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Nonlinear Programming for Large-Scale Optimization

Nonlinear program (NLP) formulation:

min f(x) f(x) Î Â n

s.t. c(x) = 0 c(x) Î Â n  ® Â m

xL £ x £ xU

Large-Scale applications of NLP:

T

Time

Computational Fluid Dynamics (CFD) Dynamic process
optimization

Multi-Per iod design
optimization

Parameter  estimation and
System identification

’ cT =

n Large-Scale, Structured NLPs

tf, final time
u, control variables
p, time independent parameters

t,  time
z, d ifferentia l variables
y, a lgebraic  variables

Dynamic  Optimization Dynamic  Optimization ProblemProblem
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Dynamic  Optimization Approaches

DA E Optimization Problem

Full Space

Requires second derivativesHandles instabilities

Sequential Approach

Vassiliad is(1994)

Can not handle instabilities properly
Small NLP

Disc retize 
controls

Reduced Space

Effic ient fo r n>>(n-m)

Apply a NLP so lver

Effic ient fo r constrained problems

Simultaneous Approach

La rge NLP

Disc retize all 
variables

Variational Approach

Pontryagin(1962)

Ineffic ient fo r constra ined 
problems

Nonlinear Dynamic
Optimization Problem 

Collocation on
finite Elements

Continuous variablesContinuous variables

Nonlinear Programming
Problem (NLP)

Disc retized variablesDisc retized variables

Nonlinear Programming Formulation
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Differentia l variablesDifferentia l variables
ContinuousContinuous

Algebraic and 
Control variables

Discontinuous
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Collocation on Finite ElementsCollocation on Finite Elements

Nonlinear Programming ProblemNonlinear Programming Problem
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NLP Fo rmulation

0        

0)(s.t    

)(min

³

=
ÂÎ

x

xc

xf
nx

Original Formulation

0        

0)(s.t    

ln)()(  min
1

=-

=

-= å
=ÂÎ

xs

xc

sxfx
n

i
i

x n
mj m

Barr ier  Approach

Can generalize for  

bxa ££        

Þ As  m Î 0,     x* (m)  Î x*
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So lution of the Barrier Problem

Þ Newton Directions (KKT System)

0   )(

0   

0   )()(

=

=-

=-+Ñ

xc

eXVe

vxAxf

m
l

Þ Solve

ú
ú
ú

û

ù

ê
ê
ê

ë

é

-

-+Ñ

-=

ú
ú
ú

û

ù

ê
ê
ê

ë

é

ú
ú
ú

û

ù

ê
ê
ê

ë

é -

- eSv

c

vAf

d

d

d

XV

A

IAQ x

1 

  

0

00

m

l

n

l

Pr imal-Dual version

Þ Reducing the System
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IPOPT Algorithm and Code 
(A. Waechter)

Options 

Full or Reduced Space Full or Reduced Space 
Decomposition of KKT MatrixDecomposition of KKT Matrix

Line Search StrategiesLine Search Strategies

- l2 exact penalty merit function

- augmented Lagrangian
function

- Filter method (adapted from 
Fletcher and Leyffer)

Hessian Calculation Hessian Calculation 

- BFG S (reduced space)

- SR1 (reduced space)

- Exact full Hessian (direct)

- Exact reduced Hessian (direct)

- Preconditioned CG 

Comparisons

34 COPS Problems 

(600 - 160 000 variables)

486 CUTE Problems 

(2 – 50 000 variables)

56 MITT Problems 

(12097 – 99998 variables)

