighbors in several basins
B(s1)...B(s;) then it's a saddle point that
merges these basins.

Basins B(s1),...,B(s;) are then united and
are assigned to the deepest of local mini-

mum.
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suboptimal structures

The algorithim of barriers

generate all ©
neighbors ~ \
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found new
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e
number of neighbors

‘1/ found in hash
S,
found

hash lookup

© < foreach
stack element
oo

\

found ‘transient’

/ strcuture saddle point
\ merge local minima

write structure
into hash D
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Information from the Barrier Trees

e Local minima

e Saddle points

e Barrier heights

e Gradient basins

e Partition functions and free energies of (gradient) basins

e Depth and Difficulty of the landscape

N.B.: A gradient basin is the set of all initial points from which a gradient walk (steepest

descent) ends in the same local minimum.
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Barrier Tree for tRNAPhE
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Transition rates from x to y:

E;’;E(z)
Tyr — To€ for x =y
Tex — _E Tyx
y7F=T

Kinetics as a Markov process:

dp,
=3 (),

d yeX
Transition states:
E7, = max{E(z), E(y)}

or more complex models (Tacker et al 1994, Schmitz et al 1996)
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Macrostates = Classes of a partition of the state space.

Partition function for a macro state:

Zo = Y _ exp(—E(z)/RT)

reo
Free energy of a macro state: G(a) = —RT'In Z,,
1 — X
T8a = Z Zrnyrob[:c\a] = Z_a ZZryxe E@)/RT  for o = 3
yeEB TEQ yePB zEx

compute rg, “on flight” while executing the barriers program.
#*

E
" L GF = ~mr
Transition state free energy: G = —RT'In Zyeﬁ Zmae T
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population probability
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More Topological Information: Merging Graphs
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Sensitivity and Neutrality
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Neutrality

Neutrality = a substantial fraction of neighboring configurations with the

same fitness.
Important feature of biopolymer landscapes.

Neutral neighbors:

T |{y cox: f(x) = f(y)}‘

Simple model: additive landscapes

flz) = Z ci¥i(x)

7

with i.i.d. random coefficients ¢; satisfying Prob[c; = 0] = uo and otherwise

smooth distribution of the coefficients.

Examples: short range spin glasses.

33



Degree of neutrality

E[v:] = expected number of neutral neighbors.

Suppose puo > 0. Then
E[Vx] — Z Iugz(y)

yiyeox
where

ca(y) = [{719;(2) # 9;(v)}] y € O

Choose 9;(y) as elementary landscapes with given correlation. Then pg can
be varied independent of the correlation.

— Correlation length ¢ and degree of neutrality v, can be tuned indepen-

dently of each other in short range p-spin models.
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Summary

Many combinatorial optimization problems are eigenfunctions of

graph Laplacians with small eigenvalues

Ruggedness is closely linked to the Laplacian spectrum

Barrier Trees allow a direct link between landscape structure and

dynamical properties

Neutrality and Ruggedness are independent properties
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