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ABSTRACT

While the problemsof image coding and audio coding have frequentlybeenassumedo have similarities, specificsetsof

relationshipshave remainedvague. One areawherethereshouldbe a meaningfulcomparisoris with centralmaskingnoise
estimateswhich definethe codecs quantizerstepsize. In the pastfew years,progresshasbeenmadeon this problemin the

auditorydomain(Allen andNeely, J. Acoust. Soc. Am., 102, 1997,3628-46;Allen, 1999, Wiley Encyclopediaof Electrical
andElectronicsEngineeringVol. 17, p. 422-437,Ed. Webstey J.G.,JohnWiley & Sons,Inc, NY). It is possiblethatsome
usefulinsightsmight now be obtainedby comparingthe auditoryandvisual cases.In the auditory caseit hasbeenshawn,

directly from psychophysicatiata,that belov about5 sones(a measureof loudnessa unit of psychologicaintensity), the

loudnessIND is proportionalto the squareroot of the loudnessAL(L) « /L(I). Thisis truefor bothwidebandnoiseand
tones,having a frequeny of 250 Hz or greater Allen andNeely interpretthis to meanthat the internalnoiseis Poissonas
would be expectedfrom neuralpoint processoise. It follows directly thatthe Ekmanfraction (the relative loudnessIND),

decreaseasoneover the squareroot of the loudnesspamelyAL/L o« 1/v/£. Above £ = 5 sonesthe relative loudness
IJNDAL/L =~ 0.03 (i.e., Ekmanlaw). It would be very interestingto know if this samerelationshipholdsfor the visualcase
betweerbrightness3(I) andthe brightnessIND AB(I). This might be testedoy measuringoththe brightnessIND andthe

brightnessasa functionof intensity andtransformingheintensityJND into a brightnessIND, namely

AB(I)=B(I + Al —B(I) = AIZ—ZI;.
If the Poissomatureof the loudnesgelation(below 5 sones)s a generakesultof centralneuralnoise,asis anticipatedthen
onewould expectthatit would alsoholdin vision, namelythat AB(B) « /B(I). It is well documentedhatthe exponentin
the S.S.Stevens’ pawer law is the samefor loudnessandbrightnesqStevens,1961)(i.e., both brightness3(I) andloudness
L(I) areproportionalto I°-3). Furthermorethe brightnessIND dataaremorelike Rieszs nearmissdatathanrecent2AFC
studiesof JND measure$:?
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1. INTRODUCTION

Whenmodelinghumanpsychophysicene must carefully distinguishthe external physicalvariables which we call  variables from the
internal(i.e., loudnessandbrightnesspsytophysicalvariables,which we referto as ¥ variables.Psychophysicainodelingseeksa trans-
formationfrom the ® domainto the ¥ domain.The ®—intensityis easilyquantifiedby directmeasuremenfThe auditory ¥—intensityis the
loudnesswhile in visionit is calledthe brightness Theideathatthe ¥—intensitycould be quantifiedwas suggestedby Fechne1966)in
1860,whowasfirst to raisethe possibility of defininga quantitatve transformatiorbetweerthe physicalandpsychophysicahtensity*

An incrementn theintensityof a soundthatresultsin the just noticeabledifferenceis calledanintensityJND, or simply the difference
limen (DL). Fechnersuggestedjuantifyingthe ¥ (®) transformatiorby countingthe numberof ¥ (I)-IJNDsbetweenary two intensity
values.However, aftermary yearsof work, this relationship(e.g.,betweerloudnessandtheintensityJNDs)hasremainedunclear® ">

Sincetheclassic1927work of Thurstoné it hasbeerwidely acceptedhattheintensityJNDis thephysicalcorrelateof thepsydological
domainuncertainty(internalnoise)correspondingo the psyhological intensity For example,the loudnessIND is a measureof loudness
noise.To modeltheintensityJND onemustdefinea decisionvariable associateavith random¥—domainfluctuations.Irthe auditorycase,

this randomvariablehasbeencalledthe single—trialloudnessC(I).° TheloudnessC(I) andtheloudnessIND A L(I) aredefinedin terms
of the first and secondmomentsof the single—trialloudnesscorrespondingo the meanand varianceof the distribution of the intensity
decisionvariable.Given £(I) andAI(I), onemaytransformAI(I) into AL(L) = L(I + AI) — L(I). Theratio of theloudnessver the
loudnessstandardieviation is definedasthe loudnesssignal-to—noiseatio SNR; o« £/o ¢, whichis proportionalto the reciprocalof the
Ekmanfractionfor loudnessAL(L)/L.

Allen andNeely(1997)foundthe samefunctionaldependencef AL( L) for bothtonesandwidebandhoise.Thisis surprisingsincethis
unified Rieszs tonal DL “nearmissto Webers law” dataandMiller’ s widebandnoiseDL data,which satisfiesWebers law. Furthermore,
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Allen andNeelyprovideda simplephysicalexplanationof theresultingA £(£) responseThiswork unifiesmaskingandthe IND, following
the 1947 outline of this problemby Miller (1947). The Allen and Neely approachis conceptuallysimilar to that of Baird and Noma
(1978),page84-85andEkman!? It is expected pasedn simplecommon-sensphysicalargumentsthatbrightnessnustfollow a similar
relationshipfor intensitieswhenneuralnoisedominateghe brightnessIND.

Forthecaseof tones Allen andNeelyusedtheintensitymodulatiorresultsof Riesz(1928)with theloudnesslataof FletcherandMunson
(1933)to dothesecalculationsRieszmeasuretheintensityJND usinga pair of tones(onelargeandsmall)having afrequeny differenceof 3
Hz. “Modern” methodgenerallyuse“pulsed”toneswhich areturnedon andoff somevhatabruptly makingthemunsuitabldor comparison
to the 1 secondoudnessneasurementsf FletcherandMunson. Rieszs modulationmethodhasa distinctadvantagein characterizinghe
internal signal detectionprocesshecauset maintainsa tone-like, thresholdmodulationcondition. The interpretationof Rieszs intensity
JNDsis thereforesimplified sinceall underlyingstochastiqrocessearestationary(i.e., the stimuli for the IND measurementrecloseto
puretones,andhave along duration like theloudnessiata).

