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ABSTRACT

While the problemsof imagecodingand audio codinghave frequentlybeenassumedto have similarities, specificsetsof
relationshipshave remainedvague.Oneareawherethereshouldbe a meaningfulcomparisonis with centralmaskingnoise
estimates,which definethecodec’s quantizerstepsize. In thepastfew years,progresshasbeenmadeon this problemin the
auditorydomain(Allen andNeely, J. Acoust. Soc. Am., 102, 1997,3628-46;Allen, 1999,Wiley Encyclopediaof Electrical
andElectronicsEngineering,Vol. 17, p. 422-437,Ed. Webster, J.G.,JohnWiley & Sons,Inc, NY). It is possiblethatsome
useful insightsmight now be obtainedby comparingthe auditoryandvisual cases.In the auditorycaseit hasbeenshown,
directly from psychophysicaldata,that below about5 sones(a measureof loudness,a unit of psychologicalintensity), the
loudnessJND is proportionalto thesquareroot of the loudness9;:=<>:�?A@CB :D<>EF? . This is true for bothwidebandnoiseand
tones,having a frequency of 250 Hz or greater. Allen andNeely interpretthis to meanthat the internalnoiseis Poisson,as
would be expectedfrom neuralpoint processnoise. It follows directly that the Ekmanfraction (the relative loudnessJND),
decreasesasoneover the squareroot of the loudness,namely 9;:1GH:I@KJ�G$L : . Above :IMON sones,the relative loudness
JND 9;:PG�:RQTS U S$V (i.e., Ekmanlaw). It would bevery interestingto know if this samerelationshipholdsfor thevisualcase
betweenbrightnessWD<XEY? andthebrightnessJND 9;WA<>EF? . This might betestedby measuringboththebrightnessJND andthe
brightnessasa functionof intensity, andtransformingtheintensityJND into a brightnessJND,namely

9;WA<>EF?ZM[WA<>ED\�9�EF?^]
WA<>EF?_Q`9�E�a Wa E U
If thePoissonnatureof the loudnessrelation(below 5 sones)is a generalresultof centralneuralnoise,asis anticipated,then
onewould expectthat it would alsohold in vision,namelythat 9;WD<>WP?�@ B WA<>EF? . It is well documentedthattheexponentin
theS.S.Stevens’power law is thesamefor loudnessandbrightness(Stevens,1961)(i.e., bothbrightnessWA<>EF? andloudness:=<XEY? areproportionalto Ecbed f ). Furthermore,thebrightnessJND dataaremorelike Riesz’s nearmissdatathanrecent2AFC
studiesof JNDmeasures.gih f
KeyWords: ContrastJND,Poissonnoise,Brightness

1. INTRODUCTION
Whenmodelinghumanpsychophysicsonemustcarefullydistinguishthe externalphysicalvariables,which we call j variables,from the
internal(i.e., loudnessandbrightness)psychophysicalvariables,which we refer to as k variables.Psychophysicalmodelingseeksa trans-
formationfrom the j domainto the k domain.The j –intensityis easilyquantifiedby directmeasurement.Theauditory k –intensityis the
loudness, while in vision it is calledthebrightness. The ideathat the k –intensitycouldbequantifiedwassuggestedby Fechner(1966)in
1860,whowasfirst to raisethepossibilityof definingaquantitative transformationbetweenthephysicalandpsychophysicalintensity.l

An incrementin theintensityof a soundthatresultsin the just noticeabledifferenceis calledanintensityJND,or simply thedifference
limen (DL). Fechnersuggestedquantifying the kDm>j_n transformationby countingthe numberof kDmpo$n –JNDsbetweenany two intensity
values.However, aftermany yearsof work, this relationship(e.g.,betweenloudnessandtheintensityJNDs)hasremainedunclear.qXrtstu v

Sincetheclassic1927workof Thurstone,w it hasbeenwidelyacceptedthattheintensityJNDis thephysicalcorrelateof thepsychological
domainuncertainty(internalnoise)correspondingto thepsychological intensity. For example,the loudnessJND is a measureof loudness
noise.To modeltheintensityJND onemustdefinea decisionvariable, associatedwith randomk –domainfluctuations.Intheauditorycase,
this randomvariablehasbeencalledthesingle–trialloudnessxy mpo$n . z Theloudness

y mpo$n andtheloudnessJND { y mpo$n aredefinedin terms
of the first andsecondmomentsof the single–trialloudness,correspondingto the meanandvarianceof the distribution of the intensity
decisionvariable.Given

y mpo$n and {=o|mpo$n , onemaytransform{=o|mpo$n into { y m y n~} y mpoP��{=o$n�� y mpo$n . Theratioof theloudnessover the
loudnessstandarddeviation is definedasthe loudnesssignal–to–noiseratio SNR��� y_�e� � , which is proportionalto thereciprocalof the
Ekmanfractionfor loudness{ y m y n �ey .

Allen andNeely(1997)foundthesamefunctionaldependenceof { y m y n for bothtonesandwidebandnoise.This is surprisingsincethis
unifiedRiesz’s tonalDL “near–missto Weber’s law” dataandMiller’ s widebandnoiseDL data,which satisfiesWeber’s law. Furthermore,
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Allen andNeelyprovidedasimplephysicalexplanationof theresulting{ y m y n response.Thiswork unifiesmaskingandtheJND,following
the 1947 outline of this problemby Miller (1947). The Allen and Neely approachis conceptuallysimilar to that of Baird and Noma
(1978),page84–85andEkman.�X� It is expected,basedon simplecommon-sensephysicalarguments,thatbrightnessmustfollow a similar
relationshipfor intensities,whenneuralnoisedominatesthebrightnessJND.

For thecaseof tones,Allen andNeelyusedtheintensitymodulationresultsof Riesz(1928)with theloudnessdataof FletcherandMunson
(1933)to dothesecalculations.RieszmeasuredtheintensityJNDusingapairof tones(onelargeandsmall)havingafrequency differenceof 3
Hz. “Modern” methodsgenerallyuse“pulsed”tones,whichareturnedonandoff somewhatabruptly, makingthemunsuitablefor comparison
to the1 secondloudnessmeasurementsof FletcherandMunson.Riesz’s modulationmethodhasa distinctadvantagein characterizingthe
internalsignaldetectionprocessbecauseit maintainsa tone-like, thresholdmodulationcondition. The interpretationof Riesz’s intensity
JNDsis thereforesimplifiedsinceall underlyingstochasticprocessesarestationary(i.e., thestimuli for theJND measurementsarecloseto
puretones,andhavea longduration,like theloudnessdata).