Performs well compared with LOQO, 
KNITRO and SNOPT

Code AvailabilityCode Availability

Can be downloaded from:
http://www.coin-or.org

See links for additional information

12

OCOMA for Online Optimization

Full Discretization 
of State and 

Control Variables

Analysis of 
Linearity

/
Scaling of 

Equations and 
Variables

Generation of 
FORTRAN 
subroutines

Objective 
function

Linear 
Constraints

Nonlinear 
Constraints

Symbolic Gradients

Code Generator
OCOMA

Problem
Formulation

Process Model

Inequality 
Constraints

Initial Conditions

Constraints 
at Final Time

Objective Function

( ) 0puyxxf =¢ t,,,,,

( ) 0=t,,,, puyxg

0),,,,,( £¢ tpuyxxh

0xx =)( 0t

( ) 0,,,,, =¢ ftpuyxxj

( )ftP ,,,,min 0xpux

Solver 
SNOPT 

and 
IPOPT

Execut-
able File

Visualisiation with
OptControlCentre

(MATLAB)

Dynamic Optimization and 
Visualization

Online Optimization

Water-
Steam-
TableInitial 

Conditions

Start Values

Measure-
ments

Data File
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Nonlinear Model Predictive Control (NMPC)

Process

NMPC Controller

d : disturbances
z : differential states
y : algebraic states

u : manipulated
variables

ysp : set points
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NMPC Estimation and Control
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NMPC Subproblem

Why NMPC?

n Track a profile

n Severe nonlinear dynamics (e.g, 
sign changes in gains)

n Operate process over wide range 
(e.g., startup and shutdown)

Model Updater
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Tennessee Eastman Process

Unstable Reactor

11 Controls; Product, Purge streams

Model extended with energy balances
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Tennessee Eastman Challenge Process

Method of Full Discretization of State and Control Variables

Large-scale Sparse block-diagonal NLP

11Difference (control variables)

141Number of algebraic equations

152Number of algebraic variables

30Number of differential equations

DAE Model

14700Number of nonzeros in Hessian

49230Number of nonzeros in Jacobian

540Number of upper bounds

780Number of lower bounds

10260Number of constraints

10920
0

Number of variables
of which are fixed

NLP Optimization problem

16

Setpoint change studies

Setpoint changes for the base case [Downs & Vogel]

+2%
Make a step change so that the composition of 
component B in the gas purge changes from 
13.82 to 15.82%

Step
Purge gas composition of 
component B change

-60 kPa
Make a step change so that the reactor operating 
pressure changes from 2805 to 2745 kPa

Step
Reactor operating pressure 
change

-15%
Make a step change to the variable(s) used to set 
the process production rate so that the product 
flow leaving the stripper column base changes 
from 14,228 to 12,094 kg h-1

StepProduction rate change

MagnitudeTypeProcess var iable
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Case Study 2: 
Reactor operating pressure change

Optimization with 
IPOPT

350 Optimizations

5-7 CPU seconds

11-14 Iterations

18

Change Study 2 - Results I

Objective adjustment:

(2.745 - pr_MPa )2 / 2.745

Reactor pressure lowered by 
60 kPa

2745 kPa not exactly reached 

• No integral action

• Pressure part of 
multivariable objective.

Same production rate

Same product quality
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Change Study 2 - Results II

Control profiles 

All profiles return to their 
base case values

Same production rate

Same product quality

Same control profile

But lower pressure ?

20

Change Study 2 - Results III

Shift in TE process 

Same production rate

More volume for reaction

Same reactor temperature

Initially less cooling water flow 
(more evaporation)
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Change Study 2 - Results IV

Shift in TE process 

Shift in stream 7 to more 
condensables

Increase of cooling water flow

Increase of stripper steam flow to 
ensure same purity

Less compressor work

22

Parameter Estimation for NMPC

Process

NMPC Controller

d : disturbances
z : differential states
y : algebraic states

u : manipulated
variables

ysp : set points
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NMPC Estimation and Control

sConstraintOther 

sConstraint Bound

)(
)),(,),(),((0

)),(,),(),(()(
..

||ˆ||||ˆ)(||min

initztz
ttutytzG

ttutytzFtz
ts

uuyty uy Q
kk

Q

=
=

=¢

-+-å å

p

p
p

Parameter Estimation Subproblem

Parameter Estimation?