SinceAllen and Neely (1997) usethe Fletcherand Munsons 1933 loudnessdata, the resultsare expectedto be more accuratethan
methodshasedon Stevensscaling,asexplainedby Fletcherand Munson(1933). This may be a factorin the Allen andNeely estimateof
AL(L).

2. BASIC DEFINITIONS

Intensity. The ® intensityis apower perunit area.ln thetime domain,it is commonto definethe ®—intensityin termsof thetime-integrated
squaredsignalpressures(t), namely*

R
L) = — s°(t)dt, (1)
0=57 [ <0
whereT is theintegrationtime andgc is the specificacoustidmpedancef air.
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Figure1l. Following SignalDetectionTheory we assumehat whentwo intervalsare used,75% of the time the observercan correctly
identifytheinterval with the probe For onehalf of the presentationshe probeis head, andtherefore scoed correctly For the otherhalf of
thepresentationsywhenit is not head, the subjectguessesorrectly 1/2 thetime resultingin a 50%+ 25%= 75%correcttotal scoe.

Intensity of masker + probe. TheJNDis sometimeslescribeds"self-masking; to reflecttheview thatit is determinedy theinternal
noiseof the auditorysystem.To modelthe IND it is usefulto definea moregeneraimeasurealledthe masled threshold which is defined
in the® domainin termsof a pressurescalefactora appliedto the probesignalp(t) thatis thenaddedo the maskingpressureignalm(t).
Therelative intensityof the probeandmasler is variedby changinge. Settings(t) = m(t) + ap(t), we denotethe combinedntensityas

1

Lsp(te) = o [ () + apo)’ae. @

Theunscalegrobesignalp(t) is choserto have the sameong-termaverageintensityasthe masler m(t), definedas!. Let I, (t) = I
betheintensityof the masler with no probe(a = 0), andI,(t, o) = oI betheintensityof the scaledprobesignalwith no masler.

Beats.Rapidfluctuationshaving frequeng componentsutsidethebandwidthof the T durationrectangulamtegrationwindow arevery
smallandwill beignored.Accordinglywe dropthetime dependenci termsI,, andl,. Becaus®f beatdbetweenn(t) andp(t) (assuming

*Thesymbol= denotesequivalenc€. It meanghatthe quantityto theleft of the = is definedby the quantityon theright.



the spectraof thesesignalsarewithin a commoncritical band)onemustproceedcarefully Slowly varying correlationsbetweerthe probe
andmasler having frequeny componentsvithin the bandwidthof the integrationwindowv may not be ignored,aswith beatsbetweentwo
tonesseparatedh frequeng by afew Hz. Accordingly we keepthetime dependencen theterm I,,,+,(t, @) andotherslon—beatingtime
dependenterms.In the ® domainthesebeatsareaccountedor with a probe—masdr correlationfunction py,; (¢).1%-*6

Intensity incrementdI(t, o, I). Expandingeq. 2 andsolvingfor theintensityincrementy (¢, «, I) wefind

§I(t,on]) = Imyp(t,a)—1I 3)
= (20pmp(t) +0°) I, (4)
where .
1
puott) = iy [ oty ©)

definesa normalizedcrosscorrelationfunctionbetweerthe masler andthe probe.The correlationfunctionmustlie between1 and1.

The detectionthr eshold. As shavn in Fig. 1, whentheprobeto masler ratio a is slovly increasedrom zero,the probecaneventually
be detectedWe specifythe detectiorthresholdasa., wherethe asteriskindicateshe thresholdvalueof « wherea subjectcandiscriminate
intensity I+, (¢, . ) fromintensityZ,,, (¢, 0) 50%of thetime, correctedor chancdi.e., obtaina75%correctscorein adirectcomparison
of thetwo signald”*¢]. The quantitya. (¢, I) is the probeto maslker RMS pressureatio at the detectionthreshold. It is a function of the
maslerintensityI and,dependingntheexperimentaketuptime.

Masked thr esholdintensity. Themasledthresholdintensityis definedin termsof av. asI;; (I) = Ip(ax) = i1, whichis thethreshold
intensityof the probein the presencef the masler.

Themasledthresholdntensityis a strongfunctionof the stimulusmodulationparametersi-or example tonemaslersandnarrov—band
noisemaslersof equalintensity andthereforeapproximatelyequalloudnessgive masled thresholdghatareabout20 dB different’® As
asecondxample,whenusingthe methodof beatsthe just—-detectableodulationdependsn thebeatfrequeng.'®  With “modern” 2AFC
methods thesignalsareusuallygatedon andoff (100%modulation)t® Accordingto StevensandDavis (p. 142,1983)

A gradualtransition,suchasthe sinusoidalvariation usedby Riesz,is lesseasyto detectthanan abrupttransition;but, as
alreadysuggestedanabrupttransitionmayinvolve the productionof unwantedtransients.

Onemustconclude asis widely acknavledged,that the relative masled threshold[i.e., a. (¢, I)] is a strongfunction of the modulation
conditions.This dependencis due,in part,to the modulationfiltering thattakesplaceafterthe signalhasbeendetectedwhichis sometimes
calledtempoal integration. Thisis analogouso the spatialfiltering of theeye.

