AN INTRODUCTION TO THE A POSTERIORI ERROR ANALYSIS
OF ELLIPTIC OPTIMAL CONTROL PROBLEMS

M. HINTERMULLER™M. HINZE} AND R. H. W. HOPPESTH]

Abstract. We aim at a survey on adaptive finite element methods for optimal control problems
associated with second order elliptic boundary value problems. Both unconstrained and constrained
problems will be considered, the latter in case of pointwise control and pointwise state constraints.
Mesh adaptivity is realized in terms of a posteriori error estimators obtained by using residual-type
error control and/or by weighted dual residuals within the goal-oriented dual weighted approach.
In order to make the exposition self-contained, we provide the basic concepts of residual-type and
goal-oriented a posteriori error control for elliptic boundary value problems and then apply both
concepts to unconstrained elliptic optimal control problems. Control constrained problems will be
exemplarily treated within the residual-type a posteriori error analysis, whereas the case of pointwise
state constraints will be dealt with by means of dual weighted residuals.
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1. Introduction. Adaptive finite element methods (AFEMS) are important tools
for the e [Ccieht numerical solution of partial di [erential equations and systems thereof
(cf., e.g., the monographs [1, 3, 6, 35, 74, 86] and the references therein). The aim
is an automatic refinement and/or coarsening of the underlying finite element mesh
on the basis of cheaply computable a posteriori estimators that provide upper and/or
lower bounds for the global discretization error or some other problem-dependent er-
ror functional. Several error concepts have been developed over the past two decades
including residual-type estimators [2, 3, 86] that rely on the appropriate evaluation
of the residual in a dual norm, hierarchical type estimators [8, 58, 59] where the error
equation is solved locally using higher order elements, error estimators that are based
on local averaging [22, 89], the so-called goal oriented dual weighted approach [6, 35]
where information about the error is extracted from the solution of the dual problem,
and functional type error majorants [74] that provide guaranteed sharp upper bounds
for the error. A convergence analysis of AFEMs for conforming FE approximations of
second order elliptic boundary value problems has been initiated in [34] and further
studied in [15, 28, 72, 82]. Mixed and nonconforming AFEMSs have been considered in
[24, 25, 29, 53], edge elements for H(curl)-elliptic problems in [23, 57], and variational
inequalities in [18, 19].

As far as the a posteriori error analysis of adaptive finite element schemes for
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elliptic optimal control problems is concerned, residual-type a posteriori error estima-
tors have been derived and analyzed in [31, 62, 66, 67, 68]. In particular, the case of
pointwise control constraints has been dealt with in [37, 48, 54, 60], whereas pointwise
state constraints have been addressed in [43, 55, 56]. The recent paper [44] is con-
cerned with constraints on the gradient of the state. The goal-oriented dual weighted
approach has been applied in [6, 9, 10] to unconstrained, in [45, 87] to control con-
strained, and in [12, 46, 47, 88] to state constrained problems. In [63], estimators
based on gradient recovery have been studied, whereas the contributions [39, 40] are
devoted to the application of functional type error majorants and minorants. A first
step towards a convergence analysis has been done in [38]. Otherwise, this issue is
still widely unexplored territory.

This article aims to provide a survey on the application of residual-based a pos-
teriori error estimation and the goal-oriented dual weighted approach to optimally
controlled second order elliptic problems. It begins with a brief overview on the
underlying concepts for elliptic boundary value problems in section 2 and continues
with a unified approach to unconstrained elliptic optimal control problems in section
3. Sections 4 and 5 follow to a large extent the exposition in [46, 48] and deal with
residual-type a posteriori error estimators for pointwise control constrained problems
(section 4) and the goal-oriented dual weighted approach in case of pointwise state
constraints (section 5).

2. Concepts of a posteriori error control. Adaptive Finite Element Methods
(AFEMs) typically consist of successive loops of the sequence

SOLVE - ESTIMATE - MARK - REFINE . 2.1)

The first step SOLVE stands for the e [cieht solution of the finite element discretized
problem with respect to a given triangulation of the computational domain. E [cieht
iterative solvers include multilevel techniques and/or domain decomposition methods.
As far as their application to PDE constrained optimization is concerned, we refer
to the survey article [16]. The second step ESTIMATE requires the a posteriori
estimation of the global discretization error or some other error functional as a basis
for an adaptive mesh refinement and will be in the focus of this contribution. The
following step MARK is devoted to the specification of edges, faces, and elements
of the triangulation that have to be selected for refinement in order to achieve a
reduction of the error. Most strategies that are in use are of heuristic type and realize
some sort of equidistribution of the error based on either the maximum or the average
of the local components of the error estimator. Within the convergence analysis of
AFEMs a so-called bulk criterion, meanwhile also known as Dorfler marking, has been
investigated which selects sets of edges, faces and/or elements such that the sum of
the corresponding local error components exceeds the total estimator by a certain
margin. Finally, the last step REFINE realizes the refinement of the mesh. Usually,
bisection or the so-called red-green refinement or a combination thereof is used.

In particular, in subsection 2.1 we will be concerned with the reliability and e [ciehcy
of a posteriori error estimators. Then, subsection 2.2 will be devoted to residual-type
a posteriori error estimation, whereas subsection 2.3 will deal with the goal-oriented
dual weighted approach. Finally, in subsection 2.4 we will briefly address marking
strategies as well as the technical realization of the refinement process.

We adopt standard notation from Sobolev space theory [83]. In particular, for D [Ql
we refer to L?(D) and H*(D),s [H,, as the Hilbert space of Lebesgue integrable
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functions in D with inner product (:, -)o,p and associated norm [}, and the Sobolev
space of functions with inner product (-,)s; p and norm 1. For ¥ [CdD and
a function v [CH*(D), we denote by v|s the trace of v on X and define H; +»(Q) :=
{v B*(Q) | v|s = 0}.

For a closed subspace V. [CHI'(Q) we assume

a(,):VxV - R 2.2)
to be a bounded, V -elliptic bilinear form, i.e.,

la(v,w)| = C M., il L, v,w V] (2.3)
a(v,v) =y}, v [V (2.4)

for some constants C >0 and y > 0.
We further assume [V1* where V * denotes the algebraic and topological dual of V
and consider the variational equation: Find u [Vl such that

a(u,v)= (v) , v IV (2.5)

It is well-known by the Lax-Milgram Lemma (cf, e.g., [17, 21, 32] that under the above
assumptions the variational problem (2.5) admits a unique solution u V1.

The standard example is Poisson’s equation: Let ' = I'p [(Tly,'p n Ty = [and
vV :={v (HYQ) | v|r, =0} and

a(v,w) = (L Twp o, v,w [V] (2.6)
W) = v)o.a + (@, V)ory, Vv IV 2.7

where f CITP(Q) and g CIP( ). Then, (2.5) represents the weak form of Poisson’s
problem

-Au=TFf inQ, (2.8a)
u=0 onlp, (2.8b)
n:- [uzkg only, (2.8c)

where n stands for the unit outward normal on Iy .

We remark that in case [y = [We have V. = H(Q) (pure homogeneous Dirichlet
boundary conditions), whereas in case 'p = [the appropriate function space is
V ={v CHY(Q) | (v,Xa)oo = 0}, where X stands for the characteristic function
of Q. In these cases, the V -ellipticity of the bilinear form a(:,-) follows from the
Poincaré-Friedrichs inequalities

NIgh <C (|v|1,Q + | /vds|), (2.92)
T

NIgh <C (|v|1,Q + | /vdx|), (2.9b)
Q

where here and in the sequel C refers to a generic non-negative constant.
An important issue in the theory of partial di [erential equations is the regularity
of a solution. For instance, considering Poisson’s problem (2.8), it is well-known (cf.,
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e.g., [73]) that for a convex domain Q [CIR? with piecewise smooth boundary I" and
f [IP(Q) the weak solution u V1 of (2.5) satisfies u V1 n H2(Q) and

Ll_J_L;_)_Th SCIIIETI_Q

However, there is less regularity, if the domain Q is no longer convex. A classical
example is the so-called L-shaped domain:
Consider (2.8) in

Q:= (—1,+1) x (0,1) C(F1,0) x (—1,0], (2.10)
Fp:={0} < [~1,0] C0,1] < {0} , Fx := F\Tp. (2.11)

and assume f = 0 and g such that u(r, ) = r2/3sin(§c|)) is the exact solution of the
problem. The solution belongs to V n H5/3=¢(Q) for any £ > 0 (but not to H%/3(Q)!)
and has a singularity in the origin. For further examples with regard to nonconvex
domains Q we refer to [42].

