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RAY THEORY FOR THE 3-D SCALAR
WAVE EQUATION

Let * = (z1,z2,23) be the position vector, z1,z5, 3
cartesian coordinates, and t be time.

When necessary we will regard & and other vectors as
columns unless they are explicitly transposed.

We shall consider the scalar wave equation in the form

1 1
Ui = —=U, Vu = —ii. 4.1
'JJ 'U2 ’U2 ( )

v IS a smooth function of  but independent of ¢.

Taking a Fourier transform in t leads to

(iw)?
- =0, 4.2
ua]] ,02 U ( )

where w is the angular frequency.



THE RAY ANSATZ
Based on comparison with asymptotic expansions of
exact solutions where they are available we seek a
solution in the form

u(x,w) = ) %;)ein(X). (5.1)
v=0

Here T'(x) is phase function and has the interpre-
tation of travel time. The series is assumed to be
asymptotic for large w (and not necessarily conver-
gent). That is, we are concerned with what happens
as w — oo rather than what happens as the number of
terms — oo. The remainder after n terms is assumed
to be 0((iw)_”). Typically w is large enough that one

term is a sufficient approximation.



SIDE CALCULATIONS

We shall substitute this expression into the reduced
wave equation and assume that on differentiating term
by term the resulting series are asymptotic. For this
we shall need

C— i . N elwT (%)
U > (iw)’/(leyT’J + U, )e , (6.1)



and then

1
P2
iw(QUy,jT,j + Ul/T,jj) + Uy’jj] eIWT(X)

1
20=0 (iyyr—2 UTTj + (2Uy-1,4T 5+

Uy—1T35) + Up—z,j5] €709,
(7.1)

Here U_q1 and U_» are interpreted as zero.

So, finally, substituting the ray ansatz into the reduced
wave equation we get the



BASIC EQUATION OF RAY THEORY

1
Sozo[Uv(T,jT,j -3t
+ QU1 ,;T; +U,_1T ;) + (8.1)

1
+ Ul/—2,jj] (iw)l/—Q = 0.

We now equate to zero the coefficients of the
individual powers of iw starting with the highest
power (iw)?.

v = 0. Of the three terms in brackets in (8.1) only
the first survives because U_1 = U_» = 0. Then, as-
suming Uy does not vanish identically, we may cancel
it to get the important

Eikonal Equation

1 —
T;Tj~ 5 = 0. (8.2)



Continuing to equate coefficients to zero in the basic
equation. Assuming that a suitable T'(x) has been
found satisfying the eikonal equation, we proceed for

v = 1.
UL(T5T5 = Uiz) + (2Uo,;T; + UoTjj) + U-1,; = 0.
(9.1)
But the first term vanishes because T satisfies (8.2).
Also, U_q1 = 0 by definition, so that (9.1) reduces to

the
First Transport Equation.

2Up ;T ; + UgT ;; = 0. (9.2)
The first term is a directional derivative of Ug in the
direction of VT and so (9.2) is an O.D.E. along a
curve, the ray everywhere tangent to V7. It deter-

mines how the leading amplitude Ug is transported
along a ray.



Notice that in this context the ray is normal to the sur-
faces of constant phase T' = constant. More basically

1
the factor 27, in (9.2) is the gradient of T,T; — >

with respect to T;. Continuing for
v > 1.

Writing the equation for v 4+ 1, and assuming that
U,_1 has already been determined, we get the

Higher Transport Equations.
(20T + UTj5) + Up—1,j; = 0. (10.1)

These are linear O.D.E.’s with the same left sides as
the first transport equation but with a nonhomoge-
neous term depending on previously determined am-
plitudes. We thus have a scheme to determine
the amplitudes U,, v =0,1,2... In turn by solving
a recursive system of O.D.E.’s.



Solution of the eikonal and transport equations.
T he eikonal equation is

1 —
T;T; — 3= 0. (11.1)
Assuming sufficient differentiability, we take the gra-
dient of this equation to get

1

This equation isan O.D.E. for Tﬂ; along the same rays.
Let us parameterize points on a ray by arclength s.
Then x(s) and VT satisfy
d d 1
T WVT, VT = — V. (11.3)
ds 2

ds v
The factor v ensures that dx/ds is a unit vector.