W—domaintemporal resolution. The ¥—domaintemporalresolutionplaysakey role in intensityJND andmaskingmodelsandtherel-
evantintegrationtime 7 is determinedn the ¥—domain.This important¥—domainmodelparameters calledloudnesgemposl integration
timel” As far asl candeterminetemporalintegrationwasfirst explicitly modeledoy Munson(1947). A closelyrelatedmeasurds the
modulationtransferfunction whichis thefrequeng responsef theloudnessemporalintegrationfilter to sinusoidaimodulations.

The #—domaintemporalresolution(7’) and modulationtransferfunction arecritical to the definition of the IND in Rieszs experiment
[Seethe AppendixA of Allen andNeely(1997),aswell asRiesz(1928)]becausd determineshe optimumthresholdntensityof thebeats.
Beatscannotbe heardif they arefasterthan,andtherefore'filtered” out by, the ¥ domainresponseor if they aretoo slow. Rieszfound3
Hz to bethe optimummodulationfrequeng. EventhoughRieszs modulationdetectiornexperimentis technicallya maskingtask,we treatit,
following Riesz(1928),Fletcher(1995),Miller (1947),andLittler (1965),ascharacterizingheintensityJND.

The T—domaintemporalresolutionalso impactsresultsfor gatedstimuli, suchasin the 2AFC experiment,thoughits role is poorly
understoodn this case.More important,matchingloudnesameasurementisave not beenmadefor gatedstimuli, makingdirect IND and
loudnessomparisongmpossible For this reasorwe have restrictedour analysigo the puretonecase(RieszJNDsversusFletcherMunson
loudness).

The intensity JIND AI. Theintensityjust-noticeablalifference(JND) s definedas
AI(I) = §(ax, 1), (6)
theintensityincrementatthe masledthreshold FromEq. 4, with & = . andpy,,(t) = 1,
AI(I) = (20 + a2)I. )
An importantalternatve definitionfor the specialcaseof the pure—toneJND is to let the masler be a puretone,andlet the probebe a
puretoneof a slightly differentfrequeng (e.g.,a beatfrequeng differenceof f, = 3 Hz). This wasthe definitionusedby Rieszin 1928.

Beatsareheardat f, = 3 Hz, andpmp(t) = sin(27 fpt). Thus

O[t, o, I] = [2a. sin(2m fiut) + 211, (8)

*1 take this quoteto meana transientin the envelope not a transienthatproducesout-of-bandspectralsplatter which is commonlyand
easilycontrolledby rampingup anddown the stimulus.

H1t is traditionalto definetheintensity JND to beafunctionof I, ratherthana functionof a(I'), aswe have donehere.We shalltreatboth
notationsasequialent[i.e., AI(I) or AI(a(I))].



and
AI(I)Em?X 5(t,a*,I)—mtin 0(t,au, I), 9

whichmeansAI(I) = 4a.I to avery goodapproximatior(dueto thesmallvalu€?® of a. = 0.05).

Inter nal noise. It is widely acceptedhatthe pure—tondntensity JND is determinedy the internal noiseof the auditory systen?®:24
andthat AT is proportionatlto the standardleviation of the ¥—domaindecisionvariablethatis beingdiscriminatedn theintensitydetection
task, reflectedbackinto the ® domain. The usualassumptionfrom signaldetectiontheory is that AI = d’o;, whered’ = Al/o; is a
constamthatdePendS)n the experimentaldesign,ando; is the intensity standarddeviation of the ®—domainintensitydueto ¥—domain
auditorynoise®!7

Hearing thr eshold. The hearingthreshold(or unmaskd threshold)intensitymay be definedasthe intensity correspondingo the first
(lowest)intensityJND. It is frequentlyusedasthereferencavhenexpressinghemasledthresholdn dB. Thehearinghresholds represented
asl, (0) toindicatethe probeintensitywhenthe masler intensityis small(i.e.,I — 0). While it is believedthatinternalnoiseis responsible
for thehearingthresholdthereis noreasorto assumehatthis noiseis the sameastheinternalnoisethat produceghe superthresholdIND.

Loudness.. Loudnessin sonesor loudnessunits(LU),? is thenamecommonlygivento the ¥ intensity Theloudnesgyrowthfunction
L(I) dependon the stimulusconditions. For example £(I) for atoneandfor widebandnoiseare not the samefunctions. Likewise the
loudnesgrowth functionfor a 100 mstoneanda 1-stonediffer. Whendefininga loudnessscaleit is traditionalto specifythe intensity
frequeny, anddurationof atonesuchthatthe loudnessgyrowth functionis one(i.e., £(Iref, fref, Iref) = 1 definesaloudnessscale).For the
sonescale thereferencesignalis a I = 40 dB SPLtoneat fref = 1 kHz with durationT;es = 1 s. For Fletchers LU scalethe reference
intensityis the hearingthresholdat 1 kHz, which meanghat1 sone= 975LU?® for a“normal” hearingperson.

Detection theory and the single-trial loudness. A fundamentapostulateof modernpsychophysicss that all perceptuali.e., ¥)
variablesarerandomvariables® For alternatve discussion®f this point seeMontgomery(1935),p. 144 of StevensandDavis (1983),and
chaptel5 of Green(1966).To clearlyindicatethedistinctionbetweenmandomandnonrandonvariablesatilde overbar(~) is usedto indicate

every randomvariable¥

We definetheloudnesslecisionvariableasthesingle—trialloudnessC(I), whichis the sample—loudnedseardon eachstimuluspresen-
tation. Theloudnes<C is thenthe expectedvalueof thesingle—trialloudnessC

£(I) = EL(I). (10)

Thesecondnomentof thesingle-trialloudness
oz =E(L—-L)° (11)

definestheIoudnessvarianceai andstandad deviationo; = AL/d'.

