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A
b
stract

W
e

discuss
a

crow
d-based

theory
for

describing
the

collective
behavior

in
a

generic
m

ulti-agent

population
w

hich
is

com
peting

for
a

lim
ited

resource.
T

hese
system

s
–

w
hose

binary
versions

w
e

refer
to

as
B

-A
-R

(B
inary

A
gent

R
esource)

system
s

–
have

a
dynam

ical
evolution

w
hich

is

determ
ined

by
the

aggregate
action

of
the

heterogeneous,
adaptive

agent
population.

A
ccounting

for
the

strong
correlations

betw
een

agents’strategies,yields
an

accurate
description

ofthe
system

’s

dynam
ics

in
term

s
of

a
‘C

row
d-A

nticrow
d’

theory.
T

his
theory

can
incorporate

the
effects

of
an

underlying
netw

ork
w

ithin
the

population.
M

ost
im

portantly,
its

applicability
is

not
just

lim
ited

to
the

E
l

Farol
P

roblem
and

the
M

inority
G

am
e.

Indeed,
the

C
row

d-A
nticrow

d
theory

offers
a

pow
erful

approach
to

tackling
the

dynam
ical

behavior
of

a
w

ide
class

of
agent-based

C
om

plex

System
s,across

a
range

of
disciplines.

W
ith

this
in

m
ind,the

present
w

orking
paper

is
w

ritten
for

a
general

m
ulti-disciplinary

audience
w

ithin
the

A
gent-B

ased
C

om
plex

System
s

com
m

unity.

W
ork

in
g

p
ap

er
for

th
e

IM
A

‘H
ot

T
op

ics’
W

ork
sh

op
:

A
gen

t
B

ased
M

o
d
elin

g
an

d

S
im

u
lation

,
N

ovem
b
er

3-6,
2003.
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C
om

p
lex

S
y
stem

s
–

togeth
er

w
ith

th
eir

d
y
n
am

ical
b
eh

av
ior

k
n
ow

n
as

C
om

p
lex

ity
–

are

th
ou

gh
t

to
p
ervad

e
m

u
ch

of
th

e
n
atu

ral,
in

form
ation

al,
so

ciological,
an

d
econ

om
ic

w
orld

[1–5].
A

u
n
iq

u
e,

all-en
com

p
assin

g
d
efi

n
ition

of
a

C
om

p
lex

S
y
stem

is
lack

in
g

-
w

orse
still,

su
ch

a
d
efi

n
ition

w
ou

ld
p
rob

ab
ly

en
d

u
p

b
ein

g
to

o
vagu

e.
In

stead
,
su

ch
C

om
p
lex

S
y
stem

s

are
b
etter

th
ou

gh
t

of
in

term
s

of
a

list
of

com
m

on
featu

res
w

h
ich

d
istin

gu
ish

th
em

from

‘sim
p
le’sy

stem
s,

an
d

from
sy

stem
s
w

h
ich

are
ju

st
‘com

p
licated

’as
op

p
osed

to
b
ein

g
com

p
lex

.

A
lth

ou
gh

a
u
n
iq

u
e

list
of

C
om

p
lex

S
y
stem

p
rop

erties
d
o
es

n
ot

ex
ist,

m
ost

p
eop

le
w

ou
ld

agree
th

at
th

e
follow

in
g

w
ou

ld
ty

p
ically

ap
p
ear

as
‘sty

lized
facts’:

feed
b
ack

an
d

ad
ap

tation

at
th

e
m

acroscop
ic

an
d
/or

m
icroscop

ic
level,

m
an

y
(b

u
t

n
ot

to
o

m
an

y
)

in
teractin

g
p
arts,

n
on

-station
arity,

evolu
tion

,
cou

p
lin

g
w

ith
th

e
en

v
iron

m
en

t,
an

d
ob

served
d
y
n
am

ics
w

h
ich

d
ep

en
d

u
p
on

th
e

p
articu

lar
realization

of
th

e
sy

stem
.

In
ad

d
ition

,
C

om
p
lex

S
y
stem

s
h
ave

th
e

ab
ility

to
p
ro

d
u
ce

large
m

acroscop
ic

ch
an

ges
or

‘ex
trem

e
even

ts’w
h
ich

ap
p
ear

sp
on

tan
eou

sly,

b
u
t

h
ave

lon
g-lastin

g
con

seq
u
en

ces.
T

h
e

often
catastrop

h
ic

n
atu

re
of

th
ese

ex
trem

e
even

ts

(e.g.
fi
n
an

cial
crash

es,
earth

q
u
akes,

ex
tin

ction
s,

im
m

u
n
e-sy

stem
failu

re,
veh

icu
lar

an
d

d
ata

traffi
c

jam
s,

p
ow

er
b
lackou

ts,
In

tern
et

failu
res)

m
ean

s
th

at
th

ey
rep

resen
t

d
efi

n
in

g
m

om
en

ts

in
h
istory,

b
oth

for
u
s

as
in

d
iv

id
u
als

an
d

for
ou

r
w

orld
.

[D
ep

en
d
in

g
on

th
e

con
tex

t,
th

ese

large
ch

an
ges

are
som

etim
es

referred
to

as
‘in

n
ovation

s’,
‘crash

es’,
‘b

reak
th

rou
gh

s’,
‘gatew

ay

even
ts’,

‘p
u
n
ctu

ated
eq

u
ilib

ria’
or

‘frozen
accid

en
ts’

[6].
F
or

a
q
u
an

titative
an

aly
sis

of
th

e

ex
trem

e
even

ts
w

h
ich

can
arise

in
th

e
m

u
lti-agen

t
sy

stem
s

d
iscu

ssed
h
ere,

see
R

ef.
[7]

an
d

referen
ces

w
ith

in
.]

H
en

ce
it

is
of

p
aram

ou
n
t
im

p
ortan

ce,
from

b
oth

p
ractical

an
d

th
eoretical

v
iew

p
oin

ts
[8],

to
u
n
d
erstan

d
th

e
tem

p
oral

evolu
tion

an
d

fu
n
ction

ality
of

C
om

p
lex

S
y
stem

s.

A
s

d
em

on
strated

b
y

th
is

W
ork

sh
op

,
agen

t-b
ased

m
o
d
elin

g
an

d
sim

u
lation

p
rov

id
es

a

p
ow

erfu
l
ap

p
roach

to
stu

d
y
in

g
th

e
d
y
n
am

ical
b
eh

av
ior

of
a

C
om

p
lex

S
y
stem

.
W

ith
in

th
is

ap
p
roach

,
agen

ts
in

teract
w

ith
each

oth
er

an
d

w
ith

th
eir

en
v
iron

m
en

t
u
sin

g
sim

p
le

lo
cal

ru
les.

T
h
in

k
in

g
b
eyon

d
th

e
im

p
ortan

t
p
oten

tial
ap

p
lication

s
th

em
selves,

it
is

h
op

ed
th

at

su
ch

agen
t-b

ased
m

o
d
elin

g
m

igh
t

also
u
n
cover

som
e

fu
n
d
am

en
tal

th
eoretical

p
rin

cip
les

con
-

cern
in

g
th

e
b
eh

av
ior

of
C

om
p
lex

S
y
stem

s
as

a
w

h
ole.

C
asti

h
as

argu
ed

th
at

[1]
‘....

a
d
ecen

t
m

ath
em

atical
form

alism
to

d
escrib

e
an

d
an

aly
ze

th
e

[so-called
]
E

l
F
arol

P
rob

lem
w

ou
ld

go
a

lon
g

w
ay

tow
ard

th
e

creation
of

a
v
iab

le
th

eory

of
com

p
lex

,
ad

ap
tive

sy
stem

s’.
T

h
e

ration
ale

b
eh

in
d

th
is

statem
en

t
is

th
at

th
e

E
l

F
arol

2



P
rob

lem
,

w
h
ich

w
as

origin
ally

p
rop

osed
b
y

B
rian

A
rth

u
r[9]

to
d
em

on
strate

th
e

essen
ce

of

C
om

p
lex

ity
in

fi
n
an

cial
m

arkets
in

volv
in

g
m

an
y

in
teractin

g
agen

ts,
in

corp
orates

th
e

key

featu
res

of
a

C
om

p
lex

S
y
stem

in
an

every
d
ay

settin
g.

V
ery

b
riefl

y,
th

e
E

l
F
arol

P
rob

lem

con
cern

s
th

e
collective

d
ecision

-m
ak

in
g

of
a

grou
p

of
p
oten

tial
b
ar-go

ers
(i.e.

agen
ts)

w
h
o

rep
eated

ly
try

to
p
red

ict
w

h
eth

er
th

ey
sh

ou
ld

atten
d

a
p
oten

tially
overcrow

d
ed

b
ar

on
a

given
n
igh

t
each

w
eek

.
T

h
ey

h
ave

n
o

in
form

ation
ab

ou
t

th
e

oth
ers

p
red

iction
s.

In
d
eed

th
e

on
ly

in
form

ation
availab

le
to

each
agen

t
is

glob
al,

com
p
risin

g
a

strin
g

of
ou

tcom
es

(‘overcrow
d
ed

’
or

‘u
n
d
ercrow

d
ed

’)
for

a
lim

ited
n
u
m

b
er

of
p
rev

iou
s

o
ccasion

s.
H

en
ce

th
ey

en
d

u
p

h
av

in
g

to
p
red

ict
th

e
p
red

iction
s

of
oth

ers.
N

o
‘ty

p
ical’

agen
t

ex
ists,

sin
ce

all
su

ch

ty
p
ical

agen
ts

w
ou

ld
th

en
m

ake
th

e
sam

e
d
ecision

,
h
en

ce
ren

d
erin

g
th

eir
com

m
on

p
red

iction

sch
em

e
u
seless.

T
h
is

sim
p
le

yet
in

trigu
in

g
p
rob

lem
h
as

in
sp

ired
a

h
u
ge

am
ou

n
t

of
in

terest
in

th
e

p
h
y
sics

com
m

u
n
ity

over
th

e
p
ast

few
years.

R
eferen

ce
[10],

w
h
ich

w
as

th
e

fi
rst

w
ork

on

th
e

fu
ll

E
l
F
arol

P
rob

lem
in

th
e

p
h
y
sics

com
m

u
n
ity,

id
en

tifi
ed

a
m

in
im

u
m

in
th

e
volatility

of
atten

d
an

ce
at

th
e

b
ar

w
ith

in
creasin

g
ad

ap
tiv

ity
of

th
e

agen
ts.

W
ith

th
e

ex
cep

tion
of

R
ef.

[10],
th

e
p
h
y
sics

literatu
re

h
as

in
stead

fo
cu

ssed
on

a
sim

p
lifi

ed
b
in

ary
form

of
th

e

E
l
F
arol

P
rob

lem
as

in
tro

d
u
ced

b
y

C
h
allet

an
d

Z
h
an

g
[11].

T
h
is

so-called
M

in
ority

G
am

e

(M
G

)
is

d
iscu

ssed
in

d
etail

in
R

efs.
[12–39])

an
d

R
ef.

[40].
T

h
e

M
in

ority
G

am
e

con
cern

s

a
p
op

u
lation

of
N

h
eterogen

eou
s

agen
ts

w
ith

lim
ited

cap
ab

ilities
an

d
in

form
ation

,
w

h
o

rep
eated

ly
com

p
ete

to
b
e

in
th

e
m

in
ority

grou
p
.

T
h
e

agen
ts

(e.g.
p
eop

le,
cells,

d
ata-

p
ackets)

are
ad

ap
tive,

b
u
t

on
ly

h
ave

access
to

glob
al

in
form

ation
ab

ou
t

th
e

gam
e’s

p
rogress.

In
b
oth

th
e

E
l

F
arol

P
rob

lem
an

d
th

e
M

in
ority

G
am

e,
th

e
tim

e-averaged
fl
u
ctu

ation
s

in

th
e

sy
stem

’s
glob

al
ou

tp
u
t

are
of

p
articu

lar
im

p
ortan

ce
–

for
ex

am
p
le,

th
e

tim
e-averaged

fl
u
ctu

ation
s
in

atten
d
an

ce
can

b
e

u
sed

to
assess

th
e

w
astage

of
th

e
u
n
d
erly

in
g

glob
al

resou
rce

(i.e.
b
ar

seatin
g).

D
esp

ite
its

ap
p
eal,

th
e

E
l
F
arol

P
rob

lem
(an

d
th

e
M

in
ority

G
am

e
in

p
articu

lar)
is

som
e-

w
h
at

lim
ited

in
its

ap
p
licab

ility
to

gen
eral

C
om

p
lex

S
y
stem

s,
an

d
h
en

ce
argu

ab
ly

falls
sh

ort

of
rep

resen
tin

g
a

tru
e

gen
eric

p
arad

igm
for

C
om

p
lex

S
y
stem

s.
F
irst,

th
e

rew
ard

stru
ctu

re

is
sim

u
ltan

eou
sly

to
o

restrictive
an

d
sp

ecifi
c.

A
gen

ts
in

th
e

M
in

ority
G

am
e,

for
ex

am
p
le,

can
on

ly
w

in
if

th
ey

in
stan

tan
eou

sly
ch

o
ose

th
e

m
in

ority
grou

p
at

a
p
articu

lar
tim

estep
:

yet
th

is
is

n
ot

w
h
at

in
vestors

in
a

fi
n
an

cial
m

arket,
for

ex
am

p
le,

w
ou

ld
call

‘w
in

n
in

g’
[7].

S
econ

d
,
agen

ts
on

ly
h
ave

access
to

glob
al

in
form

ation
.

In
th

e
n
atu

ral
w

orld
,
m

ost
if

n
ot

all

b
iological

an
d

so
cial

sy
stem

s
h
ave

at
least

som
e

d
egree

of
u
n
d
erly

in
g

con
n
ectiv

ity
b
etw

een

3

th
e

agen
ts,

allow
in

g
for

lo
cal

ex
ch

an
ge

of
in

form
ation

or
p
h
y
sical

go
o
d
s

[41].
In

fact
it

is

th
is

in
terp

lay
of

n
etw

ork
stru

ctu
re,

agen
t

h
eterogen

eity,
an

d
th

e
resu

ltin
g

fu
n
ction

ality
of

th
e

overall
sy

stem
,
w

h
ich

is
likely

to
b
e

of
p
rim

e
in

terest
across

d
iscip

lin
es

in
th

e
C

om
p
lex

S
y
stem

s
fi
eld

.

T
h
ree

en
orm

ou
s

ch
allen

ges
th

erefore
face

an
y

p
oten

tial
‘T

h
eory

of
C

om
p
lex

S
y
stem

s’:
it

m
u
st

p
rov

id
e

a
q
u
an

titative
ex

p
lan

ation
of

th
e

sp
ecifi

c
n
u
m

erical
resu

lts
ob

served
for

th
e

E
l

F
arol

P
rob

lem
‘test-case’

an
d

its
varian

ts;
it

sh
ou

ld
also

b
e

ab
le

to
accou

n
t

for
th

e
p
resen

ce

of
an

arb
itrary

u
n
d
erly

in
g

n
etw

ork
;
yet

it
sh

ou
ld

b
e

d
irectly

ap
p
licab

le
to

a
m

u
ch

w
id

er
class

of
m

u
lti-agen

t
‘gam

e’
w

ith
a

variety
of

rew
ard

stru
ctu

res.
O

n
ly

th
en

w
ill

on
e

h
ave

a
h
op

e

of
claim

in
g

som
e

form
of

gen
eric

an
aly

tic
th

eory
of

C
om

p
lex

S
y
stem

s.
A

n
d

on
ly

th
en

w
ill

th
e

d
esign

of
agen

t-b
ased

sy
stem

s
to

ad
d
ress

b
oth

forw
ard

an
d

in
verse

p
rob

lem
s,

b
ecom

e

relatively
straigh

tforw
ard

.
It

m
igh

t
th

en
b
e

p
ossib

le
to

ach
ieve

th
e

H
oly

G
rail

of
p
red

ictin
g

a
priori

h
ow

to
en

gin
eer

agen
ts’

rew
ard

stru
ctu

res,
or

w
h
ich

sp
ecifi

c
gam

e
ru

les
to

in
voke,

or

w
h
at

n
etw

ork
com

m
u
n
ication

sch
em

e
to

in
tro

d
u
ce,

in
ord

er
to

ach
ieve

som
e

glob
al

ob
jective

[8]
or

to
avoid

som
e

catastrop
h
ic

fu
tu

re
scen

ario.

In
th

is
p
ap

er,
w

e
attem

p
t

to
take

a
step

in
th

is
m

ore
gen

eral
d
irection

,
b
y

b
u
ild

in
g

on

th
e

su
ccess

of
th

e
C

row
d
-A

n
ticrow

d
th

eory
in

d
escrib

in
g

b
oth

th
e

origin
al

E
l
F
arol

P
rob

lem

[10],
an

d
th

e
M

in
ority

G
am

e
[24,

25]
an

d
its

varian
ts.

In
p
articu

lar,
w

e
p
resen

t
a

form
al

treatm
en

t
of

th
e

collective
b
eh

av
ior

of
a

gen
eric

m
u
lti-agen

t
p
op

u
lation

w
h
ich

is
com

p
etin

g

for
a

lim
ited

resou
rce.

T
h
e

ap
p
licab

ility
of

th
e

C
row

d
-A

n
ticrow

d
an

aly
sis

is
n
ot

lim
ited

to
M

G
-like

gam
es,

even
th

ou
gh

w
e

fo
cu

s
on

M
G

-like
gam

es
in

ord
er

to
d
em

on
strate

th
e

accu
racy

of
th

e
C

row
d
-A

n
ticrow

d
ap

p
roach

in
ex

p
lain

in
g

th
e

n
u
m

erical
resu

lts.
W

e
also

sh
ow

h
ow

th
e

C
row

d
-A

n
ticrow

d
th

eory
can

b
e

ex
ten

d
ed

to
in

corp
orate

th
e

p
resen

ce
of

n
etw

ork
s.

T
h
e

th
eory

is
b
u
ilt

arou
n
d

th
e

crow
d
in

g
(i.e.

correlation
s)

in
strategy

-sp
ace,

rath
er

th
an

th
e

p
recise

ru
les

of
th

e
gam

e
itself,

an
d

on
ly

m
akes

fairly
m

o
d
est

assu
m

p
tion

s

ab
ou

t
a

gam
e’s

d
y
n
am

ical
b
eh

av
ior.

T
o

th
e

ex
ten

t
th

at
a

given
C

om
p
lex

S
y
stem

m
im

ics
a

gen
eral

com
p
etitive

m
u
lti-agen

t
gam

e,
it

is
likely

th
at

th
e

C
row

d
-A

n
ticrow

d
ap

p
roach

w
ill

th
erefore

b
e

ap
p
licab

le.
T

h
is

w
ou

ld
b
e

a
w

elcom
e

d
evelop

m
en

t,
given

th
e

lack
of

gen
eral

th
eoretical

con
cep

ts
in

th
e

fi
eld

of
C

om
p
lex

S
y
stem

s
as

a
w

h
ole.

W
e

h
ave

tried
to

aim
th

is
p
ap

er
at

a
m

u
lti-d

iscip
lin

ary
au

d
ien

ce
w

ith
in

th
e

gen
eral

C
om

p
lex

S
y
stem

s
an

d
agen

t-m
o
d
elin

g
com

m
u
n
ity.

T
h
e

layou
t

of
th

e
p
ap

er
is

as
follow

s.

S
ection

II
b
riefl

y
d
iscu

sses
th

e
b
ack

grou
n
d

to
th

e
C

row
d
-A

n
ticrow

d
fram

ew
ork

.
S
ection

III

4



p
rov

id
es

a
d
escrip

tion
of

a
w

id
e

class
of

C
om

p
lex

S
y
stem

s
w

h
ich

w
ill

b
e

ou
r

fo
cu

s:
w

e
call

th
ese

B
-A

-R
(B

in
ary

A
gen

t
R

esou
rce)

p
rob

lem
s

in
recogn

ition
of

th
e

stim
u
lu

s
p
rov

id
ed

b
y

A
rth

u
r’s

E
l

F
arol

P
rob

lem
.

T
h
e

M
in

ority
G

am
e

is
a

sp
ecial

lim
itin

g
case

of
su

ch
B

-A
-R

p
rob

lem
s.

S
ection

IV
d
evelop

s
th

e
C

row
d
-A

n
ticrow

d
form

alism
w

h
ich

d
escrib

es
a

gen
eral

B
-A

-R
sy

stem
’s

d
y
n
am

ics.
S
ection

V
con

sid
ers

th
e

im
p
lem

en
tation

of
th

e
C

row
d
-A

n
ticrow

d

form
alism

,
d
eriv

in
g

an
aly

tic
ex

p
ression

s
for

th
e

glob
al

fl
u
ctu

ation
s

in
th

e
sy

stem
in

variou
s

lim
itin

g
cases.

S
ection

V
I
ap

p
lies

th
ese

resu
lts

to
b
oth

th
e

b
asic

M
in

ority
G

am
e

an
d

several

gen
eralization

s,
in

th
e

ab
sen

ce
of

a
n
etw

ork
.

S
ection

V
II

th
en

con
sid

ers
th

e
in

trigu
in

g
case

of
B

-A
-R

sy
stem

s
su

b
ject

to
an

u
n
d
erly

in
g

n
etw

ork
.

In
p
articu

lar,
it

is
sh

ow
n

an
aly

tically

th
at

su
ch

n
etw

ork
stru

ctu
re

m
ay

h
ave

im
p
ortan

t
b
en

efi
ts

at
very

low
valu

es
of

n
etw

ork

con
n
ectiv

ity,
in

term
s

of
red

u
ced

w
astage

of
glob

al
resou

rces.
T

h
e

con
clu

sion
is

given
in

S
ection

V
III.

II.
C

R
O

W
D

-A
N

T
IC

R
O

W
D

F
R

A
M

E
W

O
R

K

T
h
e

fu
n
d
am

en
tal

id
ea

b
eh

in
d

ou
r

crow
d
-b

ased
ap

p
roach

d
escrib

in
g

th
e

d
y
n
am

ics
of

a

com
p
lex

m
u
lti-agen

t
sy

stem
,
is

to
in

corp
orate

accu
rately

th
e

correlation
s

in
strategies

fol-

low
ed

b
y

th
e

agen
ts.

T
h
is

m
eth

o
d
ology

is
w

ell-k
n
ow

n
in

th
e

fi
eld

of
m

an
y
-b

o
d
y

th
eory

in
p
h
y
sics,

p
articu

larly
in

con
d
en

sed
m

atter
p
h
y
sics

w
h
ere

com
p
osite

‘su
p
er-p

articles’
are

ty
p
ically

con
sid

ered
w

h
ich

in
corp

orate
all

th
e

stron
g

correlation
s

in
th

e
sy

stem
.

A
w

ell-

k
n
ow

n
ex

am
p
le

is
an

ex
citon

gas:
each

ex
citon

con
tain

s
on

e
n
egatively

-ch
arged

electron
an

d

on
e

p
ositively

-ch
arged

h
ole.

B
ecau

se
of

th
eir

op
p
osite

ch
arges,

th
ese

tw
o

p
articles

m
ove

in
op

p
osite

d
irection

s
in

a
given

electric
fi
eld

an
d

attract
each

oth
er

stron
gly.

H
ow

ever

sin
ce

th
is

ex
citon

su
p
er-p

article
is

n
eu

tral
overall,

an
y

tw
o

ex
citon

s
w

ill
h
ave

a
n
egligi-

b
le

in
teraction

an
d

h
en

ce
th

e
ex

citon
s

m
ove

in
d
ep

en
d
en

tly
of

each
oth

er.
M

ore
gen

erally,

a
given

ex
citon

(or
so-called

‘ex
citon

ic
com

p
lex

’)
m

ay
con

tain
a

‘crow
d
’

of
n

e ≥
1

elec-

tron
s,

togeth
er

w
ith

a
‘crow

d
’
of

n
h ≥

1
h
oles

h
av

in
g

op
p
osite

b
eh

av
ior.

In
an

an
alogou

s

w
ay,

th
e

C
row

d
-A

n
ticrow

d
th

eory
in

m
u
lti-agen

t
gam

es
form

s
grou

p
s
con

tain
in

g
like-m

in
d
ed

agen
ts

(‘C
row

d
’)

an
d

op
p
osite-m

in
d
ed

agen
ts

(‘A
n
ticrow

d
’).

T
h
is

is
d
on

e
in

su
ch

a
w

ay
th

at

th
e

stron
g

strategy
correlation

s
are

con
fi
n
ed

w
ith

in
each

grou
p
,
leav

in
g

w
eak

ly
in

teractin
g

C
row

d
-A

n
ticrow

d
grou

p
s

w
h
ich

th
en

b
eh

ave
in

an
u
n
correlated

w
ay

w
ith

resp
ect

to
each

oth
er.

T
h
e

fi
rst

ap
p
lication

[10]
of

ou
r

crow
d
-b

ased
ap

p
roach

w
as

to
th

e
fu

ll
E

l
F
arol

P
rob

-

5

lem
.

It
y
ield

ed
go

o
d

q
u
an

titative
agreem

en
t

w
ith

th
e

n
u
m

erical
sim

u
lation

s.
H

ow
ever

th
e

an
aly

sis
w

as
com

p
licated

b
y

th
e

fact
th

at
th

e
sp

ace
of

strategies
in

th
e

E
l
F
arol

P
rob

lem
is

d
iffi

cu
lt

to
q
u
an

tify.
T

h
is

an
aly

sis
b
ecom

es
far

easier
if

th
e

sy
stem

h
as

an
u
n
d
erly

in
g

b
in

ary

stru
ctu

re,
as

w
e

w
ill

see
in

S
ection

s
III

an
d

IV
.
H

ow
ever

w
e

n
ote

th
at

th
e

C
row

d
-A

n
ticrow

d

an
aly

sis
is

n
ot

in
p
rin

cip
le

lim
ited

to
su

ch
b
in

ary
sy

stem
s.

A
s

in
d
icated

ab
ove,

th
e

C
row

d
-A

n
ticrow

d
an

aly
sis

b
reak

s
th

e
N

-agen
t

p
op

u
lation

d
ow

n

in
to

grou
p
s

of
agen

ts,
accord

in
g

to
th

e
correlation

s
b
etw

een
th

ese
agen

ts’
strategies.

E
ach

grou
p

G
con

tain
s

a
crow

d
of

agen
ts

u
sin

g
strategies

w
h
ich

are
p
ositively

-correlated
,
an

d
a

com
p
lem

en
tary

an
ticrow

d
u
sin

g
strategies

w
h
ich

are
stron

gly
n
egatively

-correlated
to

th
e

crow
d
.

H
en

ce
a

given
grou

p
G

m
igh

t
con

tain
n

R
[t]

agen
ts

w
h
o

are
all

u
sin

g
strategy

R
an

d

h
en

ce
act

as
a

crow
d

(e.g.
b
y

atten
d
in

g
th

e
b
ar

en
m

asse
in

th
e

E
l
F
arol

P
rob

lem
)

togeth
er

w
ith

n
R
[t]

agen
ts

w
h
o

are
all

u
sin

g
th

e
op

p
osite

strategy
R

an
d

h
en

ce
act

as
an

an
ticrow

d

(e.g.
b
y

stay
in

g
aw

ay
from

th
e

b
ar

en
m

asse).
M

ost
im

p
ortan

tly,
th

e
an

ticrow
d

n
R
[t]

w
ill

alw
ay

s
take

th
e

opposite
d
ecision

s
to

th
e

crow
d

n
R
[t]

regard
less

of
th

e
cu

rren
t

circu
m

stan
ces

in
th

e
gam

e,
sin

ce
th

e
strategies

R
an

d
R

im
p
ly

th
e

op
p
osite

action
in

all
situ

ation
s.