SinceAllen andNeely (1997)usethe FletcherandMunson’s 1933 loudnessdata,the resultsareexpectedto be moreaccuratethan
methodsbasedon Stevensscaling,asexplainedby FletcherandMunson(1933). This maybe a factorin the Allen andNeelyestimateof{ y m y n .

2. BASIC DEFINITIONS
Intensity. The j intensityis apowerperunit area.In thetimedomain,it is commonto definethe j –intensityin termsof thetime-integrated
squaredsignalpressure�Hm���n , namely, �

o���m���n~} ����t�
���
�X�|� � � m���n��H�t� (1)

where� is theintegrationtimeand ��� is thespecificacousticimpedanceof air.
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Figure 1. Following SignalDetectionTheory, weassumethat whentwo intervalsare used,75%of the timetheobservercancorrectly
identifytheintervalwith theprobe. For onehalf of thepresentationstheprobeis heard, andtherefore scoredcorrectly. For theotherhalf of
thepresentations,whenit is not heard, thesubjectguessescorrectly1/2 thetime, resultingin a 50%+ 25%= 75%correcttotal score.

Intensity of masker + probe.TheJNDis sometimesdescribedas“self-masking,” to reflecttheview thatit is determinedby theinternal
noiseof theauditorysystem.To modeltheJND it is usefulto definea moregeneralmeasurecalledthemasked threshold, which is defined
in the j domainin termsof apressurescalefactor ° appliedto theprobesignal±©m���n thatis thenaddedto themaskingpressuresignal ²)m��³n .
Therelative intensityof theprobeandmasker is variedby changing° . Setting�Hm���n~´µ²)m��³n¶�3°F±©m��³n , wedenotethecombinedintensityas

oi·_¸Y¹cm��º��°~n»} ����¼�
� �
�X�|� mp²)m��³n¶�3°½±©m���n³n � �H�º¾ (2)

Theunscaledprobesignal±©m���n is chosento have thesamelong–termaverageintensityasthemasker ²0m���n , definedas o . Let oi·=m��³n»´8o
betheintensityof themasker with no probe( °¿´8À ), and ot¹cm��º�³°~n~´µ°~�ºo betheintensityof thescaledprobesignalwith no masker.

Beats.Rapidfluctuationshaving frequency componentsoutsidethebandwidthof the � durationrectangularintegrationwindow arevery
smallandwill beignored.Accordinglywedropthetimedependencein termsoi· and ot¹ . Becauseof beatsbetween²0m���n and±©m��³n (assuming

� Thesymbol } denotes“equivalence.” It meansthatthequantityto theleft of the } is definedby thequantityon theright.



thespectraof thesesignalsarewithin a commoncritical band)onemustproceedcarefully. Slowly varyingcorrelationsbetweentheprobe
andmasker having frequency componentswithin thebandwidthof the integrationwindow maynot be ignored,aswith beatsbetweentwo
tonesseparatedin frequency by a few Hz. Accordinglywe keepthetime dependencein the term o ·_¸F¹ m��t�³°~n andotherslow–beatingtime
dependentterms.In the j domainthesebeatsareaccountedfor with aprobe–masker correlationfunction Á$· � m���n . � qtu �>Â

Intensity increment Ã�o|m��t�Ä°��³o$n . ExpandingEq. 2 andsolvingfor theintensityincrementÃ�o|m��t�Ä°���o$n wefind

Ãeo|m��º�Ä°»��o$nÅ} o ·_¸Y¹ m��t�Ä°~nÆ�¿o (3)

´ ÇÄÈe°ÉÁ ·Ê¹ m��³n ��° �iË oF� (4)

where

Á ·Ê¹ m���n~´ ����t� o
� �
�X�|� ²)m��³nÌ±©m���n��H� (5)

definesanormalizedcrosscorrelationfunctionbetweenthemasker andtheprobe.Thecorrelationfunctionmustlie between-1 and1.

The detectionthr eshold.As shown in Fig. 1, whentheprobeto masker ratio ° is slowly increasedfrom zero,theprobecaneventually
bedetected.Wespecifythedetectionthresholdas ° � , wheretheasteriskindicatesthethresholdvalueof ° whereasubjectcandiscriminate
intensity o ·^¸F¹ m��º�Ä° � n from intensity o ·^¸F¹ m��º�³ÀHn 50%of thetime,correctedfor chance[i.e., obtaina75%correctscorein adirectcomparison
of thetwo signals� stu �>Â ]. Thequantity ° � m��º�³o$n is theprobeto masker RMS pressureratio at thedetectionthreshold.It is a functionof the
masker intensity o and,dependingon theexperimentalsetup,time.

Maskedthr esholdintensity. Themaskedthresholdintensityis definedin termsof ° � as o �¹ mpo$nÆ}µot¹cmp° � n~´8° �� oF� which is thethreshold
intensityof theprobein thepresenceof themasker.

Themaskedthresholdintensityis astrongfunctionof thestimulusmodulationparameters.For example,tonemaskersandnarrow–band
noisemaskersof equalintensity, andthereforeapproximatelyequalloudness,give masked thresholdsthatareabout20 dB different.� w As
a secondexample,whenusingthemethodof beats,thejust–detectablemodulationdependson thebeatfrequency. � v With “modern”2AFC
methods, thesignalsareusuallygatedonandoff (100%modulation).� z Accordingto StevensandDavis (p. 142,1983)

A gradualtransition,suchasthe sinusoidalvariationusedby Riesz,is lesseasyto detectthanan abrupttransition;but, as
alreadysuggested,anabrupttransitionmayinvolve theproductionof unwantedtransients.Í

Onemustconclude,as is widely acknowledged,that the relativemasked threshold[i.e., ° � m��t�³o$n ] is a strongfunction of the modulation
conditions.Thisdependenceis due,in part,to themodulationfiltering thattakesplaceafterthesignalhasbeendetected,which is sometimes
calledtemporal integration. This is analogousto thespatialfiltering of theeye.k –domaintemporal resolution.The k –domaintemporalresolutionplaysakey role in intensityJNDandmaskingmodelsandtherel-
evantintegrationtime � is determinedin the k –domain.This importantk –domainmodelparameteris calledloudnesstemporal integration
time. � s As far asI candetermine,temporalintegrationwasfirst explicitly modeledby Munson(1947). A closelyrelatedmeasureis the
modulationtransferfunction, which is thefrequency responseof theloudnesstemporalintegrationfilter to sinusoidalmodulations.

