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Issues in Differential Optimization

Infinite dimensional

Well-Posedness & IlI-Posedness

Regularization

Stability

Fast Solvers



Motivating Applications

Control Problems

Shape Design Problems (Euler & NS)

MDO Problems (structures-fluid coupling)

Data Assimilation in Meteorology



Problem Types

e Unconstrained Optimization

e Optimization with Equality/Inequality Constraints

PDE Constraints: Elliptic systems, Hyperbolic systems, Mixed
systems

Other Constraints: equality/inequality on design/state
variables



Everything is in The (Reduced) Hessian

Well-Posedness

Regularization choice

Convergence to a minimum

Stability

Fast Solvers



T he Basics in a Picture
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Unconstrained Optimization

min FE(a)

Gradient based minimization

a+—aoa—0VE with line search

e




Error Analysis

If o™ is @ minimum, then

E(a, U(a)) ~ E(a*, U(a*)) + %&T Ha

—(VE)(a) = Ha.

Error equation

a«— (I —oH)a.

The Hessian Governs the Convergence Process!!



Constrained Optimization
Ming E(a,U(a))
L(U(a),a) =0

L(aU)=0

N

E(aU(a))

_——

Minimum



The Adjoint Method: efficient calculation of gradients

Algorithm:
e Given « solve: L(a,U) =0 for U
e Given a,U solve: LA+ Ey = 0 for A
e Update a: a«— a—0[Eq + LA,

with line search.



Use Fourier Analysis to Understand the Hessian



High Frequencies Behavior

Localized (elliptic equations)

Can be Analyzed by Full/Half Space

Low Frequency Behavior

Depends on the Whole Domain

Cannot be Analyzed Using Fourier



The Symbol of an Operator

T exp(ik - x) = T'(k) exp(ik - x).

Examples:
8% — 1k
92 92 2 2
Oz2 T Oy — kT =k



Classification of DOP

Recall

Fourier analysis gives

Hk)a(k) = —g(k)
High frequency behavior

Well posedness: unique solution stable to perturbations,

H(k) = O(k|") v > 0.



la(k)| ~ |k|77|g(k)] for large k|

I11-Posedness: Sensitivity to perturbations,

. 1
H(k) = O(W) ~ > 0.

la(k)| =~ [k|7]gk)| large |K|

Errors are amplified by small changes in data.



T he Discretized Problem

(k) = O(k|")

For discrete level, |k| < x/h, SO

h 2
‘kr‘g%bm (k)| —O( )

For high frequencies,



max 11— 6H (k)|
m/(2h)<|k|<m/h

Smallest eigenvalue of H" is O(1)

Convergence rate,
1—o™)y =1-0m).
Hq

e Easy problems: 0 <~y 1.

e Difficult problems: v > 1



In Summary,

Symbol of the Hessian

H(k) = O(|k|") large  [K|
Well-Posed optimization problems: v>0
I11-Posed Optimization problems: v <O
Easy optimization problems: 0<vK1

Difficult optimization problems: v>1



Model Problems

Model 1

State Eq: g—fi =ay [
»=g [0

Cost Functional

E(a) = /I_(p — p*)2da D= ¢



Adjoint Eq:

Analysis

AXN=0 Q2
L2+ 2(¢e—pNe=0 T
A=0 Mo.

e Local analysis at a smooth pt of I

e Half Space



LU




In our model

a— o+ ex

¢ — ¢+ ed

Now use Fourier

dlr = %exp(ikm)
&533 — _|k|C~“

Quadratic term in functional

[ 16x2ds — [ 1k2a00) 2dk



Hessian Symbol,

A(k) = |k|?
e Problem is well posed for h.f.

e Problem is not easy, condition number is O(h_z)

Now lets change the functional



Model 11

Ap=0 O
State Eq: % —a, T
¢=g To

Cost Functional

E(a) = /r<¢ — ¢*)2da

AXN=20 2
Adjoint Eq: L 42(p—9¢*)=0 T
A=0 Mo.



Gradient

Hessian Symbol,

H(k) =1

e Problem is well posed for h.f.

e Problem is easy, condition number is O(1)

Next lets change the BC



Model III

QD
|

o
1

State EqQ:

< Q
|
Q
_I
o

Cost Functional

E(a) = /rw — ¢*)2da

AXN=20 2
Adjoint Eq: L 42(p—9¢*)=0 T
A=0 Mo.