N
ote

th
at

th
is

collective
action

m
ay

b
e

en
tirely

in
volu

n
tary

in
th

e
sen

se
th

at
ty

p
ical

gam
es

w
ill

b
e

com
p
etitive,

an
d

th
ere

m
ay

b
e

very
lim

ited
(if

an
y
)
com

m
u
n
ication

b
etw

een
agen

ts.
S
in

ce
all

th
e

stron
g

correlation
s

h
ave

b
een

accou
n
ted

for
w

ith
in

each
grou

p
,
th

ese
in

d
iv

id
u
al

grou
p
s

{G}
=

G
1 ,G

2 ,...,G
n

w
ill

th
en

act
in

an
u
n
correlated

w
ay

w
ith

resp
ect

to
each

oth
er,

an
d

h
en

ce
can

b
e

treated
as

n
u
n
correlated

sto
ch

astic
p
ro

cesses.
T

h
e

glob
al

d
y
n
am

ics
of

th
e

sy
stem

is
th

en
given

b
y

th
e

su
m

of
th

e
n

u
n
correlated

sto
ch

astic
p
ro

cesses
gen

erated
b
y

th
e

grou
p
s{G}

=
G

1 ,G
2 ,...,G

n .

R
egard

in
g

th
e

sp
ecial

lim
itin

g
case

of
th

e
M

in
ority

G
am

e
(M

G
),

w
e

n
ote

th
at

th
ere

h
ave

b
een

variou
s

altern
ative

th
eories

p
rop

osed
to

d
escrib

e
th

e
M

G
’s

d
y
n
am

ics
[13–17,

19,
35,

36,
38,

39].
A

lth
ou

gh
elegan

t
an

d
sop

h
isticated

,
su

ch
th

eories
h
ave

h
ow

ever
n
ot

b
een

ab
le

to
rep

ro
d
u
ce

th
e

origin
al

n
u
m

erical
resu

lts
of

R
ef.

[21]
over

th
e

fu
ll

ran
ge

of
p
aram

eter

sp
ace.

W
h
at

is
m

issin
g

from
su

ch
th

eories
is

an
accu

rate
d
escrip

tion
of

th
e

correlation
s

b
etw

een
agen

ts’
strategies:

in
essen

ce,
th

ese
correlation

s
p
ro

d
u
ce

a
h
igh

ly
-correlated

form

of
d
ecision

n
oise

w
h
ich

can
n
ot

easily
b
e

averaged
over

or
ad

d
ed

in
.

B
y

con
trast

th
ese

stron
g

correlation
s

take
cen

ter-stage
in

th
e

C
row

d
-A

n
ticrow

d
th

eory,
in

a
sim

ilar
w

ay
to

p
article-

p
article

correlation
s

tak
in

g
cen

ter-stage
in

m
an

y
-b

o
d
y

p
h
y
sics.
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III.
B

-A
-R

(B
IN

A
R

Y
A

G
E
N

T
R

E
S
O

U
R

C
E
)

S
Y

S
T

E
M

S

A
.

G
en

eric
B

-A
-R

sy
stem

setu
p

F
igu

re
1

su
m

m
arizes

th
e

gen
eric

form
of

th
e

B
-A

-R
(B

in
ary

A
gen

t
R

esou
rce)

sy
stem

u
n
d
er

con
sid

eration
.

A
t

tim
estep

t,
each

agen
t

(e.g.
a

b
ar

cu
stom

er,
a

com
m

u
ter,

or
a

m
arket

agen
t)

d
ecid

es
w

h
eth

er
to

en
ter

a
gam

e
w

h
ere

th
e

ch
oices

are
action

+
1

(e.g.
atten

d

th
e

b
ar,

take
rou

te
A

,
or

b
u
y
)

an
d

action
−

1
(e.g.

go
h
om

e,
take

rou
te

B
,

or
sell).

W
e

w
ill

d
en

ote
th

e
n
u
m

b
er

of
agen

ts
ch

o
osin

g
−

1
as

n
−

1 [t],
an

d
th

e
n
u
m

b
er

ch
o
osin

g
+

1
as

n
+

1 [t].
F
or

sim
p
licity,

w
e

w
ill

assu
m

e
h
ere

th
at

all
th

e
agen

ts
p
articip

ate
in

th
e

gam
e

at
each

tim
estep

,
alth

ou
gh

th
is

is
n
ot

a
n
ecessary

restriction
.

W
e

can
d
efi

n
e

an
‘ex

cess
d
em

an
d
’
as

D
[t]

=
n

+
1 [t]−

n
−

1 [t]
.

(1)

A
s

su
ggested

in
F
igu

re
1,

th
e

agen
ts

m
ay

h
ave

con
n
ection

s
b
etw

een
th

em
:

th
ese

con
n
ection

s

m
ay

b
e

tem
p
orary

or
p
erm

an
en

t,
an

d
th

eir
fu

n
ction

ality
m

ay
b
e

con
d
ition

al
on

som
e

oth
er

featu
res

in
th

e
p
rob

lem
.

T
h
e

glob
al

in
form

ation
availab

le
to

th
e

agen
ts

is
a

com
m

on
m

em
ory

of
th

e
recen

t
h
istory,

i.e.
th

e
m

ost
recen

t
m

glob
al

ou
tcom

es.
F
or

ex
am

p
le

for
m

=
2,

th
e

p
ossib

le
form

s
are

...00,
...01,

...10
or

...11
w

h
ich

w
e

d
en

ote
sim

p
ly

as
00,

01,
10

or
11.

H
en

ce
at

each
tim

estep
,
th

e
recen

t
h
istory

con
stitu

tes
a

p
articu

lar
b
it-strin

g
of

len
gth

m
.

F
or

gen
eral

m
,
th

ere
w

ill
b
e

P
=

2
m

p
ossib

le
h
istory

b
it-strin

gs.
T

h
ese

h
istory

b
it-strin

gs
can

altern
atively

b
e

rep
resen

ted
in

d
ecim

al
form

:
µ

=
{0,1,...,P

−
1}

w
h
ere

µ
=

0
corresp

on
d
s

to
00,

µ
=

1
corresp

on
d
s

to
01

etc.
A

strategy
con

sists
of

a
p
red

icted
action

,−
1

or
+

1,

for
each

p
ossib

le
h
istory

b
it-strin

g.
H

en
ce

th
ere

are
2

P
p
ossib

le
strategies.

F
or

m
=

2
for

ex
am

p
le,

th
ere

are
th

erefore
16

p
ossib

le
strategies.

In
ord

er
to

m
im

ic
th

e
h
eterogen

eity
in

th
e

sy
stem

,
a

ty
p
ical

gam
e

setu
p

w
ou

ld
h
ave

each
agen

t
ran

d
om

ly
p
ick

in
g

S
strategies

at

th
e

ou
tset

of
th

e
gam

e.
In

th
e

M
in

ority
G

am
e,

th
ese

strategies
are

th
en

fi
x
ed

for
all

tim
e

–

h
ow

ever
a

m
ore

gen
eral

setu
p

w
ou

ld
allow

th
e

strategies
h
eld

,
an

d
h
en

ce
th

e
h
eterogen

eity

in
th

e
p
op

u
lation

,
to

ch
an

ge
w

ith
tim

e.
T

h
e

agen
ts

th
en

u
p
d
ate

th
e

scores
of

th
eir

strategies

after
each

tim
estep

w
ith

+
1

(or−
1)

as
th

e
p
ay

-off
for

p
red

ictin
g

th
e

action
w

h
ich

w
on

(or

lost).
T

h
is

b
in

ary
rep

resen
tation

of
h
istories

an
d

strategies
is

d
u
e

to
C

h
allet

an
d

Z
h
an

g
[12].

7

B
.

R
u
les

of
th

e
G

am
e

T
h
e

ru
les

of
th

e
gam

e
d
eterm

in
e

th
e

su
b
seq

u
en

t
gam

e
d
y
n
am

ics.
T

h
e

p
articu

lar
ru

les

ch
osen

w
ill

d
ep

en
d

on
th

e
p
ractical

sy
stem

u
n
d
er

con
sid

eration
.

It
is

an
op

en
q
u
estion

as
to

h
ow

b
est

to
ab

stract
an

ap
p
rop

riate
‘gam

e’
from

a
real-w

orld
C

om
p
lex

S
y
stem

.
In

R
ef.

[7],
w

e
d
iscu

ss
m

u
lti-agen

t
gam

es
w

h
ich

are
relevan

t
to

fi
n
an

cial
m

arkets.
E

lsew
h
ere

w
e

p
lan

to
d
iscu

ss
p
ossib

le
ch

oices
of

gam
e

for
th

e
sp

ecifi
c

case
of

foragin
g

fu
n
gal

colon
ies

[42].
T

h
e

foragin
g

m
ech

an
ism

ad
op

ted
w

ith
in

su
ch

n
etw

ork
s

m
igh

t
w

ell
b
e

active
in

oth
er

b
iological

sy
stem

s,
an

d
m

ay
also

p
rove

relevan
t

to
so

cial/econ
om

ic
n
etw

ork
s.

In
sigh

t
in

to

n
etw

ork
fu

n
ction

ality
m

ay
even

p
rove

u
sefu

l
in

d
esign

in
g

an
d

con
trollin

g
array

s
of

im
p
erfect

n
an

ostru
ctu

res,
m

icro
ch

ip
s,

n
an

o-b
io

com
p
on

en
ts,

an
d

oth
er

‘sy
stem

s
on

a
ch

ip
’
[43].

T
h
e

follow
in

g
ru

les
n
eed

to
b
e

sp
ecifi

ed
in

ord
er

to
fu

lly
d
efi

n
e

th
e

d
y
n
am

ics
of

a
m

u
lti-

agen
t

gam
e:

•
H

ow
is

th
e

glob
al

ou
tcom

e,
an

d
h
en

ce
th

e
w

in
n
in

g
action

,
to

b
e

d
ecid

ed
at

each

tim
estep

t?
In

a
gen

eral
gam

e,
th

e
glob

al
ou

tcom
e

m
ay

b
e

an
arb

itrary
fu

n
ction

of

th
e

valu
es

of
n
−

1 [t ′≤
t],

n
+

1 [t ′≤
t],

an
d

L
[t ′≤

t]
for

an
y

t ′.
C

on
sid

er
th

e
sp

ecifi
c

case

of
th

e
E

l
F
arol

P
rob

lem
:

w
e

can
d
efi

n
e

th
e

action
+

1
(−

1)
to

b
e

atten
d

(stay
aw

ay
)

w
ith

L
[t]

rep
resen

tin
g

th
e

b
ar

cap
acity.

If
n

+
1 [t]

<
L

[t],
th

e
b
ar

w
ill

b
e

u
n
d
ercrow

d
ed

an
d

h
en

ce
can

b
e

assign
ed

th
e

glob
al

ou
tcom

e
0.

H
en

ce
th

e
w

in
n
in

g
action

is
+

1
(i.e.

atten
d
).

L
ikew

ise
if

n
+

1 [t]
>

L
[t],

th
e

b
ar

w
ill

b
e

overcrow
d
ed

an
d

can
b
e

assign
ed

th
e

glob
al

ou
tcom

e
1.

T
h
e

w
in

n
in

g
action

is
th

en−
1

(i.e.
stay

aw
ay

).
H

ow
ever

m
ore

gen
-

erally,
th

e
glob

al
ou

tcom
e

an
d

h
en

ce
w

in
n
in

g
action

m
ay

b
e

an
y

fu
n
ction

of
p
resen

t
or

p
ast

sy
stem

d
ata.

F
u
rth

erm
ore,

th
e

resou
rce

level
L

[t]
m

ay
b
e

en
d
ogen

ou
sly

p
ro

d
u
ced

(e.g.
a

sp
ecifi

c
fu

n
ction

of
p
ast

valu
es

of
n
−

1 [t],
n

+
1 [t])

or
ex

ogen
ou

sly
p
ro

d
u
ced

(e.g.

d
eterm

in
ed

b
y

ex
tern

al
en

v
iron

m
en

tal
con

cern
s).

F
igu

re
1

d
en

otes
th

e
glob

al
ou

tcom
e

(an
d

h
en

ce
w

in
n
in

g
action

)
algorith

m
as

ly
in

g
in

th
e

h
an

d
s

of
a

fi
cticiou

s
‘G

am
e-

m
aster’,

w
h
o

aggregates
th

e
in

form
ation

in
th

e
gam

e
su

ch
as

n
+

1 [t],
n
−

1 [t]
an

d
L

[t],

an
d

th
en

an
n
ou

n
ces

th
e

glob
al

ou
tcom

e.
W

e
n
ote

th
at

in
p
rin

cip
le,

th
e

agen
ts

th
em

-

selves
d
o

n
ot

actu
ally

n
eed

to
k
n
ow

w
h
at

gam
e

th
ey

are
p
lay

in
g.

In
stead

th
ey

are
ju

st

fed
w

ith
th

e
glob

al
ou

tcom
e:

each
of

th
eir

S
strategies

are
th

en
rew

ard
ed

/p
en

alized

accord
in

g
to

w
h
eth

er
th

e
strategy

p
red

icted
th

e
w

in
n
in

g/losin
g

action
.

O
n
e

ty
p
ical

setu
p

h
as

agen
ts

ad
d
in

g/d
ed

u
ctin

g
on

e
v
irtu

al
p
oin

t
from

strategies
th

at
w

ou
ld

h
ave

8



su
ggested

th
e

w
in

n
in

g/losin
g

action
.

•
H

ow
d
o

agen
ts

d
ecid

e
w

h
ich

strategy
to

u
se?

T
y
p
ically

on
e

m
igh

t
ex

p
ect

agen
ts

to

p
lay

th
eir

h
igh

est
scorin

g
strategy,

as
in

th
e

origin
al

E
l
F
arol

P
rob

lem
an

d
M

in
ority

G
am

e.
H

ow
ever

agen
ts

m
ay

in
stead

ad
op

t
a

sto
ch

astic
m

eth
o
d

for
ch

o
osin

g
w

h
ich

strategy
to

u
se

at
each

tim
estep

.
T

h
ere

m
ay

even
b
e

‘d
u
m

b
’

agen
ts,

w
h
o

u
se

th
eir

w
orst

strategy
at

each
tim

estep
.

O
f

cou
rse,

it
is

n
ot

ob
v
iou

s
th

at
su

ch
agen

ts
w

ou
ld

th
en

n
ecessarily

lose,
i.e.

w
h
eth

er
su

ch
a

m
eth

o
d

is
actu

ally
d
u
m

b
w

ill
d
ep

en
d

on
th

e

d
ecision

s
of

th
e

oth
er

agen
ts.

•
W

h
at

h
ap

p
en

s
in

a
strategy

tie-b
reak

situ
ation

?
S
u
p
p
ose

agen
ts

are
p
rogram

m
ed

to

alw
ay

s
u
se

th
eir

h
igh

est-scorin
g

strategy.
If

an
agen

t
w

ere
th

en
to

h
old

tw
o

or
m

ore

strategies
th

at
are

tied
for

th
e

p
osition

of
h
igh

est-scorin
g

strategy,
th

en
a

ru
le

m
u
st

b
e

in
voked

for
b
reak

in
g

th
is

tie.
O

n
e

ex
am

p
le

w
ou

ld
b
e

for
th

e
agen

t
to

toss
a

fair

coin
in

ord
er

to
d
ecid

e
w

h
ich

of
h
is

tied
strategies

to
u
se

at
th

at
tu

rn
of

th
e

gam
e.

A
ltern

atively,
an

agen
t

m
ay

p
refer

to
stick

w
ith

th
e

strategy
w

h
ich

w
as

h
igh

er
on

th
e

p
rev

iou
s

tim
estep

.

•
W

h
at

are
th

e
ru

les
govern

in
g

th
e

con
n
ection

s
b
etw

een
agen

ts?
In

term
s

of
stru

ctu
re,

th
e

con
n
ection

s
m

ay
b
e

h
ard

-w
ired

or
tem

p
orary,

ran
d
om

or
ord

ered
or

p
artially

ord
ered

(e.g.
scale-free

n
etw

ork
or

sm
all-w

orld
n
etw

ork
).

In
term

s
of

fu
n
ction

ality,

th
ere

is
also

an
en

d
less

set
of

p
ossib

le
ch

oices
of

ru
les.

F
or

ex
am

p
le,

an
y

tw
o

con
n
ected

agen
ts

m
igh

t
com

p
are

th
e

scores
of

th
eir

h
igh

est
scorin

g
strategies,

an
d

h
en

ce
ad

op
t

th
e

p
red

icted
action

of
w

h
ich

ever
strategy

is
overall

th
e

h
igh

est-scorin
g.

J
u
st

as
ab

ove,

a
tie-b

reak
ru

le
w

ill
th

en
h
ave

to
b
e

im
p
osed

for
th

e
case

w
h
ere

tw
o

con
n
ected

agen
ts

h
ave

eq
u
al-scorin

g
h
igh

est
strategies

–
for

ex
am

p
le

a
coin

-toss
m

igh
t

b
e

in
voked

,
or

a

‘selfi
sh

’
ru

le
m

ay
b
e

u
sed

w
h
ereb

y
an

agen
t

stick
s

w
ith

h
is

ow
n

strategy
in

th
e

even
t

of
su

ch
a

tie.
T

h
e

con
n
ection

s
th

em
selves

m
ay

h
ave

d
irection

ality,
e.g.

p
erh

ap
s

agen
t

b
can

in
fl
u
en

ce
agen

t
d

b
u
t

n
ot

v
ice-versa.

O
r

m
ay

b
e

th
e

con
n
ection

(e.g.
b
etw

een
b

an
d

a
)

is
in

active
u
n
less

a
certain

criterion
is

m
et.

H
en

ce
it

m
ay

tu
rn

ou
t

th
at

agen
t

b
follow

s
d

even
th

ou
gh

agen
t

d
is

actu
ally

follow
in

g
agen

t
a
.

•
D

o
agen

ts
h
ave

to
p
lay

at
each

tim
estep

?
F
or

sim
p
licity

in
th

e
p
resen

t
p
ap

er,
w

e

w
ill

con
sid

er
th

at
th

is
is

th
e

case.
T

h
is

ru
le

is
easily

gen
eralized

b
y

in
tro

d
u
cin

g
a

9

con
fi
d
en

ce
level:

if
th

e
agen

t
d
o
esn

’t
h
old

an
y

strategies
w

ith
su

ffi
cien

tly
h
igh

su
ccess

rate,
th

en
th

e
agen

t
d
o
es

n
ot

p
articip

ate
at

th
at

tim
estep

.
T

h
is

in
tu

rn
im

p
lies

th
at

th
e

n
u
m

b
er

of
agen

ts
p
articip

atin
g

at
each

tim
estep

fl
u
ctu

ates.
W

e
d
o

n
ot

p
u
rsu

e
th

is

gen
eralization

h
ere,

b
u
t

n
ote

th
at

its
eff

ect
is

to
sy

stem
atically

p
reven

t
th

e
p
lay

in
g

of
low

-scorin
g

strategies
w

h
ich

are
an

ticorrelated
to

th
e

h
igh

-scorin
g

strategies.
F
or

fi
n
an

cial
m

arkets,
for

ex
am

p
le,

th
is

ex
tra

p
rop

erty
of

con
fi
d
en

ce-level
is

a
cru

cial

in
gred

ien
t

for
b
u
ild

in
g

a
realistic

m
arket

m
o
d
el,

sin
ce

it
lead

s
to

fl
u
ctu

ation
s

in
th

e

‘volu
m

e’
of

active
agen

ts
[7,

33].

W
e

em
p
h
asize

th
at

th
e

set-u
p

in
F
igu

re
1

d
o
es

n
ot

m
ake

an
y

assu
m

p
tion

s
ab

ou
t

th
e

actu
al

gam
e

b
ein

g
p
layed

,
n
or

h
ow

th
e

w
in

n
in

g
d
ecision

is
to

b
e

d
ecid

ed
.

In
stead

,
on

e
h
op

es
to

ob
tain

a
fairly

gen
eral

d
escrip

tion
of

th
e

ty
p
e

of
d
y
n
am

ics
w

h
ich

are
p
ossib

le
w
ithou

t
h
av

in
g

to
sp

ecify
th

e
ex

act
d
etails

of
th

e
gam

e.
O

n
th

e
oth

er
h
an

d
,
situ

ation
s

can
arise

w
h
ere

th
e

p
recise

d
etails

of
th

e
strategy

tie-b
reak

m
ech

an
ism

,
for

ex
am

p
le,

h
ave

a
fu

n
d
am

en
tal

im
p
act

on
th

e
ty

p
e

of
d
y
n
am

ics
ex

h
ib

ited
b
y

th
e

sy
stem

an
d

h
en

ce
its

overall
p
erform

an
ce

in
term

s

of
ach

iev
in

g
som

e
p
articu

lar
goal.

W
e

refer
to

R
ef.

[44]
for

an
ex

p
licit

ex
am

p
le

of
th

is,
for

th
e

case
of

n
etw

ork
-b

ased
m

u
lti-agen

t
sy

stem
s.

C
.

S
trategy

S
p
ace

F
igu

re
2

sh
ow

s
in

m
ore

d
etail

th
e

m
=

2
ex

am
p
le

strategy
sp

ace
from

F
igu

re
1.

A
strategy

is
a

set
of

in
stru

ction
s

to
d
escrib

e
w

h
at

an
agen

t
sh

ou
ld

d
o

in
an

y
given

situ
ation

,
i.e.

given

an
y

p
articu

lar
h
istory

µ
,
th

e
strategy

th
en

d
ecid

es
w

h
at

action
th

e
agen

t
sh

ou
ld

take.
T

h
e

strategy
sp

ace
is

th
e

set
of

strategies
from

w
h
ich

agen
ts

are
allo

cated
th

eir
strategies.

If
th

is

strategy
allo

cation
is

fi
x
ed

ran
d
om

ly
at

th
e

ou
tset,

th
en

th
is

acts
as

a
sou

rce
of

q
u
en

ch
ed

d
isord

er.
A

ltern
atively,

th
e

strategy
allo

cation
m

ay
b
e

allow
ed

to
evolve

in
resp

on
se

to
th

e

sy
stem

’s
d
y
n
am

ics.
In

th
e

case
th

at
th

e
in

itial
strategy

allo
cation

is
fi
x
ed

,
it

is
clear

th
at

th
e

agen
ts

p
lay

in
g

th
e

gam
e

are
lim

ited
,
an

d
h
en

ce
m

ay
b
ecom

e
‘fru

strated
’,

b
y

th
is

q
u
en

ch
ed

d
isord

er.
T

h
e

strategy
sp

ace
sh

ow
n

is
k
n
ow

n
as

th
e

F
u
ll

S
trategy

S
p
ace

F
S
S
,
an

d
con

tain
s

all
p
ossib

le
p
erm

u
tation

s
of

th
e

action
s−

1
an

d
+

1
for

each
h
istory.

A
s

su
ch

th
ere

are
2

2
m

strategies
in

th
is

sp
ace.

T
h
e

2
m

d
im

en
sion

al
h
y
p
ercu

b
e

sh
ow

s
all

2
2

m
strategies

from
th

e

F
S
S

at
its

vertices.
O

f
cou

rse,
th

ere
are

m
an

y
ad

d
ition

al
strategies

th
at

cou
ld

b
e

th
ou

gh
t

of,

b
u
t

w
h
ich

aren
’t

p
resen

t
w

ith
in

th
e

F
S
S
.
F
or

ex
am

p
le,

th
e

sim
p
le

strategies
of

p
ersisten

ce

10



an
d

an
ti-p

ersisten
ce

are
n
ot

p
resen

t
in

th
e

F
S
S
.
T

h
e

ad
van

tage
h
ow

ever
of

u
sin

g
th

e
F
S
S

is

th
at

th
e

strategies
form

a
com

p
lete

set,
an

d
as

su
ch

th
e

F
S
S

d
isp

lay
s

n
o

b
ias

tow
ard

s
an

y

p
articu

lar
action

for
a

given
h
istory.

T
o

in
clu

d
e

an
y

ad
d
ition

al
strategies

like
p
ersisten

ce
an

d

an
ti-p

ersisten
ce

w
ou

ld
m

ean
op

en
in

g
u
p

th
e

strategy
sp

ace,
h
en

ce
losin

g
th

e
sim

p
licity

of

th
e

B
-A

-R
stru

ctu
re

an
d

retu
rn

in
g

to
th

e
com

p
lex

ity
of

A
rth

u
r’s

origin
al

E
l
F
arol

P
rob

lem

[9,
10].

It
can

b
e

ob
served

from
th

e
F
S
S
,
th

at
on

e
can

ch
o
ose

a
su

b
set

of
strategies

[12]
su

ch
th

at

an
y

p
air

w
ith

in
th

is
su

b
set

h
as

on
e

of
th

e
follow

in
g

ch
aracteristics:

•
an

ti-correlated
,
e.g.−

1−
1−

1−
1

an
d

+
1
+

1
+

1
+

1,
or−

1−
1
+

1
+

1
an

d
+

1
+

1−
1−

1.

F
or

ex
am

p
le,

an
y

tw
o

agen
ts

u
sin

g
th

e
(m

=
2)

strategies−
1−

1
+

1
+

1
an

d
+

1
+

1−
1−

1

resp
ectively,

w
ou

ld
take

th
e

op
p
osite

action
irresp

ective
of

th
e

seq
u
en

ce
of

p
rev

iou
s

ou
tcom

es
an

d
h
en

ce
th

e
h
istory.

H
en

ce
on

e
agen

t
w

ill
alw

ay
s

d
o

th
e

op
p
osite

of
th

e

oth
er

agen
t.

F
or

ex
am

p
le,

if
on

e
agen

t
ch

o
oses

+
1

at
a

given
tim

estep
,
th

e
oth

er
agen

t

w
ill

ch
o
ose

−
1.

T
h
eir

n
et

eff
ect

on
th

e
d
em

an
d

D
[t]

th
erefore

can
cels

ou
t

at
each

tim
estep

,
regard

less
of

th
e

h
istory.

H
en

ce
th

ey
w

ill
n
ot

con
trib

u
te

to
fl
u
ctu

ation
s

in

D
[t].

•
u
n
correlated

,
e.g.−

1−
1−

1−
1

an
d
−

1−
1

+
1

+
1.

F
or

ex
am

p
le,

an
y

tw
o

agen
ts

u
sin

g
th

e
strategies−

1−
1−

1−
1

an
d
−

1−
1

+
1

+
1

resp
ectively,

w
ou

ld
take

th
e

op
p
osite

action
for

tw
o

of
th

e
fou

r
h
istories,

w
h
ile

th
ey

w
ou

ld
take

th
e

sam
e

action

for
th

e
rem

ain
in

g
tw

o
h
istories.

If
th

e
m

=
2

h
istories

o
ccu

r
eq

u
ally

often
,
th

e
action

s

of
th

e
tw

o
agen

ts
w

ill
b
e

u
n
correlated

on
average.

A
con

ven
ien

t
m

easu
re

of
th

e
d
istan

ce
(i.e.

closen
ess)

of
an

y
tw

o
strategies

is
th

e
H

am
m

in
g

d
istan

ce
w

h
ich

is
d
efi

n
ed

as
th

e
n
u
m

b
er

of
b
its

th
at

n
eed

to
b
e

ch
an

ged
in

goin
g

from
on

e

strategy
to

an
oth

er.
F
or

ex
am

p
le,

th
e

H
am

m
in

g
d
istan

ce
b
etw

een
−

1−
1−

1−
1

an
d

+
1

+
1

+
1

+
1

is
4,

w
h
ile

th
e

H
am

m
in

g
d
istan

ce
b
etw

een−
1−

1−
1−

1
an

d−
1−

1
+

1
+

1

is
ju

st
2.