The j –domaintemporalresolution( � ) andmodulationtransferfunctionarecritical to thedefinitionof theJND in Riesz’s experiment
[SeetheAppendixA of Allen andNeely(1997),aswell asRiesz(1928)]becauseit determinestheoptimumthresholdintensityof thebeats.
Beatscannotbeheardif they arefasterthan,andtherefore“filtered” out by, the k domainresponse,or if they aretoo slow. Rieszfound3
Hz to betheoptimummodulationfrequency. EventhoughRiesz’smodulationdetectionexperimentis technicallyamaskingtask,wetreatit,
following Riesz(1928),Fletcher(1995),Miller (1947),andLittler (1965),ascharacterizingtheintensityJND.

The k –domaintemporalresolutionalso impactsresultsfor gatedstimuli, suchas in the 2AFC experiment,thoughits role is poorly
understoodin this case.More important,matchingloudnessmeasurementshave not beenmadefor gatedstimuli, makingdirect JND and
loudnesscomparisonsimpossible.For this reasonwehave restrictedour analysisto thepuretonecase(RieszJNDsversusFletcher–Munson
loudness).

The intensity JND {=o . Theintensityjust-noticeabledifference(JND) is definedasÎ
{=o|mpo$nÆ}µÃ$mp° � �³o$nt� (6)

theintensityincrementat themaskedthreshold.FromEq.4, with °¿´µ° � and Á ·Ê¹ m���n = 1,

{=o|mpo$nÆ´/m>Èe° � ��° �� n�oF¾ (7)

An importantalternative definition for thespecialcaseof thepure–toneJND is to let themasker bea puretone,andlet theprobebea
puretoneof a slightly differentfrequency (e.g.,a beatfrequency differenceof Ï¯Ð = 3 Hz). This wasthedefinitionusedby Rieszin 1928.
Beatsareheardat ÏeÐ = 3 Hz, and Á$·Ê¹cm���n~´µÑ³ÒÔÓ�m>ÈeÕ�ÏeÐÄ��n . Thus

ÃcÖ �º�Ä° � �³oH×|´/Ö Èe° � Ñ³ÒÔÓÉm>ÈeÕ�ÏeÐ³��n �3° �� ×ÔoF� (8)

Í I take this quoteto meana transientin theenvelope, not a transientthatproducesout-of-bandspectralsplatter, which is commonlyand
easilycontrolledby rampingupanddown thestimulus.Î It is traditionalto definetheintensityJNDto beafunctionof o , ratherthana functionof °^mpo$n , aswehavedonehere.Weshalltreatboth
notationsasequivalent[i.e., {Øo|mpo$n or {=o|mp°^mpo$n³n ].



and {=o|mpo$nÆ}µÙ½ÚeÛ� Ã$m��º�³° � �³o$n��0Ù�ÒÜÓ� Ãcm��t�Ä° � ��o$nt� (9)

whichmeans{=o|mpo$nÆÝµÞß° � o to avery goodapproximation(dueto thesmallvalue� v of ° � Ý8À$¾ Àßà ).
Inter nal noise. It is widely acceptedthat thepure–toneintensityJND is determinedby the internal noiseof theauditorysystem,� vºu �Äl

andthat {Øo is proportionalto thestandarddeviationof the k –domaindecisionvariablethatis beingdiscriminatedin theintensitydetection
task,reflectedbackinto the j domain. The usualassumption,from signaldetectiontheory, is that {=o0´á��â �Fã , where ��â_}*{Øo �e�|ã is a
constantthat dependson the experimentaldesign,and

�|ã
is the intensitystandarddeviation of the j –domainintensitydueto k –domain

auditorynoise.zºu � s
Hearing thr eshold. Thehearingthreshold(or unmasked threshold)intensitymaybedefinedasthe intensitycorrespondingto thefirst

(lowest)intensityJND.It is frequentlyusedasthereferencewhenexpressingthemaskedthresholdin dB.Thehearingthresholdis represented
as oc�¹ mäÀHn to indicatetheprobeintensitywhenthemasker intensityis small(i.e., oDåæÀ ). While it is believedthatinternalnoiseis responsible
for thehearingthreshold,thereis noreasonto assumethatthisnoiseis thesameastheinternalnoisethatproducesthesuper-thresholdJND.

Loudness
y

. Loudness, in sonesor loudnessunits(LU), ç is thenamecommonlygivento the k intensity. The loudnessgrowthfunctiony mpo$n dependson the stimulusconditions. For example
y mpo$n for a toneandfor widebandnoisearenot the samefunctions. Likewise the

loudnessgrowth function for a 100ms toneanda 1-s tonediffer. Whendefininga loudnessscaleit is traditionalto specifythe intensity,
frequency, anddurationof a tonesuchthattheloudnessgrowth functionis one(i.e.,

y mpo ref ��Ï ref � � ref n = 1 definesa loudnessscale).For the
sonescale,the referencesignalis a o ref = 40 dB SPL toneat Ï ref = 1 kHz with duration � ref = 1 s. For Fletcher’s LU scalethe reference
intensityis thehearingthresholdat 1 kHz, whichmeansthat1 sone= 975LU � q for a “normal” hearingperson.

Detection theory and the single-trial loudness. A fundamentalpostulateof modernpsychophysicsis that all perceptual(i.e., k )
variablesarerandomvariables. w For alternative discussionsof this point seeMontgomery(1935),p. 144of StevensandDavis (1983),and
chapter5 of Green(1966).To clearlyindicatethedistinctionbetweenrandomandnonrandomvariables,atilde overbar( è ) is usedto indicate
every randomvariable.é

Wedefinetheloudnessdecisionvariableasthesingle–trialloudnessxy mpo$n , which is thesample–loudnessheardoneachstimuluspresen-
tation.Theloudness

y
is thentheexpectedvalueof thesingle–trialloudnessxyy mpo$nÆ}8ê xy mpo$nt¾ (10)

Thesecondmomentof thesingle-trialloudness � �� }8ê»m¯xy �)ë»n � (11)

definestheloudnessvariance
� �� andstandard deviation

� ��´ì{ y_� � â .
Loudnessgrowth. Loudnessdependsin acomplex manneronanumberof acousticalvariables,suchasintensity, frequency, andspectral

bandwidth,andon the temporalpropertiesof the stimulus,aswell ason the modeof listening(in quiet or in noise,binauralor monaural
stimulation). Isoloudnesscontoursdescribethe relationof equalloudnessbetweentonesor betweennarrow bandsof noiseat different
frequencies.