VE = )\

Fourier Analysis gives,

- 1
"k =1

e Problem is ill-posed for h.f.

e Problem is hard, condition number is O(h~2)

Conclusion: Be Careful with formulation of DOP



Shape Design: Full Potential Equation

VpVep =0
¢ = oo  OQ2—T
Vo - n=0 [
_ _ 1o
where p = f(q) q = 5|Vl

Cost Functional:

1 %) 2
min — — d —
I 2/r(p p*)<ds p = g(q)



Gradient,

0P
8n 2R T Z —()\p

VJ =
ot

A. adjoint variable.



Hessian symbol, (after some work)
4
k7
(1 — M2)k3 + k3|
k1 correspond to direction of flow k> spanwise direction

A(k) = pgug

e H is not a differential operator

e The functional is almost flat in some directions (Inf-Dim)
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Shape Design: Euler Equations

Euler equations

fm+gy+hzzo

f=AU g = BU h=CU,
U= (p,pu, F) and u = (u,v,w).

Characteristic BC for U:

Cost Functional



mln—/(p p*)2ds p=p(U)

Gradient,

(p — p*)? N
Vi = — 4+ (p — p*)== — div(p)).

A= (A, )\ 5), A = (Ao, A3, \4) adjoint variable

Hessian symbol, (after more work)

k4

» _ 2

The Same as the Full Potential Case!



Inequality Constraints: Inf Dim Example

min Vul? — 2 fu)dx
g™ /Q (IVul? - 2fu)

Active set: I ={z € Q| u(x) =0}, =01

(il
il



Inactive Constraints =— —Au = f.
Active Constraints — Shape design problem

i 2 _2fu)d
/nin /Q _I(IVuI fu)dz




/ L u

Active Constraints —
Small Disturbance Analysis —
Half Space Fourier —
Hessian Symbol

I
—h

Small Disturbance B.C.



[ — T 4+ ean

E(u,l") - E(u,l") — € [r oz(au)st

VrE = ( )2 r

VuE = —Au— f Q-1

H(k) ~ |k [ dependence

H(k) ~ |k|? u dependence



Fast Solvers: One Shot Methods

e Infinite Dimensional Preconditioners

e Multigrid Methods



Infinite Dimensional Preconditioners

Iteration Matrix In Fourier space

I — §H"(X)

Convergence Difficulties are related to

_ 1
max |A"(k)| = O0(=)
o<|k|<w/h hY

Construct Preconditioners from

H(k) large k



Let R(k) ~ H1(k) for large |k

Optimization procedure is how

a«— a—0Rg

Its iteration matrix

I —0RH

In Fourier Space,

I — R(k)H(k)

0 = 1 efficiently reduce high frequencies.



High Frequencies Behavior

e Localized (elliptic equations)

e Can be Analyzed by Half Space

e INf-Dim Preconditioner is Accurate



Low Frequency Behavior
e Depends on the Whole Domain
e Cannot be Analyzed By Half Space

e Inf-Dim Preconditioner is not Accurate

Hence, R(k) should satisfy,

R(k) — 1 for |k| — O.



Now For Multigrid



Multigrid for the Full Optimization Problem
Algorithm: Two Level

1. Relax (smooth) the state, adjoint and design variables

2. Accelerate convergence using a coarse grid optimization
problem

Fine Q Relaxation
Level

Coarse

Min E(U,a)



Issues

Discretization

Coarsening

Smoother



Discretization Issues

h-ellipticity: Hh(0) > C'32 i |sin(0;/2)|™
quasi-ellipticity: HM6) > C > lsin(6;)|™
Example I. A control problem

Cost functional

mln - ( — d)?ds
o o 8n

State equation



Optimality conditions,

Symbol of Hessian

Ap=0
O = « 02

Q2 = {(z,y)|y > O}

A¢p =0 Q
AX=0 Q
b= « 02
é\+%=d o
A

9A — o9

H(k) = |k|°.



Discretization I: h-elliptic Hessian.

vertex discretization with the 5-point Laplacian

1
—4

Stencil for functiona

Interior Operator



Normal derivative,

olo)
on

1
~ Qh(sz,l —¢1.-1)

Fourier analysis

¢ ; = exp(ifl)d(9)’
A j = Aexp(il)d(6)’

where d(0) < 1 is the solution of

d(0) +1/d(0) — 4 + 2cos(0) = 0.