A
lth

ou
gh

th
ere

are
2

P
≡

2
2

m
=

2≡
16

strategies
in

th
e

m
=

2
strategy

sp
ace,

it
can

b
e

seen
th

at
on

e
can

ch
o
ose

su
b
sets

su
ch

th
at

an
y

strategy
-p

air
w

ith
in

th
is

su
b
set

is
eith

er

an
ti-correlated

or
u
n
correlated

.
C

on
sid

er,
for

ex
am

p
le,

th
e

tw
o

grou
p
s

U
m

=
2 ≡

{−
1−

1−
1−

1,
+

1
+

1−
1−

1,
+

1−
1

+
1−

1,−
1

+
1

+
1−

1}
(2)

11

an
d

U
m

=
2 ≡

{+
1

+
1

+
1

+
1,−

1−
1

+
1

+
1,−

1
+

1−
1

+
1,

+
1−

1−
1

+
1}.

(3)

A
n
y

tw
o

strategies
w

ith
in

U
m

=
2

are
u
n
correlated

sin
ce

th
ey

h
ave

a
H

am
m

in
g

d
istan

ce
of

2.
L
ikew

ise
an

y
tw

o
strategies

w
ith

in
U

m
=

2
are

u
n
correlated

sin
ce

th
ey

h
ave

a
relative

H
am

m
in

g
d
istan

ce
of

2.
H

ow
ever,

each
strategy

in
U

m
=

2
h
as

an
an

ti-correlated
strategy

in

U
m

=
2 :

for
ex

am
p
le,−

1−
1−

1−
1

is
an

ti-correlated
to

+
1

+
1

+
1

+
1,

+
1

+
1−

1−
1

is

an
ti-correlated

to−
1−

1
+

1
+

1
etc.

T
h
is

su
b
set

of
strategies

com
p
risin

g
U

m
=

2
an

d
U

m
=

2 ,

form
s

a
R

ed
u
ced

S
trategy

S
p
ace

(R
S
S
)

[12].
S
in

ce
it

con
tain

s
th

e
essen

tial
correlation

s
of

th
e

F
u
ll

S
trategy

S
p
ace

(F
S
S
),

ru
n
n
in

g
a

given
gam

e
sim

u
lation

w
ith

in
th

e
R

S
S

is
likely

to

rep
ro

d
u
ce

th
e

m
ain

featu
res

ob
tain

ed
u
sin

g
th

e
F
S
S

[12].
T

h
e

R
S
S

h
as

a
sm

aller
n
u
m

b
er

of
strategies

2.2
m

=
2P

≡
2

m
+

1
th

an
th

e
F
S
S

w
h
ich

h
as

2
P

=
2

2
m
.

F
or

m
=

2,
th

ere
are

8
strategies

in
th

e
R

S
S

com
p
ared

to
16

in
th

e
F
S
S
,
w

h
ilst

for
m

=
8

th
ere

are
1.16×

10
7
7

strategies
in

th
e

F
S
S

b
u
t

on
ly

512
strategies

in
th

e
R

S
S
.

W
e

n
ote

th
at

th
e

ch
oice

of
th

e

R
S
S

is
n
ot

u
n
iq

u
e,

i.e.
w

ith
in

a
given

F
S
S

th
ere

are
m

an
y

p
ossib

le
ch

oices
for

a
R

S
S
.

In

p
articu

lar,
it

is
p
ossib

le
to

create
2

2
m
/2

m
+

1
d
istin

ct
red

u
ced

strategy
sp

aces
from

th
e

F
S
S
.

In
sh

ort,
th

e
R

S
S

p
rov

id
es

a
m

in
im

al
set

of
strategies

w
h
ich

‘sp
an

’
th

e
F
S
S

an
d

are
h
en

ce

rep
resen

tative
of

its
fu

ll
stru

ctu
re.

D
.

H
istory

S
p
ace

T
h
e

h
istory

µ
of

recen
t

ou
tcom

es
ch

an
ges

in
tim

e,
i.e.

it
is

a
d
y
n
am

ical
variab

le.
T

h
e

h
istory

d
y
n
am

ics
can

b
e

rep
resen

ted
on

a
d
irected

grap
h

(a
so-called

d
igrap

h
).

T
h
e

p
artic-

u
lar

form
of

d
irected

grap
h

is
called

a
d
e

B
ru

ijn
grap

h
.

F
igu

re
3

sh
ow

s
som

e
ex

am
p
les

of

th
e

d
e

B
ru

ijn
grap

h
for

m
=

1,2,
an

d
3.

T
h
e

p
rob

ab
ility

th
at

th
e

ou
tcom

e
at

tim
e

t
+

1

w
ill

b
e

a
1

(or
0)

d
ep

en
d
s

on
th

e
state

at
tim

e
t.

H
en

ce
it

w
ill

d
ep

en
d

on
th

e
p
rev

iou
s

m

ou
tcom

es,
i.e.

it
d
ep

en
d
s

on
th

e
p
articu

lar
state

of
th

e
h
istory

b
it-strin

g.
T

h
e

d
ep

en
d
en

ce

on
earlier

tim
estep

s
m

ean
s

th
at

th
e

gam
e

is
n
ot

M
arkov

ian
.

H
ow

ever,
m

o
d
ify

in
g

th
e

gam
e

su
ch

th
at

th
ere

is
a

fi
n
ite

tim
e-h

orizon
for

scorin
g

strategies,
m

ay
th

en
allow

th
e

resu
ltin

g

gam
e

to
b
e

v
iew

ed
as

a
h
igh

-d
im

en
sion

al
M

arkov
p
ro

cess
(see

R
efs.

[30,
31]

for
th

e
case

of

th
e

M
in

ority
G

am
e).
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E
.

H
eterogen

eity
in

strategy
allo

cation
,
an

d
in

itial
con

d
ition

s

T
h
e

d
y
n
am

ics
for

a
p
articu

lar
ru

n
of

th
e

B
-A

-R
sy

stem
w

ill
d
ep

en
d

u
p
on

th
e

strategies

th
at

th
e

agen
ts

h
old

,
an

d
th

e
ran

d
om

p
ro

cess
u
sed

to
d
ecid

e
tie-b

reak
s.

T
h
e

p
articu

lar

d
y
n
am

ics
w

h
ich

em
erge

also
d
ep

en
d

u
p
on

th
e

in
itial

score-vector
of

th
e

strategies
an

d
th

e

in
itial

h
istory

u
sed

to
seed

th
e

start
of

th
e

gam
e.

If
th

e
in

itial
strategy

score-vector
is

n
ot

‘ty
p
ical’,

th
en

a
b
ias

can
b
e

in
tro

d
u
ced

in
to

th
e

gam
e

w
h
ich

n
ever

d
isap

p
ears.

In
sh

ort,
th

e

sy
stem

n
ever

recovers
from

th
is

b
ias.

It
w

ill
b
e

assu
m

ed
th

at
n
o

su
ch

in
itial

b
ias

ex
ists.

In

p
ractice

th
is

is
ach

ieved
,

for
ex

am
p
le,

b
y

settin
g

all
th

e
in

itial
scores

to
zero.

T
h
e

in
itial

ch
oice

of
h
istory

is
n
ot

con
sid

ered
to

b
e

an
im

p
ortan

t
eff

ect.
It

is
assu

m
ed

th
at

an
y

tran
sien

t

eff
ects

resu
ltin

g
from

th
e

p
articu

lar
h
istory

seed
w

ill
h
ave

d
isap

p
eared

,
i.e.

th
e

in
itial

h
istory

seed
d
o
es

n
ot

in
tro

d
u
ce

an
y

lon
g-term

b
ias.

T
h
e

strategy
allo

cation
am

on
g

agen
ts

can
b
e

d
escrib

ed
in

term
s

of
a

ten
sor

Ω
[32].

T
h
is

ten
sor

Ω
d
escrib

es
th

e
d
istrib

u
tion

of
strategies

am
on

g
th

e
N

in
d
iv

id
u
al

agen
ts.

If
th

is

strategy
allo

cation
is

fi
x
ed

from
th

e
b
egin

n
in

g
of

th
e

gam
e,

th
en

it
acts

as
a

q
u
en

ch
ed

d
isord

er
in

th
e

sy
stem

.
T

h
e

ran
k

of
th

e
ten

sor
Ω

is
given

b
y

th
e

n
u
m

b
er

of
strategies

S

th
at

each
agen

t
h
old

s.
F
or

ex
am

p
le,

for
S

=
3

th
e

elem
en

t
Ω

i,j,k
gives

th
e

n
u
m

b
er

of
agen

ts

assign
ed

strategy
i,

th
en

strategy
j,

an
d

th
en

strategy
k
,
in

th
at

ord
er.

H
en

ce

X∑i,j,k
,... Ω

i,j,k
,...

=
N

,
(4)

w
h
ere

th
e

valu
e

of
X

rep
resen

ts
th

e
n
u
m

b
er

of
d
istin

ct
strategies

th
at

ex
ist

w
ith

in
th

e

strategy
sp

ace
ch

osen
:

X
=

2
2

m
in

th
e

F
S
S
,

an
d

X
=

2.2
m

in
th

e
R

S
S
.

F
igu

re
4

sh
ow

s

an
ex

am
p
le

d
istrib

u
tion

Ω
for

N
=

101
agen

ts
in

th
e

case
of

m
=

2
an

d
S

=
2,

in
th

e

red
u
ced

strategy
sp

ace
R

S
S
.

W
e

n
ote

th
at

a
sin

gle
Ω

‘m
acrostate’

corresp
on

d
s

to
m

an
y

p
ossib

le
‘m

icrostates’
d
escrib

in
g

th
e

sp
ecifi

c
p
artition

s
of

strategies
am

on
g

th
e

agen
ts.

F
or

ex
am

p
le,

con
sid

er
an

N
=

2
agen

t
sy

stem
w

ith
S

=
1:

th
e

m
icrostate

(R
,R

′)
in

w
h
ich

agen
t

1
h
as

strategy
R

w
h
ile

agen
t

2
h
as

strategy
R

′,
b
elon

gs
to

th
e

sam
e

m
acrostate

Ω
as

(R
′,R

)
in

w
h
ich

agen
t

1
h
as

strategy
R

′
w

h
ile

agen
t

2
h
as

strategy
R

.
H

en
ce

th
e

p
resen

t

C
row

d
-A

n
ticrow

d
th

eory
retain

ed
at

th
e

level
of

a
given

Ω
,

d
escrib

es
th

e
set

of
all

gam
es

w
h
ich

b
elon

g
to

th
at

sam
e

Ω
m

acrostate.
W

e
also

n
ote

th
at

alth
ou

gh
Ω

is
n
ot

sy
m

m
etric,

it
can

b
e

m
ad

e
so

sin
ce

th
e

agen
ts

w
ill

ty
p
ically

n
ot

d
istin

gu
ish

b
etw

een
th

e
ord

er
in

w
h
ich

th
e

tw
o

strategies
are

p
icked

.
G

iven
th

is,
w

e
w

ill
h
en

ceforth
fo

cu
s

on
S

=
2

an
d

con
sid

er
th

e

13

sy
m

m
etrized

version
of

th
e

strategy
allo

cation
m

atrix
given

b
y

Ψ
=

12 (Ω
+

Ω
T
).

In
gen

eral,

Ψ
w

ou
ld

b
e

allow
ed

to
ch

an
ge

in
tim

e,
p
ossib

ly
evolv

in
g

u
n
d
er

som
e

p
re-d

efi
n
ed

selection

criteria.
E

lsew
h
ere

w
e

w
ill

sh
ow

h
ow

ch
an

ges
in

Ψ
can

b
e

in
voked

in
ord

er
to

con
trol

th
e

fu
tu

re
evolu

tion
of

th
e

m
u
lti-agen

t
gam

e:
th

is
corresp

on
d
s

to
a

ch
an

ge
in

h
eterogen

eity
in

th
e

agen
t

p
op

u
lation

,
an

d
cou

ld
rep

resen
t

th
e

p
h
y
sical

situ
ation

w
h
ere

in
d
iv

id
u
al

agen
ts

(e.g.
rob

ots)
cou

ld
b
e

re-w
ired

,
re-p

rogram
m

ed
,

or
rep

laced
in

ord
er

to
in

voke
a

ch
an

ge

in
th

e
sy

stem
’s

fu
tu

re
evolu

tion
,
or

to
avoid

certain
fu

tu
re

scen
arios

or
tra

jectories
for

th
e

sy
stem

as
a

w
h
ole

[47].

F
.

D
esign

C
riteria

for
C

ollective

In
ad

d
ition

to
th

e
ex

cess
d
em

an
d

D
[t]

in
su

ch
B

-A
-R

sy
stem

s,
on

e
is

ty
p
ically

also

in
terested

in
h
igh

er
ord

er-m
om

en
ts

of
th

is
q
u
an

tity
–

for
ex

am
p
le,

th
e

stan
d
ard

d
ev

iation

of
D

[t]
(or

‘volatility
’

in
a

fi
n
an

cial
con

tex
t).

T
h
is

gives
a

m
easu

re
of

th
e

fl
u
ctu

ation
s

in

th
e

sy
stem

,
an

d
h
en

ce
can

b
e

u
sed

as
a

m
easu

re
of

‘risk
’
in

th
e

sy
stem

.
In

p
articu

lar
th

e

stan
d
ard

d
ev

iation
gives

an
id

ea
of

th
e

size
of

ty
p
ical

fl
u
ctu

ation
s

in
th

e
sy

stem
.

H
ow

ever
in

th
e

case
th

at
D

[t]
h
as

a
p
ow

er-law
d
istrib

u
tion

,
th

e
stan

d
ard

d
ev

iation
m

ay
b
e

a
m

islead
in

g

rep
resen

tation
of

su
ch

risk
b
ecau

se
of

th
e

‘h
eav

y
tails’

asso
ciated

w
ith

th
e

p
ow

er-law
[7].

P
ractical

risk
is

argu
ab

ly
b
etter

asso
ciated

w
ith

th
e

p
rob

ab
ility

of
th

e
sy

stem
h
ittin

g
a

certain
critical

valu
e

(D
crit ),

in
a

sim
ilar

w
ay

to
th

e
m

eth
o
d
ology

of
fi
n
an

cial
V

alu
e-at-R

isk

[7].
H

ow
ever

a
n
ote

of
cau

tion
is

w
orth

w
h
ile:

if
th

ere
are

h
igh

-ord
er

correlation
s
in

th
e

sy
stem

an
d

h
en

ce
in

th
e

tim
e-series

D
[t]

itself,
an

y
risk

assessm
en

t
b
ased

on
P

rob
ab

ility
D

istrib
u
tion

F
u
n
ction

s
over

a
fi
x
ed

tim
e-scale

(e.g.
sin

gle
tim

estep
)

m
ay

b
e

m
islead

in
g.

In
stead

,
it

m
ay

b
e

th
e

cu
m

u
lative

eff
ects

of
a

strin
g

of
large

n
egative

valu
es

of
D

[t]
w

h
ich

con
stitu

te
th

e
tru

e

risk
,
sin

ce
th

ese
m

ay
take

th
e

sy
stem

in
to

d
an

gerou
s

territory.
T

h
e

p
ossib

ility
of

d
esign

in
g

a

C
ollective

in
ord

er
to

b
u
ild

in
som

e
form

of
im

m
u
n
ization

/resistan
ce

to
su

ch
large

cu
m

u
lative

ch
an

ges
or

en
d
ogen

ou
s

‘ex
trem

e
even

ts’,
or

altern
atively

th
e

p
ossib

ility
of

p
erform

in
g

‘on
-

lin
e’

soft
con

trol
in

an
evolv

in
g

sy
stem

,
is

a
fascin

atin
g

top
ic

[7,
47].

F
or

sim
p
licity,

w
e

w
ill

fo
cu

s
h
ere

on
d
evelop

in
g

a
d
escrip

tion
of

D
[t]

an
d

its
stan

d
ard

d
ev

iation
,

n
otin

g
th

at
th

e

sam
e

an
aly

tic
ap

p
roach

w
ou

ld
w

ork
eq

u
ally

w
ell

for
oth

er
statistical

fu
n
ction

s
of

D
[t].
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IV
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C
R

O
W

D
-A

N
T

IC
R

O
W

D
F
O

R
M

A
L
IS

M

H
ere

w
e

fo
cu

s
on

d
evelop

in
g

a
d
escrip

tion
of

D
[t]

an
d

its
stan

d
ard

d
ev

iation
.

S
im

ilar

an
aly

sis
can

b
e

carried
ou

t
for

an
y

fu
n
ction

of
D

[t].
F
or

ex
am

p
le,

th
e

fu
n
ction

f
[D

[t]]≡
[D

[t]−
〈D

[t]〉] α
w

ith
α

>
2,

p
laces

m
ore

w
eigh

tin
g

on
large

d
ev

iation
s

of
D

[t]
from

th
e

m
ean

.

A
ltern

atively,
on

e
m

ay
con

sid
er

a
fu

n
ction

of
p
ast

valu
es{

D
[t ′

<
t]},

su
ch

as
th

e
cu

m
u
lative

valu
e

P
[t]

= ∑
i D

[t
i
<

t],
or

an
y

fu
n
ction

of
th

e
con

stitu
en

t
p
ro

cesses
n

+
1 [t]

an
d

n
−

1 [t].

C
on

sid
er

an
arb

itrary
tim

estep
t

d
u
rin

g
a

ru
n

of
th

e
gam

e,
at

w
h
ich

th
e

p
articu

lar
real-

ization
of

th
e

strategy
allo

cation
m

atrix
is

given
b
y

Ψ
.

W
e

w
ill

assu
m

e
th

at
Ψ

is
eff

ectively

con
stan

t
over

th
e

tim
e-w

in
d
ow

d
u
rin

g
w

h
ich

w
e

w
ill

calcu
late

th
e

statistical
p
rop

erties
of

D
[t].

T
h
ere

is
a

cu
rren

t
score-vector

S
[t]

an
d

a
cu

rren
t

h
istory

µ
[t]

w
h
ich

d
efi

n
e

th
e

state

of
th

e
gam

e.
T

h
e

ex
cess

d
em

an
d

D
[t]

=
D

[S
[t],µ

[t]]
is

given
b
y

E
q
u
ation

1.
T

h
e

stan
d
ard

d
ev

iation
of

D
[t]

for
th

is
given

ru
n
,

corresp
on

d
s

to
a

tim
e-average

for
a

given
realization

of
Ψ

an
d

a
given

set
of

in
itial

con
d
ition

s.
It

m
ay

tu
rn

ou
t

th
at

w
e

are
on

ly
in

terested
in

en
sem

b
le-averaged

q
u
an

tities:
con

seq
u
en

tly
th

e
stan

d
ard

d
ev

iation
w

ill
th

en
n
eed

to
b
e

av
-

eraged
over

m
an

y
ru

n
s,

an
d

h
en

ce
averaged

over
all

realization
s

of
Ψ

an
d

all
sets

of
in

itial

con
d
ition

s.

E
q
u
ation

1
can

b
e

rew
ritten

b
y

su
m

m
in

g
over

th
e

R
S
S

as
follow

s:

D
[S

[t],µ
[t]]

=
n

+
1 [t]−

n
−

1 [t]≡
2
P

∑R
=

1

a
µ
[t]

R
n

S
[t]

R
,

(5)

w
h
ere

P
=

2
m

.
T

h
e

q
u
an

tity
a

µ
[t]

R
=

±
1

is
th

e
resp

on
se

of
strategy

R
to

th
e

h
istory

b
it-strin

g

µ
at

tim
e

t.
T

h
e

q
u
an

tity
n

S
[t]

R
is

th
e

n
u
m

b
er

of
agen

ts
u
sin

g
strategy

R
at

tim
e

t.
T

h
e

su
p
erscrip

t
S

[t]
is

a
rem

in
d
er

th
at

th
is

n
u
m

b
er

of
agen

ts
w

ill
d
ep

en
d

on
th

e
strategy

score

at
tim

e
t.

T
h
e

calcu
lation

of
th

e
average

d
em

an
d

D
[t]

w
ill

n
ow

b
e

sh
ow

n
,
w

h
ere

th
e

average

is
over

tim
e

for
a

given
realization

of
th

e
strategy

allo
cation

Ψ
.

W
e

u
se

th
e

n
otation〈X

[t]〉
t

to
d
en

ote
a

tim
e-average

over
th

e
variab

le
X

[t]
for

a
given

Ψ
.

H
en

ce

〈D
[S

[t],µ
[t]]〉

t
=

2
P

∑R
=

1 〈
a

µ
[t]

R
n

S
[t]

R 〉
t

(6)

=
2
P

∑R
=

1 〈
a

µ
[t]

R 〉
t 〈

n
S
[t]

R 〉
t

w
h
ere

w
e

h
ave

u
sed

th
e

p
rop

erty
th

at
a

µ
[t]

R
an

d
n

S
[t]

R
are

u
n
correlated

.
W

e
n
ow

con
sid

er
th

e

sp
ecial

case
in

w
h
ich

all
h
istories

are
v
isited

eq
u
ally

on
average:

th
is

m
ay

arise
as

th
e

resu
lt

15

of
a

p
erio

d
ic

cy
clin

g
th

rou
gh

th
e

h
istory

sp
ace

(e.g.
a

E
u
lerian

trail
arou

n
d

th
e

d
e

B
ru

ijn

grap
h
)

or
if

th
e

h
istories

are
v
isited

ran
d
om

ly.
E

ven
if

th
is

situ
ation

d
o
es

n
ot

h
old

for
a

sp
ecifi

c
Ψ

,
it

m
ay

in
d
eed

h
old

on
ce

th
e

averagin
g

over
Ψ

h
as

also
b
een

taken
.

F
or

ex
am

p
le,

in
th

e
M

in
ority

G
am

e
all

h
istories

are
v
isited

eq
u
ally

at
sm

all
m

an
d

a
given

Ψ
:

h
ow

ever

th
e

sam
e

is
on

ly
tru

e
for

large
m

if
w

e
take

th
e

ad
d
ition

al
average

over
all

Ψ
.

U
n
d
er

th
e

p
rop

erty
of

eq
u
al

h
istories,

w
e

can
w

rite

〈D
[S

[t],µ
[t]]〉

t
=

2
P

∑R
=

1 
1P

P−
1

∑µ
=

0

a
µ
[t]

R  〈
n

S
[t]

R 〉
t

(7)

=
P∑R
=

1 
1P

P−
1

∑µ
=

0

a
µ
[t]

R
+

a
µ
[t]

R  〈
n

S
[t]

R 〉
t

=
P∑R
=

1

0. 〈
n

S
[t]

R 〉
t

=
0

w
h
ere

w
e

h
ave

u
sed

th
e

ex
act

resu
lt

th
at

a
µ
[t]

R
=

−
a

µ
[t]

R
for

all
µ
[t],

an
d

th
e

ap
p
rox

im
ation

〈
n

S
[t]

R 〉
t
= 〈

n
S
[t]

R 〉
t .

T
h
is

ap
p
rox

im
ation

is
reason

ab
le

for
a

com
p
etitive

gam
e

sin
ce

th
ere

is

ty
p
ically

n
o

a
p
riori

b
est

strategy,
h
en

ce
each

strategy
h
as

its
ow

n
‘fi

ve
m

in
u
tes

of
glory

’:

if
th

e
strategies

are
d
istrib

u
ted

fairly
even

ly
am

on
g

th
e

agen
ts,

th
is

th
en

im
p
lies

th
at

th
e

average
n
u
m

b
er

p
lay

in
g

each
strategy

is
ap

p
rox

im
ately

eq
u
al

an
d

h
en

ce 〈
n

S
[t]

R 〉
t
= 〈

n
S
[t]

R 〉
t .

In
th

e
even

t
th

at
all

h
istories

are
n
ot

eq
u
ally

v
isited

over
tim

e,
even

after
averagin

g
over

all
Ψ

,
it

m
ay

still
h
ap

p
en

th
at

th
e

sy
stem

’s
d
y
n
am

ics
is

restricted
to

eq
u
al

v
isits

to
som

e

su
bset

of
h
istories.

A
n

ex
am

p
le

of
th

is
w

ou
ld

arise
for

m
=

3,
for

ex
am

p
le,

for
a

rep
etitive

seq
u
en

ce
of

ou
tcom

es
...00110011001

in
w

h
ich

case
th

e
sy

stem
rep

eated
ly

p
erform

s
th

e

4-cy
cle

...→
001

→
011

→
110

→
100

→
001

→
....

In
th

is
case

on
e

can
th

en
carry

ou
t

th
e

averagin
g

in
E

q
u
ation

7
over

th
is

su
b
sp

ace
of

fou
r

h
istories,

im
p
ly

in
g

th
at

th
ere

are

n
ow

strategies
th

at
are

eff
ectively

id
en

tical
(i.e.

th
ey

h
ave

th
e

sam
e

resp
on

se
for

th
ese

fou
r

h
istories,

even
th

ou
gh

th
ey

d
iff

er
in

th
eir

resp
on

se
for

on
e

or
m

ore
of

th
e

rem
ain

in
g

fou
r

h
istories

000,
010,

101,
111

w
h
ich

are
n
ot

v
isited

).
M

ore
gen

erally,
su

ch
su

b
-cy

cles
w

ith
in

th
e

d
e

B
ru

ijn
grap

h
m

ay
lead

to
a

b
ias

tow
ard

s
1’s

or
0’s

in
th

e
glob

al
ou

tcom
e

seq
u
en

ce.

W
e

n
ote

th
at

su
ch

a
b
iased

series
of

ou
tcom

es
can

also
b
e

gen
erated

b
y

b
iasin

g
th

e
in

itial

strategy
p
o
ol.

W
e

w
ill

fo
cu

s
n
ow

on
th

e
fl
u
ctu

ation
s

of
D

[t]
ab

ou
t

its
average

valu
e.

T
h
e

varian
ce

of
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D
[t],

w
h
ich

is
th

e
sq

u
are

of
th

e
stan

d
ard

d
ev

iation
,
is

given
b
y

σ
2Ψ

= 〈
D

[S
[t],µ

[t]] 2 〉
t −

〈D
[S

[t],µ
[t]]〉

2t
.

(8)

F
or

sim
p
licity,

w
e

w
ill

assu
m

e
th

e
gam

e
ou

tp
u
t

is
u
n
b
iased

an
d

h
en

ce
w

e
can

set

〈D
[S

[t],µ
[t]]〉

t
=

0.
A

s
m

en
tion

ed
ab

ove,
th

is
m

igh
t

arise
in

a
given

sy
stem

for
a

given

Ψ
,
or

after
ad

d
ition

al
averagin

g
over

all
p
ossib

le
con

fi
gu

ration
s{Ψ}.

W
e

stress
th

at
th

is
ap

-

p
rox

im
ation

d
o
es

n
ot

have
to

b
e

m
ad

e
–

on
e

can
sim

p
ly

con
tin

u
e

su
b
tractin

g〈D
[S

[t],µ
[t]]〉

2t

from
th

e
righ

t
h
an

d
sid

e
of

th
e

ex
p
ression

for
σ

2Ψ
.

H
en

ce

σ
2Ψ

=
〈
D

[S
[t],µ

[t]] 2 〉
t

(9)

=
2
P

∑R
,R

′=
1 〈

a
µ
[t]

R
n

S
[t]

R
a

µ
[t]

R
′
n

S
[t]

R
′ 〉

t .

In
th

e
case

th
at

th
e

sy
stem

v
isits

all
p
ossib

le
h
istories

eq
u
ally,

th
e

d
ou

b
le

su
m

can
u
sefu

lly
b
e

b
roken

d
ow

n
in

to
th

ree
p
arts,

b
ased

on
th

e
correlation

s
b
etw

een
th

e
strategies:

a
R
.a

R
′
=

P

(fu
lly

correlated
),

a
R
.a

R
′
=

−
P

(fu
lly

an
ti-correlated

),
an

d
a

R
.a

R
′
=

0
(fu

lly
u
n
correlated

)

w
h
ere

a
R

is
a

vector
of

d
im

en
sion

P
w

ith
R

’th
com

p
on

en
t
a

µ
[t]

R
.

