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Dyadic data I

Data is measured on pairs of units
e Actors, units, or nodes: {1,...,n}
e Relations, ties, or edges: y; ; = value of the (directed) relation from 4 to j.

Data is in the form of an n x n “sociomatrix” Y, with 4, jth entry y; ;.

Examples:
e war, trade, political organization;
e communication networks;
e evaluation of friendship, liking, respect;
e transfer of information or disease;
e affiliation or membership to a group;
e physical connection;

e biological /familial relations such as kinship or descent.



Statistical models '

Pr(Y|X, 3)

o YV = {yi;}; ;=1 is the sociomatrix;
o X ={w;;}{,—; is the set of explanatory variables;
e (3 is a set of unknown parameters, to be estimated.
A simple example: Hansell’s (1984) classroom data
o y;; = 1ifilikes 7 “alot”, O else;

e 1; ; = categorical variable indicating sex of sender and receiver;

e 5= (060,801,010, 011) measures the rates of ties.

A naive model : Ordinary logistic regression

Pr(y; ; = 1|z, 0) = o y; ;'s are independent given (3, x; ;’s



(b)

Classroom data
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Rows and columns 1-13 are boys,

(a) Sociomatrix for friendship data:

Figure 1
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(b) Graphical representation of friendship data:

)

14-27 are girls

are reciprocated ties.



Goodness of fit tests.

1.2

N
L N
o |
| © —
o e
< | <
o o |
o o ] =
e | T T T T | e | T T |
2 3 4 5 6 7 2 3 4 5
std dev(outdegree) std dev(indegree)
O —
O
o
- o —
<
o
o
p— N ]
AN
o
o - -
o
Q- o -
© | | | | | | | | | | |
10 20 30 40 50 60 70 1 2 3 4
# reciprocal dyads # transitive triads/ E(# transitive triads)

Figure 2: Posterior predictive distributions for four network statistics under the

independence model.



Exchangeability, dependence, and random effects.

Generalized additive model: p(yi,j

Error structure:

B,xi5,&5) = f( Bai;+&.j)

(€145} 2 {eniymy) 11 5

1 2 3 4 5 - \
1 ~1.06 —0.33 —028 —0.98 ---
2| 1.32 0.57 —0.91 047
3| -08 @ 1.74 —1.90 —0.60
4| 157 —0.05 —1.08 0.21
5| 048 291 039  0.90

/

= Pr

\

This is “weak row-and-column exchangeability of an array”, and implies

L

fi,j — f(M)a’ia ijci,j)

where p, a’s, b’s and ¢’s are independent (Aldous 1985).

1 2 3 4 5)
1 —-1.06 —-0.98 —-0.28 —-0.33
2 1.32 0.47 —-0.91 0.57
3 0.48 291 0.90 0.39
4 1.57 —0.05 0.21 —1.08
5 | —0.80 1.74 —-0.60 —1.90




Orders of dyadic dependence'

(a) Within-node dependence:
o Cov(yij,¥ik): ©as asender

o Cov(yi,j,Yk,j) : © as a receiver
(b) Reciprocity: Cov(y:, i, yj,qi)
(a) and (b) can be modeled (on some scale) using standard random-effects models
f(Elyis)) = B'zig+ai+bj+e,
(ai,b;)’ ~  Multivariate Normal(0, X, )

2 2
(€ij,€5.:) ~  Multivariate Normal(0, 3.), Ee:< 062 pU; )
pa-e O-

e genetic cross data: Yates[1947], Cockerham and Weir [1977].
e social relations: Warner, Kenny and Stoto [1979], Wong [1982], Snijders and Kenny [2003].

e invariant normal model: Andersson and Madsen [1998], Gill and Schwarz [2001], Li [2002],
Li and Loken [2002].

e similar to p1,p2 models for binary data: Holland and Leinhardt [1981], Lanzega and van
Duijn [1997].

(c) Third order dependence: How might y; » depend on y; ; and y;  jointly?



Dyadic dependence continued'

For signed responses (or errors) 7; ;,
Balance: a triad ¢, j, k is balanced if ~y; j X v; 5 X Vi, > 0.

Clusterability: a triad ¢, j, k is clusterable if there is not exactly one negative

response among v; i, Vi, ks> Vk,i-

These are patterns often seen in residuals.

Random effects model: y; ; = f'x; j +a; +b; + € + Vi j

Goal: a (relatively) low-dimensional effect «; ; that captures
balance/clusterability /transitivity, perhaps where

E(viji XYk X Vi) >0



Latent variable models.

Let z1,..., 2, be unobserved “latent characteristic vectors” of the nodes, and
presume nodes have a larger response to others with similar latent characteristics.