Loudnessgrowth. Loudnesslependsn acomplex manneion anumberof acousticalariablessuchasintensity frequeng, andspectral
bandwidth,and on the temporalpropertiesof the stimulus,aswell ason the modeof listening(in quietor in noise,binauralor monaural
stimulation). Isoloudnesgontoursdescribethe relation of equalloudnessbetweentonesor betweennarrav bandsof noiseat different
frequencies.

In 1924 Fletcherand Steinbeg publishedan importantarticle on the measuremeruf the loudnesf speechsignals?®  In this papey
whendescribinghe growth of loudnessthe authorsstate

theuseof theabove formulainvolveda summatiorof the cuberoot of the enegy ratherthantheenenpy.

This cube-rootdependencevasfirst describedby Fletcherthe yearbefore?® Todayary powerlaw relation betweenthe intensity of the
physicalstimulusandthe psychophysicalesponsés referredto asStarenss law.>%'7 Fletchers 1923loudnesgronth equatiorestablished
theimportantspecialcaseof loudnesgor Stevenss approximatebut moregeneral psychologicatlaw.”

Cochlearcompression.Whatis the sourceof Fletchers cuberootloudnesgrowth (i.e., Stevenss law)? Todaywe know thatthe basilar
membranemotion is nonlinear and that basilarmembranestiffnesschangesdueto outerhair cells (OHC), are the sourceof the basilar
membranaonlinearityandthe cuberootloudnesgrowth first obseredby Fletcher

From noisetraumaexperimentson animalsandhumansit is now widely acceptedhatrecruitmentabnormalloudnesgrowth) occurs
in thecochlea®' In 1937 Lorentede No theorizedthatrecruitments dueto hair cell damagée?> Animal experimentshave confirmedthis
predictionand have emphasizedhe importanceof outer hair cells (OHC) loss333*  This lossof OHCs causesa modificationof basilar

membraneompressionfirst describedy Rhodein 19711735

We still do notknow preciselywhatcontrolsthe basilarmembranenonlinearity(i.e., the exponentof the power law), althoughwe know
thatit is relatedto outerhair cell stiffnesschange®>>” which arecontrolledby the OHC membranevoltage®® This voltageis determined
by shearingdisplacemenof the hair cell cilia by thetectorialmembraneWe know thattheinnerhair cell (IHC) hasa limited dynamicrange
of lessthan60 dB, yet it is experimentallyobsered that thesecells codea dynamicrangeof about120dB.3° Nonlinearcompressiorby
cochlearOHCs, prior to IHC detection increaseshe dynamicrangeof the IHC detectors. Whenthe OHCsaredamagedthe compression
becomedinear, andloudnessecruitmentesults?®

$SonesandLU arerelatedby a scalefactor: 1 Soneis 975LU.
TAs amnemonicthink of the ~ asa“wiggle” associatesvith randomness.



Loudnessadditivity. FletcherandMunson(1933)shaved, for tonalstimuli, (1) therelationof iso-loudnesscrossrequeny (loudness-
level in phons),(2) the dependencef loudnesson intensity (3) a modelshawing the relation of maskingto loudnessand (4) the basic
ideabehindthe critical band(critical ratio). Possiblyeven moreimportant,they werethefirst to introducea totally new conceptloudness
additivity.*! They presentec hugeamountof empiricaldatato supporthis radicalidea.

Ratherthanthinking directly in termsof loudnesgrowth, they tried to find a formuladescribinghow the loudnessesf several stimuli
combine.Fromloudnessxperimentswith low- andhighpassspeectandcomplex tone€®4? andfrom otherunpublishedsxperimentsover
the previous 10 years,they found thatloudnessadds. Their hypothesisvasthatwhentwo equallyloud tonesthat do not maskeachother
arepresentedogethertheresultis “twice asloud” They shavedthatwhenN tonesthatareall equallyloud are playedtogethertheresult
is N timeslouder(for N up to 11), aslong asthey do not maskeachother Fletcherand Munsonfound thatloudnessadditivity holdsfor
signalsbetweerthetwo earsaswell asfor signalsin thesameear Whenthetonesmasled eachother(namely whentheir maskingpatterns
overlapped)additivity still holds,but over anattenuatedetof patternst! sincethe overlapregion mustnot be countedtwice. Their 1933
modelis fundamentato our presenunderstandin@f auditorysoundprocessing.

The argument. Let G(p1, p2) bethe nonlinearcompressiorfunctionthat mapsthe earcanalpressurep; atfrequeng fi andp: at f»
into theloudnessn sonesunderthe conditionthatthetonesare far enoughapartin frequencythat they do not maskead other. Whenone
tonemasksanotherthe loudnesst is alwayslessthanG (i.e., maskingalwaysreduceghe loudness).Wheneachtoneis presenteclone,
thereis no masking,so£ = G. It alsofollowsthat£: = G(p1,0) andL, = G(0, p2). We assumehatG(0,0) = 0 andG(pres, 0) = 1,
wherepes is either20 pPaor thethresholdof hearingat 1 kHz. Theproblemis to find G(p1, p2).

Stepl. Thepressure; is takenasthereferencdevel for theexperimentwith f; = 1 kHz. Thelevel of pressures, atfrequeng f», is
next determinedy requiringthatits loudneseequalto thatof p;. We call this pressures (p1, f2), sinceit is afunctionof bothp; andfs.
In termsof thecompressiorfiunctionG, p3 is definedby

G(0,p3) = G(p1,0). (12)

Step2. FletcherandMunsonscaledhereferencepressure, by scalefactora anddefineda™ suchthattheloudnes®of o* p; is equalto
theloudnes®f p; andp; playedtogetherin termsof G this conditionis

G(a"p1,0) = G(p1,p3)- (13)

This equationdefinesa™.