THE RAY EQUATIONS

Or, writing p for VT, we may rewrite (11.3) & (?77)
as

dx dp 1
= , — = ——Vo. 12.1
ds vp ds 02 v ( )

These are the ray equations.

They can be thought of as a Hamiltonian system with
Hamiltonian H given by

1 1
Different forms of the these equations, also called ray
equations, are obtained by for instance using the unit
normal t = vp instead of p:

d dt
T ¢ = —[Vlogv — (t-Vloguv)t|,  (12.3)

ds ' ds



or by using T instead of s as a parameter along the
ray. Each form has advantages in certain contexts.
In (12.3) the quantity in brackets is the transverse
gradient of logv. On each ray initial values for  and
t (or p) are required. These are an initial point on
the ray and an initial direction.

Simultaneously T' may be found since

dT o1 dx 1
ds ox ds p-vp v ( )

Thus ds/dT = v reinforcing the interpretation of T as
travel time. It may be verified that the Hamiltonian is
constant (equal to zero) along rays. If initial values of
x, T', and p = VT are given on a family of rays they
must be compatible with the eikonal equation. If they
are compatible initially they will remain compatible.



RAY TUBES.

The first transport equation (9.2)
QUQJ'TJ' —|— UOT,jj =0 (14.1)

when multiplied by Up gives rise to a conservation
equation

(UET ;) ; = O. (14.2)
I.e.
U2
v-(-2)=o. (14.3)
(9

The vector in parentheses is (the leading term in) the
energy flux, and so (14.3) represents conservation of
energy. So energy flows along the rays.



AMPLITUDES AND RAYTUBE AREAS.

Consider a narrow tube of rays originating at the
boundary of a small patch on a wave front T = 1j
and terminating in the the boundary of a patch on the
wavefront T' = T7. Let us integrate (13.1) over the
volume enclosed by this curvilinear cylinder and the
patches at its ends. On applying the divergence the-
orem we find that the cylindrical surfaces contribute
nothing because the vector field is tangential to the
surface.



Thus the integrals over the ends must cancel each
other. Since there the vector field is normal to the
surface we find that the contribution at the two ends
are approximately —aUg/v|O evaluated on T = Ty and

JUg/v‘l on I' =17 respectively, where o is the cross-

sectional area of the narrow tube of rays. Since these
add to zero we find

ocUZ v (16.1)
is conserved along a narrow tube of rays.
Hence
Uy = c\ﬁ, (16.2)
o

where C is a constant, v is the wave speed, and o is
the raytube area.



CAUSTICS.

It is clear from this formula that when the ray tube
area becomes small the amplitude increases in inverse
proportion. But a ray tube may flatten to zero if
neighboring rays cross. This happens if the rays en-
velope a surface (curve in the plane) and may arise
because of an inhomogeneous wave speed or even in
a uniform medium if there has been reflection at a
concave surface or refraction through a convex lens.
But in a uniform medium the wave field is analytic.
What is happening?

It turns out that the wavefield, though large, is
indeed finite at a caustic, but the ray ansatz
breaks down there in the form we have used. The
more sophisticated ansatz, developed by Ludwig
(1967), should be used.



DYNAMIC RAY THEORY FOR THE 3-D
SCALAR WAVE EQUATION

If we try to calculate the amplitude by means of the
ray tube area formula we are at first sight faced with
taking the differences of the positions on neighboring
rays which normally leads to loss of accuracy. This
may be avoided if further quantities are carried along
in the ray calculation.

Notice that in the transport equations (9.2) and (9.1)
we need the Laplacian VVT = T,jj of I'. To calculate
this we shall first find a transport equation for the
Hessian H = VVT.