n Estimate a finite number of 
model parameters (unmeasured 
disturbances, rate constants, 
transport parameters)

n Compensate for process drifts 
and slowly changing conditions

n Allow better controller 
performance

Model Updater
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dpuyzFz
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Dynamic Parameter Estimation: 
Polymerization process

• Polymers are high volume and/or high value 
markets

• Effective control of polymerization reactors 
essential

• Fundamental process models available

• Steady-state parameter estimation commonly used 
and well studied

• Need parameter estimates of fundamental model to 
capture dynamic information for NMPC

24

Polymer Process Modeling and Estimation
Previous Work

Ray (1972), Zacca and Ray (1993):

– Detailed modeling of polymerization processes

Sirohi and Choi (1997), Choi and co-workers: 

– Parameter estimation of batch process (empirical), Online 
parameter estimation (sequential strategy)

Soroush and co-workers: 

– State estimation of polymerization processes

Bequette and co-workers: 

– MPC of polymerization processes

Bindlish, Rawlings, and Young (1997):

– Dynamic parameter estimation using GREG (Stewart et al.)

Parameter Estimation: Global Opt.

Esposito and Floudas (1998 – 2000)
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Polymerization Process Description

• Production of polypropylene (Zacca and Ray, 1993)
• Continuous process
• Simplified model with no energy balance

Catalyst 
feed

Monomer, Transfer 
agent, Termination 
agent feeds

Reactor: 
CSTR

Coolant

Polymer

26

Polymer Process Mechanism

4 major reactions:

• Initiation:

• Propagation:

• Chain Transfer:

• Chain Termination:
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Concentration and Mass Balances:

– Monomer balance:

– Activated site balance:

– Transfer agent balance:

– Mass balance:

28

Dead-chain Moments:

– Zeroth moment

– First moment

Live polymer concentration:

Live-chain moments:

– Zeroth moment

– First moment
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Constant volume:

Number Average Molecular Weight (NAMW):

Polymer production rate:

Polymer mass fraction:

Live chain propagation probability:

30

Differential variables:

Algebraic variables:

Inputs:
– Feeds: 
– Density: 
– Overall flow:

– Temperature: 

Parameters: 

Arrhenius rate law for rate constants:
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DAE Model Analysis

Resulting DAE system:

Here:

Index of above system = 2
– Volume balance does not contain any algebraic variables
– Problem becomes singular

32

Index Reduction 
(Mattsson and Söderlind, 1993)

Differentiate volume balance:

Drop mass balance differential equation:

Add new  algebraic variables:

Add new algebraic equations:
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Parameter Estimation Problem

DAE constrained optimization problem:

Discretize above system: Orthogonal collocation on finite elements using 
Radau quadrature (Cervantes et. al., 1999)

Special solver to exploit structure of above problem

34

Resulting DAE optimization problem => 
Nonlinear Programming Problem (NLP)

Observations:

– Size of problem scales with number of elements and collocation points

– Very few free variables = parameters
– Bounds defined on only free variables

Need robust and efficient algorithm to solve above NLP: Trust-region SQP
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Trust-region methods

Gay (1981-’82), Moré et al. (1983), Bunch et al. (1990): 
– Unconstrained and bound-constrained PE problems

Byrd-Omojokun (1989): 
– Composite-step trust-region SQP for equality-constrained NLP

Byrd, Nocedal, and Hribar (1997)
– Trust-region IP algorithm based on B-O idea

Dennis, Heinkenschloss, and  Vicente (1998):
– Affine-scaling IP trust-region SQP for optimal control

Conn, Gould and Toint (2000)
– Comprehensive description of TR Methods

And many more...