In 1924FletcherandSteinberg publishedan importantarticleon themeasurementof the loudnessof speechsignals.� w In this paper,
whendescribingthegrowth of loudness,theauthorsstate

theuseof theabove formulainvolvedasummationof thecuberootof theenergy ratherthantheenergy.

This cube-rootdependencewasfirst describedby Fletcherthe yearbefore.� z Todayany power-law relationbetweenthe intensityof the
physicalstimulusandthepsychophysicalresponseis referredto asStevens’s law. v³íºu � s Fletcher’s1923loudnessgrowth equationestablished
theimportantspecialcaseof loudnessfor Stevens’s approximate,but moregeneral,psychological“law.”

Cochlearcompression.Whatis thesourceof Fletcher’scuberoot loudnessgrowth (i.e.,Stevens’s law)? Todayweknow thatthebasilar
membranemotion is nonlinear, andthat basilarmembranestiffnesschanges,dueto outerhair cells (OHC), are the sourceof the basilar
membranenonlinearityandthecuberoot loudnessgrowth first observedby Fletcher.

Fromnoisetraumaexperimentson animalsandhumans,it is now widely acceptedthatrecruitment(abnormalloudnessgrowth) occurs
in thecochlea.v � In 1937LorentedeNo theorizedthatrecruitmentis dueto hair cell damage.v � Animal experimentshave confirmedthis
predictionandhave emphasizedthe importanceof outerhair cells (OHC) loss.v³vºu v l This lossof OHCscausesa modificationof basilar
membranecompression,first describedby Rhodein 1971.� stu v�q

Westill do not know preciselywhatcontrolsthebasilarmembranenonlinearity(i.e., theexponentof thepower law), althoughwe know
that it is relatedto outerhair cell stiffnesschangesv Â u v�s which arecontrolledby theOHC membranevoltage.v w This voltageis determined
by shearingdisplacementof thehaircell cilia by thetectorialmembrane.Weknow thattheinnerhaircell (IHC) hasa limited dynamicrange
of lessthan60 dB, yet it is experimentallyobserved that thesecellscodea dynamicrangeof about120dB.v³z Nonlinearcompressionby
cochlearOHCs,prior to IHC detection,increasesthedynamicrangeof theIHC detectors.WhentheOHCsaredamaged,thecompression
becomeslinear, andloudnessrecruitmentresults.l í

ç SonesandLU arerelatedby ascalefactor:1 Soneis 975LU.é As amnemonic,think of the è asa “wiggle” associatedwith randomness.



Loudnessadditivity. FletcherandMunson(1933)showed,for tonalstimuli, (1) therelationof iso-loudnessacrossfrequency (loudness-
level in phons),(2) the dependenceof loudnesson intensity (3) a modelshowing the relationof maskingto loudness,and (4) the basic
ideabehindthecritical band(critical ratio). Possiblyevenmoreimportant,they werethefirst to introducea totally new concept,loudness
additivity. lº� They presentedahugeamountof empiricaldatato supportthis radicalidea.

Ratherthanthinking directly in termsof loudnessgrowth, they tried to find a formuladescribinghow the loudnessesof severalstimuli
combine.Fromloudnessexperimentswith low- andhighpassspeechandcomplex tones� w u l�� andfrom otherunpublishedexperimentsover
the previous10 years,they found that loudnessadds.Their hypothesiswasthatwhentwo equallyloud tonesthatdo not maskeachother
arepresentedtogether, theresultis “twice asloud.” They showedthatwhenN tonesthatareall equallyloud areplayedtogether, theresult
is N timeslouder(for N up to 11), aslong asthey do not maskeachother. FletcherandMunsonfound that loudnessadditivity holdsfor
signalsbetweenthetwo earsaswell asfor signalsin thesameear. Whenthetonesmaskedeachother(namely, whentheir maskingpatterns
overlapped),additivity still holds,but over anattenuatedsetof patterns,lº� sincetheoverlapregion mustnot becountedtwice. Their 1933
modelis fundamentalto ourpresentunderstandingof auditorysoundprocessing.

The argument. Let îDm ± � �p± � n bethenonlinearcompressionfunctionthatmapstheearcanalpressure± � at frequency Ï � and ± � at Ï �
into theloudnessin sones,undertheconditionthat thetonesare far enoughapart in frequencythat they do not maskeach other. Whenone
tonemasksanother, the loudness

y
is alwayslessthan î (i.e., maskingalwaysreducesthe loudness).Wheneachtoneis presentedalone,

thereis no masking,so
y ´[î . It alsofollows that

y � ´ïîDm ± � ��Àßn and
y � ´ïîDmäÀ$�ä± � n . We assumethat îDmäÀ$�¼ÀßnZ´ïÀ and îDm ± ref ��ÀßnZ´ � ,where± ref is either20 ð Paor thethresholdof hearingat1 kHz. Theproblemis to find îDm ± � �p± � n .

Step1. Thepressure± � is takenasthereferencelevel for theexperimentwith Ï � ´ � kHz. Thelevel of pressure± � , at frequency Ï � , is
next determinedby requiringthatits loudnessbeequalto thatof ± � . Wecall thispressure± �� m ± � �¼Ï � n , sinceit is a functionof both ± � and Ï � .
In termsof thecompressionfunction î , ± �� is definedby

îDmäÀ$�p± �� n~´ìîDm ± � ��Àßnt¾ (12)

Step2. FletcherandMunsonscaledthereferencepressure± � by scalefactor ° anddefined° � suchthattheloudnessof ° � ± � is equalto
theloudnessof ± � and±¶�� playedtogether. In termsof î thisconditionis

îDmp° � ± � ��Àßn»´ìîDm ± � ��± �� nt¾ (13)

Thisequationdefines° � .
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Figure 2. Thisfigure showsthe loudnessgrowth
y mpo$n (solid line) fromFletcher andMunson(1933)in LU (975LU is 1 Sone),along

with È y mpo$n (dashedline) and � À y mpo$n (dot-dashedline) for reference. To determine° � mpo$n drawa horizontalline thatcrossesthe È y mpo$n andy mpo$n curves,andnotethetwo intensities.ThedB-differenceis ÈeÀ~ñÜò�ó � í mp° � mpo$n³n . For example, onetoneat 60 dBSPLis about4500LU, and
is equalto two equallyloud tonesplayedtogetherat 51 dB (i.e., onein each ear). Thus ° � is 9 dB [e.g., � À~ñÜòßó � í mäôßn ]. This is sufficient
informationto computetheexponentof theloudnesspowerlaw at 60dBSL,namely� À~ñÜò�ó � í m>È�n � � ÀÊñÜòßó � í mäôßn»´8À�¾ õ�õHà .