TRANSPORT EQUATION FOR
THE HESSIAN H =VVT

We recall (11.2), which we rewrite as

1
VT-VVT+—3Vv = 0. (19.1)
U
Let us take the gradient of this to get
1 3
VT -VVVT + VVVT  -VVT = ——3VV’U -+ —4VvVv.
v U

(19.2)
If we multiply by v and interpret vVT -V as d/ds and
write H for VVT we get

1 3
H +vH? = ——VVuv + =VoV, (19.3)
v v

which is a transport equation for H, since we shall
regard v and its derivatives as immediately available.



‘SIMPLIFICATION’: THE
TRANSVERSE COMPONENTS

But H has six independent components and we are
really only interested in one scalar V2T. We cannot
derive an equation just for V2T, but we can reduce the
calculation by obtaining a closed system of transport
equations for just the three independent trans-
verse components. Unfortunately this reduction re-
quires an excursion into the differential geometry of
the rays and the definition of certain orthonormal vec-
tors transverse to the ray by means of which we can
define what we mean by transverse components.



THE RAY-CENTERED FRAME
OF REFERENCE

Although we shall not follow Cerveny in using ray-
centered coordinates, to develop dynamic ray tracing,
we shall define the orthonormal frame of coordinate
vectors used in that system.

Consider a orthonormal right-handed triad {e1(s), ex(s), t(s)
attached t the point x(s) of the ray. For definite-
ness we shall assume that each the three vectors are
columns of their cartesian components in the (z1, x>, z3)
system. We shall derive transport equations for these
vectors so that they have zero component of angular
velocity around t.



Let
E = (615825t>. (22.1)

T hen

dE
— = FEQpg (22.2)
ds

for some skew matrix Qg.

Let a(s) be any vector function of s and suppose

a(s) = E(s)a”(s), (22.3)

so that af(s) are the components of a(s) relative to
the frame E. Then
da da¥

— =F
ds ds

da®t

ds

+ EQpa” = B( +Qpa®”). (22.4)



It is easy to verify that if

0O —w3 wo w1
QEZ w3 0 —w1 and wg = wo )
—wo w1 0 w3
(23.1)
then
Qpa=wg Xa, (23.2)

where X is the vector product. We may now write
(22.4) as

d da® da®
da _ da +EQEaE=E(L+wE><aE). (23.3)
ds ds ds

We may think of wg as the components of the angular
velocity of the frame E referred to E as basis.




E DOES NOT ROTATE
AROUND THE RAY

We define E so that it has no angular velocity com-
ponent about t. It follows that w3 = 0. wj and w»
may then be easily be found. Using (12.3), from

dt
— w2€1] —wien

ds
o —(61 -V log ’U)e]_ — (62'V|Og ’U)€2 (241)
v1 VD
— —— €1 — —ey,
(¥ (%
where vqg = e+ Vv. Thus
1 O 0 —un
QE — — 0 0 % . (242)
(Y

vi vo O



Then, writing the other columns of dE/ds we have

d
€ — (en-Viogu)t = 2%t a=1,2.  (25.1)
ds v

LONGITUDINAL COMPONENTS OF H

We repeat yet again

1
VT-VVT—I——3VU = 0. (25.2)
(Y
On multiplying by v this becomes
1
t-H = ——QVv. (25.3)
v

This already gives the longitudinal components of H
in frame E.

Resolving H in the frame E we get

H=FEHgE". (25.4)



Then, using primes for derivatives with respect to s,

H =EHj,+QpH+ HQL) ET. (26.1)

Hence, using (19.3),
H}5+QEH+H§12g =E'H'E .
ETVVvE 4+ ZE'VoVuE,
(9

— 2

PARTITIONING THE MATRICES

Let us partition these 3 x 3 matrices into the upper
left 2 x 2 block (the transverse components) and the

border. We set

Ve
Hee ——5
Hp = oL o (26.3)
02 g2

where we have used (25.3).