36

NLP Solution: SQP

•• ByrdByrd--OmojukunOmojukun StrategyStrategy
•• For problems with few degrees of freedom:For problems with few degrees of freedom:

– Split step d into 2 parts:

– Solve for both steps separately
• Control step-lengths by constraining steps in a “ trust-region”

• Solve NLP by solving a series of simpler quadratic 

approximations: SQP
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Trust-region SQP: Step calculation

Split SQP step into 2 parts: normal and tangential

Trust-region on tangential component: larger radius

xk

dN

Zdq
d2

d1

d

38

Trust-region SQP and The Hard Case

Quasi-Normal Step: use dogleg algorithm

Tangential Step:

KKT conditions:

Indefinite reduced Hessian + Hard Case: 
Calculate direction of negative curvature

Applied More-Sorensen algorithm 
adapted for simple bounds (Gay, 1982)
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Estimation of parameters of polymerization model

• Data generated by simulation for a period of 15 hrs. (54,000 s.)

• 818 variables, 815 constraints

• Considered constant inputs and some time-varying inputs

• Nominal parameter and input values in literature (Young and 
Russo, 1999)

• Noise from Normal Distribution added to state measurements 
and inputs

• Many combinations of state measurements possible

– Tested some relevant combinations
• Some ill-conditioning in constraints

• Possibly non-unique parameters

• Analyze parameter estimates by quality of fit and confidence 
regions

40

Constant Inputs for Parameter Estimation
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Trended Inputs for Parameter Estimation
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Results: Constant Inputs

Measured: {CM, CT, NAMW}    vs.          Measured: {CM, CT, Q} 
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Results: Constant Inputs

Measured: {NAMW, Q, xS, wP}    vs.   Measured: {CM, CT, NAMW, Q, xS, wP} 

44

Results: Constant Inputs

Measurements: {CM, CT, Q}: Worst case

Eigenvalues of reduced Hessian: [4.1e-20, 1.5e-13, 3.1e-5] 
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Results: Constant Inputs
Measurements: {CM, CT, NAMW, Q, xS, wP}: Best Case

Eigenvalues of reduced Hessian: [6.1e-11, 6.9e-9, 8.2e-3] 

Comparison with IPOPT
•

• How serious is the conditioning of the reduced Hessian?
• Are TR methods needed here?
• IPOPT: Barrier algorithm (Wächter and Biegler, 2001)

– Line search for global convergence

– Filter to gauge progress toward local solution
– Uses exact second derivatives with diagonal corrections for 

indefiniteness

• Problem with 6 measured states and constant inputs: 
Failure to obtain feasible point leading to convergence 
failure

• Existence of ‘hard case’ and singularity of reduced 
Hessian could be responsible for convergence failures

• Trust-region SQP works well in presence of above 
problems and obtains solution
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Conclusions: 
Nonlinear Model Predictive Control

• Framework
• OptControlCentre (OCC)
• OCFE Discretization with OCOMA
• SNOPT and IPOPT (Full space) comparison

• Tennessee Eastman Challenge Problem
• Four scenarios of the TE process
• 350 cycles with a sampling time of 600 seconds
• 5-7 CPU seconds, 11-14 Iterations

• Future work
• Extension for PDE systems
• Development of partial solution strategies
• Incorporation of the actual plant model
• Consideration of dynamic system identification

Conclusions: Parameter Estimation•

Framework

• DAE2NLP Discretization in FORTRAN
• TR and IPOPT comparison

Polymer Case Study

• Trust-region SQP algorithm performs well even though the 
parameter estimation problem is ill-conditioned and has non-
unique parameters

• Ability to exploit structure of dynamic parameter estimation 
problem reduces computational effort

• Essential to analyze DAE model before parameter estimation 
and reduce its index

• Additional results: parameter estimation with inputs as decision
variables
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Some Observations: DAE Applications

• ‘Fast’ Methods: SQP-based
– Barrier
– Filter Line Search
– Regularization for indefinite Hessians

• ‘Sure’ Methods: SQP-based
– Nonunique solutions
– Trust region stabilization
– Handling negative curvature
– Need to implement filter strategy

• Open Questions for NLP
– Handling negative curvature and singularity in line search methods
– Fast TR factorizations that handle general inequality constraints 
– Hybrid methods? Line search and TR for different parts of the problem 

(e.g., TR tangential problem and LS normal problem)