Results.For Ï � between0.8and8.0kHz, and Ï � farenoughawayfrom Ï � (aboveor below) sothatthereis nomasking,È�À~ñÔò�ó � í mp°Ê�ßmpo$n³nwasfoundto be Ý 9 dB for ± � above 40 dB-SL.Below 40 dB-SL, this valuedecreasedlinearly to about2 dB for ± � at 0 phons,asshown in
Fig. 2. It wasfoundthattheloudnessîDm ± � �ä± �� n doesnot dependon ± �� m ± � �¼Ï � n as Ï � is varied.Thuswe maywrite ° � m ± � �¼öF± �� n to show its
dependenceon ± � andits independenceof ± �� .(ReadöF± as“not dependenton ± .”)

FletcherandMunsonfoundanelegantsummaryof theirdata.They testedtheassumptionthat

îDm ± � �p± � n~´�îDm ± � ��ÀHnÉ�
îDmäÀ��p± � nt� (14)



namelythattheloudnessesof thetwo tonesadd.UsingEq.12,Eq.14becomes

îDm ± � �ä± �� nÊ´ìÈ�îDm ± � ��ÀHnt¾ (15)

CombiningEq.13 andEq.15givesthenonlineardifferenceequation

îDmp° � m ± � nÌ± � ��ÀHn~´ìÈßîDm ± � ��ÀHnt� (16)

which determinesî once ° � m ± � n is specified. îDm ± n maybefoundby graphicalmethods,or by numericalrecursion,asshown in Fig. 136,
page190of Fletcher(1995).

Fromthis formulationFletcherandMunsonfoundthatat 1 kHz, andabove 40 dB SPL,thepure-toneloudnessî is proportionalto the
cuberoot of the signal intensity [ îDm ± nD´÷m ± � ± ref n �³ø v , since ° � ´IÈ v ø¼� , or 9 dB]. This meansthat if the pressureis increasedby 9 dB,
the loudnessis doubled.Below 40 dB SPL, loudnesswasfrequentlyapproximatedasbeingproportionalto intensity[ îDm ± n!´ùm ± � ± ref n � ,° � ´�È �Xøt� , or 3 dB]. Figure2 shows theloudnessgrowth curve. Estimatedvaluesof ° � mpo$n aregivenin Table31,page192,Fletcher(1995).

LoudnessJND {Dë . As summarizedby Fig. 3, any super-thresholdk –domainincrementsmay be quantifiedusingcorrespondingj
domainincrements.The loudnessJND { y mpo$n is definedasthechangein loudness

y mpo$n correspondingto theintensityJND {=o|mpo$n . While
it is notpossibleto measure{Dë directly, weassumethatwemayexpandtheloudnessfunctionin aTaylorseries,giving

y mpo���{=o$n~´ y mpo$n �`{=o ��ë��o½úúú
ã»� HOT �

whereHOT representshigher–order terms, whichweshallignore.If wesolve for

{ y } y mpoû�
{Øo$n©� y mpo$n (17)

wefind {Dëü´*{Øo ��ë��oýúúú
ã ¾ (18)

We call this expressionthe small–JNDapproximation. The above shows that the loudnessJND { y mpo$n is relatedto the intensity JND{=o|mpo$n by theslopeof theloudnessfunction,evaluatedat intensity o . Accordingto thesignaldetectionmodel,thestandarddeviation of the
single-trialloudnessis proportionalto theloudnessJND,namely{Dëü´8��â � � . A moreexplicit wayof expressingthisassumptionis

{Dë{=o ´ � ��|ã ¾ (19)

Hypothesis:
Fechner’s
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PIN model:

WEBER’S LAW:    ∆ I / I = const.

∆

log(LOUDNESS)

log(INTENSITY)

d log(L)

d log(I)
ν =

Figure3. Relationbetween{=o and {Dë asdeterminedby thelog-loudnessasa functionof log-intensity.

LoudnessSNR. In a manneranalogousto the j –domainSNR
ã
, we definethe k –domainloudnessSNR asSNR�Æm y n=} y_�e� �Êm y n .

FromFig. 3 it follows that
SNR

ã ´ìþ SNR�~� (20)

whereþ is theslopeof thelog–loudnessfunctionwith respectto log–intensity, namely

þ¶m�ÿÆn~} � y�� ����Hÿ úúúú
� � (21)



where ÿ8} � ÀÆñÔò�ó � í mpo � o ref n is the intensitylevel in dB, and
y � ��� m�ÿ©n1} � ÀÆñÜòßó � í m y m � À

� øi� í n³n . If we expressthe loudnessasa power lawy mpo$nØ´ o�� , anddefine �µ´ ñÔò�ó|mpo$n , and 	�´ ñÜòßó|m y n , then 	�´ þ�� . Sincethe changeof þ with respectto dB SPL is small, �
	 � �
�
Ý{�	 � {��ýÝìþ . Since��ñÜòßó|m
	cnÆ´µ�
	 � 	 , { y_�¯y ´ìþY{=o � oF¾ (22)

FromEq.19,Eq.20 follows. Therelationshipgiven in Eq.22 wasfirst derivedc1872by Plateau,andperhapsit shouldbecalledPlateau’s
law [seepagelxix of Titchener(1923)].

Equation20 is importantbecause(a) it tells ushow to relatetheSNRsbetweenthe j and k domains,(b) every termis dimensionless,
(c) theequationis simple,since þ is approximatelyconstantabove 40 dB SL (i.e.,Stevens’law), andbecause(d) we areusedto seeingand
thinkingof loudness,intensity, andtheSNR,on log scales,and þ astheslopeon log-logscales.

