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Efficiency of the Residual-Type A Posteriori Error Estimator I1

Lemma. Let (y,p) € V x V and (yy, pn) € Vi X Vi, be the solutions of the conti-
nuous and discrete optimality system, respectively. Then, there exists a positive
constant ¢ depending only on the shape regularity of {7,(€2)} such that for T € 7,(2)

My < ¢ (lp—pufip+hy [y —yulor +oscy)

where
osct := ht Hyd — yﬂHQT, T € Tu().

Proof. The assertion can be proved along the same lines as in the previous lemma.
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Efficiency of the Residual-Type A Posteriori Error Estimator III

Lemma. Let (y,p) € V x V and (yu, pn) € Vi X Vi, be the solutions of the conti-
nuous and discrete optimality system, respectively. Then, there exists a positive
constant ¢ depending only on the shape regularity of {7,,({2)} such that for E € &,(Q2)

2
771%3,1 < C(‘Y—Yhﬁ,wE+h% llu—Uh\|3,wE+V§1?7¢2r%1) :

Proof. We set (g := (ng - [Vyn)|g and z, := (gtpg. Then, applying Green’s formula
and observing that z, is an admissible test function, we find

2 2 _ 2
g1 = hallne - [Vynllog < ¢ by (ng - [Vyn) Gedbplop = ¢ by X (mar, - [Vyn),zn)osr,
= ¢ hg (a(yn —y,zn) + (0 — up, ZnJowg + (f + un, Zn)owy)

1/2 2
< c by ve - [Vyalloe(ly ~ yulwp(he [u—wow, + (£ iy, 1))

which allows to conclude.
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Efficiency of the Residual-Type A Posteriori Error Estimator IV

Lemma. Let (y,p) € V x V and (yy, pn) € Vi, x V}, be the solutions of the conti-
nuous and discrete optimality system, respectively. Then, there exists a positive
constant ¢ depending only on the shape regularity of {7,(€2)} such that for E € &,({2)

2
Mz < cllp = Poliwy +he [V~ ulowy + = 7ry2)

Proof. The proof is similar to the one in the previous lemma.
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Efficiency of the Residual-Type A Posteriori Error Estimator V

Theorem. Let (y,p) € V x V and (yy, pn) € Vi x Vi, be the solutions of the conti-
nuous and discrete optimality system, respectively. Then, there exist positive
constants C and c depending only on {2 and the shape regularity of the triangu-
lations such that

|y = ¥0. = Pu)lyy + [[u = wflg 0 > C 7 — ¢ osc.

where

0SCi == Z 0SCH.

TeTy(2)

Proof. Combining the results of the previous four lemmas gives the assertion.
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Model Problem (Distributed Elliptic Control Problem with Control Constraints)

Given a bounded domain © C IR* with polygonal boundary I' = 99, functions
y4,1p € L?(Q), and a > 0, consider the distributed optimal control problem
I

L 1 o
Minimize J(y,u) = §Hy—y (21,9 -+ 2 Hqug,

over (y,u) € Hy(Q) x L*(Q)
subject to —-Ay = u,
ucK = {veL}Q)|v<ae inQ).
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Optimality Conditions for the Distributed Control Problem

There exists an adjoint state p € Hj(Q2) and an adjoint control A € L*(Q) such that
the quadruple (y,p,u, \) satisfies

aly,v) = (uvv>0_ﬂ , V& H(1)<Q) ;
alp.y) = — (y—y'vyq . veHS),
p =au+l),
A€ (91}((11) .

In particular, the following complementarity conditions hold true:

AeL2(Q), Y-u>0, (A\PY—u)g=0.
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Finite Element Approximation of the Distributed Control Problem

Let Ti1(€2) be a shape regular, simplicial triangulation of Q2 and let

Vg = { VH € C(Q) ‘ VH‘T € P1<T> . T e TH<Q> , VH‘aQ =0 }
be the FE space of continuous, piecewise linear finite elements.
Consider the following FE Approximation of the distributed control problem

Minimize  J(yp,up) = % Hyh—degTQ + % HuhHEQ :
over (Y, up) € Vi X Vi |
subject to  a(yn,vn) = (un,Vn)o) . vu € Vi,

up € Ky o= {vp € Vi | vy <t ae. in Q} .
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Optimality Conditions for the FE Discretized Control Problem

There exists an adjoint state p, € Vy, and an adjoint control A, € Vy, such that
the quadraduple (yy, pn, up, Ay) satisfies

alyn,va) = (W, V) » Vu€ Vn,

a<phavh> - = <yh - yd,Vh>0’Q , VhE& Vh 3
pn = oau, + )\h) :
A, € 8IKh(uh) :