Fletcher Munson 1933 L(I) at 1 kHz
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Figure2.  Thisfigure showsthe loudnessgrowth £(I) (solid line) from Fletcher and Munson(1933)in LU (975LU is 1 Sone),along
with 2£(I) (dashedine) and10L(I) (dot-dashedine) for refelence To determinex™ (I) draw a horizontalline that crosseshe2£(I) and
L(I) curvesandnotethetwo intensities. ThedB-differenceis 20 log, (" (I)). For example onetoneat 60 dB SPLis about4500LU, and
is equalto two equallyloud tonesplayedtogetherat 51 dB (i.e., onein ead ear). Thusa™ is 9 dB [e.g., 101og,,(8)]. Thisis suficient
informationto computethe exponeniof theloudnesgpowerlaw at 60dB SL,namely10 log,,(2)/10 log,,(8) = 0.335.

Results.For f1 betweerD.8and8.0kHz, and f» farenoughaway from f; (above or belan) sothatthereis nomasking20 log,,(a* (1))
wasfoundto bex9 dB for p; abore 40 dB-SL.Below 40 dB-SL, this valuedecreasetinearly to about2 dB for p; at0 phons,asshavnin
Fig. 2. It wasfoundthattheloudnessG(p1, p3) doesnotdependdn p;(p1, f2) as f is varied. Thuswe maywrite a* (p1, —p3) to shaw its
dependencenp; andits independencef p;.(Read-p as“not dependentnp.”)

FletcherandMunsonfoundanelegantsummaryof their data. They testecthe assumptiorthat

G(plin) = G(PI: 0) + G(O:pQ)a (14)



namelythattheloudnessesf thetwo tonesadd.UsingEq. 12, Eq. 14 becomes

G(p1,p3) = 2G(p1,0). (15)
CombiningEq. 13 andEq. 15 givesthe nonlineardifferenceequation
G(a* (pl)pla 0) = ZG(pla 0)’ (16)

which determine< oncea™ (p1) is specified.G (p) maybefoundby graphicalmethodspr by numericalrecursionasshavn in Fig. 136,
pagel90of Fletcher(1995).

Fromthis formulationFletcherandMunsonfoundthatat 1 kHz, andabove 40 dB SPL,the pure-tondoudness5 is proportionatfto the
cuberoot of the signalintensity [G(p) = (p/prer)?/?, sincea® = 2%/2, or 9 dB]. This meansthatif the pressurds increasecy 9 dB,
the loudnesss doubled. Below 40 dB SPL,loudnessvasfrequentlyapproximatedas beingproportionalto intensity [G(p) = (p/pref)?,
a* = 21/2 or 3 dB]. Figure2 shavs theloudnesgyronth curve. Estimatedvaluesof o* (I) aregivenin Table31, pagel92,Fletcher(1995).

LoudnessIJND AL. As summarizedy Fig. 3, arny superthreshold¥—domainincrementsmay be quantifiedusing correspondingp

domainincrementsTheloudnessIND AL(I) is definedasthechangen loudnessC(I) correspondingo theintensityJND AI(I). While
it is not possibleto measureA L directly, we assumehatwe mayexpandtheloudnesgunctionin a Taylor seriesgiving

LI+A=L(I)+ Alil—j; + HOT,
I
whereHQOT representtigher-order terms which we shallignore. If we solve for
AL=L(I+ A —L(I) a7
we find dL
AL = AT arl, (18)

We call this expressionthe small-JNDapproximation. The abore shavs that the loudnessIND AL(I) is relatedto the intensity JND
AI(I) by theslopeof theloudnesgunction,evaluatedatintensityl. Accordingto the signaldetectiormodel,the standardieviation of the
single-trialloudnesss proportionatto the loudnessIND, namelyA L = d'o . A moreexplicit way of expressinghis assumptioris

AL _oc (29)
AT or’
log(LOUDNESS) V= dlog(L) | ---.
dlog() S
Fechner’s A LI
Hypothesis: L2 - ‘
AlL=const. AL $
L1
o A "®
PIN model: e
ALRL |
A
T A Al
10 11 12 13

[WEBER'S LAW: Al/1=const, | '°9UNTENSITY)

Figure 3. Relationbetweem\I and AL asdeterminedy thelog-loudnesssa functionof log-intensity

LoudnessSNR. In a manneranalogougo the ®-domainSNR;y, we definethe ¥—domainloudnessSNRasSNR. (L) = L/oc(L).
FromFig. 3 it follows that
SNR; = ¥SNRg, (20)

wherev is the slopeof thelog—loudness$unctionwith respecto log—intensitynamely

dl:log

V(/B) = B B

(21)



where = 10log,,(I/Ief) is theintensitylevel in dB, and Liog(8) = 10log,o(L£(10°/10)). If we expressthe loudnessasa power law
L(I) = I", anddefinez = log(I), andy = log(L), theny = vz. Sincethe changeof v with respecto dB SPLis small, dy/dz =
Ay/Az = v. Sincedlog(y) = dy/y,

AL/L =vAI/L (22)
FromEqg. 19, Eq. 20 follows. Therelationshipgivenin Eq. 22 wasfirst derived c1872by Plateauandperhapst shouldbe calledPlateaus
law [seepagelxix of Titchener(1923)].

Equation20is importantbecausda) it tells ushow to relatethe SNRshetweerthe ® and¥ domains(b) every termis dimensionless,
(c) theequationis simple,sincev is approximatelyconstantabore 40dB SL (i.e., Stevens’law), andbecauséd) we areusedto seeingand
thinking of loudnessintensity andthe SNR,onlog scalesandv astheslopeonlog-log scales.

Counting JNDs. While theconcepbf countingJNDshasheenfrequentlydiscussedh theliterature startingwith Fechnerunfortunately
theactualcountingformula(i.e., the equation)s rarely provided. As aresultof a literaturesearchwe foundthe formulain Nutting (1907),
Fletcher(1923a) Wegel andLane(1924),Riesz(1928),Fletcher(1929),andMiller (1947).