Counting JNDs. While theconceptof countingJNDshasbeenfrequentlydiscussedin theliterature,startingwith Fechner, unfortunately
theactualcountingformula(i.e., theequation)is rarelyprovided. As a resultof a literaturesearch,we foundtheformulain Nutting (1907),
Fletcher(1923a),WegelandLane(1924),Riesz(1928),Fletcher(1929),andMiller (1947).

To derive theJNDcountingformula,Eq.18 is rewrittenas

��o{Øo ´ � y{ y ¾ (23)

Integratingover aninterval gives � ã��
ã�� ��o{=o ´ � � �

� �
� y{ y � (24)

where
y � ´ y mpo � n and

y � ´ y mpo � n . Eachintegral countsthetotal numberof JNDsbetweeno � and o � . � vºu l�� For example

� �X� }
� ã��
ã�� ��o{Øo|mpo$n (25)

defines
� �X� , thenumberof intensityJNDsbetweeno � and o � . Equivalently

� �X� ´
� � �
� �

� y{ y (26)

definesthenumberof loudnessJNDsbetween
y � and

y � . Thenumberof JNDsmustbethesameregardlessof thedomain(i.e., theabscissa
variable),j or k .

3. EMPIRICAL MODELS
Thissectionreviewssomeearlierempiricalmodelsof theJNDandits relationto loudnessrelevantto our development.

The Weber fraction. TheintensityJND is frequentlyexpressedasa relativeJNDcalledtheWeberfractiondefinedby
� mpo$n~}ì{=o|mpo$n � oF¾ (27)

Fromthesignaldetectiontheorypremisethat {=o=´µ� â �|ã , � s �
is just thereciprocalof aneffectivesignalto noiseratiodefinedas

SNR
ã mpo$n~}8o �¯� ã mpo$n (28)

since � ´µ� â � ã � o=´µ� â � SNR
ã ¾ (29)

Oneconceptualproblemwith theWeberfraction
�

is that it is aneffectivenoise–to–signalratio, expressedin the j (physical)domain,
but determinedby a k (psychophysical)domainmechanism(internalnoise).

Weber’s law. In 1846it wassuggestedby Weberthat
� mpo$n is independentof o . Accordingto Eq.7,

� mpo$nÆ´�È¯° � �3° �� ¾
If
�

is constant,then ° � mustbe constant,which we denoteby ° � m>ö©o$n . [As before, Ï�m>öÆo$n indicatesthat function Ï is not a functionofo ]. This expectation,which is calledWeber’s law, l q hasbeensuccessfullyappliedto many humanperceptions.Somewhat frustratingis
theempiricalobservationthat

� mpo$n is not constantfor themostelementarycaseof a puretone.� vºu � zºu v This observation is referredto asthe
near–missto Weber’s law. l³Â

It remainsunexplainedwhy Weber’s law holdsaswell asit does,l stu l w or evenwhy it holdsat all. Giventhenonlinearpower law nature
of thetransformationbetweenthe j and k domains,coupledwith thebelief thatthenoisesourceis in the k domain,it seemsunreasonable
thata law assimpleasWeber’s law, couldhold in any generalway. A transformationof theJND from the j domainto the k domainmight
clarify thesituation.Whatis neededis thespecificdependenceof theloudnessJNDon loudness{ y m y n .



Weber’s law doesmakeonesimplepredictionthatis potentiallyimportant.FromEq.25alongwith Weber’s law
� í } � m>ö©o$n weseethat

theformulafor thenumberof JNDsis
� �X� ´

� ã��
ã�� ��o� í o ´ �� í ñÜÓÉmpo �

� o � nt¾ (30)

Fechner’spostulate. In 1860FechnerpostulatedthattheloudnessJND { y is aconstant
�
. l z�rtq � u stu �X� Weshallindicatesuchaconstancy

with respectto
y

as { y m>ö y n . As first reportedby Stevens(1961),q � u z Fechner’s postulateis notgenerallytrue.

The FechnerJND counting formula. FromEq.26,alongwith Fechner’s postulate{ y m>ö y n , wefind

� �X� ´
� � �
� �

� y{ y m>ö y n ´
y � � y �{ y ¾ (31)

This saysthat if theloudnessJND wereconstant,onecouldcalculatethenumberof JNDsby dividing thelengthof theinterval by thestep
size.Wecall this relationtheFechnerJNDcountingformula.

The Weber–Fechner law. It is frequentlystatedq � that Fechner’s postulate[ { y m>ö y n ] andWeber’s law [
� í } � m>ö©o$n ] lead to the

conclusionthat the differencein loudnessbetweenany two intensitieso � and o � is proportionalto the logarithmof the ratio of the two
intensities,namely y mpo � n©� y mpo � n{ y ´Å�� í ñÜòßó|mpo �

� o � nt¾ (32)

This is easilyseenby eliminating
� �X� from Eq.30andEq.31. This resultis calledFechner’s law, andwascalledtheWeber-Fechnerlaw by

FletcherandhiscolleaguesbecauseEq.32resultswhenoneassumesthatbothFechner’s postulateandWeber’s law aresimultaneouslytrue.

EventhoughWeber’s law is approximatelytrue,becauseFechner’s postulateEq. 31 is not generallytrue�t� , q � Fechner’s law cannotbe
true. The argumentson both sidesof this proposalhave beenweakenedby the unclearrelationbetweenloudnessandthe intensityJND.
For example,it hasbeenarguedthatsincethe relationbetween

y mpo$n and {=o|mpo$n dependson many factors,therecanbeno simplerelation
betweenthetwo.q Thereis ahugeliteratureon therelationbetweenloudnessandtheJND.qÄvºu q l u q � u stu �X�

Poissonnoise. Startingin 1923,Fletcherand Steinberg studiedloudnesscodingof pure tones,noise,andspeech,� zºu q³qtu � w u q Â and
proposedthat loudnesswasrelatedto neuralspike count,�>l andeven provided detailedestimatesof the relationbetweenthe numberof
spikesandthe loudnessin sones.� q In 1943De Vries first introduceda photoncountingPoissonprocessmodelasa theoreticalbasisfor
thethresholdof vision.q³s Siebert(1965)proposedthatPoisson–point–processnoise,resultingfrom theneuralratecode,actsastheinternal
noisethatlimits thefrequency JND.l w u � z A few yearslater,q w andindependentlyÍ³Í McGill andGoldberg (1968a),proposedthatthePoisson
internalnoise(PIN) modelmight accountfor the intensityJND, but they did not recover a reasonableloudnessgrowth function. Hellman
andHellman(1990)furtherrefinedtheargumentthatPoissonnoisemaybeusedto relatetheloudnessgrowth to theintensityJND,andthey
foundgoodagreementbetweentheJND andrealisticloudnessfunctions.In 1997Allen andNeelydirectly demonstratedthatbelow about5
sones,{ y mäë»nÊ� � y

. ThisvalidatedMcGill andGoldberg’s PIN modelwhichassumedthat
� �� � y

. Notethattheproportionalityconstant
dependson theloudnessscale(i.e.,sonesvs. Fletcher’searlierLU scale)andis thereforenotanissue.