T
h
is

d
ecom

p
osition

is
ex

act

in
th

e
R

S
S

in
w

h
ich

w
e

are
w

ork
in

g.
A

gain
w

e
n
ote

th
at

if
all

h
istories

are
n
ot

eq
u
ally

v
isited

,

yet
som

e
su

b
set

are,
th

en
th

is
averagin

g
can

b
e

carried
ou

t
over

th
e

restricted
su

b
sp

ace
of

h
istories.

T
h
e

eq
u
al-h

istories
case

y
ield

s

σ
2Ψ

=
2
P

∑R
=

1 〈(a
µ
[t]

R )
2 (n

S
[t]

R )
2 〉

t
+

2
P

∑R
=

1 〈
a

µ
[t]

R
a

µ
[t]

R
n

S
[t]

R
n

S
[t]

R 〉
t
+

2
P

∑R�=
R

′�=
R 〈

a
µ
[t]

R
a

µ
[t]

R
′
n

S
[t]

R
n

S
[t]

R
′ 〉

t

=
2
P

∑R
=

1 〈(n
S
[t]

R )
2−

n
S
[t]

R
n

S
[t]

R 〉
t
+

2
P

∑R�=
R

′�=
R 〈

a
µ
[t]

R
a

µ
[t]

R
′ 〉

t 〈
n

S
[t]

R
n

S
[t]

R
′ 〉

t
(10)

=
2
P

∑R
=

1 〈(n
S
[t]

R )
2−

n
S
[t]

R
n

S
[t]

R 〉
t
+

2
P

∑R�=
R

′�=
R 

1P

P−
1

∑µ
=

0

a
µ
[t]

R
a

µ
[t]

R
′  〈

n
S
[t]

R
n

S
[t]

R
′ 〉

t

=
2
P

∑R
=

1 〈(n
S
[t]

R )
2−

n
S
[t]

R
n

S
[t]

R 〉
t .

T
h
is

su
m

over
2P

term
s

can
b
e

w
ritten

eq
u
ivalen

tly
as

a
su

m
over

P
term

s,

σ
2Ψ

=
2
P

∑R
=

1 〈(n
S
[t]

R )
2−

n
S
[t]

R
n

S
[t]

R 〉
t

(11)

=
P∑R
=

1 〈(n
S
[t]

R )
2−

n
S
[t]

R
n

S
[t]

R
+ (n

S
[t]

R )
2−

n
S
[t]

R
n

S
[t]

R 〉
t

17

=
P∑R
=

1 〈(n
S
[t]

R )
2−

2n
S
[t]

R
n

S
[t]

R
+ (n

S
[t]

R )
2 〉

t

=
P∑R
=

1 〈(n
S
[t]

R
−

n
S
[t]

R )
2 〉

t ≡ 〈
P∑R
=

1 (n
S
[t]

R
−

n
S
[t]

R )
2 〉

t .

T
h
e

valu
es

of
n

S
[t]

R
an

d
n

S
[t]

R
for

each
R

w
ill

d
ep

en
d

on
th

e
p
recise

form
of

Ψ
.

W
e

n
ow

p
ro

ceed

to
con

sid
er

th
e

en
sem

b
le-average

over
all

p
ossib

le
realization

s
of

th
e

strategy
allo

cation

m
atrix

Ψ
.

T
h
e

en
sem

b
le-average

is
d
en

oted
as〈...〉

Ψ
,
an

d
for

sim
p
licity

th
e

n
otation〈σ

2Ψ 〉
Ψ

=

σ
2

is
d
efi

n
ed

.
T

h
is

en
sem

b
le-average

is
p
erform

ed
on

eith
er

sid
e

of
E

q
u
ation

11,

σ
2

= 〈〈
P∑R
=

1 (n
S
[t]

R
−

n
S
[t]

R )
2 〉

t 〉
Ψ

(12)

y
ield

in
g

th
e

varian
ce

in
th

e
ex

cess
d
em

an
d

D
[t].

E
q
u
ation

12
is

an
im

p
ortan

t
in

term
ed

iary

resu
lt

for
th

e
C

row
d
-A

n
ticrow

d
th

eory.
It

is
straigh

tforw
ard

to
ob

tain
an

alogou
s
ex

p
ression

s

for
th

e
varian

ces
in

n
+

1 [t]
an

d
n
−

1 [t].

A
.

Q
u
an

titative
th

eory

E
q
u
ation

12
p
rov

id
es

u
s

w
ith

an
ex

p
ression

for
th

e
tim

e-averaged
fl
u
ctu

ation
s.

S
om

e

form
of

ap
p
rox

im
ation

m
u
st

b
e

in
tro

d
u
ced

in
ord

er
to

red
u
ce

E
q
u
ation

12
to

ex
p
licit

an
a-

ly
tic

ex
p
ression

s.
It

tu
rn

s
ou

t
th

at
E

q
u
ation

12
can

b
e

m
an

ip
u
lated

in
a

variety
of

w
ay

s,

d
ep

en
d
in

g
on

th
e

level
of

ap
p
rox

im
ation

th
at

on
e

is
p
rep

ared
to

m
ake.

T
h
e

p
recise

form
of

an
y

resu
ltin

g
an

aly
tic

ex
p
ression

w
ill

d
ep

en
d

on
th

e
d
etails

of
th

e
ap

p
rox

im
ation

s
m

ad
e.

W
e

n
ow

tu
rn

to
th

e
p
rob

lem
of

evalu
atin

g
E

q
u
ation

12
an

aly
tically.

A
key

fi
rst

step

is
to

relab
el

th
e

strategies.
S
p
ecifi

cally,
th

e
su

m
in

E
q
u
ation

12
is

re-w
ritten

to
b
e

over
a

virtu
al-poin

t
ran

kin
g

K
an

d
n
ot

th
e

d
ecim

al
form

R
.

C
on

sid
er

th
e

variation
in

p
oin

ts
for

a

given
strategy,

as
a

fu
n
ction

of
tim

e
for

a
given

realization
of

Ψ
.

T
h
e

ran
k
in

g
(i.e.

lab
el)

of
a

given
strategy

in
term

s
of

v
irtu

al-p
oin

ts
score

w
ill

ty
p
ically

ch
an

ge
in

tim
e

sin
ce

th
e

in
d
iv

id
u
al

strategies
h
ave

a
variation

in
v
irtu

al-p
oin

ts
w

h
ich

also
varies

in
tim

e.
F
or

th
e

M
in

ority
G

am
e,

th
is

variation
is

q
u
ite

rap
id

in
th

e
low

m
regim

e
sin

ce
th

ere
are

m
an

y
m

ore

agen
ts

th
an

availab
le

strategies
–

h
en

ce
an

y
strategy

em
ergin

g
as

th
e

in
stan

tan
eou

sly
h
igh

est-

scorin
g,

w
ill

im
m

ed
iately

get
p
layed

b
y

m
an

y
agen

ts
an

d
th

erefore
b
e

likely
to

lose
on

th
e

n
ex

t
tim

e-step
.

M
ore

gen
eral

gam
es

in
volv

in
g

com
p
etition

w
ith

in
a

m
u
lti-agen

t
p
op

u
lation

,

w
ill

ty
p
ically

gen
erate

a
sim

ilar
ecology

of
strategy

-scores
w

ith
n
o

all-tim
e

w
in

n
er.

[N
.B

.
If

18



th
is

w
eren

’t
th

e
case,

th
en

th
ere

w
ou

ld
b
y

d
efi

n
ition

b
e

an
ab

solu
te

b
est,

secon
d
-b

est
etc.

strategy.
H

en
ce

an
y

agen
t

ob
serv

in
g

th
e

gam
e

from
th

e
ou

tsid
e

w
ou

ld
b
e

ab
le

to
ch

o
ose

su
ch

a
strategy

an
d

w
in

con
sisten

tly.
S
u
ch

a
sy

stem
is

n
ot

su
ffi

cien
tly

com
p
etitive,

an
d

is
h
en

ce
n
ot

th
e

ty
p
e

of
sy

stem
w

e
h
ave

in
m

in
d
].

T
h
is

im
p
lies

th
at

th
e

sp
ecifi

c
id

en
tity

of
th

e
‘K

’th
h
igh

est-scorin
g

strategy
’
ch

an
ges

freq
u
en

tly
in

tim
e.

It
also

im
p
lies

th
at

n
S
[t]

R

varies
con

sid
erab

ly
in

tim
e.

T
h
erefore

in
ord

er
to

p
ro

ceed
,
w

e
sh

ift
th

e
fo

cu
s

on
to

th
e

tim
e-

evolu
tion

of
th

e
h
igh

est-scorin
g

strategy,
secon

d
h
igh

est-scorin
g

strategy
etc.

T
h
is

sh
ou

ld

h
ave

a
m

u
ch

sm
o
oth

er
tim

e-evolu
tion

th
an

th
e

tim
e-evolu

tion
for

a
given

strategy.
In

sh
ort,

th
e

fo
cu

s
is

sh
ifted

from
th

e
tim

e-evolu
tion

of
th

e
v
irtu

al
p
oin

ts
of

a
given

strategy
(i.e.

from
S

R
[t])

to
th

e
tim

e-evolu
tion

of
th

e
v
irtu

al
p
oin

ts
of

th
e

K
’th

h
igh

est
scorin

g
strategy

(i.e.
to

S
K

[t]).

F
igu

re
5

sh
ow

s
a

sch
em

atic
rep

resen
tation

of
h
ow

th
e

scores
of

th
e

tw
o

top
scorin

g

strategies
m

igh
t

vary,
u
sin

g
th

e
n
ew

v
irtu

al-p
oin

t
ran

k
in

g
sch

em
e.

A
lso

sh
ow

n
are

th
e

low
est-scorin

g
tw

o
strategies,

w
h
ich

at
every

tim
estep

are
ob

v
iou

sly
ju

st
th

e
an

ticorrelated

p
artn

ers
of

th
e

in
stan

tan
eou

sly
h
igh

est-scorin
g

tw
o

strategies.
In

th
e

case
th

at
th

e
strategies

all
start

off
w

ith
zero

p
oin

ts,
th

ese
an

ticorrelated
strategies

ap
p
ear

as
th

e
m

irror-im
age,

i.e.

S
K

[t]
=

−
S

K
[t].

T
h
e

lab
el

K
is

u
sed

to
d
en

ote
th

e
ran

k
in

term
s

of
strategy

score,
i.e.

K
=

1
is

th
e

h
igh

est
scorin

g
strategy

p
osition

,
K

=
2

is
th

e
secon

d
h
igh

est-scorin
g

strategy

p
osition

etc.
w

ith

S
K

=
1

>
S

K
=

2
>

S
K

=
3

>
S

K
=

4
>

...
(13)

assu
m

in
g

n
o

strategy
-ties.

(W
h
en

ever
strategy

ties
o
ccu

r,
th

is
ran

k
in

g
gain

s
a

‘d
egen

eracy
’

in
th

at
S

K
=

S
K

+
1

for
a

given
K

).
A

given
strategy,

e.g.
−

1−
1−

1−
1,

m
ay

at
a

given
tim

estep
h
ave

lab
el

K
=

1,
w

h
ile

a
few

tim
estep

s
later

h
ave

lab
el

K
=

5.
G

iven

th
at

S
R

=
−

S
R

(i.e.
all

strategy
scores

start
off

at
zero),

th
en

w
e

k
n
ow

th
at

S
K

=
−

S
K

.

E
q
u
ation

12
can

h
en

ce
b
e

rew
ritten

ex
actly

as

σ
2

= 〈〈
P∑K
=

1 (n
S
[t]

K
−

n
S
[t]

K )
2 〉

t 〉
Ψ

.
(14)

N
ow

w
e

m
ake

an
oth

er
im

p
ortan

t
ob

servation
.

S
in

ce
in

th
e

sy
stem

s
of

in
terest

th
e

agen
ts

are

ty
p
ically

p
lay

in
g

th
eir

h
igh

est-scorin
g

strategies,
th

en
th

e
relevan

t
q
u
an

tity
in

d
eterm

in
in

g

h
ow

m
an

y
agen

ts
w

ill
in

stan
tan

ou
sly

p
lay

a
given

strategy,
is

a
k
n
ow

led
ge

of
its

relative

ran
k
in

g
–

n
ot

th
e

actu
al

valu
e

of
its

v
irtu

al
p
oin

ts
score.

T
h
is

su
ggests

th
at

th
e

q
u
an

tities

19

n
S
[t]

K
an

d
n

S
[t]

K
w

ill
fl
u
ctu

ate
relatively

little
in

tim
e,

an
d

th
at

w
e

sh
ou

ld
n
ow

d
evelop

th
e

p
rob

lem
in

term
s

of
tim

e-averaged
valu

es.

T
h
e

actu
al

n
u
m

b
er

of
agen

ts
n

S
[t]

K
p
lay

in
g

th
e

K
’th

ran
ked

strategy
at

tim
estep

t,
can

b
e

d
eterm

in
ed

from
k
n
ow

led
ge

of
th

e
strategy

allo
cation

m
atrix

Ψ
an

d
th

e
strategy

scores

S
[t],

in
ord

er
to

calcu
late

h
ow

m
an

y
agen

ts
h
old

th
e

K
’th

ran
ked

strategy
b
u
t

do
n
ot

h
old

an
oth

er
strategy

w
ith

h
igh

er-ran
k
in

g.
T

h
e

h
eterogen

eity
in

th
e

p
op

u
lation

rep
resen

ted
b
y

Ψ
,

com
b
in

ed
w

ith
th

e
strategy

scores
S

[t],
d
eterm

in
es

n
S
[t]

K
for

each
K

an
d

h
en

ce
th

e
stan

d
ard

d
ev

iation
in

D
[t].

W
e

can
rew

rite
th

e
n
u
m

b
er

of
agen

ts
p
lay

in
g

th
e

strategy
in

p
osition

K

at
an

y
tim

estep
t,

in
term

s
of

som
e

con
stan

t
valu

e
n

K
p
lu

s
a

fl
u
ctu

atin
g

term
:

n
S
[t]

K
=

n
K

+
ε

K
[t]

.
(15)

C
on

sid
er

a
given

tim
estep

t
in

th
e

gam
e’s

evolu
tion

.
S
om

e
strategies

m
ay

b
e

tied
in

v
irtu

al-

p
oin

ts
(i.e.

th
ey

are
‘d

egen
erate’)

w
h
ile

oth
ers

are
n
ot

(i.e.
‘n

on
-d

egen
erate’).

D
ep

en
d
in

g

on
th

e
ru

les
of

th
e

gam
e,

su
ch

d
egen

eracy
m

ay
im

p
ly

on
e

of
th

e
follow

in
g:

(i)
an

agen
t

m
u
st

th
row

a
coin

to
b
reak

a
tie

b
etw

een
an

y
tw

o
d
egen

erate
strategies

in
h
is

p
ossession

.
In

th
is

case,
an

y
tw

o
agen

ts
h
old

in
g

th
e

sam
e

p
air

of
d
egen

erate
strategies

m
ay

th
en

d
isagree

as
to

th
e

ran
k
in

g
of

th
e

tw
o

strategies
follow

in
g

th
e

tie-b
reak

coin
toss.

(ii)
T

h
e

G
am

e-

m
aster

m
u
st

th
row

a
m

aster
coin

in
ord

er
to

p
ro

d
u
ce

a
n
on

-d
egen

erate
ran

k
in

g.
In

th
is

case,
all

agen
ts

w
ill

th
en

agree
on

a
u
n
iq

u
e

v
irtu

al-p
oin

t
ran

k
in

g
of

strategies.
(iii)

A
n

agen
t

m
u
st

p
reserve

th
e

ran
k
in

g
from

th
e

m
ost

recen
t

tim
estep

at
w

h
ich

th
e

tw
o

strategies

w
eren

’t
d
egen

erate.
D

ep
en

d
in

g
on

th
e

ex
act

m
icroscop

ic
ru

le
ad

op
ted

,
th

e
glob

al
d
y
n
am

ics

m
ay

d
iff

er.
W

e
w

ill
gen

erally
assu

m
e

th
at

ru
le

(i)
h
old

s,
sin

ce
ru

le
(ii)

m
igh

t
in

tro
d
u
ce

large
ran

d
om

fl
u
ctu

ation
s

w
h
ile

ru
le

(iii)
cou

ld
favor

d
eterm

in
istic

cy
clic

b
eh

av
ior.

S
u
p
p
ose

th
at

an
agen

t
h
old

s
tw

o
strategies

R
an

d
R

′,
an

d
th

at
th

ey
are

n
on

-d
egen

erate
at

tim
estep

t.
S
u
p
p
ose

th
at

th
ey

o
ccu

p
y

ran
k
s

K
an

d
K

+
1

resp
ectively.

L
et

th
e

n
u
m

b
er

of
agen

ts

p
lay

in
g

strategy
R

,
th

e
K

’th
ran

ked
strategy,

b
e

n
K

at
tim

estep
t.

S
im

ilarly
th

e
n
u
m

b
er

of
agen

ts
p
lay

in
g

strategy
R

′,
th

e
(K

+
1)’th

ran
ked

strategy,
is

n
K

+
1

at
tim

estep
t.

H
en

ce

ε
K

[t]
=

0
an

d
ε

K
+

1 [t]
=

0
for

th
is

tim
estep

,
an

d
in

d
eed

for
all

su
b
seq

u
en

t
t

u
n
til

th
e

n
ex

t

strategy
-tie.

S
u
p
p
ose

th
at

th
e

tw
o

strategies
R

an
d

R
′
n
ow

b
ecom

e
d
egen

erate
at

tim
estep

t
+

1.
In

a
gam

e
w

h
ere

each
agen

t
resolves

strategy
tie-b

reak
s

u
sin

g
a

coin
-toss,

th
en

b
oth

R
an

d
R

′
h
ave

p
rob

ab
ility

1/2
of

b
ein

g
assign

ed
th

e
ran

k
K

at
th

is
tim

estep
.

T
h
is

m
ean

s

th
at

an
y

agen
t

h
old

in
g

strategies
R

an
d

R
′,

w
ill

p
lay

R
or

R
′
w

ith
p
rob

ab
ility

1/2.
H

en
ce
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su
ch

d
egen

eracy
acts

to
ad

d
d
isord

er
in

to
th

e
n
u
m

b
er

of
agen

ts
p
lay

in
g

th
e

K
’th

h
igh

est-

scorin
g

strategy.
In

p
articu

lar,
su

ch
coin

-tosses
at

a
given

tim
estep

t ′
w

ill
ten

d
to

red
u
ce

th
e

n
u
m

b
er

of
agen

ts
p
lay

in
g

h
igh

er-scorin
g

strategies
at

th
at

tim
estep

(i.e.
ε

K
[t ′]

<
0

for
sm

all
K

)
b
u
t

w
ill

in
crease

th
e

n
u
m

b
er

of
agen

ts
p
lay

in
g

low
er-scorin

g
strategies

(i.e.

ε
K

[t ′]
>

0
for

large
K

).
T

h
erefore

if
w

e
w

ere
to

com
p
letely

ign
ore

coin
-tosses,

w
e

w
ou

ld
ten

d

to
overestim

ate
th

e
n
u
m

b
er

of
p
eop

le
p
lay

in
g

strategies
w

h
ich

are
h
igh

er-ran
k
in

g
(i.e.

sm
all

K
)

an
d

u
n
d
erestim

ate
th

e
n
u
m

b
er

p
lay

in
g

strategies
w

h
ich

are
low

er-ran
k
in

g
(i.e.

large

K
).

T
h
is

m
ean

s
th

at
w

e
w

ill
overestim

ate
th

e
size

of
C

row
d
s,

an
d

u
n
d
erestim

ate
th

e
size

of
A

n
ticrow

d
s.

H
en

ce
w

e
w

ill
overestim

ate
th

e
valu

e
of

th
e

stan
d
ard

d
ev

iation
of

d
em

an
d
.

[F
or

th
is

reason
,

th
e

an
aly

tic
ex

p
ression

σ
d
elta

f
th

at
w

e
w

ill
d
erive,

sligh
tly

overestim
ates

th
e

actu
al

valu
e,

an
d

h
en

ce
can

b
e

regard
ed

as
an

ap
p
rox

im
ate

u
pper-b

ou
n
d

as
sh

ow
n

later

in
F
igu

re
7].

A
ccou

n
tin

g
for

th
e

correct
fraction

of
d
egen

erate
v
s.

n
on

-d
egen

erate
tim

estep
s,

w
ill

y
ield

a
m

ore
accu

rate
calcu

lation
of

th
e

tim
e-average〈...〉

t
in

E
q
u
ation

14.
W

e
w

ill

ad
op

t
th

is
latter

ap
p
roach

elsew
h
ere

for
th

e
n
etw

ork
B

-A
-R

sy
stem

[44],
th

ereb
y

ob
tain

in
g

accu
rate

an
aly

tic
ex

p
ression

s
w

h
ich

are
in

ex
cellen

t
q
u
an

titative
agreem

en
t

w
ith

n
u
m

erical

sim
u
lation

s.

S
in

ce
ou

r
fo

cu
s

in
th

is
p
ap

er
is

m
ore

gen
eral,

let
u
s

for
th

e
m

om
en

t
assu

m
e

th
at

w
e

can

ch
o
ose

a
su

itab
le

con
stan

t
n

K
su

ch
th

at
th

e
fl
u
ctu

ation
ε

K
[t]

rep
resen

ts
a

sm
all

n
oise

term
.

H
en

ce,σ
2

=

〈
P∑K
=

1 〈
[n

K
+

ε
K

[t]−
n

K
−

ε
K

[t]] 2 〉
t 〉

Ψ

(16)

=

〈
P∑K
=

1 〈
[(n

K
−

n
K

)
+

(ε
K

[t]−
ε

K
[t])] 2 〉

t 〉
Ψ

=

〈
P∑K
=

1 〈
[n

K
−

n
K

] 2
+

[ε
K

[t]−
ε

K
[t]] 2

+
[2(n

K
−

n
K

)(ε
K

[t]−
ε

K
[t])] 〉

t 〉
Ψ

≈
〈

P∑K
=

1 〈
[n

K
−

n
K

] 2 〉
t 〉

Ψ

= 〈
P∑K
=

1

[n
K
−

n
K

] 2 〉
Ψ

,

sin
ce

th
e

latter
tw

o
term

s
in

volv
in

g
n
oise

w
ill

average
ou

t
to

b
e

sm
all.

T
h
e

resu
ltin

g
ex

-

p
ression

in
E

q
u
ation

16
in

volves
n
o

tim
e

d
ep

en
d
en

ce.
T

h
e

averagin
g

over
Ψ

can
th

en
b
e

taken
in

sid
e

th
e

su
m

.
T

h
e

in
d
iv

id
u
al

term
s

in
th

e
su

m
,

i.e. 〈
[n

K
−

n
K

] 2 〉
Ψ
,

are
ju

st
an

ex
p
ectation

valu
e

of
a

fu
n
ction

of
tw

o
variab

les
n

K
an

d
n

K
.

E
ach

term
can

th
erefore

b
e

rew
ritten

ex
actly

u
sin

g
th

e
join

t
p
rob

ab
ility

d
istrib

u
tion

for
n

K
an

d
n

K
,
w

h
ich

w
e

sh
all

call
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P
(n

K
,n

K
).

H
en

ce

σ
2

=
P∑K
=

1 〈
[n

K
−

n
K

] 2 〉
Ψ

(17)

=
P∑K
=

1

N∑n
K

=
0

N∑n
K

=
0

[n
K
−

n
K

] 2
P

(n
K

,n
K

),

w
h
ere

th
e

stan
d
ard

p
rob

ab
ility

resu
lt

in
volv

in
g

fu
n
ction

s
of

tw
o

variab
les

h
as

b
een

u
sed

.

In
th

e
even

t
th

at
E

q
u
ation

17
is

a
reason

ab
le

ap
p
rox

im
ation

for
th

e
sy

stem
u
n
d
er

stu
d
y,

th
e

q
u
estion

th
en

arises
as

to
h
ow

to
evalu

ate
it.

In
gen

eral,
its

valu
e

w
ill

d
ep

en
d

on
th

e

d
etailed

form
of

th
e

join
t

p
rob

ab
ility

fu
n
ction

P
(n

K
,n

K
)

w
h
ich

in
tu

rn
w

ill
d
ep

en
d

on
th

e

en
sem

b
le

of
q
u
en

ch
ed

d
isord

ers{Ψ}
w

h
ich

are
b
ein

g
averaged

over.
W

e
start

off
b
y

lo
ok

in
g

at
E

q
u
ation

17
in

th
e

lim
itin

g
case

w
h
ere

th
e

averagin
g

over
th

e
q
u
en

ch
ed

d
isord

er
m

atrix

is
d
om

in
ated

b
y

m
atrices

Ψ
w

h
ich

are
n
early

fl
at.

T
h
is

w
ill

b
e

a
go

o
d

ap
p
rox

im
ation

in
th

e

‘crow
d
ed

’
lim

it
of

sm
all

m
in

w
h
ich

th
ere

are
m

an
y

m
ore

agen
ts

th
an

availab
le

strategies,

sin
ce

th
e

stan
d
ard

d
ev

iation
of

an
elem

en
t

in
Ψ

(i.e.
th

e
stan

d
ard

d
ev

iation
in

b
in

-size)
is

th
en

m
u
ch

sm
aller

th
an

th
e

m
ean

b
in

-size.
[N

.B
.
If

Ω
is

ap
p
rox

im
ately

fl
at,

th
en

so
is

Ψ
].

In
th

is
lim

itin
g

case,
th

ere
are

several
n
ice

featu
res:

•
G

iven
th

e
ran

k
in

g
in

term
s

of
v
irtu

al-p
oin

ts,
i.e.

S
K

=
1

>
S

K
=

2
>

S
K

=
3

>
S

K
=

4
>

...

w
h
ich

h
old

s
b
y

d
efi

n
ition

of
th

e
lab

els{K
}

if
w

e
n
eglect

tie-b
reak

s,
w

e
w

ill
also

h
ave

n
K

=
1

>
n

K
=

2
>

n
K

=
3

>
n

K
=

4
>

...
(18)

H
en

ce
th

e
ran

k
in

gs
in

term
s

of
h
igh

est
v
irtu

al-p
oin

ts
an

d
p
op

u
larity

are
id

en
tical.

B
y

con
trast,

th
e

ord
erin

g
in

term
s

of
th

e
lab

els{R}
w

ou
ld

n
ot

b
e

seq
u
en

tial,
i.e.

it
is

n
ot

tru
e

th
at

n
R

=
1

>
n

R
=

2
>

n
R

=
3

>
n

R
=

4
>

....

•
T

h
e

strategy
K

,
w

h
ich

is
an

ticorrelated
to

strategy
K

,
o
ccu

p
ies

p
osition

K
=

2P
+

1−
K

in
th

is
p
op

u
larity

-ran
ked

list.

•
T

h
e

p
rob

ab
ility

d
istrib

u
tion

P
(n

K
,n

K
)

w
ill

b
e

sh
arp

ly
p
eaked

arou
n
d

th
e

n
K

an
d

n
K

valu
es

given
b
y

th
e

m
ean

valu
es

for
a

fl
at

q
u
en

ch
ed

-d
isord

er
m

atrix
Ψ

.
W

e
w

ill
lab

el

th
ese

m
ean

valu
es

as
n

K
an

d
n

K
.

T
h
e

last
p
oin

t
im

p
lies

th
at

P
(n

K
,n

K
)

=
δ
n

K
,n

K
δ
n

K
,n

K
an

d
so

σ
2

=
P∑K
=

1

[n
K
−

n
K

] 2
.

(19)
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W
e

n
ote

th
at

th
ere

is
a

very
sim

p
le

in
terp

retation
of

E
q
u
ation

19.
It

rep
resen

ts
th

e
su

m
of

th
e

varian
ces

for
each

C
row

d
-A

n
ticrow

d
p
air.