Define

u(0) = 5 -[1/d(0) — d(O)



Then of discrete Hessian

H(0) = 12 (6)



Discretization II: Quasi-elliptic Hessian.

cell-centered scheme with the 5-point Laplacian

1
I 1
I"="1]1 -4 1
h2
1
15) Stencil for functiona
[ | Interior Operator
O
O O O
O
(@)
A A




Boundary condition,

1
_(¢l—|-%,1 + ¢l—|-2, ) — E(O‘l + al—l—l)

1
2

Normal derivative (for cost functional)

( )z+1/2 0~ —(¢z+1/2 1/2 = P141/2,-1/2)

Define

pe(l) = l

1
h(\/d(e)

—\/d(®)).



And

1
c(0) = ~+1/d(0)
Jd(0)
Fourier analysis,
lj = Coé((ee/f) exp(i01)d ()’
Ay = 1@ 2202 o igryacoy

C(0)

Symbol of the Hessian



cos(6/2)

H(O) = 1 (O) = g5

cos(m/2) = 0: the symbol is not h-elliptic.



Example II:

Cost functional

mln—/ (¢ — d)?ds

State equation,

Q = {(z,y)|y > 0}.



Optimality conditions,

Symbol of the Hessian



Discretization I: h-elliptic Hessian.
Cell centered scheme with the usual 5-point Laplacian.

Normal derivative,

O 1
(a)H-l/z ~ E(O‘l—l—l — o)

Its symbol

s(0) = %sin(@/Q}.

Fourier analysis,

b1k = :C((HQ)) eXIO(’i@l)d(@)j‘
Ak = gy exp(i01)d(0)]




Hessian's symbol

4 sin? (9/2).

o
) = 12(0)

Discretization II: Quasi-elliptic Hessian.

Cell-Vertex using 5-point Laplacian

sin2(6)

o
O =)

A quasi-elliptic symbol



Coarse Grid Optimization Problem

Consider,

an EM@P, o™

«

LM(uf, o) =

Optimality conditions,
Lh(uh,ah) — fh
L (uh, aMX+ E =0
LY (uh, oMM\ 4+ EM = 0.



Wrong coarsening:

min EX (uf, o)
o
LH(uH,aH) = fH.
The optimality condition (coarse grid)
LH(uH,aH) — fH

LIl o)A + B (uHl o) =0

L oA + EH (1 o) = 0.

Does not keep the fine grid minimum unchanged.

Convergence!

NO



Correct Coarsening: Use adjoint variables.

FAS equations for the necessary conditions.

LH(uH,aH) — fH
Ly *(uf, oMNT + B (uf o) = ¢!
L (uft, o™X + Bl (uT, aM) = g

Proper coarse grid optimization problem

minaHEH(uH,aH)— <g{{,uH> — <g£{,aH>

LAt oty = fH,

FAS transfers for gif, g4



Relaxations for Optimization Problems

Three Step Relaxation

1. Relax the state variable
2. Relax the adjoint variable
3. Relax the design variables

e Design Space of a Small Dimension

e Design Space of Moderate Size



e INnfinite Dimensional Design Space



Design Space of a Small Dimension

Design variable,

a(z) => o;fi(x),

RELAXATION: Level 1

(1) Relax State Equation

(2) Relax Adjoint Equation
(3) If level = 1 Use BFGS



Design Space of Moderate Size

Redefine Design variables

m;  ng
a(r) = Z Zﬁm,lgm,l($)

m=1[=1

Relaxation: Level [

(1) Relax State Equation
(2) Relax Adjoint Equation

(3) Update design variables [, ;,m =1,..



Infinite Dimensional Design Space: Smoothers
Convergence rate, (Fourier analysis)

1 — §H"(0)

Good Smoothing for

5 =2./[H"(x/2) + A" ()]

Above relaxation may update smooth components of
design variables.

In a previous example,



and

0 < ey <HMO) < e 0] <

Can choose

6 =2/(c1 + c2)
To have good convergence for all components.

The Problem Need to update state and adjoint also by
smooth components.



EXPENSIVE !

Efficient Multigrid: Update ONLY high frequencies in design
variables



Preconditioners for Multigrid Relaxation.

Need to update ONLY high frequencies in the design variables.

Use a preconditioner R with

RMOYR(6) > C sin7(6,/2)
j
with v > 0.

Do construction on differential level,

R(k)H(k) > |k[”



with ~ > 0.

Smoother
o — alt — 5Rhg
Fourier analysis of iteration matrix

1 — sRMO)H ().

Step size (for good smoothing)

5 = 2/[R"(w/2)R"(x/2) + R" (=) A" ()]



Example: For a previous case,

h2
4sin2(0/2)’

RMO) =
RP is the inverse of T" given by

1
(T"g)), = ﬁ(gk—l—l — 295 + 9K-1)