Vee V.
ETVVuE = ( et ) ,
Vie Vit

v

ETvy = ( ve ) (27.1)

T /
T T . VeV vev
EL{VuoVvi E = ( ‘T8 >

vivg v

I
Qp=| ,T O”“ . (27.2)



BASIC EQUATION OF
DYNAMIC RAY TRACING

Notice that Hee is the only block that is not explicitly
available in terms of v. We now substitute the par-
titioned expressions into (26.2) and take the leading
2 x 2 block. This is trivial except for the products
Qp H, HQL, and vHZ. Using the notation [A]ox» toO
represent this leading block of a matrix A, we have

T
VeV
(2 H]ox2 = [Hpl2x2 = =35, (28.1)

T
VeV
[vHElox2 = Hee + —35, (28.2)



It is very covenient that the three terms vevd /v3 can-
cel the term [BETVuVvE /v3] = 3vevs /v3 in (26.2) to
leave the remarkably simple

DYNAMIC RAY EQUATION.

.
ng—l—nge+% =0, (29.1)

where
Vee = [ETVVvE]5y0. (29.2)

Vee consists of the components of VVwv in the direc-
tions e; and eos.



SOME SIMPLE SPECIAL CASES

We repeat

”
Hée-l-nge—l—% = 0. (30.1)

In order to calculate Vee we need to know e; and e-
as well as the second derivatives of v. In some special
cases this either is not necessary or poses no difficulty.



If v(x) is linear in x then VVw is zero.

If the initial point and initial direction of the ray lie
in a plane of symmetry then the ray lies wholly in
this plane. Then one special solution for eq is the
constant unit vector perpendicular to that plane.
The general solution is any vector perpendicular
to t and making a fixed angle with the special
constant solution.

If the medium is plane- or spherically-stratified the
above symmetry case applies.

If the principal normal n, binormal b, and torsion
7 of the ray are known as a functions of s, the
angle ¢ that e; makes with n (towards b) satisfies
d¢/ds = —.



THE SOLUTION OF THE LEADING
TRANSPORT EQUATION

The leading transport equation is

2Up ;T ; + UgT ;; = 0. (32.1)

Thus, to calculate Uy we need T;; = V2T. This is
the trace of H = VVT'. The trace is invariant under
rotations of coordinate system and so we have

’U/

V2T = tr{H} = tr{Hee} — ol (32.2)

Multiplying (32.1) by v and dividing by 2 we have

1 dv
Uh+ 3(vtr{Hee} — ;d—S)UO = 0, (32.3)

which may be solved by quadratures to get



S) — S i —l S’U ee S|. .
Uo(e) = Uo(eo) |-~ exp[ 3 [ vtr(Hee}ds]. (33.1)

The quantity 1v Hee is the curvature tensor of
the wave front 7' = constant.



THE FULL SYSTEM OF DYNAMIC
RAY TRACING EQUATIONS

T = =
U?
r = t,
' = —|Viogv— (t-Vlogv)t|,
(34.1)
e = tle-V(logv)],
Vee
Hee = _nge_v—27

1 dv
U, = —Lwtr{Heel — =—)\Uy = 0.
0 s(vtr{Hee} vds) 0



Here e stands for the matrix (eq:es). (Actually, when
one of ey, e> is known the other may be obtained by
completing the orthonornal triple with t.)

In special cases the equations for e do not need to be
solved and e can be found more directly, in keeping
with earlier remarks. e is needed to calculate Vee.



THE ELASTIC WAVE EQUATION

The new factor introduced by the elastic wave equa-
tion is that the wavefield is a vector. Also anisotropy
arises more naturally.

To set it up briefly let u(ax,t) be the displacement
from static equilibrium, assumed small, of the material
particle at position & and time ¢. Then the strain
tensor, which describes the local small change in shape
and size from static equilibrium, is the symmetric part
of the displacement gradient

e = 3[Vu + (Vu)']. (36.1)

T he skew part of Vu represents pure rotation and does
change the state of stress apart from an infinitesimal
rotation which does not enter the linear theory.



The momentum equation is

pii=V-.1r+F, (37.1)

where F' is the body-force density and 7 is the stress
tensor.