Finite element approximations of (2.5) are based on the Ritz-Galerkin approach:
Given a finite dimensional subspace V; [Vlof test/trial functions, find u; [V}, such
that

aup,vr) = (Va), Vi LV, (2.12)

Since V;, [V], the existence and uniqueness of a discrete solution u, [\, follows
readily from the Lax-Milgram Lemma. Moreover, we deduce from (2.5) and (2.12)
that the error e, := u — uy, satisfies the Galerkin orthogonality

a(u—up,vy) =0, v, [V, (2.13)

i.e., the approximate solution u;, [V}, is the projection of the solution u [Vl onto V;,

with respect to the inner product a(:,-) on V (elliptic projection).

Using the Galerkin orthogonality (2.13), it is easy to derive the a priori error estimate
[ul— uy, Eh =M ”6“‘:/ [l vy, II-,h' (214)

Vh h

where M := C/y with C,y from (2.3),(2.4). This result tells us that the error is of

the same order as the best approximation of the solution u [V by functions from the

finite dimensional subspace V. It is known as Céa’s Lemma. A priori error estimates

in other norms can be established as well. For instance, L2-error estimates can be

established by the Aubin-Nitsche duality technique also known as Nitsche’s trick: Let

z [V1 be the unique solution of the adjoint variational equation

a(v,z) = (U—up,V)oe, Vv LV (2.15)
Again, the Galerkin orthogonality (2.13) infers that for any v, [V},

- u,Gh =aUu—uz) = aU—Up,z2—V,) <
SC‘E—U}L% III—VhI;h,

and hence,

. [z v, L h
— < L 1
L= U IZTh =C (71}:21‘:/}1, [l— uy, I;h

4
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In general, the term inside the bracket is small so that the error in the L2-norm can
be expected to be significantly smaller than the H*-error. For error estimates in the
L-norm we refer to [17, 21, 32].

The Ritz-Galerkin method also gives rise to an a posteriori error estimate in terms of
the residual r : vV - R

r(v) .= (v) — a(u,v), v [V (2.17)
In fact, it follows from (2.4) and (2.17) that for any v [VI

y—u,fh <aU—upu—u;) = r(u—u,) <
=l o Wl—u,Goh,

whence

1 rW)
M—u,th < — su .
neh = g o L

2.1. Reliability and e [ciehcy. Given some approximation u;, [\, of the
solution u [CM of (2.5), we want to gain information on the error e, := u —u,
in some norm [1[don V in order to improve the quality of the approximation by
eventually refining the finite element mesh, if V; is an appropriate finite element
space with respect to a triangulation T,(Q) of the computational domain Q. An
a posteriori error estimator n;, is a computable quantity that may depend on the
data of the problem (computational domain, coe [ciehts of the equation, right-hand
side, boundary conditions), on the underlying triangulation, and on the available
approximate solution u;, and that provides information on the error in terms of upper
and/or lower bounds.

(2.18)

An error estimator n), is called reliable, if it provides an upper bound for the error up
to data oscillations osc,rfl, i.e., if there exists a constant C,..; > 0, independent of the
mesh size h of the underlying triangulation, such that

[} d< Cpq Nn + 0scre. (2.19)

On the other hand, an estimator n,, is said to be e Lcieht, if up to data oscillations
osc;// it gives rise to a lower bound for the error, i.e., if there exists a constant
Ccss =0, independent of the mesh size h of the underlying triangulation, such that

N < Ceps [E}L1+ osci//, (2.20)

Finally, an estimator ny, is called asymptotically exact, if it is both reliable and e [cieht
with C,o; = C_}.

The notion ’reliability’ is motivated by the use of the error estimator in error control.
Given a tolerance tol, an idealized termination criterion would be

e} 1= tol. (2.21)
Since the error [} [ Jis unknown, we replace it by the upper bound in (2.19), i.e.,

Cra N + 0sC;? < tol. (2.22)
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We note that the termination criterion (2.22) both requires the knowledge of C,..; and
the incorporation of the data oscillation term osc;d. In the special case C,; = 1 and
oscrel = 0, it reduces to

n, < tol.

Due to (2.19), the termination criterion (2.22) guarantees the error control (2.21)
which justifies to call the error estimator reliable.

An alternative, but less used termination criterion is based on the lower bound (2.20),
i.e., we require

1 eff
oS < tol. 2.23
C6 ff ( h Cn ) ( )

Typically, the criterion (2.23) leads to less refinement than (2.22) and thus requires
less computational time which motivates to call the estimator e [cieht.

2.2. Residual-type A Posteriori Error Estimators.

2.2.1. The role of the residual. The error estimate (2.18) shows that in order
to assess the error [e]} [1we are supposed to evaluate the norm of the residual with
respect to the dual space V*, i.e.,

[r(v)|
O = sup . (2.24)
vevy{oy Dla]
In particular, we have the equality
Ot = ()L, (2.25)
whereas for the relative error of r(v),v [\V] as an approximation of [&] [,lwe obtain
(fed L=r(v)) 1 ey ,
— 2 = - ¥ , v [V with VT = 1. 2.26
e el 2 @Q@ (2.26)

The maximization in (2.24) yields e,/ [e] [, 1 On the other hand, this maximization is
computationally as expensive as the computation of the exact solution u [V of the
problem. Since we are interested in a computationally cheap a posteriori error esti-
mator, the goal is therefore to obtain lower and upper bounds for [Tyl at relatively
low computational expense.

2.2.2. Representation of the residual. In this subsection, we will derive a
representation formula for the residual which allows us to derive a highly localizable,
cheaply computable a posteriori error estimator. We shall deal with the following
model problem: Let Q be a bounded simply-connected polygonal domain in Euclidean
space R2 with boundary I = 'p [T, Tpnly = Cand consider the elliptic boundary
value problem

Lu ;= — (h CWI=Ff inQ (2.27)
u=0 onlp,
n-a ufFg only,
where f [TF(Q) , g [CLF(Ty) and a = (a;;); ;—, is supposed to be a matrix-valued
function with entries a;; [IP°(Q), that is symmetric, i.e.,
a;(x) = a;(x) faax [ 1=si,j=2,
6



and uniformly positive definite in the sense that for almost all x

2

ST a,00&8 =y [EP , ELRP,y>0.

i,j=1
The vector n denotes the exterior unit normal vector on M'y. We further set a =
maxi<; j<2 [@j};[d.
Setting
Hor,(Q = {vIBY(Q | vIr,=0},
the weak formulation of (2.27) is as follows: Find u IZH(}_’FD (Q) such that
a(u,v) = (v) , v I[Hj (Q), (2.28)

where

a(v, w) :=/ a aDwix , v,w CHjp, (Q),

Q
(v) ;:/ fvdx + / gvdo , v By (Q).
Q I'n

Given a geometrically conforming simplicial triangulation T;, of Q, we denote by
S1rp(@Th) == {vi CHir, (Q) | Vi lr CPY(K), T [T},

the trial space of continuous, piecewise linear finite elements with respect to T;,. Note
that P,(T) , k =0, denotes the linear space of polynomials of degree <k on T.

In the sequel we will refer to N, (D) and E;(D) , D [Qlas the sets of vertices and
edges of T, on D. We further denote by |T| the area, by hy the diameter of an
element T [T}, and by hy = |E| the length of an edge E [E}L(Q [Tk). We refer to
fr=|T|* fodx the integral mean of ¥ with respect to an element T [T}, and to
ge = |E|! /5 9ds the mean of g with respect to the edge E [E}, (I ).