F
or

a
given

strategy
K

th
ere

is
an

an
ticorrelated

strategy
K

.
T

h
e

n
K

agen
ts

u
sin

g
strategy

K
are

d
oin

g
th

e
opposite

of
th

e
n

K
agen

ts

u
sin

g
strategy

K
irrespective

of
th

e
h
istory

b
it-strin

g.
H

en
ce

th
e

eff
ective

grou
p
-size

for

each
C

row
d
-A

n
ticrow

d
p
air

is
n

ef
f

K
=

n
K
−

n
K

:
th

is
rep

resen
ts

th
e

n
et

step
-size

d
of

th
e

C
row

d
-A

n
ticrow

d
p
air

in
a

ran
d
om

-w
alk

con
trib

u
tion

to
th

e
total

varian
ce.

H
en

ce,
th

e
n
et

con
trib

u
tion

b
y

th
is

C
row

d
-A

n
ticrow

d
p
air

to
th

e
varian

ce
is

given
b
y

[σ
2]K

K
=

4pqd
2

=
4. 12

. 12
[n

ef
f

K
] 2

=
[n

K
−

n
K

] 2
(20)

w
h
ere

p
=

q
=

1/2
for

a
ran

d
om

w
alk

.
S
in

ce
all

th
e

stron
g

correlation
s

h
ave

b
een

rem
oved

(i.e.
an

ti-correlation
s)

it
can

th
erefore

b
e

assu
m

ed
th

at
th

e
sep

arate
C

row
d
-A

n
ticrow

d

p
airs

ex
ecu

te
ran

d
om

w
alk

s
w

h
ich

are
u
n
correlated

w
ith

resp
ect

to
each

oth
er.

[R
ecall

th
e

p
rop

erties
of

th
e

R
S
S

-
all

th
e

rem
ain

in
g

strategies
are

u
n
correlated

.]
H

en
ce

th
e

total

varian
ce

is
given

b
y

th
e

su
m

of
th

e
in

d
iv

id
u
al

varian
ces,

σ
2

=
P∑K
=

1 [σ
2]K

K
=

P∑K
=

1

[n
K
−

n
K

] 2
,

(21)

w
h
ich

corresp
on

d
s

ex
actly

to
E

q
u
ation

19.
If

strategy
-ties

o
ccu

r
freq

u
en

tly,
th

en
on

e
h
as

to
b
e

m
ore

carefu
l
ab

ou
t

evalu
atin

g
n

K
sin

ce
its

valu
e

m
ay

b
e

aff
ected

b
y

th
e

tie-b
reak

in
g

ru
le.

W
e

w
ill

sh
ow

elsew
h
ere

th
at

th
is

b
ecom

es
q
u
ite

im
p
ortan

t
in

th
e

case
of

very
sm

all

m
in

th
e

p
resen

ce
of

n
etw

ork
con

n
ection

s
-

th
is

is
b
ecau

se
very

sm
all

m
n
atu

rally
lead

s

to
crow

d
in

g
in

strategy
sp

ace
an

d
h
en

ce
m

ean
-revertin

g
v
irtu

al
scores

for
strategies.

T
h
is

m
ean

-reversion
is

am
p
lifi

ed
fu

rth
er

b
y

th
e

p
resen

ce
of

n
etw

ork
con

n
ection

s
w

h
ich

in
creases

th
e

crow
d
in

g,
th

ereb
y

in
creasin

g
th

e
ch

an
ce

of
strategy

ties.

V
.

IM
P

L
E
M

E
N

T
A

T
IO

N
O

F
C

R
O

W
D

-A
N

T
IC

R
O

W
D

T
H

E
O

R
Y

In
th

is
section

w
e

w
ill

con
sid

er
th

e
ap

p
lication

of
th

e
C

row
d
-A

n
ticrow

d
th

eory
in

som
e

lim
itin

g
cases.

A
s

su
ggested

b
y

th
e

p
rev

iou
s

d
iscu

ssion
,
w

e
w

ill
b
reak

th
e

im
p
lem

en
tation

of
th

e
C

row
d
-A

n
ticrow

d
th

eory
d
ow

n
in

to
tw

o
sep

arate
regim

es:
sm

all
m

,
corresp

on
d
in

g

to
m

an
y

m
ore

agen
ts

th
an

availab
le

strategies,
an

d
large

m
corresp

on
d
in

g
to

th
e

op
p
osite

case.
H

en
ce

th
ese

tw
o

regim
es

are
d
efi

n
ed

b
y

th
e

ratio
of

th
e

n
u
m

b
er

of
strategies

to

agen
ts

b
ein

g
m

u
ch

less/greater
th

an
u
n
ity,

an
d

h
en

ce
th

e
strategy

allo
cation

m
atrix

Ψ

b
ein

g
d
en

sely
/sp

arsely
fi
lled

.
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A
.

F
lat

q
u
en

ch
ed

d
isord

er
m

atrix
Ψ

,
sm

all
m

E
ach

elem
en

t
of

Ψ
h
as

a
m

ean
of

N
/(2P

)
S

agen
ts

p
er

‘b
in

’.
In

th
e

case
of

sm
all

m

an
d

h
en

ce
d
en

sely
-fi

lled
Ψ

,
th

e
fl
u
ctu

ation
s

in
th

e
n
u
m

b
er

of
agen

ts
p
er

b
in

w
ill

b
e

sm
all

com
p
ared

to
th

is
m

ean
valu

e.
F
or

th
e

case
S

=
2,

th
e

m
ean

n
u
m

b
er

of
agen

ts
w

h
ose

h
igh

est

scorin
g

strategy
is

th
e

strategy
o
ccu

p
y
in

g
p
osition

K
at

tim
estep

t,
w

ill
th

erefore
b
e

given

b
y

su
m

m
in

g
th

e
ap

p
rop

riate
row

s
an

d
colu

m
n
s

of
th

is
q
u
en

ch
ed

d
isord

er
m

atrix
Ψ

.
F
igu

re

6
p
rov

id
es

a
sch

em
atic

rep
resen

tation
of

Ψ
w

ith
m

=
2,

s
=

2,
in

th
e

R
S
S
.
If

th
e

m
atrix

Ψ

is
fl
at,

th
en

an
y

re-ord
erin

g
d
u
e

to
ch

an
ges

in
th

e
strategy

ran
k
in

g
h
as

n
o

eff
ect

on
th

e
form

of
th

e
m

atrix
.

T
h
erefore

th
e

n
u
m

b
er

of
agen

ts
p
lay

in
g

th
e

K
’th

h
igh

est-scorin
g

strategy,

w
ill

alw
ay

s
b
e

p
rop

ortion
al

to
th

e
n
u
m

b
er

of
sh

ad
ed

b
in

s
at

th
at

K
(see

F
ig.

6
for

K
=

3).

T
h
e

sh
ad

ed
elem

en
ts

in
F
igu

re
6

th
erefore

rep
resen

t
th

ose
agen

ts
w

h
o

h
old

a
strategy

th
at

is
ran

ked
th

ird
h
igh

est
in

score,
i.e.

K
=

3.
In

gam
es

w
h
ere

th
e

agen
ts

u
se

th
eir

h
igh

est

scorin
g

strategy,
an

y
agen

t
u
sin

g
th

e
strategy

in
p
osition

K
=

3
can

n
ot

h
ave

an
y

strategy

w
ith

a
h
igh

er
p
osition

.
H

en
ce

th
e

agen
ts

u
sin

g
th

e
strategy

in
p
osition

K
=

3
m

u
st

lie
in

on
e

of
th

e
sh

ad
ed

b
in

s.
S
in

ce
it

is
assu

m
ed

th
at

th
e

coverage
of

th
e

b
in

s
is

u
n
iform

,
th

e

m
ean

n
u
m

b
er

of
agen

ts
u
sin

g
th

e
strategy

in
p
osition

K
=

3
is

given
b
y

n
K

=
3

=
N

.
1

(2P
)
2 ∑

(sh
a
d
ed

bin
s)

(22)

=
N

.
164

.[(8−
3)

+
(8−

3)
+

1]

=
1164

N
.

F
or

m
ore

gen
eral

m
an

d
s

valu
es

th
is

b
ecom

es

n
K

=
N

(2P
)
S
[S

(2P
−

K
)
S−

1
+

S
(S

−
1)

2
(2P

−
K

)
S−

2
+

...+
1]

(23)

=
N

(2P
)
S

S−
1

∑r
=

0

S
!

(S
−

r)!r! [2P
−

K
] r

=
N

(2P
)
S
([2P

−
K

+
1] S−

[2P
−

K
] S

)

=
N

.  [1−
(K

−
1)

2P

]
S− [1−

K2P ]
S 

,

w
ith

P
≡

2
m

.
In

th
e

case
w

h
ere

each
agen

t
h
old

s
tw

o
strategies,

S
=

2,
n

K
can

b
e

sim
p
lifi

ed

to

n
K

=
N

.  [1−
(K

−
1)

2P

]
2− [1−

K2P ]
2 

=
(2

m
+

2−
2K

+
1)

2
2
(m

+
1
)

N
.

(24)
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S
im

ilarly
for

n
K

th
e

sim
p
lifi

cation
is

as
follow

s:

n
K

=
(2

m
+

2−
2K

+
1)

2
2
(m

+
1
)

N
=

(2K
−

1)

2
2
(m

+
1
)

N
,

(25)

w
h
ere

th
e

relation
K

=
2P

−
K

+
1≡

2
m

+
1−

K
+

1
h
as

b
een

u
sed

.
It

is
em

p
h
asized

th
at

th
ese

resu
lts

d
ep

en
d

on
th

e
assu

m
p
tion

th
at

th
e

averages
are

d
om

in
ated

b
y

th
e

eff
ects

of

fl
at

d
istrib

u
tion

s
of

th
e

q
u
en

ch
ed

d
isord

er
m

atrix
Ψ

,
an

d
h
en

ce
w

ill
on

ly
b
e

q
u
an

titatively

valid
for

low
m

.
U

sin
g

E
q
u
ation

s
24

an
d

25
in

E
q
u
ation

19
gives

σ
2

=
P∑K
=

1 [
(2

m
+

2−
2K

+
1)

2
2
(m

+
1
)

N
−

(2K
−

1)

2
2
(m

+
1
)

N ]
2

(26)

=
N

2

2
2
(2

m
+

1
)

P∑K
=

1 [2
m

+
1−

2K
+

1] 2

=
N

2

3.2
m

(1−
2 −

2
(m

+
1
)),

an
d

h
en

ce

σ
d
elta

f
=

N
√

3.2
m

/
2 (1−

2 −
2
(m

+
1
))

12,
(27)

w
h
ich

is
valid

for
sm

all
m

.
(T

h
e

ration
ale

b
eh

in
d

th
e

ch
oice

of
su

p
erscrip

t
‘d

elta
f
’

w
ill

b
ecom

e
ap

p
aren

t
sh

ortly.)
T

h
is

d
erivation

h
as

assu
m

ed
th

at
th

ere
are

n
o

strategy
ties

–

m
ore

p
recisely,

w
e

h
ave

assu
m

ed
th

at
th

e
gam

e
ru

les
govern

in
g

strategy
ties

d
o

n
ot

u
p
set

th
e

id
en

tical
form

s
of

th
e

ran
k
in

gs
in

term
s
of

h
igh

est
v
irtu

al
p
oin

ts
an

d
p
op

u
larity.

A
s
d
iscu

ssed

earlier,
th

is
ten

d
s

to
overestim

ate
th

e
size

of
th

e
C

row
d
s

u
sin

g
h
igh

-ran
k
in

g
strategies,

an
d

u
n
d
erestim

ate
th

e
size

of
th

e
A

n
ticrow

d
s

u
sin

g
low

-ran
k
in

g
strategies.

H
en

ce
th

e
C

row
d
-

A
n
ticrow

d
can

cellation
is

u
n
d
erestim

ated
,

an
d

con
seq

u
en

tly
σ

d
elta

f
w

ill
overestim

ate
th

e

actu
al

σ
valu

e.
A

s
w

e
w

ill
see

later
in

F
igu

re
7,

σ
d
elta

f
d
o
es

in
d
eed

act
as

an
ap

p
rox

im
ate

u
p
p
er

b
ou

n
d
.

B
.

N
on

-fl
at

q
u
en

ch
ed

d
isord

er
m

atrix
Ψ

,
sm

all
m

T
h
e

ap
p
earan

ce
of

a
sign

ifi
can

t
n
u
m

b
er

of
n
on

-fl
at

q
u
en

ch
ed

d
isord

er
m

atrices
Ψ

in
th

e

en
sem

b
le,

im
p
lies

th
at

th
e

stan
d
ard

d
ev

iation
for

each
‘b

in
’

is
n
ow

sign
ifi

can
t,

i.e.
n
on

-

n
egligib

le
com

p
ared

to
th

e
m

ean
.

T
h
is

w
ill

b
e

in
creasin

gly
tru

e
as

m
in

creases.
In

th
is

case,

th
e

gen
eral

an
aly

sis
is

m
u
ch

m
ore

com
p
licated

,
an

d
sh

ou
ld

really
ap

p
eal

to
th

e
d
y
n
am

ics.

H
ow

ever,
an

ap
p
rox

im
ate

th
eory

can
still

b
e

d
evelop

ed
.

T
h
e

featu
res

for
th

e
case

of
en

sem
-
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b
les

con
tain

in
g

a
sign

ifi
can

t
n
u
m

b
er

of
n
on

-fl
at

q
u
en

ch
ed

d
isord

er
m

atrices
Ψ

b
ecom

e
as

follow
s:

•
B

y
d
efi

n
ition

of
th

e
lab

els{K
},

th
e

ran
k
in

g
in

term
s

of
v
irtu

al-p
oin

ts
is

retain
ed

,
i.e.

S
K

=
1

>
S

K
=

2
>

S
K

=
3

>
S

K
=

4
>

...
is

still
alw

ay
s

tru
e

in
th

e
ab

sen
ce

of
strategy

ties.

H
ow

ever
th

e
d
isord

er
in

th
e

m
atrix

Ψ
m

ay
d
istort

th
e

n
u
m

b
er

of
agen

ts
p
lay

in
g

a

given
strategy

to
su

ch
an

ex
ten

t,
th

at
it

is
n
o

lon
ger

tru
e

th
at

n
K

=
1

>
n

K
=

2
>

n
K

=
3

>

n
K

=
4

>
....

H
en

ce
th

e
ran

k
in

gs
in

term
s

of
h
igh

est
v
irtu

al-p
oin

ts
an

d
p
op

u
larity

are

n
o

lon
ger

id
en

tical.
A

n
oth

er
w

ay
of

say
in

g
th

is
is

th
at

th
e

d
isord

er
in

Ψ
h
as

in
tro

d
u
ced

a
d
isord

er
in

to
th

e
p
op

u
larity

ran
k
in

g,
su

ch
th

at
it

n
ow

d
iff

ers
from

th
e

v
irtu

al-p
oin

t

ran
k
in

g.
[W

e
n
ote

th
at

th
is

d
isord

erin
g

eff
ect

in
th

e
p
op

u
larity

ran
k
in

g
arisin

g
from

th
e

n
on

-fl
at

Ψ
,
o
ccu

rs
in

ad
d
ition

to
th

e
d
isord

erin
g

eff
ect

d
u
e

to
coin

-toss
tie-b

reak
in

g

of
strategy

d
egen

eracies
d
iscu

ssed
earlier].

•
In

gen
eral

w
e

n
ow

h
ave

th
at

n
K

′
>

n
K

′′
>

n
K

′′′
>

n
K

′′′′
>

...,
w

h
ere

th
e

lab
el

K
′
n
eed

n
ot

eq
u
al

1,
an

d
K

′′
n
eed

n
ot

eq
u
al

2
etc..

It
is

h
ow

ever
p
ossib

le
to

in
tro

d
u
ce

a
n
ew

lab
el{Q}

w
h
ich

w
ill

ran
k

th
e

strategies
in

term
s

of
p
op

u
larity,

i.e.

n
Q

=
1

>
n

Q
=

2
>

n
Q

=
3

>
n

Q
=

4
>

...,
(28)

w
h
ere

Q
=

1
rep

resen
ts

K
′,

Q
=

2
rep

resen
ts

K
′′,

etc.

W
ith

th
is

in
m

in
d
,
w

e
w

ill
retu

rn
to

th
e

origin
al

gen
eral

form
for

th
e

stan
d
ard

d
ev

iation
of

th
e

ex
cess

d
em

an
d

in
E

q
u
ation

17,
b
u
t

rew
rite

it
sligh

tly
as

follow
s:

σ
2

=
P∑K
=

1

N∑n
K

=
0

N∑n
K

=
0

[n
K
−

n
K

] 2
P

(n
K

,n
K

)
(29)

=
12

2
P

∑K
=

1

N∑n
K

=
0

N∑n
K

=
0

[n
K
−

n
K

] 2
P

(n
K

,n
K

)

=
12

2
P

∑K
=

1

2
P

∑K
′=

1 
N∑n

K
=

0

N∑n
K

′ =
0

[n
K
−

n
K

′] 2
P

(n
K

,n
K

′) 
f

K
′,K

,

w
h
ere

f
K

′,K
is

th
e

p
rob

ab
ility

th
at

K
′
is

th
e

an
ticorrelated

strategy
to

K
(i.e.

K
)

an
d

is

h
en

ce
given

b
y

f
K

′,K
=

δ
K

′,2
P

+
1−

K
.

T
h
is

m
an

ip
u
lation

is
ex

act
so

far.

A
sw

itch
is

n
ow

m
ad

e
to

th
e

p
op

u
larity

-lab
els{Q}.

A
fter

relab
ellin

g,
w

e
ob

tain
:

σ
2

=
12

2
P

∑Q
=

1

2
P

∑Q
′=

1 
N∑n

Q
=

0

N∑n
Q
′ =

0

[n
Q −

n
Q

′] 2
P

(n
Q
,n

Q
′) 

f
Q

′,Q
,

(30)
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w
h
ere

f
Q

′,Q
is

th
e

p
rob

ab
ility

th
at

th
e

strategy
w

ith
lab

el
Q

′is
an

ticorrelated
to

Q
.

C
on

sid
er

an
y

p
articu

lar
strategy

w
h
ich

w
as

lab
elled

p
rev

iou
sly

b
y

K
an

d
is

n
ow

lab
elled

b
y

Q
.

U
n
like

th
e

case
of

th
e

fl
at

d
isord

er
m

atrix
,
it

is
n
ot

gu
aran

teed
th

at
th

is
strategy

’s
an

ticorrelated

p
artn

er
w

ill
lie

in
p
osition

Q
′

=
2P

+
1−

Q
.

A
ll

th
at

can
b
e

said
is

th
at

th
e

strategy

R
h
as

ch
an

ged
lab

el
from

K
→

Q
(K

)
w

h
ile

th
e

an
ticorrelated

strategy
h
as

ch
an

ged
lab

el

from
K

→
Q

(K
)

an
d

th
at

in
gen

eral
Q

	=
2P

+
1−

Q
.

A
s

stated
earlier,

w
e

h
ave

as
a

resu
lt

of
th

e
relab

ellin
g

th
at

n
Q

=
1

>
n

Q
=

2
>

n
Q

=
3

>
n

Q
=

4
>

....
It

can
b
e

assu
m

ed
th

at

as
a

zeroth
-ord

er
ap

p
rox

im
ation

th
e

valu
es

of
n

Q
=

1 ,
n

Q
=

2 ,
n

Q
=

3
,...

etc.
are

still
sh

arp
ly

p
eaked

arou
n
d

th
eir

m
ean

valu
es

ob
tain

ed
for

th
e

fl
at-m

atrix
case,

i.e.
it

is
assu

m
ed

th
at

th
e

p
rob

ab
ility

d
istrib

u
tion

P
(n

Q
(K

) ,n
Q

′(K
) )

w
ill

b
e

sh
arp

ly
p
eaked

arou
n
d

th
e

n
Q

(K
)

an
d

n
Q

′(K
)

valu
es

given
b
y

th
e

m
ean

valu
es

for
a

fl
at

m
atrix

.
A

s
b
efore,

w
e

w
ill

lab
el

th
ese

valu
es

n
Q

an
d

n
Q

′
w

h
ere

th
e

in
trin

sic
d
ep

en
d
en

ce
of

Q
on

K
h
as

b
een

d
rop

p
ed

.
H

en
ce

P
(n

Q
,n

Q
′)

=
δ
n

Q
,n

Q
δ
n

Q
′ ,n

Q
′
w

ith
n

Q
an

d
n

Q
′
given

b
y

th
e

b
in

-cou
n
tin

g
m

eth
o
d
.

S
u
b
stitu

tin
g

in
P

(n
Q
,n

Q
′)

=
δ
n

Q
,n

Q
δ
n

Q
′ ,n

Q
′
gives

σ
2

=
12

2
P

∑Q
=

1

2
P

∑Q
′=

1

[n
Q −

n
Q

′] 2
f

Q
′Q

,
(31)

w
h
ere

th
e

fu
n
ction

f
Q

′,Q
,
w

h
ich

is
th

e
p
rob

ab
ility

th
at

th
e

strategy
w

ith
lab

el
Q

′
is

an
ticor-

related
to

strategy
Q

,
still

n
eed

s
to

b
e

sp
ecifi

ed
.

S
o

w
h
at

sh
ou

ld
th

e
form

of
f

Q
′,Q

b
e?

In
th

e
lim

it
of

n
egligib

le
m

atrix
d
isord

er
at

sm
all

m
,
as

stu
d
ied

in
th

e
p
rev

iou
s

section
,
it

w
ill

b
e

a
d
elta-fu

n
ction

at
Q

′
=

2P
+

1−
Q

≡
Q

sin
ce

in
th

is
case

th
e

ran
k
in

gs
in

term
s

of
p
op

u
larity

an
d

v
irtu

al-p
oin

ts
w

ill
on

ce
m

ore
b
e

id
en

tical.
H

en
ce

w
e

recover
th

e
resu

lts
of

th
e

p
rev

iou
s

section
.

H
ow

ever,
as

th
e

relative

im
p
ortan

ce
of

d
isord

er
in

Ψ
in

creases,
th

e
d
elta-fu

n
ction

form
w

ill
n
o

lon
ger

b
e

ap
p
rop

riate.

O
n
e

ap
p
rox

im
ate

solu
tion

to
th

is
p
rob

lem
is

to
assu

m
e

th
at

th
e

resu
ltin

g
d
isord

er
in

th
e

p
op

u
larity

ran
k
in

g
(as

com
p
ared

to
th

e
origin

al
v
irtu

al-p
oin

t
ran

k
in

g)
is

so
stron

g,
th

at

th
e

p
rob

ab
ility

th
at

Q
′
is

an
ticorrelated

to
Q

b
ecom

es
in

depen
den

t
of

th
e

lab
el

Q
′
an

d
is

h
en

ce
given

b
y

1/(2P
).

H
en

ce
th

e
an

ticorrelated
strategy

to
Q

cou
ld

lie
an

yw
here

in
th

e

strategy
list{

Q
′}

=
1,...2P

.
In

th
is

sen
se,

th
is

is
th

e
op

p
osite

lim
it

to
th

e
d
elta-fu

n
ction

case
corresp

on
d
in

g
to

th
e

fl
at

d
isord

er
m

atrix
at

sm
all

m
.

H
en

ce
in

stead
of

b
ein

g
a

d
elta-

fu
n
ction

at
Q

′
=

2P
+

1−
Q

,
it

n
ow

follow
s

th
at

f
Q

′,Q
h
as

a
‘fl

at’
form

given
b
y

1/(2P
).

In

27

th
is

lim
itin

g
case

w
e

h
ave

σ
fl
a
t

f
=

N
√

3.2
(m

+
1
)/

2 (1−
2 −

2
(m

+
1
))

12.
(32)

C
om

p
arin

g
th

is
w

ith
E

q
u
ation

27
it

can
b
e

seen
th

at

σ
fl
a
t

f
=

1√2
σ

d
elta

f≈
0.7σ

d
elta

f
(33)

for
th

e
case

of
S

=
2.

T
h
e

su
p
erscrip

ts
‘fl

at
f
’
an

d
‘d

elta
f
’
u
sed

in
th

e
p
rev

iou
s

section
,

th
erefore

can
b
e

seen
to

refer
to

th
e

form
of

th
e

p
rob

ab
ility

fu
n
ction

f
Q

′,Q
.

W
e

em
p
h
asize

th
at

E
q
u
ation

27
can

b
e

d
erived

from
E

q
u
ation

31
b
y

lettin
g

f
Q

′,Q
take

th
e

d
elta-fu

n
ction

form
δ
Q

′,2
P

+
1−

Q
p
eaked

at
Q

′
=

2P
+

1−
Q

≡
Q

.

C
.

N
on

-fl
at

q
u
en

ch
ed

d
isord

er
m

atrix
Ψ

,
large

m

F
or

larger
m

,
th

e
stan

d
ard

d
ev

iation
in

th
e

n
u
m

b
er

of
agen

ts
in

a
given

b
in

is
n
ow

sim
ilar

to
th

e
m

ean
valu

e.
(B

y
large

m
it

is
m

ean
t
th

at
th

e
n
u
m

b
er

of
strategies

is
greater

th
an

N
.s,

i.e.
2.2

m
>

N
.s).

F
u
rth

erm
ore,

th
ere

ten
d

to
b
e

eith
er

0
or

1
agen

ts
in

each
b
ox

(Q
,Q

′).
In

th
is

lim
it,

th
ere

w
ill

ten
d

to
b
e

O
(N

)
crow

d
s,

w
ith

each
crow

d
h
av

in
g

O
(1)

agen
t.

H
en

ce
th

e

p
op

u
larity

ord
erin

g
is

h
igh

ly
d
egen

erate
sin

ce
n

Q
=

0,1
for

all
Q

.
S
in

ce
th

e
an

ticorrelated

strategy
to

Q
cou

ld
b
e

an
y
w

h
ere,

w
e

h
ave

f
Q

′,Q
=

1/(2P
).

U
sin

g
E

q
u
ation

31
th

en
gives

σ
2

=
12

2
P

∑Q
=

1

2
P

∑Q
′=

1

[n
Q −

n
Q

′] 2
f

Q
′,Q

(34)

=
N∑Q
=

1 {
[(n

Q
=

1)−
(n

Q
′
=

1)] 2
N2P

+
[( n

Q
=

1)−
(n

Q
′
=

0)] 2
2P

−
N

2P

}
,

w
h
ere

th
e

su
m

is
n
ow

p
erform

ed
over

th
e
N

strategies
w

ith
on

e
agen

t
su

b
scrib

ed
.

S
im

p
lify

in
g

th
is

ex
p
ression

gives

σ
fl
a
t

f
,

h
ig

h
m

=


N∑Q
=

1

[(n
Q

=
1)−

(n
Q

′
=

0)] 2
2P

−
N

2P


12

(35)

=
(N

. 2P
−

N

2P
)

12

=
√

N
(1−

N

2
m

+
1 )

12,

w
h
ere

P
≡

2
m

h
as

b
een

u
sed

.
W

e
n
ote

in
p
assin

g
th

at
it

is
q
u
ite

sim
p
le

to
ob

tain
a

sligh
tly

m
ore

sop
h
isticated

ap
p
rox

im
ation

for
f

Q
′,Q

w
h
ich

in
corp

orates
th

e
agen

ts’
b
eh

av
ior

28



in
p
ick

in
g

th
eir

m
ost

su
ccessfu

l
strategy.

F
or

gen
eral

S
,
th

is
th

en
y
ield

s

σ
fl
a
t

f
,

h
ig

h
m

=
√

N
(1−

N
S
−

1

2
m

+
1

)
12

.
(36)

[N
.B

.
T

h
is

latter
ex

p
ression

s
gives

an
even

b
etter

fi
t

to
th

e
n
u
m

erical
resu

lts
sh

ow
n

later
in

F
igu

re
7].

D
.

R
ed

u
ced

v
s.