To derive the IND countingformula,Eq. 18 is rewrittenas

dr ac
AT~ AL 3)
Integratingover anintenal gives
Ig Lo
[ra e 2
n, AI s, AL
where£; = £(I1) andL, = £(I.). Eachintegral countsthetotal numberof JINDsbetweenl; andl,."**? For example
Iz
dI
Niz = — (25)
' /I1 AI(T)
definesNi2, thenumberof intensityJNDsbetweenl; andI,. Equialently
Lo
ac
N12 —‘/t A_L: (26)
1

defineghe numberof loudnessINDsbetween; and£». Thenumberof INDsmustbethe sameregardlesof thedomain(i.e., theabscissa
variable),® or .

3. EMPIRICAL MODELS
This sectionreviews someearlierempiricalmodelsof the IND andits relationto loudnesselevantto our development.
The Weberfraction. TheintensityJND is frequentlyexpressedsarelative JIND calledthe Weberfractiondefinedby

J(I) = AI(I)/1. (27)
Fromthesignaldetectiortheorypremisethat AT = d'o7,!7 J is justthereciprocalof aneffective signalto noiseratio definedas
SNR/(I) = I/o:(I) (28)

since
J=dor/I=d/SNR. (29)

Oneconceptuaproblemwith the Weberfraction J is thatit is an effectivenoise—to—signalatio, expressedn the & (physical)domain,
but determinedy a ¥ (psychophysicaljlomainmechanisnfinternalnoise).

Weber'slaw. In 1846it wassuggestethy WeberthatJ(I) is independentf 1. Accordingto Eq.7,
J(I) = 20 + o2,

If J is constantthena. mustbe constantwhich we denoteby a..(—=I). [As before, f(—I) indicatesthat function f is not a function of
I]. This expectationwhich is calledWebers law,*® hasbeensuccessfullyappliedto mary humanperceptions.Somevhat frustratingis
the empiricalobserationthat J(I) is not constanfor the mostelementarycaseof a puretone!®!%3 This obserationis referredto asthe
nearmissto Webers law.*

It remainsunecplainedwhy Webers law holdsaswell asit does*”*® or evenwhy it holdsatall. Giventhe nonlineapower law nature

of thetransformatiorbetweerthe ® and¥ domainscoupledwith thebeliefthatthe noisesourceis in the ¥ domain,it seemsinreasonable
thatalaw assimpleasWebers law, couldholdin any generaway. A transformatiorof the JND from the ® domainto the ¥ domainmight
clarify the situation.Whatis neededs the specificdependencef theloudnessIND on loudnessAL(£).



Webers law doesmake onesimplepredictionthatis potentiallyimportant.FromEq. 25alongwith Weberslaw Jo = J(—I) we seethat
theformulafor thenumberof JNDsis

I
dI 1
N12 —/I ﬁ = J—Oln(Iz/I1). (30)

Fechner's postulate. In 1860FechnepostulatedhattheloudnessIND A£ is aconstant.*1:712 We shallindicatesucha constang
with respecto £ asAL(—L). As first reportedoy Stevens(1961)72° Fechnes postulateis notgenerallytrue.

The FechnerJND counting formula. FromEg. 26, alongwith Fechners postulateA £(—-L), we find

Lo

- L Lo—L

N2 = /1; AL(-D) - AL (31)
1

This saysthatif theloudnessIND wereconstantpnecould calculatethe numberof JNDsby dividing the lengthof theinterval by the step
size.We call this relationthe Fechner IND countingformula

The Weber-Fechner law. It is frequentlystated’ that Fechnes$ postulate]AL(—£)] and Webers law [J, = J(-I)] leadto the
conclusionthat the differencein loudnesshetweenary two intensitiesl; and I, is proportionalto the logarithmof the ratio of the two
intensitiesnamely

L(I) — L(I) 1
== = —log(I2/11). 32
AL 7, los(l2/11) (32)

Thisis easilyseenby eliminating V1> from Eq.30andEg. 31. Thisresultis calledFedhner’s law, andwascalledthe WeberFecnerlaw by
Fletcherandhis colleaguedecausdq. 32 resultswhenoneassumeshatboth Fechnes postulateandWebers law aresimultaneouslyrue.

EventhoughWebers law is approximatelytrue, becauséechnes postulateEq. 31 is not generallytrue**,52  Fechnes law cannotbe
true. The agumentson both sidesof this proposalhave beenwealenedby the unclearrelationbetweenoudnessandthe intensity JIND.
For example,it hasbeenamguedthatsincethe relationbetweenl(I) and AI(I) dependon mary factors,therecanbe no simplerelation
betweerthetwo.® Thereis ahugeliteratureon therelationbetweeroudnessaindthe JND 53:34:51,7:12

Poissonnoise.  Startingin 1923, Fletcherand Steinbeg studiedloudnesscoding of pure tones, noise, and speect?:5%:28:5¢  and
proposedhat loudnesswvas relatedto neuralspike count!* andeven provided detailedestimatesof the relation betweenthe numberof
spikesandthe loudnessn sones® In 1943De Vries first introduceda photoncountingPoissorprocesamodel as a theoreticalbasisfor
thethresholdof vision3” Siebert(1965)proposedhatPoisson—point—-processise resultingfrom the neuralratecode actsastheinternal
noisethatlimits thefrequeng JND2%1° A few yearslater®® andindependentl{f McGill andGoldbeg (1968a) proposedhatthe Poisson
internalnoise(PIN) modelmight accountfor the intensity JND, but they did not recoser a reasonabléoudnesgyronth function. Hellman
andHellman(1990)furtherrefinedthe agumentthat Poissomoisemay be usedto relatethe loudnesgrowth to theintensityJND, andthey
foundgoodagreemenbetweerthe JIND andrealisticloudnesgunctions.In 1997Allen andNeelydirectly demonstratethatbelonv about5
sonesAL(L) « VL. ThisvalidatedMcGill andGoldbeg's PIN modelwhichassumedhats? « £. Notethatthe proportionalityconstant
depend®ntheloudnesscale(i.e., sonesss. Fletchers earlierLU scale)andis thereforenotanissue.