The conforming P1 approximation of (2.27) reads as follows: Find u; S} r,(Q;Ts)
such that

a(uh,vh) = (Vh) , Vp ESl,FD(Q;Th)- (229)
The residual r is thus given by
r(v) = /f vdx + /g vds — a(up,v) , v [V (2.30)
Q I'n
Applying Green’s formula to the last term on the right-hand side in (2.30) elementwise
yields

a(up,Vv) = Z /a [0 [Vdx =

TeTn T

= > /[n-almvds+ > /n-almvdS,

Ee&n () g Ee&n(TN) B
7



where [n - a [1] denotes the jump of the normal derivative of u;, across E [E},(Q)
and where we have used that Au, = 0 on T [, since uy|r CB(T). We thus
obtain

rev) = Y rp(v) + Y re(v). (2.31)

TeT), Ee€&,(QuUln)

Here, the local residuals rr(v), T [T}, are given by

rp(v) = /(f — Lup)v dx, (2.32)
T

whereas for rg(v) we have
— [[n-a Oo,)v ds , E CEL(Q)

E
f (g -n-a IEDV ds, E [EL(TN) (2:33)
E

re(v) =

2.2.3. A posteriori error estimator and data oscillations. In the subse-
quent subsections we will prove reliability and e [ciehcy of an error estimator nj,
consisting of element residuals ny, T [T},, and edge residuals ng, E [CEL(Q [Th),
according to

/
N = (Z o+ 3 ﬂ%)l : (2.34)
TeT), EcEu(QUl'N)

where ny and ng are given by
Nr:=hy O —Luplodr, T LT, (2.35a)

1/2 1
npi=d e B0a Milleh, E TRQ), (2.35b)
hp gk —n-a [lel , E CEL(TN)

The a posteriori error analysis further invokes the data oscillations

0sc;, = (Z osci(F) + Z osc]{;(g))lm, (2.36)

TeT, Ec&n(TN)

where oscr(f) and oscg(g) are given by

oscr(f) := hy —frll, T [T, (2.37a)
oscp(9) := hy* [G+gelek , E CEL(TN). (2.37b)

2.2.4. Reliability of the error estimator. An important tool in the proof of
the reliability of the error estimator is Clément’s quasi-interpolation operator which
is defined as follows: For p [N, (Q) NI, (I v) we denote by ¢, the basis function in
Si,r, (Q; Tx) with supporting point p, and we refer to D,, as the set

D, = (J{K T, | p CNL(T) }. (2.38)
We refer to T, as the L2-projection onto P;(D,), i.e.,

(Mmp(v),W)o,p, = (V,\W)o,p, , W [CPL(D,),
8



where (-, -)o,p, stands for the L2-inner product on L?(D,) x L?(D,,). Then, Clément’s
interpolation operator P is defined as follows

Po @ L3(Q) — Sir,(Q,Th), (2.39)
Pcv = Z mp(v) ¢p.
pENh(Q)U/\/h(FN)

In order to establish local approximation properties of Clément’s interpolation oper-
ator, for T [T}, and E [CE}L(Q) CEA(I n) we introduce the sets

DIV = J{T LT | Na(T)nNu(T) E 3, (2.40a)
DY :=J{T I | Nx(E)nN,x(T) & [J. (2.40b)

Using the a [nelequivalence of the finite elements and the Bramble-Hilbert Lemma
one can show:

Theorem 2.1. For T [T}, and E CE}L(Q) CEA(My) let D(Tl) and Dg) be given
by (2.40a) and let Po be Clément’s interpolation operator as given by (2.39). Then,
for all v [CH( - (Q) there holds

[Pk viglr LN ]a) (2.41a)

Bt vielk [Nl , (2.41b)

P o} LLIVITa) (2.41¢)

01— Pe vk Lhi ML , (2.41d)

- Pe viok CHY* D ],0. (2.41e)

Further, we have

1/2

( > E‘?Dm) VLo, O=ps<1, (2.42a)

TET, K

1/2

2 E?Dgsn) VLo, O=sps<L (2.42b)

Ee&n(QUER(TN)

Proof. We refer to [86]. O

Theorem 2.2. There exist constants 'z and I, > 0 depending only on the
shape regularity of T, such that

el 1< Tr Ny + [ysc 0SCy. (2.43)

Proof. Setting v = e, in (2.30), we obtain

IE“;‘: a(euneu) = r(eu) = r(PCeu) + r(eu_PCeu)- (244)
9



Taking advantage of (2.28), for the first term on the right-hand side of (2.44) Galerkin
orthogonality yields

r(Pcey) =/f Pce, dx + /g Pce, ds — a(up,Pce,) = 0.
Q I'n
On the other hand, for the second term on the right-hand side of (2.44), Green’s

formula yields

F(ew — Peey) = / f (60 — Poey) dx + / g (eu — Poey) ds
Q I'n

+ Z/lﬂ ) (e, — Pee,) dx

TETW T = _Lu,

- > /naT-a C1(e, — Pce,) ds

TeThaT
= > [ fr—Luy) (en — Pce.) dx

TeT, T

+ Z /[nE-a (1) (e, — Pcey) ds
Ee&n(Q) g

+ Y /(gE—nE-a [,) (6w — Pcey) ds
Ee&(TN) B

+ 3 [0 =) (e - Poe.) dx
TG,Z’}L T

+ > [(@—9r) (6. —Pce,) ds.
EEE;I(FN) E

In view of (2.41a),(2.41b) and (2.42a),(2.42b), it follows that

r(e, —Pce,) [ (2.45)

(> hi @ - Lu, )2 [l Gh

TeT),

+ ( Z hg OOg-a mJ@E)l/Q e} Lh
Ec&n(Q)

+( Y hgp@k-ng-a ORIZE)"? EGL (2.46)
Ec&n(TN)

+ () hi E-fr2))"? ElGh (2.47)
TeT,

+( Y hg [Ergplilk)"/? Elhh. (2.48)
Ecé&r(TN)

The assertion follows by using (2.45) in (2.44). O
10



2.2.5. E Lciehcy of the error estimator. For the proof of the e [ciehcy of

the estimator n; we will now show that the local contributions eta;r and ng locally
provide lower bounds for the total error e,.
For this purpose we need appropriate localized polynomial functions defined on the
elements T of the triangulation and the edges E [E}(Q) CEl CE}L (I 5), respectively.
Such functions are given by the triangle-bubble functions Y1 and the edge-bubble
functions Yx. In particular, denoting by A7,1 < i < 3, the barycentric coordinates
of T [T}, then the triangle-bubble function Y1 is defined by means of

Wr = 27 AT AT AL (2.49)

Note that supp W = T, 1.6., Yr |or=0, T [T}.
On the other hand, for E [E,(Q) CEL(I'y) and T [T, such that E [dT and
pEf [NL(E), 1 <i<2, we introduce the edge-bubble functions Yz according to

Up = 4 AT AL, (2.50)

Note that Y |gr=0 for E' CE}(T),E’' B E.
The bubble functions Y and Qg have the following important properties that can be
easily verified taking advantage of the a Cnelequivalence of the finite elements:

Lemma 2.1. There holds

[pA (5 #pi Wr dx , pn CPL(T), (2.51a)

T
P (31 I%lﬁpi W do , pn CPL(E), (2.51b)

E
| pr Wr |1 COF' AGY ,  pn CPR(T), (2.51c)
ph Yrledr CIA LY pn CEL(T), (2.51d)
ph Yplole LA L) ,  pn CEL(E). (2.51e)

For functions p;, [CR{(E) , E [CH,(Q) CEL(Ix) we further need an extension
pE [CIP(T) where T [T}, such that E [CaT.

For this purpose we fix some E’ [dT , E’ & E, and for x [Tl denote by xz that
point on E such that (x — xg) CH’.

For p;, [P (E) we then set

pE = pu(xgp). (2.52)

Further, for E [CEL(Q) CEL(M v) we define Dg) as the union of elements T [TI,
containing E as a common edge

DY = J{K [T, | E CEA(T) }. (2.53)

We have the following properties of the extensions:
Lemma 2.2. There holds

|P Wz |, po T hp'/? @k, pn CPY(E), (2.542)
0 Ve hi/? 4 lods, pn CPY(E). (2.54b)
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Further, for all v V1 and p = 0,1 there holds

( > hy " m%ng))l/z‘ COD - hp )2, (2.55)

Ec&n(QUEL(TN) TET;,

We are now able to prove that up to data oscillations the estimator n; also provides
a lower bound for the total error e,:

Theorem 2.3. There exist constants yg,yg > 0, depending only on a and on
the shape regularity of T, such that

YrNn — YE 0sC, < [elih. (2.56)

The theorem can be proved by a series of results which establish upper bounds for
the local contributions nr, ng of the estimator n,.

Lemma 2.3. (i) Let T [T},. Then there holds:

hr OfF — Lup oy [ (2.57)
= Lk +hy 0B-frlgh.

(ii) Let E [CEL(Q). Then there holds:

hy/? A -a )Gl LI e + (2.58)
+hg III—fTI_Eng)+hE Eﬂ“_l—uh%g)-

(iii) Let E CE)L(Iy). Then there holds:

h/2 gk — ng - [plely 1 (2.59)
L, + hy [0 gp ok
—+ hE m—fT%g) +hE|ﬂ“_ LUh%g)-

Proof. (i) For the proof of (2.57) we set p, := fr. Observing Yr|sr = 0, by
Green’s formula

alr(Un. P Wr) = — / L L) py G dx (2.60)
T

+ /naT-a [Oplp, Wr ds.

or =0

Then, using (2.51a),(2.51c) and (2.51d) and taking advantage of (2.30),(2.60), and
denoting by 1,7 the L2-projection onto the linear space of elementwise constants,

12



it follows that

£} — Lu, B, (fr — Lup) M, Y7 dX
.
= (/f M, Ur dx — a|r(up, i, Ur)
T
+ /(nhf —f)m, gr dX)
T

= (alT(eu,TIh Yr) + /(fT — O Yr dx)
T

CH;' el G 4Gl + OB — fo)r [ Gk,

from which (2.57) can be easily deduced.