F
u
ll

S
trategy

S
p
ace

T
h
e

gen
eral

d
y
n
am

ics
for

a
ty

p
ical

gam
e

are
likely

to
b
e

sim
ilar

in
ch

aracter
w

h
en

p
layed

in
b
oth

th
e

F
S
S

an
d

th
e

R
S
S

[12].
H

en
ce

th
e

R
S
S
-b

ased
C

row
d
-A

n
ticrow

d
th

eory
w

ou
ld

gen
erally

b
e

ex
p
ected

to
p
rov

id
e

a
valid

d
escrip

tion
for

gam
es

p
layed

in
th

e
F
S
S

as
w

ell.

In
ad

d
ition

to
straigh

tforw
ard

n
u
m

erical
d
em

on
stration

for
th

e
p
articu

lar
gam

e
of

in
terest,

th
ere

is
a

th
eoretical

ju
stifi

cation
w

h
ich

go
es

as
follow

s.
F
or

a
gam

e
p
layed

in
th

e
F
S
S

th
ere

are
2

2
m
/2.2

m
d
istin

ct
su

b
sets

of
strategies.

E
ach

su
b
set

can
b
e

con
sid

ered
as

a
sep

arate

R
S
S
.
N

ote
th

at
th

e
strategies

th
at

b
elon

g
to

a
given

R
S
S

are
op

tim
ally

sp
read

ou
t

across

th
e

corresp
on

d
in

g
F
S
S

h
y
p
ercu

b
e.

F
igu

re
2

sh
ow

s
th

e
d
istrib

u
tion

of
th

e
16,

m
=

2
strategies

across
th

e
4

d
im

en
sion

al
h
y
p
ercu

b
e.

T
h
e

p
osition

s
of

th
e

strategies
b
elon

gin
g

to
th

e
R

S
S

are
su

ch
th

at
n
o

tw
o

strategies
h
ave

a
H

am
m

in
g

sep
aration

less
th

an
2

m
/2.

T
h
e

sam
e

can

b
e

said
for

an
y

oth
er

ch
oice

of
R

S
S
.
D

u
e

to
th

e
n
atu

re
of

a
R

S
S
,
an

d
given

sim
ilar

strin
gs

of

p
ast

ou
tcom

es
over

w
h
ich

to
score

strategies,
each

strategy
w

ith
in

th
e

R
S
S

attain
s

a
score

in
an

u
n
correlated

or
an

ticorrelated
m

an
n
er

to
an

y
oth

er
strategy

in
th

e
su

b
set.

A
n
y

oth
er

R
S
S

w
ith

in
th

e
F
S
S

w
ill

score
its

strategies
in

a
sim

ilar
w

ay,
alth

ou
gh

sligh
tly

ou
t

of
p
h
ase.

F
or

ex
am

p
le

for
m

=
3,

th
e

fi
rst

R
S
S

to
b
e

con
sid

ered
cou

ld
con

tain
th

e
strategy

00001111,

an
d

th
e

secon
d

R
S
S

con
sid

ered
cou

ld
con

tain
th

e
strategy

01001111.
It

is
easy

to
see

th
at

on
7

ou
t

of
8

o
ccasion

s
th

ese
tw

o
strategies

w
ou

ld
score

in
th

e
sam

e
w

ay.
H

en
ce

it
can

b
e

seen
th

at
th

ese
tw

o
strategies

from
tw

o
sep

arate
R

S
S
,
w

ill
follow

each
oth

er
d
u
rin

g
a

ty
p
ical

ru
n

of
an

u
n
b
iased

gam
e.

T
h
is

argu
m

en
t

ex
ten

d
s

across
all

strategies
in

all
of

th
e

2
2

m
/2.2

m

d
istin

ct
R

S
S
’s

w
ith

in
th

e
F
S
S
.

H
en

ce
a

gam
e

u
sin

g
th

e
F
S
S

b
eh

aves
as

if
th

ere
are

2.2
m

clu
sters

of
strategies

an
d

so
is

sim
ilar

to
a

gam
e

p
layed

in
th

e
R

S
S
.
T

h
ese

clu
sters

form
th

e

C
row

d
s

an
d

A
n
ticrow

d
s

of
th

e
th

eory,
an

d
th

is
clu

sterin
g

allow
s

th
e

u
se

of
ju

st
on

e
R

S
S

in

th
e

th
eory.
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V
I.

C
R

O
W

D
-A

N
T

IC
R

O
W

D
T

H
E
O

R
Y

A
P

P
L
IE

D
T

O
G

E
N

E
R

A
L
IZ

E
D

M
IN

O
R

-

IT
Y

G
A

M
E
S

In
th

is
section

w
e

sh
ow

th
at

th
e

p
resen

t
C

row
d
-A

n
ticrow

d
th

eory,
even

w
ith

in
its

R
S
S

form
u
lation

,
p
rov

id
es

a
q
u
an

titative
th

eory
for

b
oth

th
e

M
in

ority
G

am
e

an
d

several
varian

ts.

T
h
ere

is
cu

rren
tly

n
o

oth
er

an
aly

tic
th

eory
w

h
ich

can
m

atch
th

e
q
u
an

titative
agreem

en
t

of

th
e

C
row

d
-A

n
ticrow

d
th

eory
over

su
ch

a
p
aram

eter
ran

ge,
an

d
over

su
ch

a
ran

ge
of

gam
e

varian
ts.

T
h
is

ju
stifi

es
ou

r
b
elief

th
at

th
e

C
row

d
-A

n
ticrow

d
th

eory
is

an
im

p
ortan

t
m

ileston
e

in
su

ch
m

u
lti-agen

t
sy

stem
s,

an
d

p
ossib

ly
even

for
C

om
p
lex

S
y
stem

s
in

gen
eral.

It
is

also

p
leasin

g
from

th
e

p
oin

t
of

v
iew

of
p
h
y
sics

m
eth

o
d
ology,

sin
ce

th
e

b
asic

u
n
d
erly

in
g

p
h
ilosop

h
y

of
accou

n
tin

g
correctly

for
‘in

ter-p
article’

correlation
s

is
alread

y
k
n
ow

n
to

b
e

su
ccessfu

l
in

m
ore

con
ven

tion
al

areas
of

m
an

y
-b

o
d
y

p
h
y
sics.

T
h
is

su
ccess

in
tu

rn
raises

th
e

in
trigu

in
g

p
ossib

ility
th

at
con

ven
tion

al
m

an
y
-b

o
d
y

p
h
y
sics

m
igh

t
itself

b
e

op
en

to
re-in

terp
retation

in

term
s

of
an

ap
p
rop

riate
m

u
lti-p

article
‘gam

e’:
w

e
leave

th
is

for
fu

tu
re

w
ork

.

A
.

B
asic

M
in

ority
G

am
e

F
igu

re
7

sh
ow

s
th

e
stan

d
ard

d
ev

iation
σ

of
th

e
ex

cess
d
em

an
d

D
[t],

ob
tain

ed
for

th
e

p
articu

lar
case

of
th

e
M

in
ority

G
am

e.
T

h
e

an
aly

tic
resu

lts
w

ere
taken

from
S
ection

s
V
A

,

V
B

an
d

V
C

.
T

h
e

resu
lts

are
sh

ow
n

as
a

fu
n
ction

of
agen

t
m

em
ory

size
m

.
T

h
e

sp
read

in
n
u
m

erical
valu

es
from

in
d
iv

id
u
al

ru
n
s,

for
a

given
m

,
in

d
icates

th
e

ex
ten

t
to

w
h
ich

th
e

ch
oice

of
Ψ

alters
th

e
d
y
n
am

ics
of

th
e

M
G

.
T

h
e

u
p
p
er

lin
e

for
each

S
valu

e
at

low
m

,
is

E
q
u
ation

27
sh

ow
in

g
σ

d
elta

f.
T

h
e

low
er

lin
e

for
each

S
valu

e
at

low
m

,
is

E
q
u
ation

32

sh
ow

in
g

σ
fl
a
t

f.
T

h
e

lin
e

at
h
igh

m
is

E
q
u
ation

35
sh

ow
in

g
σ

fl
a
t

f
,

h
ig

h
m

,
an

d
is

in
d
ep

en
d
en

t

of
S

.
C

om
p
arin

g
th

e
an

aly
tic

cu
rves

w
ith

th
e

n
u
m

erical
resu

lts,
it

can
b
e

seen
th

at
th

e

an
aly

tic
ex

p
ression

s
cap

tu
re

th
e

essen
tial

p
h
y
sics

(i.e.
th

e
stron

g
correlation

s)
d
riv

in
g

th
e

fl
u
ctu

ation
s

in
th

e
sy

stem
.

B
.

A
lloy

M
in

ority
G

am
e

H
ere

w
e

con
sid

er
th

e
C

row
d
-A

n
ticrow

d
th

eory
ap

p
lied

to
a

m
ix

ed
p
op

u
lation

con
tain

in
g

agen
ts

of
d
iff

eren
t

m
em

ory
-sizes

(or
eq

u
ivalen

tly,
agen

ts
w

ith
d
iff

erin
g

op
in

ion
s

as
to

th
e

relative
im

p
ortan

ce
of

p
rev

iou
s

ou
tcom

es)
[26].

S
in

ce
w

e
are

in
terested

in
th

e
eff

ects
of

30



crow
d
in

g
w

ith
in

th
is

m
ix

ed
-ab

ility
p
op

u
lation

,
w

e
w

ill
fo

cu
s

on
sm

all
m

.
C

on
sid

er
a

p
op

-

u
lation

con
tain

in
g

som
e

agen
ts

w
ith

m
em

ory
m

1 ,
an

d
som

e
agen

ts
w

ith
m

em
ory

m
2

w
h
ere

m
1

<
m

2 .
F
or

a
p
u
re

p
op

u
lation

of
agen

ts
w

ith
th

e
sam

e
m

em
ory

m
1 ,

th
ere

is
in

form
ation

left
in

th
e

h
istory

tim
e-series

[21].
In

th
e

sm
all

m
1

lim
it,

h
ow

ever,
th

is
in

form
ation

is
h
id

d
en

in
b
it-strin

gs
of

len
gth

greater
th

an
m

1
an

d
h
en

ce
is

n
ot

accessib
le

to
th

ese
agen

ts.
H

ow
ever

it
w

ou
ld

in
p
rin

cip
le

b
e

accessib
le

to
agen

ts
w

ith
a

larger
m

em
ory

m
2 .

In
th

e
m

ix
ed

p
op

u
lation

or
‘alloy

’,
th

ere
are

tw
o

su
b
-p

op
u
lation

s
com

p
risin

g
N

m
1

agen
ts

w
ith

m
em

ory
m

1
an

d
S

1
strategies

p
er

agen
t,

an
d

N
m

2
=

N
−

N
m

1
agen

ts
w

ith
m

em
ory

m
2

an
d

S
2

strategies
p
er

agen
t.

L
et

u
s

fo
cu

s
on

th
e

varian
ce

σ
2

of
d
em

an
d

D
[t].

If
each

p
op

u
lation

w
ere

p
u
re,

it
w

ou
ld

form
C

row
d
-A

n
ticrow

d
grou

p
s

as
d
iscu

ssed
earlier

in
th

is

p
ap

er,
an

d
h
en

ce
p
rov

id
e

a
varian

ce
given

b
y

th
e

su
m

of
th

e
varian

ces
of

th
ese

u
n
correlated

grou
p
s.

In
th

e
m

ix
ed

p
op

u
lation

,
w

e
can

assu
m

e
as

a
fi
rst

ap
p
rox

im
ation

th
at

th
e

in
d
iv

id
u
al

grou
p
s

for
d
iff

eren
t

m
are

also
u
n
correlated

.
In

sh
ort,

th
e

agen
ts

lo
ok

in
g

at
p
attern

s
of

len
gth

m
1 ,

an
d

th
e

agen
ts

lo
ok

in
g

at
p
attern

s
of

len
gth

m
2 ,

act
in

an
u
n
correlated

w
ay

w
ith

resp
ect

to
each

oth
er.

H
en

ce
th

e
varian

ce
in

th
e

total
D

[t]
from

b
oth

su
b
-p

op
u
lation

s,
can

b
e

ob
tain

ed
b
y

ad
d
in

g
sep

arately
th

e
con

trib
u
tion

s
to

th
e

varian
ce

from
th

e
m

1
agen

ts
an

d

th
e

m
2

agen
ts.

H
en

ce
σ

2
=

σ
21
+

σ
22 ,

w
h
ere

σ
1

(σ
2 )

is
th

e
varian

ce
d
u
e

to
th

e
m

1
(m

2 )
agen

ts.

D
efi

n
in

g
th

e
con

cen
tration

of
m

1
agen

ts
as

x
=

N
m

1 /N
,

gives
σ

21
=

C
2(m

1 ,S
1 )x

2N
2

an
d

σ
22

=
C

2(m
2 ,S

2 )(1−
x
)
2N

2
w

h
ere

th
e

ex
p
ression

s
for

C
2(m

1 ,S
1 )

an
d

C
2(m

2 ,S
2 )

follow
from

E
q
u
ation

s
19

an
d

23:

C
2(m

i ,S
i )

=
2

m
i

∑K
=

1 ([1−
(K

−
1)

2
m

i +
1 ]

S
i− [1−

K

2
m

i +
1 ]

S
i

(37)

− [1−
(2

m
i +

1−
K

)

2
m

i +
1

]
S

i

+ [1−
2

m
i +

1
+

1−
K

2
m

i +
1

]
S

i )
2

H
en

ce

σ
=

N
[C

2(m
1 ,S

1 )x
2
+

C
2(m

2 ,S
2 )(1−

x
)
2] 1

/
2

.
(38)

It
can

b
e

seen
th

at
E

q
u
ation

38
w

ill
gen

erally
ex

h
ib

it
a

m
in

im
u
m

in
σ

at
fi
n
ite

x
,
h
en

ce
th

e

m
ix

ed
p
op

u
lation

u
ses

th
e

lim
ited

glob
al

resou
rce

m
ore

effi
cien

tly
th

an
a

p
u
re

p
op

u
lation

of
eith

er
(m

1 ,S
1 )

or
(m

2 ,S
2 )

agen
ts.

T
h
is

an
aly

tic
resu

lt
h
as

b
een

con
fi
rm

ed
in

n
u
m

erical

sim
u
lation

s
of

a
m

ix
ed

p
op

u
lation

[26,
33].31

C
.

T
h
erm

al
M

in
ority

G
am

e

In
th

e
‘T

h
erm

al
M

in
ority

G
am

e’
(T

M
G

)
[38],

agen
ts

ch
o
ose

b
etw

een
th

eir
S

strategies

u
sin

g
an

ex
p
on

en
tial

p
rob

ab
ility

w
eigh

tin
g.

A
s

p
oin

ted
ou

t
b
y

M
arsili

et
al

[18],
su

ch
a

p
rob

ab
ilistic

strategy
w

eigh
tin

g
h
as

a
lon

g
trad

ition
in

econ
om

ics
an

d
en

co
d
es

a
p
articu

-

lar
b
eh

av
ioral

m
o
d
el.

T
h
e

n
u
m

erical
sim

u
lation

s
of

C
avagn

a
et

al
d
em

on
strated

th
at

at

sm
all

m
,

w
h
ere

th
e

M
G

σ
is

larger-th
an

-ran
d
om

,
th

e
T

M
G

σ
cou

ld
b
e

p
u
sh

ed
b
elow

th
e

ran
d
om

coin
-toss

lim
it

ju
st

b
y

alterin
g

th
is

relative
p
rob

ab
ility

w
eigh

tin
g,

or
eq

u
ivalen

tly

th
e

‘tem
p
eratu

re’
T

[38].
T

h
is

red
u
ction

in
σ

for
sto

ch
astic

strategies
seem

s
fairly

gen
eral:

for
ex

am
p
le,

in
R

ef.
[34]

w
e

h
ad

p
resen

ted
a

m
o
d
ifi

ed
M

G
in

w
h
ich

agen
ts

w
ith

sto
ch

astic

strategies
also

gen
erate

a
sm

aller-th
an

-ran
d
om

σ
.

T
h
e

com
m

on
u
n
d
erly

in
g

p
h
en

om
en

on

in
b
oth

cases
is

th
at

sto
ch

astic
strategy

ru
les

ten
d

to
red

u
ce

(in
crease)

th
e

ty
p
ical

size
of

C
row

d
s

(A
n
ticrow

d
s),

w
h
ich

in
tu

rn
im

p
lies

an
in

crease
in

th
e

can
cellation

b
etw

een
th

e

action
s

of
th

e
C

row
d
s

an
d

A
n
ticrow

d
s.

H
en

ce
σ

gets
red

u
ced

,
an

d
can

even
fall

b
elow

th
e

ran
d
om

coin
-toss

lim
it

[34,
38].

W
e

w
ill

n
ow

sh
ow

th
at

th
e

C
row

d
-A

n
ticrow

d
th

eory
p
rov

id
es

a
q
u
an

titative
ex

p
lan

ation

of
th

e
m

ain
resu

lt
of

R
ef.

[38],
w

h
ereb

y
a

sm
aller-th

an
-ran

d
om

σ
is

gen
erated

w
ith

in
creasin

g

‘tem
p
eratu

re’
[27,

28]
at

sm
all

m
.

W
e

th
erefore

fo
cu

s
on

sm
all

m
,
an

d
assu

m
e

a
n
early

fl
at

strategy
allo

cation
m

atrix
Ψ

.
A

t
an

y
m

om
en

t
in

th
e

gam
e,

strategies
can

b
e

ran
ked

accord
in

g

to
th

eir
v
irtu

al
p
oin

ts,
K

=
1,2

...2
m

+
1

w
h
ere

K
=

1
is

th
e

b
est

strategy,
K

=
2

is
secon

d

b
est,

etc.
C

on
sid

er
an

y
tw

o
strategies

ran
ked

K
an

d
K

∗
w

ith
in

th
e

list
of

2
m

+
1

strategies
in

th
e

R
S
S
.
A

s
m

en
tion

ed
earlier,

in
th

e
sm

all
m

regim
e

of
in

terest
th

e
v
irtu

al-p
oin

t
strategy

ran
k
in

g
an

d
p
op

u
larity

ran
k
in

g
for

strategies
are

essen
tially

th
e

sam
e.

C
on

sid
er

S
=

2
as

an
ex

am
p
le.

L
et

p(K
,K

∗|K
∗≥

K
)

b
e

th
e

p
rob

ab
ility

th
at

a
given

agen
t

p
ossesses

K
an

d

K
∗,

w
h
ere

K
∗≥

K
(i.e.

K
is

th
e

b
est,

or
eq

u
al

b
est,

am
on

g
h
is

S
=

2
strategies).

In

con
trast,

let
p(K

,K
∗|K

∗≤
K

)
b
e

th
e

p
rob

ab
ility

th
at

a
given

agen
t

p
ossesses

K
an

d
K

∗,

w
h
ere

K
∗≤

K
(i.e.

K
is

th
e

w
orst,

or
eq

u
al

w
orst,

am
on

g
h
is

S
=

2
strategies).

L
et

θ

b
e

th
e

p
rob

ab
ility

th
at

th
e

agen
t

u
ses

th
e

w
orst

of
h
is

S
=

2
strategies,

w
h
ile

1−
θ

is
th

e

p
rob

ab
ility

th
at

h
e

u
ses

th
e

b
est.

T
h
e

p
rob

ab
ility

th
at

th
e

agen
t

p
lay

s
K

is
th

en
given

b
y

p
K

=
2

m
+

1
∑K
∗
=

1 [
θ

p(K
,K

∗|K
∗≤

K
)
+

(1−
θ)

p(K
,K

∗|K
∗≥

K
)]

(39)

=
θ

p−
(K

)
+

2 −
2
(m

+
1
)
θ

+
(1−

θ)
p

+
(K

)
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w
h
ere

p
+
(K

)
= ∑

K
∗
p(K

,K
∗|K

∗≥
K

)
is

th
e

p
rob

ab
ility

th
at

th
e

agen
t

h
as

p
icked

K
an

d

th
at

K
is

th
e

agen
t’s

b
est

(or
eq

u
al

b
est)

strategy
;
p−

(K
)

= ∑
K

∗
p(K

,K
∗|K

∗
<

K
)

is
th

e

p
rob

ab
ility

th
at

th
e

agen
t

h
as

p
icked

K
an

d
th

at
K

is
th

e
agen

t’s
w

orst
strategy.

U
sin

g

E
q
u
ation

23
it

is
straigh

tforw
ard

to
sh

ow
th

at

p
+
(K

)
= ([1−

(K
−

1)

2
m

+
1 ]

2− [1−
K

2
m

+
1 ]

2 )
.

(40)

N
ote

th
at

p
+
(K

)
+

p−
(K

)
=

p(K
)

w
h
ere

p(K
)

=
2 −

m
(1−

2 −
(m

+
2
))

(41)

is
th

e
p
rob

ab
ility

th
at

th
e

agen
t

h
old

s
strategy

K
after

h
is

S
=

2
p
ick

s,
w

ith
n
o

con
d
ition

on
w

h
eth

er
it

is
b
est

or
w

orst.
A

n
ex

p
ression

for
p−

(K
)

follow
s

from
E

q
u
ation

s
40

an
d

41.

T
h
e

b
asic

M
G

corresp
on

d
s

to
th

e
case

θ
=

0.

In
th

e
T

M
G

,
each

agen
t

is
eq

u
ip

p
ed

at
each

tim
estep

w
ith

h
is

ow
n

(b
iased

)
coin

ch
ar-

acterised
b
y

ex
p
on

en
tial

p
rob

ab
ility

w
eigh

tin
gs

[38,
45].

A
n

agen
t

th
en

fl
ip

s
th

is
coin

at

each
tim

estep
to

d
ecid

e
w

h
ich

strategy
to

u
se

[38].
T
o

relate
th

e
p
resen

t
an

aly
sis

to
th

e

T
M

G
in

R
ef.

[38],
0
≤

θ≤
1/2

is
con

sid
ered

:
θ

=
0

corresp
on

d
s

to
‘tem

p
eratu

re’
T

=
0

w
h
ile

θ→
1/2

corresp
on

d
s

to
T
→

∞
[45]

w
ith

θ
=

1/2[1−
tan

h
(1/T

)].
C

on
sid

er
th

e
m

ean

n
u
m

b
er

of
agen

ts
p
lay

in
g

strategy
K

,
w

h
ich

is
n
ow

given
b
y

n
K

=
N

p
K

=
N

(1−
2θ)

p
+
(K

)
+

N
θ

p(K
)
+

2 −
2
(m

+
1
)
N

θ
.

(42)

R
ecall

E
q
u
ation

19

σ
θ

= [
P∑K
=

1 [n
K
−

n
K

] 2 ]
12

(43)

T
h
e

q
u
an

tities
n

K
an

d
n

K
are

n
ow

θ-d
ep

en
d
en

t
(see

E
q
u
ation

42).
R

ealizin
g

th
at

on
ly

th
e

fi
rst

term
in

E
q
u
ation

42
is

actu
ally

a
fu

n
ction

of
K

an
d

h
en

ce
su

b
stitu

tin
g

E
q
u
ation

s
40,

41
an

d
42

for
K

an
d

K
in

to
E

q
u
ation

19
y
ield

s

σ
θ

=
|1−

2θ|
σ

θ
=

0
(44)

w
h
ere

σ
θ
=

0
is

th
e

stan
d
ard

d
ev

iation
w

h
en

θ
=

0,
i.e.

th
e

stan
d
ard

d
ev

iation
of

D
[t]

ob
tain

ed

for
th

e
b
asic

M
G

.
E

q
u
ation

44
ex

p
licitly

sh
ow

s
th

at
th

e
stan

d
ard

d
ev

iation
σ

θ
decreases

as

θ
in

creases
(recall

0≤
θ≤

1/2):
in

oth
er

w
ord

s,
th

e
stan

d
ard

d
ev

iation
d
ecreases

as
agen

ts

u
se

th
eir

w
orst

strategy
w

ith
in

creasin
g

p
rob

ab
ility.

A
n

in
crease

in
θ

lead
s

to
a

red
u
ction

in
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th
e

size
of

th
e

larger
C

row
d
s
u
sin

g
h
igh

-scorin
g

strategies,
as

w
ell

as
an

in
crease

in
th

e
size

of

th
e

sm
aller

A
n
ticrow

d
s

u
sin

g
low

er-scorin
g

strategies,
h
en

ce
resu

ltin
g

in
a

m
ore

su
b
stan

tial

can
cellation

eff
ect

b
etw

een
th

e
C

row
d

an
d

th
e

A
n
ticrow

d
.

A
s

θ
in

creases,
σ

θ
w

ill
even

tu
ally

d
rop

below
th

e
ran

d
om

coin
-toss

resu
lt

at
θ

=
θ

c
w

h
ere

θ
c
=

12 −
√

N2

1

σ
θ
=

0

.
(45)

W
e

n
ow

sw
itch

to
th

e
p
op

u
larity

lab
els{Q}

in
ord

er
to

ex
am

in
e

σ
in

th
e

tw
o

lim
its

of

‘d
elta

f
’,

an
d

‘fl
at

f
’.

T
h
e

d
elta-fu

n
ction

d
istrib

u
tion

is
δ
Q

′,2
m

+
1
+

1−
Q

w
h
ich

is
p
eaked

at

Q
′
=

2
m

+
1
+

1−
Q

,
w

h
ile

th
e

fl
at

d
istrib

u
tion

is
given

b
y

1/(2P
)

=
[2 −

(m
+

1
)].

E
m

p
loy

in
g

th
ese

ap
p
rox

im
ate

d
istrib

u
tion

s
on

ce
again

,
th

e
resu

ltin
g

ex
p
ression

s
for

σ
θ

are

σ
d
elta

f
θ

=
(1−

2θ)
N

√
32

m2 (
1−

2 −
2
(m

+
1
) )

12

(46)

an
d

σ
fl
a
t

f
θ

=
(1−

2θ)
N

√
3

2
(m

+
1
)/

2 (
1−

2 −
2
(m

+
1
) )

12

(47)

resp
ectively.

F
or

th
e

T
M

G
,
θ

=
(1/2)[1−

tan
h
(1/T

)]
alth

ou
gh

w
e

again
em

p
h
asize

th
at

th
e

C
row

d
-A

n
ticrow

d
th

eory
is

n
ot

lim
ited

to
th

e
case

of
‘th

erm
al’

strategy
w

eigh
tin

gs.

F
igu

re
8

sh
ow

s
a

com
p
arison

b
etw

een
th

e
th

eory
of

E
q
u
ation

s
46,

47
an

d
n
u
m

erical

sim
u
lation

for
variou

s
ru

n
s,

m
=

2
an

d
S

=
2.

T
h
e

th
eory

agrees
w

ell
in

th
e

ran
ge

θ
=

0→
0.35

an
d
,
m

ost
im

p
ortan

tly,
p
rov

id
es

a
q
u
an

titative
ex

p
lan

ation
for

th
e

tran
sition

in
σ

from

larger-th
an

-ran
d
om

to
sm

aller-th
an

-ran
d
om

as
θ

(an
d

h
en

ce
T

)
is

in
creased

.
T

h
e

n
u
m

erical

d
ata

for
d
iff

eren
t

ru
n
s

h
as

a
sign

ifi
can

t
n
atu

ral
sp

read
.

M
ost

of
th

ese
d
ata

p
oin

ts
d
o

lie
in

th
e

region
in

b
etw

een
th

e
tw

o
an

aly
tic

cu
rves,

w
h
ich

act
as

ap
p
rox

im
ate

u
p
p
er

an
d

low
er-

b
ou

n
d
s.

A
b
ove

θ
=

0.35,
th

e
n
u
m

erical
d
ata

ten
d

to
fl
atten

off
w

h
ile

th
e

p
resen

t
th

eory

p
red

icts
a

d
ecrease

in
σ

as
θ
→

0.5.
T

h
is

is
b
ecau

se
th

e
p
resen

t
th

eory
averages

ou
t

th
e

fl
u
ctu

ation
s

in
strategy

-u
se

at
each

tim
e-step

(E
q
u
ation

42
on

ly
con

sid
ers

th
e

m
ean

n
u
m

b
er

of
agen

ts
u
sin

g
a

strategy
of

given
ran

k
).