TheAllen andNeely1997estimateof { y from Riesz’s {=o|mpo$n andFletcherandMunson’s 1933
y mpo$n measurementsaredescribednext.

The dir ect estimateof { y . TheloudnessSNR� m y nZ} y_� { y m y n is computedby dividing
y mpo$n by { y m y n , asgivenby Eq. 17. The

pure–toneandwidebandnoiseJND resultsaresummarizedin termsof theloudnessSNR�~mpo$n datashown in Fig. 4, wherewe show
y_� { y

= SNR� � � â asa functionof intensity. TheSNR� for thewidebandnoisedataof Miller is shown in thelower–left panelasasoliddarkline.

Discussionof SNR� . To theextentthatthecurvesareall approximatelythesameacrossfrequency, Fig.4providesastimulusindependent
descriptionof the relationbetweenthe intensityJND andloudness.This invariancein SNR� m y n seemssignificant. Wherethe high level
segmentof SNR� m y n is constant,the intensity resolutionof the auditorysystemhasa fixed internal relative resolution.Âº� The obvious
interpretationis thatasthe intensityis increasedfrom threshold,theneuralrate–limitedSNRincreasesuntil it saturatesdueto someother
dynamicrangelimit, suchasthatdueto someform of centralnervoussystem(CNS)noise.

Near–missto Stevens’ law. In Fig. 5 we show asummaryof
y mpo$n , þ¶mpo$n , � mpo$n and { y^�ey = ��â � SNR� for thetoneandnoisedata.For

tonesthe intensityexponentþ¶mpo$n variessystematicallybetween0.3 and0.4 above 50 dB SL, asshown by thesolid line in theupper–right
panel.We have highlightedthis changein thepower law with intensityfor a 1 kHz tonein theupper–right panelwith a light–solidstraight
line. It is logical to call thiseffect thenear–missto Stevens’law, sinceovermuchof therange,it cancelsthenear–missto Weber’s law, giving
aconstantrelative loudnessJND { y^�ey for tones.

The SPIN model. In thelower–right panelwe provide a functionalsummaryof { y^�ey for bothtonesandnoisewith a light–solid line
definedby { y m y ny ´��=Ö Ù�ÒÜÓ¶m y � y í nX× � �Xø¼� � (33)

where �ì´ � È and
y í ´æàeÀßÀ�À LU ( Ý 5 sones). We call this relationthe saturatedPoissoninternal noise(SPIN) model. With these

parametervalues,Eq.33 appearsto bea lowerboundon therelative loudnessJND� for bothtonesandnoise.
�
Weareonly consideringtheauditorycaseof Fechner’s moregeneraltheory.�t� It mayhold in thelimited regionbelow 125Hz and50dB SL.Í³Í W. Siebert,personalcommunication.



Figure 4. In this figure weplot
y mpo$n � { y = SNR� / � â computeddirectly fromEq. 17 usingRiesz’s JND dataandtheFletcher–Munson

loudness–intensitycurve, for levelsbetween0 and120dB SL,with frequencyasa parameter. Belowabout55 dB SLthe internal signal to
noiseratio SNR� mpo$n is increasingand is approximatelyproportional to

y �Xø¼� . Above 60 dB SL the SNR� saturatesat about30–50linear
units.For 62and125HztheSNR� slightlydecreasesat highlevels.Resultsfor Miller’ snoisedatais shownastheheavyline in thelower-left
panel.

Figure5. In 1947Miller measuredtheJND
ã

andtheloudness–level for twosubjectsusingwidebandnoise(0.15–7kHz)for levelsbetween
3 and100dB SL.Theintensityof thenoisewasmodulatedwith a rampedsquare wavethat washigh for 1.5s andlow 4.5s. Theloudness,
computedfromMiller’ s phondata (dashedcurve)usingFletcher andMunson’s 19331 kHz toneloudness–growth curveare shownin the
upper–left panel,alongwith theFletcher Munsontonal loudness–growth function(solid curve). Theupper–right panelshowstheexponentþÉmpo$n»}&� y�� ���¯� �Hÿ for bothFletcher andMunson’s andMiller’ s (average of two subjects)loudnessgrowthfunction. In thelower–left panel
weplot {=o � o versus o for Miller’ s two subjects,Miller’ s equation,andRiesz’s equation.Thebottom–rightpanelshows{ y_�ey versus

y
for the noiseand tonescases.FromEq. 22 { y^�ey ´áþ¶mpo$n � mpo$n . Notehow the productof þ¶mpo$n and

� mpo$n is closeto a constantfor tones
above 65 dB SL.This invariancejustifiescalling thevariationsin thepower–law exponentþ¶mpo$n for tonesthe“near–missto Stevens’law.”
For reference, 1 soneis 975LU.



Weber–fraction formula. Finally we derive the relationbetweenthe Weberfraction
� mpo$n given the loudness

y mpo$n startingfrom the
small–JNDapproximation { y ´�{=o y â>mpo$n , where

y â>mpo$n~}8� y^� ��o . If wesolve thisequationfor {Øo anddivideby o wefind

� mpo$n~} {=oo ´ { yo y â mpo$n ¾ (34)

Finally wesubstitutetheSPINmodelEq.33
� mpo$nÊ´ � y mpo$no y â mpo$n Ù�ÒÜÓÉm y mpo$nt� y í n

� �Xø¼� (35)

This formulais thesameasthatderivedby HellmanandHellman(1990)when
y���y í .

RelationEq.20 is asimpler, equivalentexpression.

