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Motiv ation

Use MIP solver v.s. compete against
Xpress, Cplex, OSL

push back their limitations

DW decomposition = well suited tool to defer
combinatorial explosion

DW decomposition not use to its full power
(f.i.: Lagrangian decomposition)

Need for a generic branch-and-price code:
Minto (Savelsbergh), Abacus (Thienel),

Generic code generic understanding of
important ingredients for DW decomp.
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Decomposition: Why

Divide and Conquer

complexity

size

+ + ...
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Decomposition: Why

Divide and Conquer

+ + ...

complexity

size

Exploit the structure
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Decomposition: When
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Dif�cult Constraints

Linking Constraints

A genericview at theDantzig-Wolfe decompositionapproachin MixedIntegerProgramming:pavingthewayfor a genericcode– p.5/76



Decomposition: When

�

�� �

�

�

��� 	


���


�

�

�


���


�

�

�

�

�


���


�

�

�

�

�

�

�

�

�

��

�

Dif�cult Constraints

Linking Constraints

A genericview at theDantzig-Wolfe decompositionapproachin MixedIntegerProgramming:pavingthewayfor a genericcode– p.5/76



Decomposition: When

�

�� �

�

�

��� 	


���


�

�

�


���


�

�

�

�

�


���


�

�

�

�

�

�

�

�

�

��

�

Dif�cult Constraints

Linking Constraints

A genericview at theDantzig-Wolfe decompositionapproachin MixedIntegerProgramming:pavingthewayfor a genericcode– p.5/76



Example: Cutting Stoc k Problem

s1 s2 s3 s4
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Linking Constraints

Multiple Sub-Systems (variable splitting)
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Example: Multi-Item Lot-Sizing

Machine

Item 2

Item 1

Periods 1 to 5
PSfrag replacements���
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Example: Multi-Item Lot-Sizing

Machine

Item 2

Item 1

Periods 1 to 5

d1 d2 d4 d5d3

d1 d2 d4 d5d3

PSfrag replacements
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Decomposition: How
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Lagrangian relaxation (Lagr. Dual)

x2

x3

x4

x5

x1

PSfrag replacements
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Lagrangian relaxation (Lagr. Dual)

Cut Generation (Separation Sub-Problem)

Xlp Xlp
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Lagrangian relaxation (Lagr. Dual)

Cut Generation (Separation Sub-Problem)
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Lagrangian relaxation (Lagr. Dual)

Cut Generation (Separation Sub-Problem)

Reformulation (Variable Rede�nition)
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Cut Generation (Separation Sub-Problem)

Reformulation (Variable Rede�nition)

�

�


���


�

�

�

�




�

�

�




�

�

��

�




�

�

�
�


��




�

�

���




�

�

��




A genericview at theDantzig-Wolfe decompositionapproachin MixedIntegerProgramming:pavingthewayfor a genericcode– p.15/76



Decomposition: How
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Lagrangian relaxation (Lagr. Dual)

Cut Generation (Separation Sub-Problem)

Reformulation (Variable Rede�nition)

BestDual Bound:
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�

�
�

�

	



�




�

���

�



�




�

�

�

�

�

��

�

dif�cult




�



�




�

�

�

�




�

�

�




�

�

��

�

��

�

nice
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Cut Generation (Separation Sub-Problem)

Reformulation (Variable Rede�nition)
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Dantzig-W olf e Decomposition

reformulation whose LP value achieves the Lagrangian dual bd

is a �nite generating set for

integer restr.
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Solving the Master LP

Column Generation: graphically

Xlp
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Solving the Master LP

Column Generation: graphically
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Solving the Master LP

Column Generation: graphically
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Solving the Master LP

Column Generation
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Inter est:

1. exploits our ability to solve the Sub-Problem

2. yields “good” dual bound
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Solving the Master LP

Column Generation = Kelley (in the dual space)
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Solving the Master LP
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Solving the Master LP

Col. Gen. / Kelley: the issue of convergence

restricted master Lp values

Master LP value iteration

tailing-off effect
heading-in effect
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Solving the Master LP

Column Generation = Kelley

Stabilization techniques:

the basics
warm start: initialize master f.i. with SP opt. sol
inequality constraint in the Master ( )
include arti�cial missing columnsPSfrag replacements
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Solving the Master LP

Column Generation = Kelley

Stabilization techniques: the basics
warm start: initialize master f.i. with SP opt. sol
inequality constraint in the Master ( �

�

)
include arti�cial missing columns
(cost initially low � interior point)
use exchange vectors ( dual cut)

Sub-gradient algorithm

Bundle method (Lemaréchal)

ACCPM (Gof�n and Vial)
Combine with branch-and-Bound
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Generating Set (1/3)