The following complementarity conditions hold true:

>\h 2 07 ¢ — Up Z 07 (Aha w - uh)O,Q = 0.
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The A Posteriori Error Estimator
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Element and Edge Residuals for the State and the Adjoint State

(i) Element and edge residuals for the state y

- (X nyT+ > nyE)

TeT,(Q Ee&, (2

nyr = hrlullr  TE€R(Q) . nyp = hy |ve [Vyullog . B € &(Q)
N ——

element residuals edge re51duals

(ii) Element and edge residuals for the adjoint state p

( Z in+ Z 77pE>

TeT,(Q Ec&,(Q

’71(01% =ho |y = wfox . mpp = h g [Vph]HOE, E € &(Q)

-~
element residuals edge re51duals
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Reliability of the Error Estimator
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Reliability of the A Posteriori Error Estimator

Theorem Let (y,p,u,A) be the solution of the distributed control problem and
(Yh, Ph, Un, An) be the finite element approximation with respect to the triangu-

lation 7,(€2). Further, let n be the residual type error estimator.

Then, there exists a positive constant C, depending only on « , {2 and on the

shape regularity of the triangulation 7,(€2) such that

y-wilio + P-pufio + Ju-wmllgg + [A=foe < Cn’.
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Important Tool in the Error Analysis: Intermediate State and Adjoint State

Given a discrete control uy, € Vy, the intermediate state y(u,) € H}(€2) and the intermediate
adjoint state p(uy) € H{(Q) are the unique solutions of the variational equations

aly(u).v) = (wv)yq . veHYQ).
a(p(up),v) = — (y(uy) —ydaV%,Q . vEH(Q).
Lemma. Let y(uy) and p(uy) be the intermediate state and adjoint state. Then, we have
(p—plu) u—woo = — [y —ylwfoe < 0.
Proof: Obviously, there holds
aly-y(u),vi) = (u—up,vijoo , a(p-plu),ve) = (y(un)=y,vaoo , vi,v2 € Hy(2).

The assertion follows readily by choosing v; == p — p(uy) and vy .=y — y(uy).
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Proof. Since u=a !(p—A), u, = a !(py — An), we have

alu—uy 39 = (Ah— A u—uy)oo+ (P — Pn,u— Up)oo.

Using the complementarity conditions for A and \;, we find

(A=A u—upoo = (An,u—Plog+(on Y —unlog

0
- (A u-9log -\ ¥ - uog < 0.

~~

=0 >0

Moreover, for the remaining term there holds

(P—Pnu—unoe < (p—plun),u—unjog + (P(un) — pn,u—unjog .

<0
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Numerical Example: Distributed Control Problem with Control Constraints

. . . 1 a
Minimize J(y,u) = 2 Hy—def,ﬂ + 9 Hu—udHaQ v
over (y,u) € H(1)<Q> X L2<Q> )
subject to —-Ay =f + u,

ucK = {vel*Q)|v<iae inQ}.

Data:

yd = sin(2mwx) sin(27x,) exp(2x1)/6

a =00 , wt=0, v =0, f:=0
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Numerical Results: Distributed Control Problem with Control Constraints [

I-J-.r

Optimal state (left) and optimal adjoint state (right)
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Numerical Results: Distributed Control Problem with Control Constraints [

i-l HL

Optimal control (left) and optimal adjoint control (right)
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Numerical Results: Adaptive FEM for a Distributed Control Problem

Initial triangulation and triangulation after 6 refinement steps ( © = 0.6)
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Numerical Results: Distributed Control Problem with Control Constraints I

Total error, errors in the state, adjoint state, control, adjoint control (® = 0.7)

Ndof

|1z — x|

’}’—YHH

’P—PH|1

| u — ugllo

|A = Aallo

OO J O O i W N - O —

5

13

41
126
374
968
2553
5396
12318

3.24e-01
2.27e-01
1.24e-01
6.19e-02
3.57e-02
2.50e-02
1.77e-02
1.24e-02
8.60e-03

3.63e-02
1.95e-02
1.35e-02
6.85e-03
3.93e-03
2.63e-03
1.91e-03
1.30e-03
9.21e-04

3.28e-02
1.48e-02
1.36e-02
7.86e-03
4.41e-03
2.75e-03
2.32e-03
1.66e-03
1.16e-03

2.52e-01
1.91e-01
9.59e-02
4.68e-02
2.65e-02
1.88e-02
1.33e-02
9.33e-03
6.45e-03

2.80e-03
2.11e-03
1.06e-03
5.09e-04
3.67e-04
2.50e-04
1.56e-04
1.16e-04
7.48e-05
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Numerical Results: Distributed Control Problem with Control Constraints I