T he constitutive relation

T is linearly related to € by the constitutive law

T = C:e. (37.2)

Here C is the fourth-rank stiffness tensor, which in
general depends upon position. Because T does not
depend on the skew part of Vu it is assumed with-
out loss of generality to be symmetric in its last two
subscripts and we may write

T = 3C:[Vu + (Vu)!'] = C:Vu. (37.3)



It is more explicit, though less attractive to look at,
if we write these equations in subscript notation.

pU; = Tijjis Tij = CijkiUkl- (38.1)
We note the symmetries following symmetries of C
Cjikl = Cijlk = Cklij = Cijkl» (38.2)
and the fact that it is positive in the sense that
Cijkl€ij€kl > O (38.3)

for any non-zero symmetric second rank tensor €;j-

From (38.1) we get the elastic wave equation.

pu; = (Cijriurl) ;- (38.4)

where we have taken F' to be zero. Equation (38.3)
implies that (38.4) is (symmetric) hyperbolic.



GENERALIZED PROGRESSING WAVES

Since in seismology we are concerned with transient
signhals and relatively short pulses we will stay in the
time domain. Instead of a power series in inverse
powers of iw we shall consider a suite of functions
f(’/) (v an integer) satisfying

ofw)
ot

so that each one is one (integration) step smoother
than the one before. It is worth noting that (iw) Yel«!
satisfy this relationship.

= f(r=1), (39.1)



We write the time-dependent form of the ray ansatz
as

w(x,t) = f U (x) fW[t — T(x)]. (40.1)
vr=0

U() are the polarization vectors, U") = 0 for v < 0.
T is the travel time, and

#(0) is the pulse shape.

The surfaces T'(x) =t are the (moving) wavefronts.

This time-dependent form is referred to as a
generalized progressing wave.



THE USUAL SUBSTITUTION

We rewrite (38.4) as

(Cijrivg,),; — pu; = 0, (41.1)
and then substitute (40.1).

Consider

{Cijkl[U;gy)f(V)(t - T)],z}

J

= {Cijkz[—T,zU/gy)f(”_l) + U;gf/l)f(”)],z}

7j
= Cijsz,jT,zU;gV)f(”_Q) — (Cijsz,zU/gy)),jf(”_l)

—cijrTUp7 £ + Uy f @ =0,
(41.2)



Then the full substitution is

) (cz'jsz,jT,lUév) _ pUZ-(V))f(V_Q) _ (CijklflU;gy)),jf(”_l)
v=0

e T Ug 17 + eyl £

> [(Cz‘jle,jT,lU;gy) - PUZ-(V)) - (Cz'jk:lT,lUlgy_l)),j
vr=0

—1 —2 _
—eiguT Uy + ety 21702 =o.
(42.1)



THE EIKONAL EQUATION

Equating the coefficient of the most singular term to
zero we get

0
(Cijle,lT,j — P5ik> U;g ) =o. (43.1)

It makes no sense for U,go) to be zero and so the
symmetric matrix Q with entries

Qit(VT) = cipT)T (43.2)

has p as an eigenvalue and U0 as corresponding
eigenvector.



THE SLOWNESS SURFACE Let us write p = VT.
Then (43.1) may be rewritten

(Q(p) — p1)U® = 0. (44.1)

To understand this better replace p by a unit vector
1 and consider the eigenvector problem

(Q(n) — pv?(n)I)R = 0. (44.2)

For fixed n, because of the positivity of C there will in
general be three real values of v(n), v = v(1), v = v(2),
v = v(3), for which there exist non-zero vectors R(l),
R RG)_If define p = n/v(Y) then, because Q(p)
is homogeneous of second degree in p, we see that
(44.1) is satisfied with U©) a multiple of RWY). Thus,
for each direction n there are three vectors p having
that direction, and for which Q(p) has eigenvalue p.



THE SLOWNESS SURFACE (CONT.)

Because the eigenvalues depend continuously on the
matrix we see that the three vectors p(V)(n) describe
three closed ovals as n ranges over the unit sphere.
The union of these three sheets is called the slowness
surface. It is a sextic surface with equation

det{Q(p) — pI} = 0. (45.1)

Equation (43.1) tells us that VT lies on the slowness
surface. We shall be concerned with individual sheets
of this surface. Suppose the medium is uniform and
we substitute the plane wave

u=Ug(vt—n-x) (45.2)

into the wave equation we will see that v(n) is its wave
speed. A sheet of the slowness surface then has the
equation v(p) = 1 and v is homogeneous of degree 1.