(ii)) We set p? :=[ng-a [Ug). Again, in view of Y|z = 0,E’ B E,, Green’s formula
gives

/ Nyp@ *a [Ulp? Yy ds (2.61)
oD®
= al @ (Un, Py, WE) + / [a [U,lp, Yp dx,
E —_———
D(EZ) = 7Luh,

where p, 5 is the L2-projection onto the edgewise constants. If we use (2.51b),(2.54a)
13



and (2.54b) and observe (2.29) and (2.61), it follows that

EmaDg’ -a Imng
q[na[)gp -a [0;] p Yp ds

E
= / [Nype @ Lk P, Wg ds
aDY
= (a|Dg)(Uh,p§ Wr) — /f Py, Wedx
D&
[ = pF wedx + [ (Fr = Lu) pf o)
D® DY

= —alpe (e P We)

([ F=Fpf wodx + [ (Fr—Lus) pf o)

p® D&
/2 €l Lo 0 ol +
+h? B frie 0f Gk
+ h1E/2 Eﬂ—LUh%‘Dg) of Lol

+

from which we readily deduce (2.58).

(i) We set p? :=gp—ng-a [l Observing Yg|s =0,E’ B E, by Green’s formula
we obtain

/nE-a [U1p? Yy ds (2.62)
E

E
/ Nyp@ " & [Uxlpy, Qg ds
oDP

ang)(uh,pf Ug) + / [a [ lpy wp dx.

D(EZ) = —Luh

Now, using (2.51b),(2.51e),(2.54a) and (2.54b) and taking advantage of (2.29),(2.62),
14



we get
[gh —ng-a ORI,
I#(QE_nE'a 1) py, Yg ds
E

= ([ FeFusdx+ [opf weds = al,eunpf ve)
E

@
DE

+ [Er-fpfusax + [0z -9 pf vr do
D@ E

- / (mn = Lup) py Ue dX)
D®

= alyp.pf we) + Co ([ (Fr =) pf v ox

D®

+ [@e=o) Fpf weds — [ (Fr—Lun) bf vs o)

E P

I:Ifi;:l/2 @Ll_‘,ng) pf ol
+h}3/2 [ﬂ—fl_;_lD% of Lol

+ [0k — gk [0f ok
+ hlE/2 @—Luh%g) 0 Lo le,

from which (2.58) follows easily. O

2.3. The goal oriented dual weighted approach. So far, for finite element
approximations of boundary value problems for second order elliptic equations, we
have considered the a posteriori error estimation with respect to either the associated
energy norm [, Jor the equivalent -1 hL-norm. The goal oriented dual weighted
approach [6] allows to control the error e, := u — u; with respect to a rather general
error functional or output functional

J :V [CH'Q) - R. (2.63)

The goal oriented dual weighted approach strongly uses the solution z [\ of the
associated dual problem

a(v,z) = J(v), v [Vl (2.64)

and its finite element approximation z, [V}, i.e.,

a(vh,zp) = J(vn), Vi TN (2.65)
Using Galerkin orthogonality, we readily deduce from (2.63) and (2.64) that
Jew) = a(ew,z) = aleu,z—Vvy) = r(z—vy), Vv, [V, (2.66)

15



where r(-) stands for the residual with respect to the computed finite element approx-
imation uy,.

Theorem 2.4. Let u;, [V}, := S; r(Q; T#(Q)) be the conforming P1 approxima-
tion of the solution u CHE(Q) of Poisson’s equation with f [LF(Q) and homogeneous
Dirichlet boundary data. Then, the following error representation holds true

Je = Y (rz=vior+(rorz—vidoor), va [V, (267)

TeTh(Q)

where the element residuals r and the edges residuals ryp are given by

rr = F |, T CT(Q), (2.68a)
1vg- ,E AT nQ
rorls = { 2 VE [“1_’*16 c %gamr)) . (2.68b)
Moreover, we have the error estimate
NE)l < now = Y wror (2.69)
TETH(Q)

where the element residuals py and the weights w, are given by

1/2
pr = (II::“I%}[ + hz! @TI%,JBT) : (2.70)

1/2
or = (@l + he ZFvih) (2.70b)

with an arbitrary v, [V},.
Proof. The assertions are an immediate consequence of (2.66). O

We remark that (2.69) is not really a posteriori, since the solution z VI of the dual
solution is not known. Therefore, information about the weights wp, T [T},(Q) has
to be provided either by means of an a priori analysis or by the numerical solution of
the dual problem (2.64).

Theorem 2.5. Under the assumptions of Theorem 2.4 let the error functional
be given by

(D TeJoo
Jv) = ———————, v [V 2.71
W = ey (2.71)
Then, there holds
1/2
[T, Toh :@ 3 on p%) . 2.72)
TeTh(2)
Proof. The dual solution z [V] satisfies
(D Teoo
av,z2) = —— |, v
V2 = Fetmn =

16



from which we readily deduce the a priori bound

OzTeh = 1 (2.73)
In view of (2.69) it follows that
J(e.) = e o h (2.74)
1/2
>, Mip >, hr’o
TeTH(Q) ) (TETh (£2) )

Choosing v, = P¢z, where P¢ is Clément’s quasi-interpolation operator, we find

inf ( 3 (hp? @V, B +hy m—vh@w) (2.75)

v €V}
RETE Y peTh(e)

CzTgh.
Using (2.75) in (2.74) and observing (2.73) gives the assertion. O

Theorem 2.6. Consider the conforming P1 approximation of Poisson’s equation
under homogeneous Dirichlet boundary conditions and assume that the solution u 1
V :=H}(Q) is 2-regular. Using the the error functional

(V €4)0,0

ElLh
gives rise to the a posteriori error estimate

J) v V] (2.76)

Eeh f > hi p:f‘-p)l/g. .77)

TeTh()
Finally, we apply the goal-oriented dual weighted approach to the pointwise estimation
of the error at some point a QL Given some tolerance € > 0, we consider the ball
K.(@) = {x Q| |x—a|] <¢&}

around the point a and define the regularized error functional

J(v) = |K.(@)]! / v dx. (2.78)
Ke(a)
The dual solution z of
a(v,z) = J(v) (2.79)

behaves like a regularized Green’s function

z(x) [dag(r(x)), r(x) = /|x—al? +¢2. (2.80)
With pr from (2.70a) we obtain

3
I(u—up)(@| 3 —2T T, (2.81)
TETHL() T

where rp (= maX;er r(X).
17
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Fig. 2.1. Possible refinements of a triangle 7" in the step REFINE.

2.4. Marking and refinement.

2.4.1. Marking. In the step MARK of the adaptive cycle, elements of the sim-
plicial triangulation T,(Q) are marked for refinement according to the information
provided by the a posteriori error estimator. Let us assume for simplicity that the
error estimator n, consists of element contributions ny, T [T,(Q). The classical
marking strategy (cf. [4]) is to mark elements T * for refinement, if

Nr« =9 Tng%) nr (2.82)

for some given constant 6 [(0,1).

With regard to quasi-optimality of AFEMSs, the bulk criterion from [34], now also
known as Dorfler marking, is a convenient choice. Here, we select a set M of elements
such that

Snig=e > ni, 61 (2.83)

TeM TETH(Q)

2.4.2. Refinement. Elements of the simplicial triangulation T,(Q) that have
been marked for refinement can be refined using bisection or variants thereof (cf.
Fig. 2.1 for possible refinements of a triangle). Eventually, additional bisections are
required in order to generate a geometrically conforming triangulation. For details
we refer to [5, 61, 69, 75, 76, 77, 78, 79, 84]. A description of software packages that
realize adaptive mesh refinement can be found in [7, 30, 80].