1. Discretization of an unbounded IP
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Generating Set (2/3)

2. Discretization of an bounded IP

3. Convexi�cation of a bounded IP
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Generating Set (2/3)

4. Discretization of an bounded IP
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Generating Set (2/3)

6. Discretization of an bounded IP

7. Convexi�cation of a bounded IP
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Generating Set (3/3)

8. Discretization of a MIP

9. Its Projection in the IP variables

Y
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Formulating Integrality restrictions

Discretization approach:
true IP re-formulation

pure IP:
MIP:

Convexi�cation approach:
mere LP relaxation re-formulation
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Branc hing: example

Assume:pure IP, single sub-problem , �
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Branc hing: example
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Branc hing: example

under convexi�cation

�

�

���

�

�

�

�

�

�

�

�

�

�

or

�

�

���

�

�

�

�

�

�

�

�

�

�

A genericview at theDantzig-Wolfe decompositionapproachin MixedIntegerProgramming:pavingthewayfor a genericcode– p.51/76



Branc hing: example
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Branc hing: example
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Stronger Dual Bound
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Branc hing: general case
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Branc hing: general case
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Proper Columns
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Proper Columns: pseudo-de�nition

�
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is proper if

�
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where

�

� and �

� are component bounds
“implied by”

master constraints

�

.
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Proper Columns: examples

1. Cutting StockProblem

�

�

�

�

(2-d knapsack sub-problem gets strongly NP-Hard)

2. Multi-Item Lot-Sizing Problem

(Capacitated Lot-Sizing sub-problem is NP-Hard)
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Strongl y Proper Columns

push pre-processing further (what if questions)

pseudo-de�nition:
is strongly proper if compon. bounds are s.t.

yields a residual problem that is not infeasible

Example: Multi-Item Lot-Sizing Problem

(compute bounds that account for capacity
requirement of other products)

important for rounding heuristic
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State Space relaxation

relax the de�nition of the generating set
easier sub-problem weaker dual bound

different
states
of the
Universe

mapping
base-pattern

A genericview at theDantzig-Wolfe decompositionapproachin MixedIntegerProgramming:pavingthewayfor a genericcode– p.62/76



State Space relaxation

relax the de�nition of the generating set
easier sub-problem weaker dual bound

different
states �

of the
Universe

�

�
���

�����

mapping
�

base-pattern

A genericview at theDantzig-Wolfe decompositionapproachin MixedIntegerProgramming:pavingthewayfor a genericcode– p.62/76



Base-Patterns: Cutting Stoc k

De�nition: (Fekete and Schepers, 1998)
A mapping �

�

�

�

� �

�

�

�

�

�

� �

is dual feasible for a
CSP instance if

�

�

�

�

�

�

�

�

�

�

�

�

�

where

�

is the set of feasible knapsack solution using
the original sizes �

� 's.

fewer different sizes
smaller numbers

easier knapsack SP
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Base-Patterns: MICLS Example

Continuous Single Item Lot-Sizing sub-problem
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Discrete Single Item Lot-Sizing sub-problem
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Uses of Base-Pattern Relaxation

relaxed

�

�

�

weaker dual bound
cheaper B-a-P node comput. but larger B-a-P tree

warm start for column generation:
relaxed columns acts as arti�cial columns

Scaling approach: iteratively re�ned mapping

2-stage SP optimization: primal-dual heuristic for SP

reduced cost re-optimization from base-pattern

include exchange vectors between columns sharing
the same base-pattern
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Anal ysis of the Generating Set

Convexi�cation v.s. Discretization

Proper Columns and Strongly Proper Col.

State Space-Relaxation and Base-pattern

Dominant/Redundant Columns: lifting
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Combining Col. Gen. with other

techniques

Cutting planes

Preprocessing, Variable �xing
(master information passed onto sub-problem)

Primal Heuristics:
greedy
local search
rounding

Hybrid Algorithms:
f.i. sub-gradient + col gen (Fischetti)
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BapCod

a generic Branch-And-Price Code: C++ subroutine library

implements:
1. an automatic Dantzig-Wolfe re-formulation
2. a Branch-And-Price(-and-Cut) algorithm

(+ primal heuristics)

User input:
1. Data de�nition and reading
2. Variable and Constraint C++ Classes
3. Call to constructors of Variables, Constraints,

Master and Sub-problems
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Bapcod: MICLS Example (1/4)

class Period
{

double C_t; // capacity

Period(const Double & capacity): C_t(capacity) {}
~Period(){}

};
class Item
{

double s_i; // capacity consumed in a setup
double f_i; // setup cost
map< Period *, Double> p_it; // production cost
map< Period *, Double> d_it; // demand
map< Period *, Double> c_it; // production capacity

Item(...) {...}
~Item(){}

};
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Bapcod: MICLS Example (2/4)

class YitGenVar: public GenericVar
{

YitGenVar(vector<I tem *> & itemPts,
vector<Period *> & periodPts,

map<IndexCell, SpConf *> & spConfMap)
{

for (vector<Item *>::iterator itemPt =...)
for (vector<Period *>::iterator periodPt = ...)