SLOWNESS

Why slowness?

Consider a moving point x(t) which stays on a wave-
front T (x) = ¢t. By differentiation we see that

VI-x=p-x=1. (46.1)
Suppose that a is parallel to p = VT. Then

p-x = |&[[p| =1, (46.2)

and so we see that the magnitude of |p| is the re-
ciprocal of the speed of the wavefront normal to
itself.

T he vector p captures the direction of the wavenormal
and the normal slowness. It is the slowness vector.
For the elastic wave equation to be satisfied p = VT
must lie on the slowness surface.



AN IDENTITY DUE TO COURANT

For arbitrary 3-vector p let A(p) be an eigenvalue of

Q(p), i.e.

(Q(p) — A(p))es(p) =0 (47.1)
for some non-zero vector eg. Then (43.1) implies that
Ap) =p. (47.2)

For each p there are three eigenvalues A\(p) and cor-
respondingly three orthogonal eigenvectors. Equation
(45.2) defines a three-sheeted surface in p-space and
it may be shown that each real branch of A(p) defines
a closed surface surrounding the origin.



AN IDENTITY DUE TO COURANT (CONT.)
Let us now differentiate (45.1) i.e.

(Q(p) — M(p)I)eg(p) =0, (48.1)
with respect to p, denoting this p-gradient by p.
(Q7p — )\,pl)eﬁ —+ (Q — )\I)BB,p = 0. (48.2)

Let egj be any left eigenvector belonging to A. Then
on left multiplying (48.2) by el we get
e (Qp—Aplhez=0. (48.3)
That is
eZQJ,eﬁ = )\,pegeﬁ =0, (48.4)

an identity ascribed to Courant by Ludwig (1960).
(The subscripts « and 3 allow for a multidimensional
null space.)



THE LEADING TRANSPORT EQUATION

Equating to zero the coefficient of £f(~1) in (42.1) we
find that

1 1 0
(Cz'jk:zT,jT,lU;g ) - PUi( ) - (Cz‘jle,lUlg )),j
(49.1)
0
+eiuT Upy =0,
The first term does not vanish even though 7' satisfies
the eikonal equation. But we can get rid of it by

contracting with UZ-(O). For the moment suppose for
simplicity that the eigenvalue is simple and so the

eigenspace is one-dimensional. The term in Uz.(l) IS

anihilated since, by the symmetry of Q(p), U7 is a
left eigenvector.



THE TRANSPORT EQUATION (CONT.)

We are then left with terms which combine to form

(CijklUi(O)U]gO),T,l),j = 0. (501)

WOUOT,

where we have used c; i U(O)U(O)T = ¢; N

! 1
which follows from the symmetry Cijkl = Cklij-

Let us simplify the expression cijklUi(O)U,gO)Il with the
use of Courant’s identity.



Taking both e, and eg equal to U©) in (48.4) we
have

0 0
eyl U T = 50T, U©
(51.1)

= 3Ap)[UOP = puy [UO,
Where we have used v = 1. To see this in more detail

0
(Qp)ik = 5y, CijkiPiPl
Pq (51.2)

= CijklOjqPl T CijkIPjOlq-



Hence

UOTQ, U = ciju(iqp+p;o)U; U

= (Cigrpr + Cz'jkqu)Uz-(o)U;go)

0),(0
= QCiqklplUi( )U;g )
(52.1)
by the symmetry c¢;;x = cpiyj-

So the transport equation (50.1) becomes

{pvp, U2} ;=0 (52.2)

We can now use the raytube-area argument to cal-
culate the amplitudes. The vector pv, [U®)|? is the
energy flux vector. It is normal to the slowness
surface v(p) = 1. By Euler’s theorem p-vp =v =1.
Hence v p I1s the ray velocity.