18



3. A posteriori error analysis of unconstrained elliptic optimal control
problems.

3.1. Residual-type a posteriori error estimation.

3.1.1. Variational formulation of the optimality system. We consider the
following distributed optimal control problem for a linear second order elliptic bound-
ary value problem

minimizeJ(y,u) = % o-yigh + % - u’ 1, (3.1a)
over (y,u) CH}(Q) x L*(Q),
subjectto —Ay = f + u. (3.1b)

Here, Q [CR¥ is a bounded, polygonal domain with boundary I' := 0Q. Moreover, we
suppose that

ud,y? CIF(Q) , f [LF(Q), a [R,. (3.2)

It is well-known that under the assumption (3.2) the distributed optimal control
problem (3.1a),(3.1b) admits a unique solution (y, u) CVIxL2?(Q), V := H}(Q), W :=
L2(Q), (cf., e.g., [36, 65, 67, 64]) which is characterized by the existence of an adjoint
state p [V such that

a(y,v) = (f+u,v)o,o, v IVl (3.33)
ap,w) = — (y =y  w)q, w V] (3.3b)
p = a(u—u?). (3.3¢)

Here, a(:, -) stands for the bilinear form

a(w,z) = /IEIIEX . w,z [V
Q

Substituting u in (3.3a) by means of (3.3c), we arrive at the following system of two
variational equations in the state y and the adjoint state p

ay,v) —a *(p,V)oo = 1(v), v [V (3.4a)
a(p,w) + (y,W)o,o = 2(w), w V] (3.4b)

where the functionals , :V - R,1<v < 2, are given by

1(v) = (F+u,v)oq v V]
»(W) = (Y%, W)o,0, w [V

The operator-theoretic formulation of (3.4a),(3.4b) reads
Ly.p) = (1, 2)", (3.5)
where the operator L : V xV - V* xV* is defined according to

(L, PV, W) = a(y,v) —a~(p, Vo + a(p, w) + (¥, W)o,o. (3.6)
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Theorem 3.1. The operator L is a continuous, bijective linear operator. Hence,
for any ( 1, 2) V1" <V *, the system (3.4a),(3.4b) admits a unique solution (y,p) 1
V x V. The solution depends continuously on the data according to

Y, p LAy I, 2)Gd v (3.7

Proof. The linearity and continuity are straightforward. For the proof of the
inf-sup condition, we choose v =ay — p in (3.4a) and w = p + Y in (3.4b). It follows
that

(L. p)(ay —p,y +p) := oa(y,y) +a(p, p) + (v, Y)o.o + a~ (P, Plo,c,
from which we may conclude. O

Corollary 3.1. Let (yn,pn) [V, < V,,,V;, Y] be an approximate solution of
(3.4a),(3.4b). Then, there holds

[ — Yn, P — Pr) Gy CIRes;, Resy) G v+, (3.8)

where the residuals Res; [VI*, Resy [VI* are given by
Res; (V) := 1(v) —a(yn,V) + o~ (pn, VYoo, V [V (3.9a)
Resy(W) := o(W) — a(pn, W) — (Yr, W)o,0, W CW. (3.9b)

Proof. The assertion is an immediate consequence of Theorem 3.1. O

3.1.2. Finite element discretization. Given a null sequence H of positive real
numbers, we assume (T,(Q))ncx to be a shape-regular family of simplicial triangula-
tions of the computational domain Q and refer to V, := S; r(Q; T,(Q)),h [H, as the
finite element space of P1 conforming finite elements with respect to the triangulation
T,(Q) vanishing on the boundary I'. We approximate the triple (y, u,p) CVIxW xV
by (Yn,Un,pr) [N}, x V;, %V, as the solution of

a(yn,vn) = (Frn +Un,Vp)oo, Va [V}, (3.10a)
a(pn, Wp) = — (Yo —Yi Wa)oo, Wy [NV, (3.10b)
pr = a(u, —uf), (3.10¢)

where fy,,ud,y¢ [V), are the L2-projections of f,u<, y¢ onto V.
It is easy to show that (3.10a)-(3.10c) represents the optimality system of the uniquely
solvable discrete optimal control problem: Find (y., us, pr) M), XV XV, such that

L 1 a
minimizeJ, (yn, up) = > W -yl + 5 W= uf 51, (3.11a)
over (Yu,up) V), x V3),
subject to a(yn,vy) = (fy, + Urn)o.q- (3.11b)

As in the continuous regime, we may substitute u; in (3.10a) by (3.10c) and thus
obtain the following system of discrete variational equations in (y, py):

a(yn, Vi) = a ' (Pr, Va)o,o = ha(Vh), Vi OV, (3.12a)
a(Pn, Wn) + (Yn, Wn)o,o = n2Ws), W, V], (3.12b)
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where the functionals ,, :V, - R,1=<v <2, are given by

ni(Vp) = (Fn +ul,vi)oq, vi [V,

ho(Wp) 1= (Vi Wh)o,0, Wy, [N,

3.1.3. The residual-type a posteriori error estimator.

Reliability. For the derivation of a residual-type a posteriori error estimator, ac-
cording to Corollary 3.1 it su [ced to evaluate the residuals [Res, [/,1 < v < 2.
Using Galerkin orthogonality and Clément’s quasi-interpolation operator P~ from
subsection 2.2.4, for the first residual Res; we find

Res;(v) = Y (F—f,+u’—ul,v—Pcv)or (3.13)
TeTL(Q)
+ Z (Fr, +ud v —Pcv)or — Z (a(Uh, vV—"PcV) +a ' (py, v — PCV)o,T)-
TeTh(Q) TETH()

By an elementwise application of Green’s formula and the local approximation pro-
perties (2.41d),(2.41e) we find

1/2 1/2
(Res; G2 I:@ > 7, +osch, + 050%72) + ( > fh%;,l) . (314
TeTh(Q) Ecén(Q)

where the local residuals nr,;,ng,1 and the local oscillation terms oscr,,1 <v < 2,
are given by

Nr1 = hy O +uf + Ay, +a 'p, o, T CTH(Q), (3.15a)
Ne.a = hy® M [ )k, E CELQ), (3.15b)
oscr, = hy O—1f, 0L, T C0,Q), (3.15¢)
0SCro = hy ¥ —ul ek, T CTH(Q). (3.15d)

Likewise, for the second residual Res,; we obtain

[Res, L4 E@ Z ﬂ%,2+03C2T,3)1/2+( Z ﬂ%,z)lm- (3.16)

TET, (D) E€&L(Q)

Here, the local residuals nr 2, Ng 2 and the local oscillation term oscr 3 read as follows

Nr2 = hy O + Apy, —yu ok, T CTL(Q), (3.17a)
Ne.2 = hy/? Ml [ PGk, E CEL(Q), (3.17b)
oscrs = hy o0 —yilel, T CTH(Q). (3.17¢)

Summarizing, we achieve at the residual error estimator

N = ( Z (ﬂ?r,l + n%,z) + Z (n%’l * n%’z))l/Q’

TETHL(Q) E€ER(Q)

(3.18)
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and the data oscillations

1/2
0scy, = ( Z (0sc%; +0sC 5, + osc%yg)) . (3.19)
TeTL(RQ)

Theorem 3.2. Let (y,p) [CM %<V and (y,,pr) M, %V, be the solutions of
(3.4a),(3.4b) and (3.12a),(3.12b), and let n;, osc;, be the residual error estimator and
the data oscillations as given by (3.18) and (3.19). Then, there holds

[ — Yu, P — Pr) Gy [ + 0sCy,. (3.20)

Proof. The assertion follows from Corollary 3.1 and the preceding evaluations of
the residuals. O

Corollary 3.2. Let u [CW and u, [M; be given by (3.3c) and (3.10c),
respectively. Then, there holds

- up, [gh [ + oscy,. (3.22)

Proof. The proof follows readily from (3.3c),(3.10c) and Theorem 3.2. O
E [ciehcy. In this paragraph, we prove the e [ciehcy of the error estimator n; up
to the data oscillations oscy,.

Theorem 3.3. Let (y,u,p) and (yx, ux, pr) be the solutions of (3.3a)-(3.3c) and
(3.10a)-(3.10c), and let ny,0sc;, be given by (3.18) and (3.19), respectively. Then,
there exist positive constants A and ¢ depending only on Q and the shape regularity of
the triangulations such that

[ = Y5, P — Pu)li «y + - u, G} = A nj; — ¢ osc;. (3.22)

The proof of Theorem 3.3 will be given by a series of lemmas.