{
new InstanciatedVar(.. .);

}
}
~YitGenVar(){}

};
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Bapcod: MICLS �

�
�

�

�

�

�

� (3/4)

class YABitGenConstr: public GenericConstr
{

YABitGenConstr(vect or< Ite m*> ..., vector<Period*> ...,
MasterConf* masterPtr)

{... new InstanciatedConstr( master Pt r, ...); }

const bool genericCoef(Instanci ate dCons tr * iconstrPtr,
InstanciatedVar * ivarPtr)

{
YitGenVar* YitPtr = dynamic_cast<YitGen Var *>( iva rPt r- >genVarCo nst rPt r() );
if (YitPtr == NULL) return 0;
if (iconstrPtr->id() != ivarPtr->id()) return 0;
SpConf* SpConfPtr = dynamic_cast<SpConf *>(ivarPtr->probCon fig Ptr ()) ;
if (_itemSpConfPts.cou nt( SpConf Pt r)) return 1;else return -1;

}
};
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Bapcod: MICLS Example (4/4)

readData();
_masterPtr = new MasterConf();
for (vector<Item *> ...) new SpConf(Item..., _masterPtr, NULL, 1);
for (vector<Period *>...) new SpConf(Period..., _masterPtr, 1, NULL);

new XitGenVar(itemPts, periodPts, itemSpConfPts);
new XitGenVar(itemPts, periodPts, periodSpConfPts);
new YitGenVar(itemPts, periodPts, itemSpConfPts);
new YitGenVar(itemPts, periodPts, periodSpConfPts);
new XABitGenConstr(itemP ts, periodPts,_masterPt r);
new YABitGenConstr(itemP ts, periodPts,_masterPt r);
new DemCOVitGenConstr(it emPts, periodPts, itemSpConfPts);
new XitUbGenConstr(itemP ts, periodPts, itemSpConfPts);
new CAPtGenConstr(period Pts , periodSpConfPts);
new XitUbGenConstr(itemP ts, periodPts, periodSpConfPts);

_masterPtr->prepar ePr obConf ig( );
_masterPtr->solve( );
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Bapcod: MICLS Preliminar y Results

Instance i6-t15 i6-t30 i12-t15 i12-t30

LP relaxation � 11019.8 14145.5 16786.0 18124.2

Cut. Plane � 37213.3 60963.2 73848.0 130177.0

DW decomp ULS 37202.0

DW decomp CLS 37220.0 60947.0 73848.0 130180.0

DW decomp, strongly proper col 37227.0

Lagrangian decomp 37223.0 60947.0 73854.0 130180.0

Incumbent IP sol � 37721.0 � 61765.0 � 74634.0 131027.0

� BelvauxandWolsey (instancesfrom Trigeiroet al., 1989)

A genericview at theDantzig-Wolfe decompositionapproachin MixedIntegerProgramming:pavingthewayfor a genericcode– p.73/76



Selection of sub-systems and

Tested computationally

Compared theoretically: dual bound vs sub-prob.
complexity (Thizy analyses MICLS)

Consider duplicating constraints

Consider adding implicit constraints

Consider nested decomposition

DW decomposition �

�

�

�

�

�

�

�
�

� �

�

�
�

�

�

�

�




�

�

� 


Lagrang. decomp. �

�

�

�

�

�

�

�




�
�

�

�

�
�

�

�

�

�




�

�

� 


Nested decomp. �

�

�

�

�

�

�

�




�
�

�

�
�

�

�

�

�




�

�

� �

�

�
�

�

�

�

�




�

�

� 


A genericview at theDantzig-Wolfe decompositionapproachin MixedIntegerProgramming:pavingthewayfor a genericcode– p.74/76



BaPCod 's immediate future

1.
See whether plain use of BaPCod

�

Mip solver
better than

Mip-solver applied to original formulation.

2.
Integrate “impr ovement techniques”

and
test their ef�ciency across

�

� applications.

A genericview at theDantzig-Wolfe decompositionapproachin MixedIntegerProgramming:pavingthewayfor a genericcode– p.75/76



Bapcod: MICLS Preliminar y Results

Instance i6-t15 i6-t30 i12-t15 i12-t30

LP relaxation � 11019.8 14145.5 16786.0 18124.2

Cut. Plane � 37213.3 60963.2 73848.0 130177.0

DW decomp ULS 37202.0 60947.0 73848.0 130180.0

DW decomp CLS 37220.0 60947.0 73848.0 130180.0

DW decomp, strongly proper col 37227.0 60947.0 73848.0 130180.0

Lagrangian decomp 37223.0 60947.0 73854.0 130180.0

Incumbent IP sol � 37721.0 � 61765.0 � 74634.0 131027.0

A genericview at theDantzig-Wolfe decompositionapproachin MixedIntegerProgramming:pavingthewayfor a genericcode– p.76/76


	Motivation
	Decomposition: Why
	Decomposition: Why
	Decomposition: When
	Example: Cutting Stock Problem
	Decomposition: When