ISOTROPY

T he elastic material is isotropic if the fourth rank ten-
sor C is isotropic. The general form of an isotropic
fourth rank tensor is

Cijkl = A0;j0k; + pdixd 1 4 10510k (53.1)
Because of the symmetries of C, u = v, and we write
Cijkl = A0;i0k; + (0051 + 05101 (563.2)

Like C, A and p are functions of position . They
are the Lamé constants. pu is the rigidity or shear
modulus. )\ does not have an independent name but
k = XA+ 3p is the bulk modulus.



P AND S WAVES Then
Qik(P) = cijppipr = Apipk + u(kpjp; + PidK)
= (A4 p)pipk + plp|%6ik-

(54.1)
Then the eikonal equation becomes

(ulp)2 = U@ 4+ A4+ w)p- U@p=0.  (54.2)

It is obvious that neither term vanishes or both
terms vanish simultaneously.

We shall consider these two alternatives.



P AND S WAVES (CONT.)
If both terms are non-zero, U©) s parallel to p and

2 P
— . 55.1
|p| A+ 2u ( )

This describes a longitudinal wave called a P wave.

If both terms vanish, U9 is perpendicular to p and

P
pl* ="~ (55.2)
7

This is an S wave. P and S stand for “primary” and
“secondary”, the P wave traveling faster.



THE ISOTROPIC SLOWNESS SURFACE If we
choose axes so that the x1 axis is parallel to p, so that
p = (|p|,0,0), we find that the determinant of Q(p)
becomes

2
A2p2—1 0 0
0 %|p|2 —1 0 =0, (56.1)
0 0 ZpF-1

or

2



THE ISOTROPIC SLOWNESS SURFACE (CONT.)

So, the slowness surface consists of

e a sphere of radius \/p/()\—l-Q,u) corresponding

to the P wave with speed vp = \/(A—I—Qu)/p,
and

e a repeated sphere of radius /p/u correspond-
ing to the S wave with speed vg = \/u/p.



P WAVES

P waves are longitudinal (polarization parallel to p).
The function v(p) for the P wave is given by

o(p) = \/Af“p, (58.1)

and vp = vpt = v%p and the transport equation for

P waves is V-(pvp|U(0)|2t) = 0, which can be solved
as for the scalar wave equation.




S WAVES

S waves are transverse (the polarization is perpen-
dicular to p, p-U©) = 0).
We repeat the leading transport equation (49.1)

(Cz'jk;lpjplU;gl) - PUZ-(l)) - (CijklPlU/go)>,j

0
‘I‘Cijklp] ]gl) = 0,

(59.1)

and substitute the expression (53.2) for c;;.

(p — up]pg)U() (A+u)ng()

+(30OO8) + (.0 ;) + (b0 O8)  (59.2)
t 3J 5J

)

+AU (z i + uUi(,?)pj + p U( Dpj=o0.



S WAVES (CONTD.)

The first term is zero because T satisfies the eikonal
equation (55.2). The third term is zero because it

involves the scalar product of U©) and p, which are
perpendicular to each other. The second and sixth
are in the direction of p. Let us examine the others.
The fourth and seventh combine to give

0
20p; UL + (upy) ;UL (60.1)
The fifth and eighth give

Upz,jUj( ) + (UU( )) ,jPi + ,Up]U( )
(60.2)

= u(p]U( i+ (NUJ'(O)),jpi = (UUJ(O)),jpia

where we have again used U .p = 0.



S WAVES (CONTD.)

Notice that the terms are of three types: vectors par-
allel to VT, vectors parallel to U(O), and the direc-
tional derivative p-vU) of U® in the direction of
p, i.e. p;U; ;- This implies that the directional deriva-

tive of U9 in the direction of p is a linear combination

of p and U ) and so has no component in the direc-

tion of px U9 So it has no component of angular
velocity around p as the field point advances along
the ray. Thus the polarization is transported along
the ray just like one of the vectors e, e> of (34.1).



S WAVES (CONTD.)

et us denote the unit polarization vector of S by e,
so that U(®) = y(De. Then,
d
d—e — (e-V10oguvg)t. (62.1)
S

and the transport equation for the U€0) s
V - [pvg(UONH2¢] = 0. (62.2)

Of course the rays must be computed using the ap-
propriate velocity field v = vg(x).
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