Lemma 3.1. Let (y,u,p) and (yn,us,pr) be the solutions of (3.3a)-(3.3c) and
(3.10a)-(3.10c), and let nr1,0scr,; be given by (3.15a) and (3.15c), respectively.
Then, there exists a positive constant ¢ depending only on the shape regularity of
{TrL(Q)} such that for T [T}(Q)

%, = ¢ (Iy =~ yulir+hi - u, ) +osci, ). (3.23)

Proof. We have

Ny, = hy OfL+u, G (3.24)
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Setting z;, := (f, + uy)|rWr, applying Lemma 2.2 and observing that Ay,|r = 0,
Green’s formula and the fact that z;, is an admissible test function imply

hZ OB +u, Bl < ¢ h3 (F, +u, + Ays,z)07 (3:25)
= ¢ h (_ a(yn,zn) + (F +U,zp)o,
+ (F, —f,23)0,7 + (Up —u, Zh)O,T)
e b (aly = yn.2) + ((Fn = ) + (Un = 1), z0)or)
< (2 Iy = yalurlznhr + (03 0=, GGl

+ hr 0scr,1) Elmr) :
Now, by Lemma 2.2 and Young’s inequality, (3.25) gives rise to

hé OB + un [ < 263 (caly = yal? 1 + 1 00— up 3 (3.26)
+ osclf’m) +% h7. L +up )
Combining (3.24) and (3.26), readily gives the assertion. O

Lemma 3.2. Let (y,u,p) and (yn,Uus,pr) be the solutions of (3.3a)-(3.3c) and
(3.10a)-(3.10c), and let nr2,0scr s be given by (3.17a) and (3.17c), respectively.
Then, there exists a positive constant ¢ depending only on the shape regularity of
{Tr(Q)} such that for T [T}(Q)

%o = ¢ (Ip=pultr+hi 7 yi (3) +osch ). (3.27)

Proof. The assertion (3.27) follows using the same arguments as in the proof of
the previous lemma. O

Lemma 3.3. Let (y,u,p) and (yn,Uus,pr) be the solutions of (3.3a)-(3.3c) and
(3.10a)-(3.10c), and let nr; and ng,; be given by (3.3a) and (3.3b), respectively.
Then, there exists a positive constant ¢ depending only on the shape regularity of
{TrL(Q)} such that for E [E}(Q)

2
2. = o(ly=yalle, +h} M-ualil, + > nf ). (3.28)

v=1

Proof. We set (g := (ng - [ )| and z;, = ZEqJE- Then, using Lemma 2.2,
applying Green’s formula, observing that z;, is an admissible test function, we find

N, = hpMk - [OEL < ¢ hg (N [V {sWp)oe

2

= ¢shp Y (Nor, - [V 20)oor, = ¢ hp (a(yh —=Y.2)

v=1

+ (U—Up, Zp)ows + (F+up, Zh)O,wE)

s /e - [ 0906 (G5 Iy = Yali

IA

2
+ ca(he [ unlal, +(3_n%, )'Y3).
v=1
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An application of Young’s inequality results in (3.28). O

Lemma 3.4. Let (y,u,p) and (yn,us,pr) be the solutions of (3.3a)-(3.3c) and
(3.10a)-(3.10c), and let nz 2 and ng o be given by (3.17a) and (3.17b), respectively.
Then, there exists a positive constant ¢ depending only on the shape regularity of
{Tr(Q)} such that for E CE}(T) , T [CT)(Q)

2
%o = c(Ip=puli., + 0% DO-yaliL, + > 0%, ). (3.29)
v=1

Proof. The assertion (3.29) can be verified along the same lines of proof as in
Lemma 3.4. O

3.2. Goal-oriented dual weighted approach. We define the Lagrange func-
tional L : H(Q) % L2(Q) x H(Q) x L2(Q) - R pertinent to (3.1a),(3.1b) as

L(y,u,p) = J(y,u) + (O APd.o — (F + u,p)o.. (3-30)

For convenience, we use X := (p, Y, u) for the adjoint state, state, and control, and we
refer to x* = (p*, y*,u*) as the optimal solution. Further, we set X .=V xV x W,
Obviously, the weak form of the optimality system is equivalent to

LX) ($) =0, ¢ [X. (3:31)

Likewise, setting X; := V;, x V; %V, the optimality system (3.10a)-(3.10c) can be
written according to

CLh(X,)(9r) =0, ¢ X, (3.32a)
where the discrete Lagrange functional is given by
Lrn(%n) = In(Yn, un) + (D] Lpa)y o — (Fr + Un, Pr)o,o- (3.33)

For our model problem (3.1a),(3.1b), the second derivative of L with respect to x does
not depend on x. Thus, we can write [.1L(d, ) instead of [ L(X)(d, ). Similar
observations hold true for L.

Theorem 3.4. Let x* X and x; [A,, denote the solution of (3.31) and its
finite dimensional counterpart (3.32). Then, there holds

Iy, u*) = In(y;,up) = —5 Ll (X}, — X*, X}, — X*) + 0sCp (X},). (3.34)
where oscy, (X)) is given by
* " 1
0sC(X;) = (Vi = Vi Y — Yoo + 5 0 =y B (3.35)
a
+a(u;, —uj, up —uh)o o+ > ¥ —uf G}, + (F — F4,p)0.0-

Proof. Observing that J(y*,u*) = L(x*) and J,(y;,u;) = Ln(X}), by Taylor
expansion

1
L(x*) = L(x}) + L)X — %) + 5 Lol (X" — X, X* —XJ)
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we obtain
Iy, u) = In(ys, up) = LX) = Lu() = L) — La(x}) (3.36)
1
+ LLOG)XC =) + 5 Lo (X7 = X3, X" =),

Straightforward computation yields

LOG) = La(xh) = 05 = Vi v =¥ o + 5 7 = Vi,
+oa(uy —uf, uf —uhe o + %mi —uj! @7 — () 0o, + (F + uj, pr)oa-
Hence, taking ( ) CpJo.o = (Fr, + U, p;)o.q into account, we get
L(x};) — La(x}) = 0sci,(X},)- (3.37)
Finally, we have
0= LIX)(X" —x;) = LI (X — x5) + Lol (X7 — X}, X" = ),
whence
LG (X" — X3) = — Dol (x" — X5, X° — X}). (3.38)
Using (3.37) and (3.38) in (3.36) results in (3.34). O

Let i, := (i},i7,i}) be an interpolation operator such that i,x [X; for x [X.
Moreover, for y,p [CHJ(Q) there exist i} and i¥ such that max{i}p — p Lz, [y —
ygk} - 0 for h - 0. In connection with Theorem 3.4 we have the following result.

Theorem 3.5. Let the assumptions of Theorem 3.4 be satisfied. Then, there
holds

J*u") = Inlyy, up) = (3.39)
= (r(iy* =y + r(ifp* = p)) +0sca(x", X;) + 0564 (x;),
where the residuals r(ijy* —y*) and r(if p* — p*) are given by
r(izy” —y") = (( LAY =y, D)oo + (v —yiiny" — y*)o,a), (3.40)
(o™ —p), BFJos = (Fu + Ui 7P —pdo),  (34D)

NI~ N[

r(i,p* —p") =
and oscy,(x*, ;) stands for the oscillation term
0sch (X", X}) := (3.42)

1 * * * * * *
5 ((F = F.pi = oy = yilyi =y o +a@’ = uf, ui —uog).
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Proof. Utilizing (3.34) and considering ¢, = (dp, dyh,d0u,) X, we obtain
* * * 1 * * * * *
Jy*,u*) = In(yp,up) = 3 Lol (X)) (X* = X, X}, = X + bp)
1 1 a
+ E(fh —f,0pn)o + E(yg —y% 8Yn)o.0 + E(Uﬁ —u,8up)0,0 + 0sCA(X})
1 1 1
=-3 LX) (X, — X* + ) + E(fh —F,0pn)o0 + E(y;‘f —y%,8Yn)o.0
+ S =, 8up)o 0 + 05ch (X)),
Choosing ¢, = (i7p* — p;., ity* —y;, iju* —u;) X, it follows that
Jy*,u*) = In(yp,up) = ) CoLh (X)) (in X" —X*) + E(f —Th,ph =P o0
1 a
507 =Yy =Y o+ (Ul = Ul uf — U + 050 (X)),

from which the assertion can be deduced. O

Theorem 3.6. Let the assumptions of Theorem 3.5 be satisfied, and let oscy, (X},),
0sc, (X*, ;) be given by (3.35),(3.42). Then, there holds

", u*) = Jn(yi, up)l 1 (3.43)
> (whel+aheh) +losca(x, i)l + 0sc (i)l
TeTL(Q)

Here, the residuals p¥., p. are given by

. 1, -
o = (I8 +u; (B + 5 hy' (A (0930 hr ), (3.44a)
1, _
P = (OA =~y Gy + 5 hy' [ [y ), (3.44b)
whereas the associated dual weights w#., w7. read
WY = (E[ﬁp* —p* [} + hy Ofp* —p* I%IBT) (3.45a)
Wb = (E[ﬂy* —y* G} +hy Oy* —y* I;EIbT) (3.45b)

Proof. The assertion is a direct consequence of the error representation in Theo-
rem 3.5. O

The estimate (3.43) is not yet fully a posteriori both with regard to the dual weights
w4, w¥ and the oscillation term osc;,(x*, X ). In practice, we replace p*,y* in (3.45a),
(3.45b) with p;,y;; and i p*, ijy* with p}, ¥, which are constructed as the quadratic
Lagrange interpolants of p;,y; on a coarser mesh Tx(€Q) using the corresponding
nodal values of p;,y; (cf., e.g., [6]). Likewise, p; — p*,y; —y*,u; —u* in (3.42) is
replaced with p; —p;, ¥y — V5,07 —uj.