4. THE RELATION TO VISION RESEARCH
Cuberoot compressionis requiredin the cochleato dealwith the limited dynamicrangeof the cochlearinner hair cellsÂ�� (i.e., � 60 dB)
andthelimited dynamicrangeof thecentralnervoussystem.Theremustbesimilar compressionin theeye, for exactly thesamereason.Of
coursethephysicalsourceof thecompressionmustbedifferentin theeye.

Superficiallyspeaking,the similaritiesbetweenauditoryandvisualpsychophysicsareimpressive. Theexponentof 0.3 of the Stevens
power law is virtually thesameastheauditorycase.Thespreadin theestimatedvaluesof eachexponentis greaterthanthemagnitudeof
the differencesbetweenthe two means– thusthe exponentsarestatisticallyindistinguishable.Therehasbeenan unfortunateandserious
confusionregardingtheexponentsbecauseStevensunwiselychoseto expresstheloudnessexponentin termsof pressureratherthanintensity,
anddid not clearly statewhathe haddone. As a result,many of his summarytablesgive the loudnessexponentas0.6 andthe brightness
exponentas0.3. Yet they arearestatisticallyindistinguishable!

Dynamic range. If weusetheintensityJNDmeasurementsasaguideto thedynamicrangeof theear, wemayestimatetheear’sdynamic
rangeto beabout10 to 11 ordersof magnitudeof intensity. Thethresholdpressureat theeardrumis typically quotedas14 dB-SPL,while
thethresholdof painis closeto 120dB-SPL.This representsadB differenceof 120-14=106dB, apressureratioof � À � í Â�øt� í�Ý � ÀHq�� v , or 5.3
ordersof magnitude,andanintensityratioof � À$� í Â�ø�� í Ý , or 10.6ordersof magnitude.Theestimateof thedynamicrangefrom Riesz’s data
couldbeaslargeas12 ordersof magnitudeof intensity. However, theWeberfractionbecomesquitelargeat low intensities;thus12 orders
of magnitudemaybeanuntenablenumber.

Guidedby theintensityJND,thecorrespondingvisualdynamicrangeis about8 ordersof magnitudeof intensity.� u v
Transduction Compression. Cuberoot compressionof 9 ordersof magnitudedynamicrangeresultsin 3 ordersof dynamicrange

magnitude(i.e.,a factorof 1000)at thetransducercompressoroutput(of theearor theeye). Threeordersof magnitudeis aboutthedynamic
rangethatcanbetoleratedby theneuralsystem,at leastfor thecaseof theear. Basedon Nyquist–Johnsonthermalnoisepower estimates
( Þ � �"! ), themaximumdynamicrangeof aninnerhaircell (IHC) is about60dB.Â�� Sincethedynamicrangeof asingleauditorynervefiber
is lessthan30,thethresholdsof many fibersarestaggeredto codetheentireIHC dynamicrange.Outerhaircells(OHCs)areresponsiblefor
cochleardynamicrangecompressionandplayakey role in determiningtheStevens’s law exponent.

Dynamic range“recruitment” resultsfrom the loss of transducercompressionin the auditory system,due to damageof outer hair
cells.l íºu v³zºu Â v Recruitmentdatatakenon subjectswith unilaterallossesrepresentauniqueopportunityto provide futuredeepinsightinto the
natureof { y m y n . Â³l

The Weber fraction. Therehasbeena longconfusedhistoryon themeaningof theWeberfractionandits relationto cochlearcompres-
sion. It is now clear, at leastfor puretonesandwidebandnoise,thattheintensityJNDreflectstheinternalnoiseof theneuralrepresentation.z
If thesaturationregion of theloudnessSNR(Ekmanfraction)(

y_� { y ) at 30–50is dueto centralnoise,asis supposedby Allen andNeely
(1997),thenwe would expecta similar relationfor vision. A literaturesearchrevealedthatjust sucha proposedrelationhasbeenhypothe-
sizedby Baird andNoma�³� basedon theavailabledata.Baird hasfurtherexploredthis line of reasoningin his morerecentbook,�X� which
hedescribesasEkmanfunctions.This analysisis tricky becauseit is necessaryto find loudness/brightnessdataandintensityJND thatare
takenunderidenticalconditions.Suchdataarenotalwaysavailable.Luckily, in theauditorycase,they were.

WeberandFechnerwerethefirst to understandthesignificanceof, andattemptedto quantify, the j -intensityJND. Fechnerassumed,
incorrectly, thatthe k -intensityJND wasconstant.The1927work of Thurstoneis particularlyimportantto thesestudiesashewasthefirst
to modelintensitydiscriminationandtheJNDasa randomdecisionvariable,leadingto thesignaldetectiontheorymodelin psychophysics.

However investigatorshave failed to focus on the exact relationships.What hasbeenneededis detailedmeasuresand estimatesof{AkDm>k1n , coinedtheEkmanfunctionby Baird (1997).For somereason,theseEkmanfunctionshave not beenforthcoming.Allen andNeely
have found,perhapsfor thefirst time, theSPINmodelEq.33. Thesimplephysicalinterpretationof this relationis thattheinternalnoiseis
Poissonat low intensities,andat high intensitiesapproachesa fixedloudnessSNR.ThePoissonrelationshipwaspredictedin classicpapers
by Siebertin 1965andindependentlyby McGill andGoldberg in 1968.

k additivity. FletcherandMunson’s 1933modelof loudnesswasamajoradvance.Howeverevenafterbeingcarefullyreviewedin 1938
by StevensandDavis, this importantwork wasignoredby mostinvestigators.FletcherandMunsonintroducedmany new andimportantnew
ideas,includingintensitycompression,andloudnessadditivity. Recentlyit hasbeenshown thatadditivity alsoholdsfor vision.v Thuswe
have failedto build ononeof themostpotentiallyimportanttoolsin psychophysics,theadditivity of the k -intensity. Thismaybeviewedas
the“additivity law” or asa basicaxiom.Î³Î By useof theadditive property, Fletcherwasableto move away from primitive scalingideasand

Î³Î If it wereto begivenaname,I wouldproposeFletcher’s law.



build a morequantitative modelof thecochlearcompressionfunction.�>l This,arguably, allows oneto separatethetransducercompression
from the centralpropertiesin a moresystematicmanner.lº� Givenmoreprecisemeasuresof brightness,andintensityJND measurements
underidenticalconditions,it shouldbepossibleto definemoreaccuratelyestimatesof theEkmanfunction,andseeif in thevisualsystemit,
too, is Poisson.
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