TheAllen andNeely 1997estimateof AL from Rieszs AI(I) andFletcherandMunsons 1933£ (1) measurementredescribedhext.

The directestimateof AL. TheloudnessSNR.(£) = £/AL(L) is computedby dividing £(I) by AL(L), asgivenby Eq.17. The
pure—toneandwidebandnoiseJND resultsaresummarizedn termsof theloudnessSNR, (I) datashavn in Fig. 4, wherewe shov £/AL
= SNR; /d' asafunctionof intensity The SNR; for thewidebandnhoisedataof Miller is shavn in thelowerleft panelasasolid darkline.

Discussionof SNR.. Totheextentthatthecurvesareall approximatelfthesameacrossrequeng, Fig. 4 providesastimulusindependent
descriptionof the relationbetweenthe intensity IND andloudness.This invariancein SNR. (£) seemssignificant. Wherethe high level
segmentof SNR¢(£) is constantthe intensity resolutionof the auditory systemhasa fixed internal relative resolution®*  The obvious
interpretations thatasthe intensityis increasedrom threshold the neuralrate—limitedSNR increasesintil it saturateslueto someother
dynamicrangelimit, suchasthatdueto someform of centralnenoussystem(CNS)noise.

Near-missto Stevens’law. In Fig. 5 we shav asummaryof £(I), v(I), J(I) andAL/L = d’' /SNR, for thetoneandnoisedata.For
tonesthe intensityexponentv(I) variessystematicallypetweerD.3 and0.4 above 50 dB SL, asshavn by the solid line in the upperright
panel. We have highlightedthis changen the powver law with intensityfor a 1 kHz tonein the upperright panelwith alight—solid straight
line. It is logicalto call this effectthenearmissto Stevens’law, sinceover muchof therange jt cancelshe near-missto Weberslaw, giving
aconstantelative loudnessIND AL/ L for tones.

The SPIN model. In thelowerright panelwe provide a functionalsummaryof AL/ L for bothtonesandnoisewith alight—solidline
definedby
—ML(E) = hmin(L, £o)] 77, (33)
whereh = v/2 and Lo = 5000 LU (= 5 sones). We call this relation the saturated Poissoninternal noise (SPIN) model. With these
parametevalues,Eq. 33 appearso bealower boundontherelative loudnessIND, for bothtonesandnoise.

Ilwe areonly consideringhe auditorycaseof Fechner moregeneratheory
**It mayholdin thelimited region belov 125Hz and50dB SL.

tW. Siebertpersonatommunication.
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Figure4. In thisfigure weplot £(I)/AL = SNR:./d’ computeddirectly from Eq. 17 usingRieszs JND data and the Fletche—Munson
loudness—intensityurve for levelsbetweerD and 120dB SL,with frequencyas a parameter Belowabout55 dB SL theinternal signalto
noiseratio SNR: (I) is increasingand is approximatelyproportional to L£'/2. Above 60 dB SL the SNR: satuatesat about30-50linear

units. For 62and125Hzthe SNR: slightlydeceasest highlevels. Resultfor Miller’ snoisedatais shownastheheavyline in thelower-left
panel.
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Figure5. In 1947Miller measuedthe IND; andtheloudness—leel for two subjectasingwidebandhoise(0.15-7kHz)for levelsbetween
3 and100dB SL.Theintensityof the noisewasmodulatedwvith a rampedsquae wavethatwashigh for 1.5sandlow 4.5s. Theloudness,
computedrom Miller’ s phondata (dashedcurve) using Fletcher and Munsons 19331 kHz toneloudness—giwth curve are shownin the
upperleft panel,alongwith the Fletcher Munsontonal loudness—gwth function(solid curve). Theupperright panelshowsthe exponent
v(I) = dLig/dp for bothFletcher and Munsons and Miller’ s (aveiage of two subjectsjoudnessyrowthfunction. In the lower-left panel
we plot AI/I versusI for Miller’ s two subjects Miller’ s equation,and Rieszs equation. The bottom-rightpanelshowsAL /L versusL
for the noiseandtonescases.FromEq.22 AL/L = v(I)J(I). Notehowthe productof v(I) and J(I) is closeto a constantfor tones
above 65 dB SL. Thisinvariancejustifiescalling the variationsin the powerlaw exponent(I) for tonesthe “near—missto Steens’law’
For refeence 1 soneis 975LU.



Weberfraction formula. Finally we derive the relationbetweenthe Weberfraction J(I) giventhe loudnessC(I) startingfrom the
small-IJNDappoximationAL = AIL'(I), whereL'(I) = dL/dI. If we solve this equatiorfor AT anddivide by I wefind

_AI AL
Finally we substitutehe SPINmodelEq. 33
_hL(I) . —1/2
J(I) = o) min(L(I), Lo) (35)

Thisformulais the sameasthatderived by HellmanandHellman(1990)whent < Lo.
RelationEq. 20is a simpler equivalentexpression.

4. THE RELATION TO VISION RESEARCH

Cuberoot compressioris requiredin the cochleato dealwith the limited dynamicrangeof the cochlearinner hair cell$? (i.e., < 60 dB)
andthelimited dynamicrangeof the centralnenoussystem.Theremustbe similar compressioiin the eye, for exactly the samereason Of
coursethe physicalsourceof the compressiomustbe differentin theeye.