4. Residual-type a posteriori error estimation for control constrained
elliptic optimal control problems.

26



4.1. Variational formulation. We consider the following distributed optimal
control problem for a linear second order elliptic boundary value problem with point-
wise control constraints

minimize J(y,u) = % - y'igh + o m-uligh (4.1a)

over (y,u) [CH}(Q) x L*(Q),

subjectto —Ay = f + u, (4.1b)
ulK = {vIIFQ) |v=yae inQ} (4.1c)

Here, Q [R¥ is a bounded, polygonal domain with boundary I := dQ. Moreover, we
suppose that

ul,y? CIF(Q) , f CLF(Q), Y [IP(Q), a [R,. (4.2)

It is well-known that under the assumption (4.2) the distributed optimal control
problem (4.1a)-(4.1c) admits a unique solution (y,u) [CH}(Q) x L2(Q) (cf., e.g.,
[36, 65, 64, 85]) which is characterized by the existence of an adjoint state p CH{(Q)
and a Lagrange multiplier for the inequality constraint (adjoint control) ¢ [11?(Q)
such that

aly,v) = (F+uv)oe , v [HH(Q), (4.3a)
ap,v) = —(y—y“ Voo , Vv IHHD, (4.3b)
u=u+ é(p—o). (4.3¢)
o [alk(u). (4.3d)

Here, a(:, -) stands for the bilinear form

a(w,z) = /IEIIEX . w,z [Hj(Q),
Q

and dl : L2(Q) - 2L°( denotes the subdi [Ekntial of the indicator function 1 of
the constraint set K (cf., e.g., [52]).
We note that (4.3d) can be equivalently written as the variational inequality

(obu—v)oo = 0, v [K, (4.4)
and the complementarity problem
o [IE(Q), y—u CLE(Q), (4.5)
(o, —u)oo = 0,

where L2 (Q) refers to the nonnegative cone in L?(Q).

We define the active control set A(u) as the maximal open set A [Qlsuch that u(x) =
W(x) fa.a. x [CA and the inactive control set I(u) according to I(u) := .., B:,
where B, is the maximal open set B [Qlsuch that u(x) < Y(x) — € for almost all

x [CBl. Then, the complementarity conditions (4.5) can be equivalently stated as:

o(x) = 0 fa.a x [ (4.6a)
o(x) = 0 fa.a x I{u), (4.6b)
o(x) = a @uix)—ypXx)) +px) faa. x CAU). (4.6¢)
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4.2. Finite element approximation. The distributed optimal control problem
(4.1a)-(4.1c) is discretized by continuous piecewise linear finite elements with respect
to the triangulation T,(Q). In particular, we refer to

Vi = {vn CCh(Q) | valr CPL(T), T CTL(Q) },

as the finite element space spanned by the canonical nodal basis functions ¢¢ , a [
N (Q), associated with the nodal points in Q. Moreover, we denote by

Wy, = {wy, CLF(Q) | walr CBK(T), T CTL(Q) }

the linear space of elementwise constant functions on Q. We refer toy,, [V}, and u, [
W,, as finite element approximations of the state y and the control u, respectively. We
approximate the upper obstacle by y;, [T}, with |7 := |T|~* JrWdx, T CTH(Q).
The finite element approximation of the distributed optimal control problem (4.1a)-
(4.1c) reads as follows:

minimize J,(Yn, Up) := % yh -y 2], + %m —ulrzy, (4.72)
over (Yn,Up) V), X W, (4.7b)
subject to a(yn,vy) = (F + Up, Vp)oq, Vi, [V, , (4.7¢)

u, K, = {Wh W, | WhIT < thlT , T DjL(Q)} (47d)

As in the continuous regime, the necessary and su [cieht optimality conditions for
(4.7a)-(4.7d) involve the existence of an adjoint state p, [V}, and an adjoint control
o, W, such that

alyn, Vi) = (F+Uup,Va)oa , Vi [V, (4.8a)

a(pr, Vi) = = (Ya = Y% Vi)o,as Vi OV, (4.80)
1

Un = Ui + — (Mypy —0n), (4.8¢)

o, Cdlk, (un), (4.8d)

where uf W, with uf|y = |T|7! [ uddx, T CIL(Q), and My, 1V, — W, is the
operator given by

(Mpvp)r == |T|*1/vh(x) dx , T CTL(Q). (4.9)
T
Again, (4.8d) can be stated as the complementarity problem
o, =0, Y,—u, =0, (410)
(On, Yy —up)oo = 0.

We define A(uy) and 1(uy,) as the discrete active and inactive control sets according
to

A(up) = |J{T CIQ) | unlr = Yulr 3, (4.11a)
Ty = JA4T COQ | unlr < Wnlr }- (4.11b)
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The complementarity conditions (4.10) readily imply

Gulr = 0, T CTHQ), (4.12a)
onlr = 0 , T [uy), (4.12h)
onlr = a (Ul —W)lr + (Mupp)lr . T CB(up). (4.12¢)

We note that the discrete state and co-state y;, p, [V}, may also be considered as
finite element approximations of an intermediate state y(uy) and an intermediate
co-state p(u;) as the solution of the coupled elliptic system: Given u;, Wy, find
y(un), p(uy) CHE(Q) such that

a(y(u),v) = (f+up, V), v CHH(Q), (4.13a)
a(p(un),v) = — (y(up) —y* V)oq . v CH;(Q). (4.13b)

Obviously, we have

¢(Q) —upleh, (4.14a)
c(Q) Yy(un) e, (4.14b)

where ¢(Q) > 0 is the constant in the Poincaré-Friedrichs inequality

ly(uzn) = Yyli,0
lp(ur) — plio

=
<
Mgh < ¢(Q) |V]io, v CHNQ). (4.15)

Moreover, choosing v = p(uy) —p in (4.13a) and v = y(u) — vy in (4.13b), we find
(P—p(Up), U—Up)oo = — ¥y(uy)Gh < 0. (4.16)

4.3. The residual-type a posteriori error estimator.

4.3.1. Reliability. The residual type error estimator consists of easily com-
putable element and edge residuals with respect to the finite element approximations
yn [V, and p;, [V, of the state y [CH{(Q) and the co-state p [H}(Q) as well as of
data oscillations. In particular, we define

/
Yoomr+ Y HS,E)”, (4.17a)

Ny =
TETH () Ee€&r(Q)
. ) 2 2 \V/?
o= (Y el Y ne) (4.17b)
TETH(Q) i=1 E€&n(Q)

Here, the element residuals ny 7, r]I(f)T 1=i=2, and the edge residuals n, g,n, r are
given by

Nyr = hr E+uylel, T CT(Q), (4.18a)
’1;(),1% = he O —yulolr, T CTL(Q), (4.18b)
NG} = Mup, —paledr, T CILQ), (4.18c)
Ny.e = hy’ M- [V, E CELQ), (4.18d)
M = hy” Mk [Pk, E CEMQ), (4.18¢)
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where E=T; n Ty, T, [1},(Q),1 <V < 2, and ng is the exterior unit normal vector
on E directed towards To, whereas [ [y;] and [ Cpz] denote the jumps of [y] [ppl
across E.

The residual type error estimator n for the finite element approximation of the dis-
tributed control problem (4.1a)-(4.1c) is then given by

n = (n2 + qg)m. (4.19)

Moreover, we define the data oscillations

) = (Y wwh) (4.200)
TET, ()
ur(ud) = mf —up el
/
mw = (> u:r(llJ)z)1 g (4.20b)
TET, ()

pr(p) = -y,

as well as
d d\2 1/2

oscr(y!) = (Y oser(y?) (4.21a)
TETH ()

oscr(y?) = hy ¥ —yji el ,

1/2

osci(f) = (Y oscr(f)?) (4.21b)

TeThL ()

oscr(f) = hy B f, Lok,

where yii LW, and f;, CW,, with yi'|p := [T|7* [ yddx, fulp = T|7F [ fdx, T 1
Tr(Q).
Compared to the element residuals n, r,n, r and the edge residuals n, g, n, £, the
data oscillations oscy, (y?), oscy, () are of the same order for non smooth y¢, ¥ and of
higher order for smooth y¢, f, e.g., y¢, f CH'(Q).

Remark 4.1. The element residuals n, r and nz(f% in (4.18a),(4.18b) may be re-

placed with fi, 7 := hy (L +uy o) and A%, := hy [y —y,, (k. Obviously, n,.z,n'.)

and My, 7, ﬁ;ﬁ% are equivalent up to the data oscillations oscr(f) and osc(y?), respec-
tively. The following results remain valid up to these (additional) data oscillations.