Components of the error estimator and data oscillations (© = 0.7)

Ndof

My

)

osch(yd)

W J O O W N O —

5

13

41
126
374
968
2553
5396
12318

2.57e-01
1.04e-01
7.95e-02
5.16e-02
3.15e-02
2.13e-02
1.56e-02
1.06e-02
7.56e-03

4.16e-01
2.04e-01
1.09e-01
6.49e-02
4,10e-02
2.79e-02
1.92e-02
1.33e-02
9.45e-03

2.83e-01
1.12e-01
2.58e-02
7.12e-03
2.77e-03
1.22e-03
4.58e-04
1.87e-04
8.48e-05
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Numerical Results: Distributed Control Problem with Control Constraints I1

. . . 1 a
Minimize J(y,u) = 5 Hy—YdH(zm t 2 Hu—ung,Q
over (v, u) € Hy(2) x L*(Q)

subject to — Ay =f + u inQ,
ucK = {vel*Q)|v<ae in Q)

Data: Q:=01?%, y9 =0, v =0+ale+A%),
(Xl — 05)8 , <X1,X2) €y,
= = ]_ f =
v (x; —0.5) , otherwise 01, 0
A lp ) (Xl,X2> € Ql U Qg, 5 — 2.25 (Xl — 075> . 10_4 , (Xl,X2> - Qg,
"~ | -1.01% , otherwise ’ - 0 , otherwise

0 = {(X17X2> e ‘ <(X1 — 05)2 + <X2 — 0.5)2>1/2 < 015} .y = {(Xl,X2> Y ’ Xq > 075} .
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Numerical Results: Distributed Control Problem with Control Constraints 11

T W0

ERE ]

L B

I-I.H-F

-4

Optimal state (left) and optimal adjoint state (right)
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Numerical Results: Distributed Control Problem with Control Constraints Il

nu SRl

.16 4. bl
1082 4. He-E
2 -5

| s - LI

-0 150
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Optimal control (left) and optimal adjoint control (right)
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Numerical Results: Distributed Control Problem with Control Constraints I1

Grid after 6 (left) and 8 (right) refinement steps ( © = 0.6)
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Numerical Results: Distributed Control Problem with Control Constraints 11

Total error, errors in the state, adjoint state, control, adjoint control (© = 0.6)

Ndof

|1z — x|

’}’—YHH

’P—PH|1

| u — ugllo

|A = Aallo

OO J O O i W N - O —

5
13
41

102

291

873
2325
5813
14513

8.50e-02
5.35e-02
3.12e-02
2.09e-02
1.39e-02
9.14e-03
6.08e-03
4.04e-03
2.53e-03

9.31e-03
6.87e-03
3.84e-03
2.39¢e-03
1.58e-03
9.71e-04
6.14e-04
3.97e-04
2.60e-04

1.87e-04
1.05e-04
6.04e-05
4.11e-05
2.94e-05
1.93e-05
1.21e-05
7.56e-06
5.19e-06

7.95e-02
4.66e-02
2.73e-02
1.84e-02
1.23e-02
8.15e-03
5.46e-03
3.63e-03
2.26e-03

1.31e-05
8.86e-06
4.62e-06
2.28e-06
1.38e-06
8.35e-07
5.52e-07
3.68e-07
2.32e-07
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Numerical Results: Distributed Control Problem with Control Constraints II

O

® @i =(0.6
107° 4 + uniform

105 4
1054

1078 4

108 104 10°  Npor

Decrease in the quantity of interest versus total number of DOF's
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Gradient-State Constraints: Numerical Examples I/I1

e ©=06 e ©=06

0t o uniform 0 1 o uniform
-1 - -1
-2 -2
-3 4 -3
-4 —4
-5 -5

] ) 3 4:1 logNpor 1 2 3 4:1 logNpor

Convergence history: Example 1 (1.) and Example 2 (r.)
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Gradient-State Constraints: Numerical Example 11

Computed optimal control uy (l.), state y, (m.), and |Vyy|p| (r.)
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Gradient-State Constraints: Numerical Example 11
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Adaptively refined meshes with #

Mi(Q) = 2345 (1.) and #N,(Q) = 4289 (r.