Superficiallyspeakingthe similaritiesbetweenauditoryandvisual psychophysicareimpressie. The exponentof 0.3 of the Stevens
power law is virtually the sameasthe auditorycase.The spreadn the estimatedraluesof eachexponentis greaterthanthe magnitudeof
the differenceshetweenthe two means- thusthe exponentsare statisticallyindistinguishable. Therehasbeenan unfortunateand serious
confusiornregardingtheexponentdbecaus&tevensunwiselychoseo expresgheloudnessxponentin termsof pressureatherthanintensity
anddid not clearly statewhathe haddone. As a result,mary of his summarytablesgive the loudnessxponentas0.6 andthe brightness
exponentas0.3. Yetthey arearestatisticallyindistinguishable!

Dynamicrange. If we usetheintensityJND measurementsaguideto thedynamicrangeof theear we mayestimateheearsdynamic
rangeto beabout10to 11 ordersof magnitudeof intensity Thethresholdpressureat the eardrumis typically quotedas14 dB-SPL,while
thethresholdof painis closeto 120dB-SPL.This representa dB differenceof 120-14=1061B, a pressureatio of 10:°%/2° ~ 105, or5.3
ordersof magnitudeandanintensityratio of 101°6/1° ~, or 10.60rdersof magnitude Theestimateof the dynamicrangefrom Rieszs data
couldbeaslargeas12 ordersof magnitudeof intensity However, the Weberfractionbecomegjuitelarge at low intensitiesthus12 orders
of magnitudemaybe anuntenablenumber

Guidedby theintensityJND, the correspondingisual dynamicrangeis about8 ordersof magnitudeof intensity?-

Transduction Compression. Cuberoot compressiorof 9 ordersof magnitudedynamicrangeresultsin 3 ordersof dynamicrange
magnitudgi.e., afactorof 1000)atthetransducecompressooutput(of theearor theeye). Threeordersof magnitudés aboutthe dynamic
rangethat canbetoleratedby the neuralsystem at leastfor the caseof the ear Basedon Nyquist—-Johnsothermalnoisepower estimates
(4kT B), themaximumdynamicrangeof aninnerhaircell (IHC) is about60dB.5? Sincethe dynamicrangeof a singleauditorynene fiber
is lessthan30, thethresholdof mary fibersarestaggeredio codethe entirelHC dynamicrange.Outerhair cells(OHCs)areresponsibldor
cochleadynamicrangecompressiomndplay a key role in determiningthe Stevenss law exponent.

Dynamic range“recruitment” resultsfrom the loss of transducercompressiorin the auditory system,due to damageof outer hair
cells203%962 Recruitmentatataken on subjectswith unilaterallossegepresena uniqueopportunityto provide future deepinsightinto the
natureof AL(L).54

The Weberfraction. Therehasbeenalong confusecdhistoryonthe meaningof the Weberfractionandits relationto cochlearcompres-
sion. It is now clear, atleastfor puretonesandwidebanchoise thattheintensityJND reflectstheinternalnoiseof theneuralrepresentatiof.
If the saturatiorregion of theloudnessSNR (Ekmanfraction) (£ /A L) at 30-50is dueto centralnoise,asis supposedby Allen andNeely
(1997),thenwe would expecta similar relationfor vision. A literaturesearctrevealedthatjust sucha proposedelationhasbeenhypothe-
sizedby Baird andNoma! basedon the availabledata. Baird hasfurther exploredthis line of reasoningn his morerecentoook?> which
he describesas Ekmanfunctions. This analysisis tricky becausét is necessaryo find loudness/brightnestataandintensity JND thatare
takenunderidenticalconditions.Suchdataarenot alwaysavailable.Luckily, in theauditorycasethey were.

Weberand Fechnemerethefirst to understandhe significanceof, andattemptedo quantify the ®-intensity JND. Fechnerassumed,
incorrectly thatthe ¥-intensityJND wasconstant.The 1927work of Thurstonds particularlyimportantto thesestudiesashewasthefirst
to modelintensitydiscriminationandthe JIND asarandomdecisionvariable leadingto the signaldetectiontheorymodelin psychophysics.

However investigatorshave failed to focus on the exact relationships. What hasbeenneededs detailedmeasuresand estimatesof
AY(T), coinedthe Ekmanfunctionby Baird (1997). For somereasontheseEkmanfunctionshave not beenforthcoming.Allen andNeely
have found, perhapdor thefirst time, the SPIN modelEq. 33. The simplephysicalinterpretatiorof this relationis thatthe internalnoiseis
Poissorat low intensitiesandat high intensitiesapproachea fixedloudnessSNR. The Poissorrelationshipwaspredictedn classicpapers
by Siebertin 1965andindependentlyy McGill andGoldbeg in 1968.

W additivity. FletcherandMunsons 1933modelof loudnessvasa majoradvance.However evenafterbeingcarefullyreviewedin 1938
by StevensandDavis, thisimportantwork wasignoredby mostinvestigatorsFletcherandMunsonintroducedmary new andimportantnex
ideas,including intensitycompressionandloudnessadditiity. Recentlyit hasbeenshavn thatadditiity alsoholdsfor vision2® Thuswe
have failedto build on oneof the mostpotentiallyimportanttoolsin psychophysicshe additivity of the ¥-intensity This maybeviewedas
the“additivity law” or asa basicaxiom#* By useof the additive property Fletcherwasableto move away from primitive scalingideasand

#)f it wereto begivenaname,| would proposeFletcher’s law.



build a morequantitatve modelof the cochlearcompressioriunction!  This, amguably allows oneto separate¢he transducecompression
from the centralpropertiesn a moresystematiananne!  Given more precisemeasure®f brightnessandintensity JIND measurements
underidenticalconditionsjt shouldbepossibleto definemoreaccuratelyestimate®f the Ekmanfunction,andseeif in thevisualsystemit,
too, is Poisson.
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