C
on

sid
er

θ
=

0.5.
F
or

a
p
articu

lar
con

fi
gu

ration
of

strategies
p
icked

at
th

e
start

of
th

e
gam

e,
an

d
at

a
p
articu

lar
m

om
en

t
in

tim
e,

th
e

n
u
m

b
er

of
agen

ts
u
sin

g
each

strategy
is

ty
p
ically

d
istrib

u
ted

arou
n
d

th
e

m
ean

valu
e

n
K

=
N

2 −
(m

+
1
)

given
b
y

E
q
u
ation

42
for

θ
=

0.5.
T

h
e

resu
ltin

g
d
istrib

u
tion

d
escrib

in
g

th
e

strategy
-u

se
is

th
erefore

n
on

-fl
at.

It
is

th
ese

fl
u
ctu

ation
s

ab
ou

t
th

e
m

ean
valu

es
n

K
an

d
n

K
w

h
ich

give
rise

to
a

n
on

-zero
σ
.

T
h
e

C
row

d
-A

n
ticrow

d
th

eory
can

b
e

ex
ten

d
ed

to
accou

n
t

for
th

e
eff

ect

of
th

ese
fl
u
ctu

ation
s

in
strategy

-u
se

for
θ
→

0.5
in

th
e

follow
in

g
w

ay
:

A
ll

N
agen

ts
are
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ran
d
om

ly
assign

ed
S

=
2

strategies.
T
o

rep
resen

t
a

tu
rn

in
th

e
gam

e,
each

agen
t

fl
ip

s
a

(fair)
coin

to
d
ecid

e
w

h
ich

of
th

e
tw

o
strategies

is
th

e
p
referred

on
e.

H
av

in
g

gen
erated

a
list

of
th

e
n
u
m

b
er

of
agen

ts
u
sin

g
each

strategy,
σ

is
th

en
fou

n
d

in
th

e
u
su

al
w

ay
b
y

can
cellin

g

off
crow

d
s

an
d

an
ticrow

d
s.

A
tim

e-averaged
valu

e
for

σ
is

th
en

ob
tain

ed
b
y

averagin
g

over

100
in

d
ep

en
d
en

t
coin

-fl
ip

ou
tcom

es
for

th
e

given
in

itial
d
istrib

u
tion

of
strategies

am
on

g

agen
ts

Ψ
.

T
h
is

p
ro

ced
u
re

p
rov

id
es

a
sem

i-an
aly

tic
calcu

lation
for

th
e

valu
e

of
σ

at
θ

=
0.5.

It
is

also
p
ossib

le
to

p
erform

a
fu

lly
an

aly
tic

calcu
lation

of
th

e
average

σ
θ

in
th

e
θ→

0.5

lim
it:

th
e

in
itial

ran
d
om

assign
m

en
t

of
strategies

can
b
e

m
o
d
elled

u
sin

g
a

ran
d
om

-w
alk

.

T
h
is

y
ield

s
an

average
valu

e
of

[ n
K
−

n
K

] 2
(i.e.

tim
e-averaged

over
th

e
fl
u
ctu

ation
s)

given

b
y

N
2 −

m
(1−

2 −
(m

+
1
)).

S
u
m

m
in

g
over

all
p
airs

of
correlated

-an
ticorrelated

strategies,
i.e.

all
C

row
d
-A

n
ticrow

d
p
airs,

y
ield

s
a

(con
fi
gu

ration
-average)

stan
d
ard

d
ev

iation
given

b
y

σ
θ→

0
.5

=
√

N
[1−

2 −
2
(m

+
1
)]

12
.

(48)

T
h
e

agreem
en

t
for

θ→
0.5

is
go

o
d
.

N
ote

th
at

at
fi
n
ite

m
,
th

e
valu

e
of

σ
θ→

0
.5

w
ill

alw
ay

s
lie

below
th

e
ran

d
om

coin
-toss

lim
it √

N
,
regard

less
of

th
e

valu
e

of
N

.
H

en
ce

th
e

th
eoretical

an
d

n
u
m

erical
resu

lts
agree,

b
u
t

n
eith

er
is

eq
u
al

to
th

e
ran

d
om

coin
-toss

lim
it

as
θ→

0.5

(i.e.
T

→
∞

).
In

terestin
gly,

w
e

can
th

erefore
con

clu
d
e

th
at

th
e

h
igh

-tem
p
eratu

re
lim

it

in
th

is
sy

stem
d
o
es

n
ot

strictly
corresp

on
d

to
th

e
ran

d
om

coin
-toss

lim
it,

regard
less

of
th

e

valu
e

of
N

.

D
.

T
h
erm

al
A

lloy
M

in
ority

G
am

e

A
variation

of
th

e
T

h
erm

al
M

in
ority

G
am

e
is

n
ow

con
sid

ered
in

w
h
ich

a
con

cen
tration

q

of
agen

ts
em

p
loy

a
p
rob

ab
ilistic

strategy
selection

at
each

tu
rn

of
th

e
gam

e.
In

p
articu

lar,

th
ese

agen
ts

p
lay

th
eir

w
orst

strategy
w

ith
p
rob

ab
ility

θ,
an

d
h
en

ce
p
lay

th
eir

b
est

strategy

w
ith

p
rob

ab
ility

(1−
θ).

T
h
ese

qN
agen

ts
w

ill
b
e

called
‘T

M
G

agen
ts’

b
ecau

se
of

th
e

d
irect

con
n
ection

w
ith

th
e

T
h
erm

alM
in

ority
G

am
e

d
iscu

ssed
ab

ove.
T

h
e

rem
ain

in
g

(1−
q)N

agen
ts

ch
o
ose

th
eir

b
est

strategy
w

ith
p
rob

ab
ility

u
n
ity

(i.e.
θ

=
0

as
in

th
e

b
asic

M
G

)
h
en

ce
th

ey

w
ill

b
e

called
‘M

G
agen

ts’.
N

u
m

erical
sim

u
lation

s
sh

ow
th

at
as

th
e

con
cen

tration
q

of
T

M
G

agen
ts

in
creases,

or
th

e
p
rob

ab
ility

θ
(i.e.

T
)

in
creases,

th
e

stan
d
ard

d
ev

iation
σ

d
ecreases.

W
e

w
ill

n
ow

give
th

e
an

aly
tic

ex
p
lan

ation
of

th
is

in
term

s
of

C
row

d
-A

n
ticrow

d
s.

R
ecall

from
E

q
u
ation

39,
th

e
p
rob

ab
ility

th
at

th
e

agen
t

p
lay

s
th

e
K

’th
h
igh

est
scorin

g
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strategy
is

given
b
y

p
T

M
G

K
=

2
m

+
1

∑K
∗
=

1 [
θ

p(K
,K

∗|K
∗≤

K
)
+

(1−
θ)

p(K
,K

∗|K
∗≥

K
)]

(49)

=
θ

p−
(K

)
+

2 −
2
(m

+
1
)
θ

+
(1−

θ)
p

+
(K

)

S
ettin

g
θ

=
0

in
E

q
u
ation

39
gives

th
e

p
rob

ab
ility

th
at

an
M

G
agen

t
p
lay

s
K

p
M

G
K

=
p

+
(K

)
.

(50)

T
h
e

m
ean

n
u
m

b
er

of
agen

ts
n

K
p
lay

in
g

strategy
K

in
th

e
m

ix
ed

-p
op

u
lation

gam
e

con
tain

in
g

a
con

cen
tration

q
of

T
M

G
agen

ts
an

d
(1−

q)
of

M
G

agen
ts

is
n
ow

con
sid

ered
.

T
h
is

is
given

b
y

n
K

=
q

N
p

T
M

G
K

+
(1−

q)
N

p
M

G
K

(51)

=
N

(1−
2

q
θ)

p
+
(K

)
+

N
q

θ
p(K

)
+

2 −
2
(m

+
1
)
N

q
θ

.

F
ollow

in
g

th
e

sam
e

an
aly

sis
as

in
th

e
p
rev

iou
s

section
for

th
e

T
h
erm

al
M

in
ority

G
am

e,
w

e

ob
tain

σ
(q,θ)

=
[1−

2
q

θ]{
σ
(q,θ)}

q
θ
=

0
(52)

w
h
ere

{σ
(q,θ)}

q
θ
=

0
is

ju
st

th
e

stan
d
ard

d
ev

iation
for

th
e

b
asic

M
G

(i.e.
q

=
0

an
d
/or

θ
=

0).
E

q
u
ation

52
p
red

icts
th

at
th

e
eff

ect
on

th
e

stan
d
ard

d
ev

iation
cau

sed
b
y

a
ch

an
ge

in
p
op

u
lation

com
p
osition

an
d
/or

‘tem
p
eratu

re’
can

b
e

d
escrib

ed
b
y

a
sim

p
le

p
refactor

[1−
2qθ].

P
rov

id
ed

th
at

th
e

b
asic

M
G

is
in

th
e

crow
d
ed

regim
e

as
d
iscu

ssed
earlier,

E
q
u
ation

52
h
old

s
for

all
N

an
d

m
an

d
h
en

ce
an

y
valu

e
of{σ

(q,θ)}
q
θ
=

0 .
H

en
ce

a
critical

valu
e

q
c

can

b
e

p
red

icted
for

fi
x
ed

θ,
or

θ
c

for
fi
x
ed

q,
at

w
h
ich

σ
(q,θ)

crosses
from

w
orse-th

an
-ran

d
om

to
b
etter-th

an
-ran

d
om

.
F
or

a
given

valu
e

of
θ,

it
follow

s
from

E
q
u
ation

52
th

at

q
c (θ)

=
12θ −

√
N2θ

1

{σ
(q,θ)}

q
θ
=

0

.
(53)

A
sim

ilar
ex

p
ression

follow
s

for
θ

c (q).
G

iven
th

at
0
≤

θ
≤

1/2,
E

q
u
ation

53
im

p
lies

th
at

th
e

ru
n
-averaged

n
u
m

erical
volatility

sh
ou

ld
lie

ab
ove

th
e

ran
d
om

coin
-toss

valu
e

if
q

<
q ∗c

w
h
ere

q ∗c
=

1−
√

N
1

{σ
(q,θ)}

q
θ
=

0

,
(54)

regard
less

of
‘tem

p
eratu

re’
T

.
S
in

ce
th

e
N

an
d

m
valu

es
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sid
ered

are
su

ch
th

at
th

e
b
asic

M
G

is
in

th
e

w
orse-th

an
-ran

d
om

regim
e,{σ

(q,θ)}
q
θ
=

0 ≥
√

N
an

d
th

erefore
0≤

q ∗c ≤
1

as
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req
u
ired

.
S
im

ilarly
σ
(q,θ)

w
ill

rem
ain

ab
ove

th
e

ran
d
om

coin
-toss

valu
e

for
all

q
if

θ
<

θ ∗c

w
h
ere

θ ∗c
=

12 −
√

N2

1

{
σ
(q,θ)}

q
θ
=

0

.
(55)

V
II.

B
-A

-R
S
Y

S
T

E
M

S
W

IT
H

A
N

U
N

D
E
R

LY
IN

G
N

E
T

W
O

R
K

S
T

R
U

C
T

U
R

E

W
e

n
ow

ex
ten

d
th

e
ab

ove
an

aly
sis

to
th

e
case

of
a

n
etw

ork
con

n
ection

b
etw

een
agen

ts.

In
th

e
fi
rst

su
b
section

,
w

e
con

sid
er

th
e

ap
p
rop

riate
m

o
d
ifi

cation
of

th
e

n
K

valu
es.

In
th

e

secon
d

su
b
-section

,
w

e
follow

th
e

sp
irit

of
th

e
alloy

gam
e

m
en

tion
ed

ab
ove,

w
h
ereb

y
w

e

con
sid

er
th

e
case

of
very

few
con

n
ection

s
w

ith
in

th
e

p
op

u
lation

in
ord

er
to

sh
ow

th
at

in

p
rin

cip
le

th
e

stan
d
ard

d
ev

iation
can

actu
ally

d
ecrease

as
n
etw

ork
con

n
ection

s
are

ad
d
ed

.

A
.

M
o
d
ifi

cation
of

n
K

T
h
e

p
resen

ce
of

a
n
etw

ork
allow

s
for

a
sh

arin
g

of
in

form
ation

across
th

at
n
etw

ork
.

D
e-

p
en

d
in

g
on

th
e

ru
les

of
th

e
gam

e
regard

in
g

in
form

ation
ex

ch
an

ge,
th

e
con

n
ected

agen
ts

m
ay

d
ecid

e
to

ad
op

t
th

e
strategy

p
red

iction
of

agen
ts

to
w

h
om

th
ey

are
con

n
ected

.
T

h
e

C
row

d
-A

n
ticrow

d
calcu

lation
can

b
e

gen
eralized

to
in

corp
orate

su
ch

situ
ation

s
b
y

form
in

g

n
ew

ex
p
ression

s
for

n
K

.
In

p
articu

lar,
th

e
b
in

-cou
n
tin

g
m

eth
o
d

to
give

n
K

m
u
st

n
ow

b
e

gen
eralized

to
accou

n
t

for
(i)

an
y

agen
t

w
h
ose

ow
n

strategies
are

low
er

ran
k
in

g
th

an
K

,
b
u
t

w
h
o

is
con

n
ected

to
an

oth
er

agen
t

h
old

in
g

strategy
K

,
an

d
(ii)

an
y

agen
t

w
h
ose

h
igh

est-

scorin
g

strategy
is

K
,
b
u
t
w

h
o

h
as

a
con

n
ection

to
an

oth
er

agen
t
w

ith
an

even
h
igh

er-scorin
g

strategy.
T

h
e

con
trib

u
tion

(i)
w

ill
in

crease
n

K
ab

ove
th

e
b
in

-cou
n
tin

g
valu

e,
h
ow

ever
con

tri-

b
u
tion

(ii)
th

en
red

u
ces

it.
T

h
e

com
p
etition

b
etw

een
th

ese
tw

o
eff

ects
w

ill
d
eterm

in
e

w
h
at

th
en

h
ap

p
en

s
to

th
e

stan
d
ard

d
ev

iation
in

th
e

p
resen

ce
of

con
n
ection

s.

W
e

w
ill

con
sid

er
th

e
follow

in
g

ru
le

govern
in

g
fu

n
ction

ality
of

con
n
ection

s.
C

on
sid

er
agen

t

i
con

n
ected

to
agen

t
j

in
a

gam
e

w
h
ere

each
agen

t
h
old

s
S

strategies
(e.g.

S
=

2).
W

e
also

su
p
p
ose

for
th

e
m

om
en

t,
th

at
th

e
ran

k
in

g
of

strategies
is

u
n
iq

u
e

(i.e.
th

ere
are

n
o

strategies

w
h
ich

are
tied

in
v
irtu

al-p
oin

ts).
S
u
p
p
ose

th
at

th
e

h
igh

est-ran
k
in

g
strategy

of
agen

t
i
is

G
,

b
u
t

th
at

th
e

h
igh

est-ran
k
in

g
strategy

of
agen

t
j

is
K

w
h
ere

K
<

G
an

d
h
en

ce
K

h
as

h
igh

er

v
irtu

al-p
oin

t
score

th
an

G
.

F
or

th
e

p
articu

lar
con

n
ection

ru
le

w
e

h
ave

in
m

in
d
,
w

e
w

ill
let

agen
t

i
th

erefore
h
ave

access
to

th
e

h
igh

est-scorin
g

strategy
of

agen
t

j.
In

oth
er

w
ord

s,
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agen
t

i
n
ow

u
ses

strategy
K

sin
ce

it
is

th
e

h
igh

est-scorin
g

of
th

e
2S

strategies
th

at
th

e
tw

o

agen
ts

h
old

b
etw

een
th

em
.

O
f

cou
rse,

agen
t

i
m

ay
also

b
e

con
n
ected

to
oth

er
agen

ts
–

h
e

w
ill

th
erefore

u
se

th
e

h
igh

est-scorin
g

strategy
am

on
g

all
th

e
agen

ts
to

w
h
om

h
e

is
con

n
ected

.

In
th

e
case

th
at

agen
t

j
h
old

s
th

e
h
igh

est-scorin
g

strategy
of

th
em

all,
th

en
agen

t
i

u
ses

th
e

strategy
ran

ked
K

.
T

h
e

sam
e

is
tru

e
for

all
oth

er
agen

ts.
H

en
ce

w
e

n
eed

to
m

o
d
ify

th
e

calcu
lation

of
n

K
in

ord
er

to
in

corp
orate

th
is

eff
ect.

In
p
articu

lar,
th

e
n
u
m

b
er

of
agen

ts

u
sin

g
th

e
K

’th
ran

ked
strategy

at
a

p
articu

lar
tim

estep
in

th
e

gam
e-w

ith
-n

etw
ork

w
ill

b
e

n
K

n
et

=
n

K
+

n
→

K
−

n
K
→

(56)

w
h
ere

n
→

K
is

a
su

m
over

all
agen

ts
w

h
o

are
con

n
ected

to
an

agen
t

w
h
ose

h
igh

est-ran
k
in

g

strategy
is

K
,
an

d
w

h
o

th
em

selves
h
ave

a
h
igh

est-ran
ked

strategy
G

w
h
ich

is
w

orse
th

an
K

(i.e.
G

is
low

er-ran
ked

th
an

K
an

d
h
en

ce
G

>
K

).
H

en
ce

th
ese

agen
ts

u
se

K
,
w

h
ereas

in

th
e

ab
sen

ce
of

th
e

n
etw

ork
th

ey
w

ou
ld

h
ave

u
sed

th
eir

ow
n

strategy
w

h
ich

is
low

er-ran
ked

th
an

K
.

B
y

con
trast,

n
K
→

is
a

su
m

over
all

agen
ts

w
h
ose

h
igh

est-ran
k
in

g
strategy

is
K

,

b
u
t

w
h
o

are
con

n
ected

to
an

agen
t

w
h
ose

h
igh

est-ran
ked

strategy
G

is
b
etter

th
an

K
(i.e.

G
is

h
igh

er-ran
ked

th
an

K
an

d
h
en

ce
G

<
K

).
H

en
ce

th
ese

agen
ts

u
se

G
,
w

h
ereas

in
th

e

ab
sen

ce
of

th
e

n
etw

ork
th

ey
w

ou
ld

h
ave

u
sed

K
.

N
otice

th
at

th
is

is
irresp

ective
of

th
e

actu
al

stru
ctu

re
of

th
e

n
etw

ork
,
for

ex
am

p
le

th
e

n
etw

ork
cou

ld
b
e

ran
d
om

,
sm

all-w
orld

,
scale-free,

or
regu

lar.

In
ord

er
to

im
p
lem

en
t

th
e

ren
orm

alization
of

n
K

in
a

p
articu

lar
ex

am
p
le,

w
e

con
sid

er
th

e

case
of

a
ran

d
om

n
etw

ork
in

w
h
ich

agen
t

i
h
as

a
p
rob

ab
ility

of
p

of
form

in
g

a
con

n
ection

w
ith

agen
t

j.
T

h
e

term
n
→

K
is

given
b
y

su
m

m
in

g
over

all
agen

ts
w

h
ose

ow
n

h
igh

est-scorin
g

strategy
J

is
low

er-ran
ked

th
an

K
(i.e.

J
>

K
)
given

th
at

th
ey

h
old

at
least

on
e

con
n
ection

to
an

agen
t

w
h
ose

h
igh

est-scorin
g

strategy
is

K
bu

t
th

ey
d
on

’t
h
ave

an
y

con
n
ection

s
to

an
y

agen
ts

w
ith

a
h
igh

er-ran
ked

strategy
G

(i.e.
G

<
K

).
T

h
e

resu
ltin

g
ex

p
ression

is

n
→

K
= [∑J

>
K

n
J ][(1−

p) ∑
G

<
K

n
G ][1−

(1−
p)

n
K ]

(57)

w
h
ere

th
e

th
ird

factor
rep

resen
ts

th
e

p
rob

ab
ility

th
at

a
given

agen
t

h
old

s
at

least
on

e

con
n
ection

to
an

agen
t

w
h
ose

h
igh

est-scorin
g

strategy
is

K
,

th
e

secon
d

factor
accou

n
ts

for
th

e
p
rob

ab
ility

th
at

a
given

agen
t

is
n
ot

con
n
ected

to
an

y
agen

t
w

h
ose

h
igh

est-scorin
g

strategy
G

is
h
igh

er-ran
ked

th
an

K
,
an

d
th

e
fi
rst

factor
su

m
s

over
all

agen
ts

w
h
ose

h
igh

est-
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scorin
g

strategy
J

is
low

er-ran
ked

th
an

K
.

C
on

tin
u
in

g
th

is
an

aly
sis,

w
e

h
ave

n
K
→

=
n

K [1−
(1−

p) ∑
G

<
K

n
G ]

(58)

w
h
ere

th
e

secon
d

factor
accou

n
ts

for
th

e
p
rob

ab
ility

th
at

a
given

agen
t

h
as

at
least

on
e

con
n
ection

to
an

agen
t

w
h
ose

h
igh

est-scorin
g

strategy
G

is
h
igh

er-ran
ked

th
an

K
,
an

d
th

e

fi
rst

factor
is

ju
st

th
e

n
u
m

b
er

of
agen

ts
w

h
ose

ow
n

h
igh

est-scorin
g

strategy
is

K
.

F
in

ally,
w

e

n
eed

a
su

itab
le

ex
p
ression

n
K

,
w

h
ich

is
th

e
n
u
m

b
er

of
agen

ts
u
sin

g
th

e
K

’th
h
igh

est-ran
k
in

g

strategy
in

th
e

ab
sen

ce
of

th
e

n
etw

ork
.

A
s

b
efore,

w
e

w
ill

con
sid

er
th

e
case

of
th

e
sm

all-m

lim
it

w
ith

a
fl
at

strategy
allo

cation
m

atrix
w

h
ich

,
from

E
q
u
ation

23,
gives

n
K

=
N  [1−

(K
−

1)

2
m

+
1 ]

S− [1−
K

2
m

+
1 ]

S 
.

(59)

T
h
ese

ex
p
ression

s
can

th
en

b
e

u
sed

to
evalu

ate
σ
.

E
lsew

h
ere

w
e

w
ill

d
iscu

ss
th

e
n
u
m

eri-

cal
resu

lts
for

a
n
etw

ork
B

-A
-R

sy
stem

[44].
In

th
e

lim
it

of
h
igh

con
n
ectiv

ity
p,

th
ere

is

su
b
stan

tial
crow

d
in

g
in

th
e

n
etw

ork
B

-A
-R

sy
stem

an
d

h
en

ce
d
egen

eracy
of

strategy
scores.

A
ccou

n
tin

g
for

th
e

correct
freq

u
en

cy
of

d
egen

erate/n
on

-d
egen

erate
tim

estep
s
y
ield

s
ex

cellen
t

q
u
an

titative
agreem

en
t

w
ith

th
e

n
u
m

erical
sim

u
lation

s
[44].

B
.

P
ro

of-in
-p

rin
cip

le
th

at
stan

d
ard

d
ev

iation
can

sh
ow

a
m

in
im

u
m

at
fi
n
ite

n
et-

w
ork

con
n
ectiv

ity

H
ere

w
e

w
ill

p
resen

t
a

p
ro

of-in
-p

rin
cip

le
th

at
th

e
ad

d
ition

of
con

n
ection

s
can

lead
to

a

red
u
ction

in
th

e
stan

d
ard

d
ev

iation
σ

of
d
em

an
d

D
[t].

In
fact

th
ere

are
tw

o
com

p
etin

g
eff

ects

on
ce

m
ore.

F
irst,

con
n
ection

s
w

ill
ten

d
to

in
crease

th
e

size
of

crow
d
s

sin
ce

m
ore

agen
ts

are

n
ow

likely
to

p
lay

th
e

b
etter-p

erform
in

g
strategies.

O
n

th
e

oth
er

h
an

d
,
an

y
p
articu

lar
agen

t

w
h
o

is
con

n
ected

to
an

oth
er,

w
ill

eff
ectively

h
ave

u
p

to
2S

strategies
at

h
is

d
isp

osal,
th

ereb
y

in
creasin

g
h
is

ch
an

ces
of

u
n
coverin

g
a

‘go
o
d
’
strategy.

It
is

th
is

com
p
etition

w
h
ich

in
terests

u
s

h
ere.

W
e

con
sid

er
th

e
in

terestin
g

case
in

w
h
ich

th
e

B
-A

-R
sy

stem
h
as

very
few

con
n
ection

s.

T
h
is

m
igh

t
corresp

on
d

to
a

d
esign

p
rob

lem
in

w
h
ich

in
itially

th
ere

are
n
o

con
n
ection

s,

an
d

w
h
ere

th
e

agen
ts

th
em

selves
are

alread
y

d
esign

ed
an

d
b
u
ilt.

H
en

ce
p
ossib

le
con

trol
of

th
e

sy
stem

is
lim

ited
to

in
tro

d
u
cin

g
com

m
u
n
ication

lin
k
s

b
etw

een
th

e
agen

ts.
It

is
likely

th
at

su
ch

lin
k
s

w
ill

‘cost’
th

e
d
esign

er
som

eth
in

g,
h
en

ce
a

cost-b
en

efi
t

q
u
estion

arises
as
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to
th

e
ex

ten
t

to
w

h
ich

th
e

sy
stem

can
b
e

fu
rth

er
m

o
d
ifi

ed
or

con
trolled

b
y

in
tro

d
u
cin

g
a

few
con

n
ection

s
in

to
th

e
sy

stem
.

In
p
articu

lar,
h
ow

m
an

y
lin

k
s

sh
ou

ld
b
e

ad
d
ed

,
an

d
h
ow

sh
ou

ld
th

ey
b
e

in
tro

d
u
ced

?
H

ere
w

e
w

ill
fo

cu
s

on
a

sim
p
ler

version
of

th
is

p
rob

lem
:

w
e

assu
m

e
th

at
th

e
lin

k
s

are
ex

p
en

sive
to

in
tro

d
u
ce

an
d

can
n
ot

b
e

form
ed

in
a

selective
w

ay.

H
en

ce
w

e
are

assu
m

in
g

th
at

th
ere

are
very

few
lin

k
s,

an
d

th
at

th
e

lin
k
s

th
at

d
o

ex
ist

h
ave

b
een

ad
d
ed

in
ran

d
om

ly
to

th
e

sy
stem

.
T

h
e

q
u
estion

w
e

w
ill

ad
d
ress

is
th

en
th

e
su

b
seq

u
en

t

eff
ect

on
th

e
stan

d
ard

d
ev

iation
of

d
em

an
d

D
[t]

in
th

e
sy

stem
.

S
u
p
p
ose

th
ere

is
a

given
p
rob

ab
ility

p
th

at
an

y
given

agen
t

i
is

con
n
ected

to
agen

t
j.

T
h
e

p
op

u
lation

of
agen

ts
th

erefore
w

ill
con

tain
,
in

gen
eral,

a
certain

n
u
m

b
er

x
1 (p)

of
agen

ts

w
h
o

are
u
n
con

n
ected

(i.e.
clu

ster-size
n

=
1),

a
n
u
m

b
er

x
2 (p)

of
p
airs

of
con

n
ected

agen
ts

(i.e.
clu

ster-size
n

=
2),

a
n
u
m

b
er

x
3 (p)

of
trip

les
of

con
n
ected

agen
ts

(i.e.
clu

ster-size

n
=

3),
etc.

H
en

ce
w

e
can

eff
ectively

th
in

k
of

th
e

p
op

u
lation

of
N

agen
ts

as
com

p
risin

g
a

‘gas’
con

tain
in

g
x

1 (p)
m

on
om

ers,
x

2 (p)
d
im

ers,
x

3 (p)
trim

ers,
an

d
h
en

ce
x

n (p)
n
-m

ers
w

h
ere

n
=

1,2,3
....