Idea: Let v;; = f(zi,2;), where f is some measure of similarity.
e “Distance” model: vi,; = —|2: — 2| (Hoff, Raftery, Handcock 2002).
e ‘“Bilinear effects” model: v; ; = 2/2;

The bilinear, inner product effects can measure balance and clusterability:

o If the z;’s are scaled to have unit length, then the ; ;’s satisty

ik = k) < /200 = ).
e If the z;’s are vectors of independent normal (0, 0?) random variables then
E(Yij X Vik X i) = ko,

Such inner product effects have been used Gabriel (1978, 1998) as
low-dimensional interactions in factorial models, and are sometimes called

bilinear effects or multiplicative interactions.



Mixed Effects Models.

Bilinear mixed effects model:
Vij = PBrijt+aitbi+zz+ e

(a;,b;) ~  multivariate normal(0,X,5), Yab

I
VN
q
2 @qw
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~

2 2
(€ij,€54) ~ multivariate normal(0, X.), X, = < e, P )
Z1y...,2n ~  ii.d. multivariate normal(0, o21) .

Generalized bilinear mixed effects model:

Oij = B'wij+aitbj+zz+e;
Pr(Y|0) = Hp(yi,j 0i.5)
i)

In Poisson regression, for example, we model y; ;|0; ; as Poisson( e%:7).

Goal: make inference on 3, the variance components X, 3¢, and o2 and

possibly on the unit-level effects (a;, b;, z;).

10



Properties of Moments'

If we think of the z;’s as random effects the resulting distribution for the ~; ;’s
has the following moment properties:

o E(vi)=0;
o E(v},) = trace ¥Z;
o E(vi;7k7Vki) = trace »3;

with all other second and third order moments equal to zero. Letting ¥, = 021,
this gives the following nonzero second and third order moments for the bilinear
random-effects components &; ; = a; + b; + €, ; + 2, 2;.

E( 2,j) =02+ 204, + 0p + 03 + kot E(&&ik) =02

E(&:,;85) = ,OU?Y + 2045 + ko? E(&ij&k.5) = UI%
E (&€ k8k:) = ko E(&.i&k.) = Oap-

11



Goodness of fit continued.
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Figure 3: Posterior predictive distributions for four network statistics under the

generalized bilinear mixed-effects model.
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Bilinear effects example: central Asian international relations.

Data: wire reports involving central Asian affairs ( Reuters Business Briefing
Service on Afghanistan, Armenia, Azerbaijan, and the former Soviet
Republics of Central Asia, extracted from the Kansas Event Data Project
(http://www.ku.edu/~keds/project.html)

Relation: y; ; = total number of “substantial positive actions” taken by country
¢ with target 5 from 1992 to 1999.

Model: y; ; ~ Poisson(ef), where
0i; = [o+Bizij+ Boxi + Psxj + (a; +bj + e+ 225)
(CL1, bl), ceey (an, bn) ~ iid MVN(O, Eab)

(€1,2,€2,1),- -5 (En—1m,€nm—1) ~ iid MVN(0, Xc)
21,0020~ iid MVN(0, 02 Tk xk)

e 1;,; = distance between 1, j;

e 1; = log population of country <.

13
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Figure 4: Relationship between (a) outdegree and indegree; (b) outdegree and

population; (c¢) response and geographic distance
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Markov chain Monte Carlo.

1. Sample 3,a,b,Yap, 2|0, 2z (essentially a regression problem).
(0i,j — zizj) = B'wij +ai + bj + €y

2. Fori=1,...,n: sample z;|z_;,0,3,a,b, X, o2. This is also a regression problem:
Letting €i,j = Qi,j — (ﬁlﬂii,j + a; + bj), we have

/
€i,1 = ZijZ1 T €1
/
€2 = ZijZ2t €2
- /
€in — Zikn + €in-

Then sample o2 from its full conditional.

3. Update 0; ;,0,; using a Metropolis-Hastings step:

0% . B'wij+ai+bj+ 2z
p i ) ~ MVN | /
(a) Propose (27 ) ~ MYNC( g 4y 40ut 24

J,t
p(yi, ;107 ;)p(y;,:107 ;)

(b) Accept with probability Jo=mpelrmrpges

)726)3

A 1.
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Selection of k.

k|| LLP(k) ZK]’ log p(Yi,; Z/j,v;’[;, a,b, 2, ie) AIC o

0 || -3558.78 -2432.67 -2638.67 | 2.38
1 || -3351.76 -2317.47 -2623.47 | 1.66
2 || -3078.79 -2214.68 -2620.68 | 1.23
3 || -3076.73 -2127.26 -2633.26 | 0.87
4 || -3077.30 -2038.95 -2644.95 | 0.54

16
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Latent characteristic vectors '
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Summary and future WorkI

— second order dependence can be modeled with linear random effects;

e The big picture

— some types of third order dependence can be modeled with multiplicative,
bilinear effects;

— accounting for such patterns can improve predictive performance, model
fit, etc.
e Model extensions
— clustering based on stochastic equivalence (Nowicki and Snijders 2001):
Yij = ziRzj ;
— multivariate, or time-series network responses;

— semiparametric approaches.

e Computation
— feasible estimation methods for large datasets;
— choice of dimension for the latent space;

— identification of local and global maximum.
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