H
en

ce
w

e
can

w
rite

N
=

N∑n
=

1

n
x

n (p)
(60)

F
or

very
low

n
etw

ork
con

n
ection

p
rob

ab
ility,

an
y

p
articu

lar
realization

of
th

e
con

n
ection

s

w
ill

resu
lt

in
m

ost
agen

ts
rem

ain
in

g
u
n
con

n
ected

w
h
ile

a
few

are
con

n
ected

in
p
airs.

F
ig-

u
re

9
sh

ow
s

a
sch

em
atic

d
iagram

of
th

is
situ

ation
,

w
h
ereb

y
th

e
p
op

u
lation

ju
st

com
p
rises

m
on

om
ers

(i.e.
isolated

agen
ts)

an
d

d
im

ers
(i.e.

con
n
ected

p
airs

of
agen

ts).
T

h
is

im
p
lies

th
at

N
=

x
1 (p)

+
2x

2 (p)
+

...≈
x

1 (p)
+

2x
2 (p)

(61)

T
h
e

m
ean

n
u
m

b
er

of
d
im

ers
is

sim
p
ly

given
b
y

th
e

total
n
u
m

b
er

of
p
ossib

le
p
airs,

i.e.

12 N
(N

−
1),

m
u
ltip

lied
b
y

th
e

p
rob

ab
ility

p
th

at
a

given
p
air

is
con

n
ected

,
h
en

ce
y
ield

in
g

x
2 (p)

=
12 pN

(N
−

1).
H

en
ce

x
1 (p)

=
N

−
2.

12 pN
(N

−
1)

=
N

−
pN

(N
−

1).
W

e
n
ote

th
at

w
e

are
im

p
licitly

w
ork

in
g

b
elow

th
e

p
ercolation

th
resh

old
:

w
h
en

p∼
1/N

w
e

h
ave

th
at

every

agen
t

h
as

on
average

on
e

con
n
ection

,
in

w
h
ich

case
th

e
assu

m
p
tion

of
tru

n
catin

g
at

d
im

ers

b
reak

s
d
ow

n
.

W
e

n
ow

tu
rn

to
th

e
calcu

lation
of

th
e

varian
ce

of
D

[t].
R

ecall
th

at
in

th
e

sm
all

m
lim

it
w

ith
fl
at

m
atrices,

th
e

varian
ce

is
given

b
y

σ
2

=
2

m
∑K
=

1 [n
K
−

n
K

] 2
.

(62)
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F
or

th
e

case
of

n
o

n
etw

ork
(i.e.

p
=

0),
th

is
b
ecom

es
σ

2p
=

0 (m
,S

)
=

C
2(m

,S
)N

2
w

h
ere

w
e

h
ave

ad
d
ed

in
th

e
ex

p
licit

d
ep

en
d
en

ce
on

m
an

d
S

,
an

d
h
ave

u
sed

th
e

fu
n
ction

d
efi

n
ed

earlier
on

in
S
ection

V
IB

C
2(m

,S
i )

=
2

m
∑K
=

1 ([1−
(K

−
1)

2
m

+
1 ]

S
i− [1−

K

2
m

+
1 ]

S
i

(63)

− [1−
(2

m
+

1−
K

)

2
m

+
1

]
S

i

+ [1−
2

m
+

1
+

1−
K

2
m

+
1

]
S

i )
2

.

S
in

ce
th

e
d
im

ers
are

eff
ectively

‘su
p
er-agen

ts’
w

ith
2S

strategies
at

th
eir

d
isp

osal,
as

op
p
osed

to
th

e
isolated

m
on

om
er

agen
ts

w
h
o

on
ly

h
ave

S
,

it
is

reason
ab

le
to

su
p
p
ose

th
at

th
e

tw
o

p
op

u
lation

s
(i.e.

m
on

om
ers

an
d

d
im

ers)
are

u
n
correlated

on
average.

T
h
is

is
sim

ilar

in
sp

irit
to

th
e

ap
p
rox

im
ation

u
sed

for
th

e
case

of
th

e
alloy

of
m

ix
ed

-m
em

ory
agen

ts
in

S
ection

V
I.

H
en

ce
th

e
con

trib
u
tion

to
D

[t]
b
y

th
e

m
on

om
er

agen
ts

form
s
a

sto
ch

astic
p
ro

cess

w
h
ich

is
u
n
correlated

to
th

e
con

trib
u
tion

from
th

e
gas

of
d
im

er
agen

ts.
N

ote
th

at
w

e
are

n
ot

assu
m

in
g

th
at

th
e

in
d
iv

id
u
al

m
on

om
ers

are
n
ot

correlated
w

ith
each

oth
er,

or
th

at

th
e

in
d
iv

id
u
al

d
im

ers
are

n
ot

correlated
w

ith
each

oth
er

–
on

th
e

con
trary,

th
ere

w
ill

b
e

sign
ifi

can
t

crow
d
in

g
(i.e.

correlation
s)

w
ith

in
each

su
b
-p

op
u
lation

.
T

h
e

varian
ce

of
D

[t]
for

th
e

com
b
in

ed
p
op

u
lation

,
can

h
en

ce
b
e

w
ritten

as
follow

s

σ
2p

=
N∑n
=

1

σ
2n
;p

=
σ

21
;p

+
σ

22
;p

+
...

(64)

T
h
e

p
artial

con
trib

u
tion

s
are

given
as

follow
s:

σ
21
;p

=
[x

1 (p)] 2C
2(m

,S
)

=
[1−

p(N
−

1)] 2N
2C

2(m
,S

)
(65)

an
d

σ
22
;p

=
2

2[x
2 (p)] 2C

2(m
,2S

)
=

[p(N
−

1)] 2N
2C

2(m
,2S

)
(66)

w
h
ere

th
e

factor
2

2
refl

ects
th

e
fact

th
at

th
e

d
im

er
acts

w
ith

step
-size

2
as

op
p
osed

to
1

for

th
e

m
on

om
ers.

H
en

ce
w

e
ob

tain

σ
2p

=
[1−

p(N
−

1)] 2σ
2p
=

0 (m
,S

)
+

[p(N
−

1)] 2σ
2p
=

0 (m
,2S

)
.

(67)

T
h
is

ex
p
ression

can
th

en
b
e

m
in

im
ized

w
ith

resp
ect

to
p,

y
ield

in
g

a
m

in
im

u
m

in
σ

2p
at

p
m

in
= [(N

−
1) [1

+
σ

2p
=

0 (m
,2S

)

σ
2p
=

0 (m
,S

) ]]−
1

.
(68)
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S
in

ce
σ

2p
=

0 (m
,2S

)
is

larger
th

an
σ

2p
=

0 (m
,S

)
for

sm
all

m
,

w
e

h
ave

th
at

p
m

in
<

[N
−

1] −
1.

H
en

ce
w

e
h
ave

p
roved

th
at,

to
th

e
ex

ten
t

to
w

h
ich

a
p
articu

lar
n
u
m

erical
im

p
lem

en
tation

refl
ects

th
e

con
n
ection

ru
les

assu
m

ed
in

th
e

p
resen

t
an

aly
sis,

ad
d
in

g
in

a
sm

all
n
u
m

b
er

of

con
n
ection

s
can

actu
ally

red
u
ce

th
e

fl
u
ctu

ation
s

in
D

[t]
an

d
h
en

ce
im

p
rove

p
erfom

an
ce,

in

th
e

sen
se

th
at

th
e

fl
u
ctu

ation
s

in
ex

cess
d
em

an
d

D
[t]

are
red

u
ced

.
In

terestin
gly,

su
ch

a

m
in

im
u
m

in
σ

h
as

alread
y

b
een

rep
orted

b
ased

on
n
u
m

erical
sim

u
lation

s
for

a
som

ew
h
at

sim
ilar

gam
e

[46].
O

u
r

ex
p
ression

for
p

m
in

is
likely

to
u
n
derestim

ate
th

e
actu

al
p

valu
e

at
w

h
ich

a
m

in
im

u
m

o
ccu

rs,
sin

ce
w

e
h
ave

overestim
ated

th
e

co
ord

in
ation

w
ith

in
a

given

d
im

er,
in

ad
d
ition

to
overestim

atin
g

th
e

n
u
m

b
er

of
d
im

ers
(an

d
h
en

ce
u
n
d
erestim

atin
g

th
e

eff
ects

of
trim

ers
etc.).

H
ow

ever
th

e
fact

th
at

th
e

C
row

d
-A

n
ticrow

d
an

aly
sis

p
red

icts
th

at

a
m

in
im

u
m

can
in

p
rin

cip
le

ex
ist,

an
d

R
ef.

[46]
h
ad

earlier
fou

n
d

a
m

in
im

u
m

n
u
m

erically

in
a

sim
ilar

gam
e,

is
very

en
cou

ragin
g.

C
learly

th
ere

is
a

vast
am

ou
n
t

of
fu

rth
er

th
eoretical

an
aly

sis
th

at
can

b
e

d
on

e
w

ith
in

th
e

p
resen

t
fram

ew
ork

–
h
ow

ever
w

e
leave

th
is

to
fu

tu
re

p
resen

tation
s.

V
III.

C
O

N
C

L
U

S
IO

N

W
e

h
ave

given
an

in
-d

ep
th

p
resen

tation
of

th
e

C
row

d
-A

n
ticrow

d
th

eory
in

ord
er

to
u
n
d
er-

stan
d

th
e

fl
u
ctu

ation
s

in
com

p
etitive

m
u
lti-agen

t
sy

stem
s,

in
p
articu

lar
th

ose
b
ased

on
an

u
n
d
erly

in
g

b
in

ary
stru

ctu
re.

S
in

ce
th

e
th

eory
in

corp
orates

d
etails

con
cern

in
g

th
e

stru
ctu

re

of
th

e
strategy

sp
ace,

an
d

its
p
ossib

le
cou

p
lin

g
to

h
istory

sp
ace,

w
e

b
elieve

th
at

th
e

C
row

d
-

A
n
ticrow

d
th

eory
w

ill
h
ave

ap
p
licab

ility
for

m
ore

gen
eral

m
u
lti-agen

t
sy

stem
s.

H
en

ce
w

e

b
elieve

th
at

th
e

C
row

d
-A

n
ticrow

d
con

cep
t

m
igh

t
serve

as
a

fu
n
d
am

en
tal

th
eoretical

con
cep

t

for
m

ore
gen

eral
C

om
p
lex

S
y
stem

s
w

h
ich

m
im

ic
com

p
etitive

m
u
lti-agen

t
gam

es.
T

h
is

w
ou

ld

b
e

a
w

elcom
e

d
evelop

m
en

t,
given

th
e

lack
of

gen
eral

th
eoretical

con
cep

ts
in

th
e

fi
eld

of
C

om
-

p
lex

S
y
stem

s
as

a
w

h
ole.

It
is

also
p
leasin

g
from

th
e

p
oin

t
of

v
iew

of
p
h
y
sics

m
eth

o
d
ology,

sin
ce

th
e

b
asic

u
n
d
erly

in
g

p
h
ilosop

h
y

of
accou

n
tin

g
correctly

for
‘in

ter-p
article’

correlation
s

is
alread

y
k
n
ow

n
to

b
e

su
ccessfu

l
in

m
ore

con
ven

tion
al

areas
of

m
an

y
-b

o
d
y

p
h
y
sics.

T
h
is

su
ccess

in
tu

rn
raises

th
e

in
trigu

in
g

p
ossib

ility
th

at
con

ven
tion

al
m

an
y
-b

o
d
y

p
h
y
sics

m
igh

t

b
e

op
en

to
re-in

terp
retation

in
term

s
of

an
ap

p
rop

riate
m

u
lti-p

article
‘gam

e’:
w

e
leave

th
is

for
fu

tu
re

w
ork

.

S
om

e
p
rop

erties
of

m
u
lti-agen

t
gam

es
can

n
ot

b
e

d
escrib

ed
u
sin

g
tim

e-
an

d
con

fi
gu

ration
-
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averaged
th

eories.
In

p
articu

lar,
an

ob
servation

of
a

real-w
orld

C
om

p
lex

S
y
stem

w
h
ich

is

th
ou

gh
t
to

resem
b
le

a
m

u
lti-agen

t
gam

e,
m

ay
corresp

on
d

to
a

sin
gle

ru
n

w
h
ich

evolves
from

a

sp
ecifi

c
in

itial
con

fi
gu

ration
of

agen
ts’

strategies.
T

h
is

im
p
lies

a
p
articu

lar
Ψ

,
an

d
h
en

ce
th

e

tim
e-averagin

gs
w

ith
in

th
e

C
row

d
-A

n
ticrow

d
th

eory
m

u
st

b
e

carried
ou

t
for

th
at

p
articu

lar

ch
oice

of
Ψ

.
H

ow
ever

th
is

p
rob

lem
can

still
b
e

cast
in

term
s

of
th

e
C

row
d
-A

n
ticrow

d

ap
p
roach

,
sin

ce
th

e
averagin

gs
are

th
en

ju
st

carried
ou

t
over

som
e

su
b
-set

of
p
ath

s
in

h
istory

sp
ace,

w
h
ich

is
con

d
ition

al
on

th
e

p
ath

alon
g

w
h
ich

th
e

C
om

p
lex

S
y
stem

is
alread

y
h
ead

in
g.

W
e

also
em

p
h
asize

th
at

a
sin

gle
Ψ

‘m
acrostate’

corresp
on

d
s

to
m

an
y

p
ossib

le
‘m

icrostates’,

w
h
ere

each
m

icrostate
corresp

on
d
s

to
on

e
p
articu

lar
p
artition

of
strategy

allo
cation

am
on

g

th
e

agen
ts.

H
en

ce
th

e
C

row
d
-A

n
ticrow

d
th

eory
retain

ed
at

th
e

level
of

a
given

sp
ecifi

ed
Ψ

,

is
eq

u
ally

valid
for

th
e

en
tire

set
of

gam
es

w
h
ich

sh
are

th
is

sam
e

‘m
acrostate’

[47].
[S

ee
R

efs.

[30,
31]

for
th

e
sim

p
ler

case
of

th
e

M
in

ority
G

am
e.]

W
e

h
ave

b
een

d
iscu

ssin
g

a
C

om
p
lex

S
y
stem

b
ased

on
m

u
lti-agen

t
d
y
n
am

ics,
in

w
h
ich

b
oth

d
eterm

in
istic

an
d

sto
ch

astic
p
ro

cesses
co-ex

ist,
an

d
are

in
d
eed

in
tertw

in
ed

.
D

ep
en

d
in

g

on
th

e
p
articu

lar
ru

les
of

th
e

gam
e,

th
e

sto
ch

astic
elem

en
t
m

ay
b
e

asso
ciated

w
ith

an
y

of
fi
ve

areas:
(i)

d
isord

er
asso

ciated
w

ith
th

e
strategy

allo
cation

an
d

h
en

ce
w

ith
th

e
h
eterogen

eity

in
th

e
p
op

u
lation

,
(ii)

d
isord

er
in

th
e

u
n
d
erly

in
g

n
etw

ork
.

B
oth

(i)
an

d
(ii)

m
igh

t
ty

p
ically

b
e

fi
x
ed

from
th

e
ou

tset
(i.e.,

q
u
en

ch
ed

d
isord

er)
h
en

ce
it

is
in

terestin
g

to
see

th
e

in
terp

lay

of
(i)

an
d

(ii)
in

term
s

of
th

e
overall

p
erform

an
ce

of
th

e
sy

stem
.

T
h
e

ex
ten

t
to

w
h
ich

th
ese

tw
o

‘h
ard

-w
ired

’
d
isord

ers
m

igh
t

th
en

com
p
en

sate
each

oth
er,

as
for

ex
am

p
le

in
th

e

P
arron

d
o

eff
ect

or
sto

ch
astic

reson
an

ce,
is

an
in

terestin
g

q
u
estion

.
S
u
ch

a
com

p
en

sation

eff
ect

m
igh

t
b
e

en
gin

eered
,
for

ex
am

p
le,

b
y

alterin
g

th
e

ru
les-of-th

e-gam
e

con
cern

in
g

in
ter-

agen
t
com

m
u
n
ication

on
th

e
ex

istin
g

n
etw

ork
.

T
h
ree

fu
rth

er
p
ossib

le
sou

rces
of

sto
ch

asticity

are
(iii)

tie-b
reak

s
in

th
e

scores
of

strategies,
(iv

)
a

sto
ch

astic
ru

le
in

ord
er

for
each

agen
t

to

p
ick

w
h
ich

strategy
to

u
se

from
th

e
availab

le
S

strategies,
as

in
th

e
T

h
erm

al
M

in
ority

G
am

e,

(v
)

sto
ch

asticity
in

th
e

glob
al

resou
rce

level
L

[t]
d
u
e

to
ch

an
gin

g
ex

tern
al

con
d
ition

s.
T
o

a

greater
or

lesser
ex

ten
t,

th
ese

fi
ve

sto
ch

astic
elem

en
ts

w
ill

ten
d

to
b
reak

u
p

an
y

d
eterm

in
istic

cy
cles

arisin
g

in
th

e
gam

e.
In

th
e

case
of

(iii),
th

e
sto

ch
asticity

d
u
e

to
tie-b

reak
s,

w
e

n
ote

th
at

th
is

sto
ch

asticity
m

ay
actu

ally
h
ave

a
p
h
y
sical

sign
ifi

can
ce.

S
u
p
p
ose

a
real

agen
t

is

at
a

d
ead

lo
ck

in
term

s
of

w
h
ich

strategy
to

u
se

at
a

p
articu

lar
tim

estep
:

som
e

ad
d
ition

al

m
icroscop

ic
factor

m
ay

th
en

b
ecom

e
im

p
ortan

t
in

d
eterm

in
in

g
th

e
p
articu

lar
strategy

th
at

th
e

agen
t

follow
s

(e.g.
p
ow

er
level

in
th

e
case

of
m

ech
an

ical
agen

ts)
h
en

ce
b
reak

in
g

th
e

tie.
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In
th

is
w

ay,
th

e
coin

-toss
m

im
ics

th
e

eff
ect

of
th

is
ad

d
ition

al
m

icroscop
ic

ch
aracteristic

of

th
e

in
d
iv

id
u
al

agen
ts,

w
h
ich

h
ad

b
een

left
ou

t
of

th
e

origin
al

gam
e.

F
in

ally,
w

e
m

ake
a

m
ore

gen
eral

com
m

en
t

con
cern

in
g

th
e

relevan
ce

of
th

e
p
resen

t
w

ork
.

A
lth

ou
gh

at
fi
rst

sigh
t,

th
ese

B
in

ary
A

gen
t

R
esou

rce
(B

-A
-R

)
m

o
d
els

m
ay

sou
n
d

esoteric

w
ith

little
relation

to
gen

eral
C

om
p
lex

S
y
stem

s,
w

e
w

ou
ld

argu
e

th
at

th
ey

in
d
eed

in
corp

orate

th
e

m
ain

featu
res

or
‘sty

lized
facts’

of
m

ost
(if

n
ot

all)
C

om
p
lex

S
y
stem

s.
In

p
articu

lar,
th

ey

in
corp

orate
th

e
list

of
featu

res
m

en
tion

ed
in

th
e

op
en

in
g

p
aragrap

h
of

th
e

In
tro

d
u
ction

:

feed
b
ack

an
d

ad
ap

tation
at

th
e

m
acroscop

ic
an

d
/or

m
icroscop

ic
level,

m
an

y
(b

u
t

n
ot

to
o

m
an

y
)

in
teractin

g
p
arts,

n
on

-station
arity,

evolu
tion

,
cou

p
lin

g
w

ith
th

e
en

v
iron

m
en

t,
an

d

ob
served

d
y
n
am

ics
w

h
ich

d
ep

en
d

u
p
on

th
e

p
articu

lar
realization

of
th

e
sy

stem
.

In
ad

d
ition

th
ey

h
ave

th
e

ab
ility

to
p
ro

d
u
ce

large
m

acroscop
ic

ch
an

ges
or

‘ex
trem

e
even

ts’,
as

d
iscu

ssed

elsew
h
ere

[7].
W

e
th

erefore
b
elieve

th
at

b
y

m
ov

in
g

sy
stem

atically
b
eyon

d
th

e
con

fi
n
es

of

th
e

E
l
F
arol

P
rob

lem
an

d
M

in
ority

G
am

es
–

for
ex

am
p
le

b
y

in
tro

d
u
cin

g
u
n
d
erly

in
g

n
etw

ork

stru
ctu

res
an

d
gen

eralized
gam

e
ru

les
–

th
e

p
ossib

ility
ex

ists
for

p
u
rsu

in
g

a
gen

eral
yet

coh
esive

p
ath

th
rou

gh
th

e
C

om
p
lex

S
y
stem

s
lan

d
scap

e
b
ased

on
m

u
lti-agen

t
sim

u
lation

s.

T
h
e

m
ain

con
trib

u
tion

of
th

e
p
resen

t
C

row
d
-A

n
ticrow

d
th

eory
is

to
p
rov

id
e

a
coh

eren
t

th
eoretical

fram
ew

ork
for

ex
p
lain

in
g

th
e

com
p
licated

resu
lts

w
h
ich

can
em

erge
from

th
ese

m
u
lti-agen

t
n
u
m

erical
sim

u
lation

s.
J
u
st

as
im

p
ortan

t,
th

e
C

row
d
-A

n
ticrow

d
th

eory
p
rov

id
es

a
m

eth
o
d

for
assessin

g
th

e
eff

ects
of

varian
ts

of
th

e
b
asic

B
-A

-R
setu

p
w
ithou

t
h
av

in
g

to
ru

n

th
e

sim
u
lation

s
th

em
selves.

In
sh

ort,
if

th
e

m
u
lti-agen

t
sim

u
lation

s
are

seen
as

‘ex
p
erim

en
ts’,

th
en

th
e

C
row

d
-A

n
ticrow

d
ap

p
roach

of
th

is
p
ap

er
p
rov

id
es

a
q
u
an

titative
th

eory
to

d
escrib

e

th
ese

ex
p
erim

en
tal

fi
n
d
in

gs.
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F
IG

.
1:

Schem
atic

representation
of

B
-A

-R
(B

inary
A

gent
R

esource)
system

.
A

t
tim

estep
t,

each

agent
decides

betw
een

action
−

1
and

action
+

1
based

on
the

predictions
of

the
S

strategies
that

he
possesses.

A
totalof

n−
1 [t]agents

choose−
1,and

n
+

1 [t]choose
+

1.
In

the
sim

plified
case

that

each
agent’s

confidence
threshold

for
entry

into
the

gam
e

is
very

sm
all,

then
n−

1 [t]+
n

+
1 [t]=

N

(i.e.
all

agents
play

at
every

tim
estep).

A
gents

m
ay

be
sub

ject
to

som
e

underlying
netw

ork

structure
w

hich
m

ay
be

static
or

evolving,
and

ordered
or

disordered.
T

he
strategy

allocation,

and
hence

heterogeneity
in

the
population,

provides
a

further
source

of
disorder

w
hich

m
ay

be

static
(i.e.

quenched)
or

evolving.
T

he
algorithm

for
deciding

the
globaloutcom

e,and
hence

w
hich

action
w

as
w

inning/losing,
lies

in
the

hands
of

a
ficticious

‘G
am

e-m
aster’.

T
his

G
am

e-m
aster

aggregates
the

agents’
actions

and
then

announces
the

global
outcom

e.
A

ll
strategies

are
then

rew
arded/penalized

according
to

w
hether

they
had

predicted
the

w
inning/losing

action.
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F
IG

.
2:

Strategy
Space

for
m

=
2,

together
w

ith
som

e
exam

ple
strategies

(left).
T

he
strategy

space
show

n
is

know
n

as
the

Full
Strategy

Space
F
SS,

and
contains

all
possible

perm
utations

of

the
actions−

1
and

+
1

for
each

history.
T

here
are

2
2

m
strategies

in
the

F
SS.

T
he

2
m

dim
ensional

hypercube
(right)

show
s

all2
2

m
strategies

from
the

F
SS

at
its

vertices.
T

he
shaded

strategies
form

a
R

educed
Strategy

Space
R

SS.T
here

are
2.2

m
=

2
m

+
1

strategies
in

the
R

SS.T
he

red
shaded

line

connects
tw

o
strategies

w
ith

a
H

am
m

ing
distance

separation
of

4.
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F
IG

.
3:

H
istory

Space.
E

xam
ples

of
the

de
B

ruijn
graph

for
m

=
1,2,

and
3.

R
ed

transitions

betw
een

states
correspond

to
the

m
ost

recent
global

outcom
e

0.
B

lue
transitions

betw
een

states

correspond
to

the
m

ost
recent

global
outcom

e
1.
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F
IG

.
4:

E
xam

ple
distribution

for
the

tensor
Ω

describing
the

strategy
allocation

for
N

=
101

agents
in

the
case

of
m

=
2

and
S

=
2,

for
the

reduced
strategy

space
R

SS.
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F
IG

.
5:

Schem
atic

diagram
of

a
fairly

typical
variation

in
strategy

scores,
as

a
function

of
tim

e,

for
a

com
petitive

gam
e.

T
his

behavior
is

particularly
relevant

for
the

low
m

regim
e

w
here

there

are
m

any
m

ore
agents

than
strategies,

and
hence

strategy
rankings

change
in

tim
e

due
to

being

overplayed.
T

he
strategies

at
any

given
tim

estep
can

be
ranked

in
term

s
of

virtual-point
ranking

K
,
w

ith
K

=
1

as
the

highest-scoring
and

K
=

1
as

the
low

est-scoring.
T

he
actual

identity
of

the

strategy
in

rank
K

changes
as

tim
e

progresses,
as

can
be

seen.
Ignoring

accidental
ties

in
score,

there
is

a
w

ell
defined

ranking
of

strategies
at

each
tim

estep
in

term
s

of
their

K
values.
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F
IG

.
6:

Schem
atic

representation
of

the
strategy

allocation
m

atrix
Ψ

w
ith

m
=

2
and

s
=

2,
in

the
R

SS.
T

he
strategies

are
ranked

according
to

strategy
score,

and
are

labelled
by

the
rank

K
.

In
the

lim
it

that
Ψ

is
essentially

flat,
then

the
num

ber
of

agents
playing

the
K

’th
highest-scoring

strategy,
is

just
proportional

to
the

num
ber

of
shaded

bins
at

that
K

.
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F
IG

.7:
C

row
d-A

nticrow
d

theory
vs.

num
ericalsim

ulation
results

for
M

inority
G

am
e

as
a

function

of
m

em
ory

size
m

,
for

N
=

101
agents,

at
S

=
2,

4
and

8.
A

t
each

S
value,

analytic
form

s

of
standard

deviation
in

excess
dem

and
D

[t],
are

show
n

corresponding
to

σ
d
elta

f
(upper

solid

line),
σ

fl
a
t

f
(low

er
dashed

line)
and

σ
fl
a
t

f
,

h
ig

h
m

(m
onotonically-increasing

solid
line

w
hich

is

independent
of

S
).

T
he

num
erical

values
w

ere
obtained

from
different

sim
ulation

runs
(triangles,

crosses
and

circles).
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F
IG

.
8:

C
row

d-A
nticrow

d
theory

vs.
num

erical
sim

ulation
results

for
T

herm
al

M
inority

G
am

e
as

a
function

of
stochastic

probability
θ,

or
‘tem

perature’
T

.
T

he
analytic

results
(lines)

correspond

to
the

σ
d
elta

f
θ

(solid
upper

line)
and

σ
fl
a
t

f
θ

(solid
low

er
line)

lim
iting-case

approxim
ations.

54



F
IG

.
9:

Schem
atic

representation
of

B
-A

-R
(B

inary
A

gent
R

esource)
netw

ork
system

in
lim

it
of

few
connections.
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