Theorem 4.1. Let (y,p,u,0) and (Y., pPn,Un, 0) be the solutions of (4.3a)-
(4.3d) and (4.8a)-(4.8d), and let n and p,(u?), uy (W) be the residual error estimator
and the data oscillations as given by (4.19) and (4.20a),(4.20b), respectively. Then,
there exist positive constants A and C, depending on a, Q and the shape regularity of
{Tr(Q)}, such that

ly —=yulio + Ip—pulie + I—u,lgh (4.22)
+ [a-ouleh = An + C(uh(ud)+uh(w))-
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For the proof of Theorem 4.1 we will show that the discretization errors as given
by the left-hand side in (4.22) can be bounded by the discretization errors in the finite
element approximations of y(u,) and p(u) by y, and p; and the data oscillations
un(ud) and p,(W). An upper bound for the discretization errors y(u,) — y, and
p(uy) — pr can be obtained as in the case of the finite element approximations of
standard second order elliptic boundary value problems.

Lemma 4.2. Let (y,p,u,0) and (Yn,Pr, Ux, 0r) be the solutions of (4.3a)-(4.3d)
and (4.8a)-(4.8d), respectively, and let p,(u?) be the data oscillation according to
(4.20a). Moreover, let y(uy) and p(uy) be the intermediate state and intermediate
adjoint state as given by (4.13a),(4.13b). Then, there exists a positive constant C
depending only on a and Q such that

Yy = VYuli,0 + P —prli,o + = u,gh + [d—o0,h (4.23)
< C (lyn —yun)lia+Ipn —punla+( Y. )Y + w@) + puu?)).
TeTL(Q)

Proof. Using (4.14a),(4.14b) and (4.15), we find
[y = Yrlio = lyn = y(Ur)l10 + c(Q) = up, Lo b, (4.24)

[P —prlie < |pn — p(Un)li,0 + c(Q) - yrleh (4.25)
< Ipr = p(UR)|1,0 + c(Q)2lyr — Y(Up)l1,0 + c(Q)? [ up, Lo,

[al- o, G} (4.26)
2
< 202 ([ uy Toh + ua(UY ) + 200 Mapa 31,
= 402 (- uy (3 + K3 (UY) +4c(@)Ip — pul
+4[p} — Myps G, < 4(0® + 3¢(Q)®) [Wl—u,, G,
+12c(Q)?|pn — P(un) I o + 126(Q)°lyn — y(Un)li o
+4[p) — Myp, ok + 4017 (u).
Moreover, in view of (4.8c) and using Young’s inequality, we get
a [-u,Gh (4.27)
= (0n —0,u—Up)oo + (P = Pr,U—Un)oo

+(Pr — Mppp, U — Up)o.o + a(u? —uf, u—up)o.o
< (0p —0,u—Uug)on+ (P —Pnr,U—U)o0

a 2
+ =y Gh+ o P~ Mapn 1, + 2ap, (u?).
Observing (4.10), for the first term on the right-hand side in (4.27) we obtain

(0, —0,u—Up)o.0
= (On, U—=U)o0 +(Orn — 0, ¥ — Wn)o,o + (On, Un — Un)o,0
N— ——— ~— —

<o =0
— (O, u—P)oo— (@, U, —Up)oo =< [(Or — 0, — PYr)o,al
" >0
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A further application of Young’s inequality yields
(0r, —0,u—Up)o.0 (4.28)

a _ o?+3c(Q)8® ,
< o+ 3@y & b AT W),

On the other hand, in view of (4.16), for the second term on the right-hand side in
(4.27) we obtain

(P—pr,u—up)oo = (P(Ux) — Pr, U —Up)o,-

Using Young'’s inequality once more, the right-hand side can be estimated according
to

(P(UR) = Pr, U= Up)on < prlt o (4.29)
Using (4.28) and (4.29) in (4.27), we end up with
1
2 3¢c(Q 8
+ 25y o, —pl o+ o = My 3+ ap () + 8% I ey

Hence, taking advantage of (4.30) in (4.26), we obtain

2 8
W) lpn — p(Uh)ﬁ,Q (4.31)

o? + 3¢(Q)®
a2

[G1— 0, [3], < 8c(Q)*(3 +

+ 24c(Q)%)yr, — Y(Uh)ﬁ,sz +8(1+4
(a2 + 3¢(Q)?)?
a2

)@L - Mhph'—%;b

+ (507 + 12c(Q)%) 3 (u?) + 64 W (W).

On the other hand, using (4.31) in (4.30) readily gives

2 2 8
[ u, 2], < c(§22) 5:2 :360(:((99))8 1P — PR o (4.32)
3c(Q)° 9a® + 24c(Q)® , 4
@+ 3@y " a3y M)
4 502 + 12¢(Q)?3
* (G s ey B~ MG
2 8
@+ 30

Combining (4.24),(4.25),(4.31) and (4.32), gives the assertion. O

Lemma 4.3. Let (Y., prn, Un, 0p) be the solution of (4.3a)-(4.3d) and let y(uy), p(ur)

be the solutions of (4.13a),(4.13b), respectively. Further, let n, and ng:)p,npﬂ be the
parts of the residual error estimator n as given by (4.17a) and (4.18b),(4.18e). Then,
there exist positive constants C,,4 <v <5, depending only on the shape regularity of
{TrL(Q)}, such that

Iy(un) = yaliq = Can, (4.33a)
P =Pl = Cs(n2+ > @+ > n2p). (4.33b)

TET, () EE€&,(Q

lyn = y(un)li o +

+ 16

IA
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Proof. Using standard techniques based on Clément’s interpolation operator, for
the discretization error |y(uy) — yi|1,o We obtain

ly(ur) = yali o

SC( Z h2. Eﬂ+uhE§3T+ Z hg EE[@E@E),

TeTH(Q) Ec&n(2) ;
T =My, E

2
Y,

which is (4.33a). Applying the same techniques to the discretization error |p(uy) —
Prl1,0, we obtain

Ipun) = prliq (4.34)
SC( > ohh -yl + ) hg %[@@E)
TETH(Q) Ec&R(Q) _ 2

For the first term on the right-hand side in (4.34), taking advantage of (4.33a) it
follows that

> hi oot —yua) G (4.35)
TeTL(RQ)
= 2( > o -yk + ) hi Muh)—yhl:?),jr)
TeTh(Q) TETH()
= (n$)?

=2 Y (5 + 2h*c(@)? ly(un) —yaliq

TeTh(Q)
=2 Y @)+ 2h?c@?C?n

TeTh(Q)

Combining (4.34) and (4.35) results in (4.33b). O

4.3.2. E Lciehcy. In this subsection, we will establish the e [ciehcy of the
residual-type a posteriori error estimator.

Theorem 4.4. Let (y,p,u,0) and (Y., pPn,Un,0) be the solutions of (4.3a)-
(4.3d) and (4.8a)-(4.8d) and let n, py (U, un(P) and oscy(y4), osc, (F) be given by
(4.19),(4.20a),(4.20b) and (4.21a), (4.21b), respectively. Then, there exist positive
constants A and ¢ depending only on Q and the shape regularity of {T,;(Q)} such that

ly — yhﬁ,sz +|p— phﬁ,sz + [Ul—up @z + [al— gy, @z (4.36)
= An? = ¢k (u?) + osc (v*) + 0sc} (F) ).

The proof of Theorem 4.4 will be given by a series of lemmas.

Lemma 4.5. Let (y,p,u,0) and (Yu, P, Un,0r) be the solutions of (4.3a)-(4.3d)
and (4.8a)-(4.8d) and let n, 7, oscr(f) be given by (4.18a) and (4.21b), respectively.
Then, there exists a positive constant C depending only on the shape regularity of
{Tr(Q)} such that for T [T}(Q)

n2r = C (Iy =yultr + 0 M= u, ) +0sch(F)) - (4.37)
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Proof. We have
nor = hi M+u,G) < 2 h7 O +up, ) + 2 osci(F) . (4.38)

Setting z,, := (f, +uy)|rYr, applying (2.51a) and observing that Ay, | = 0, Green’s
formula and the fact that z; is an admissible test function in (4.3a) imply

hi A +u,fl < Chy (F+Uuy+Ay,,za)or = (4.39)
= Chz (_ a(yn,zn) + (F +Uu,zp)o,
+ (f, = F,zp)0r + (Un — U, Zh)O,T) =
C h (a(y =y 21) + (B = H) + (Un — W, 20)or) =
= C( hZ ly = yulirlznlr + (7 0= uy Lol + hy oscr(F)) [Z) @r) :

Now, by (2.51c),(2.51d) and Young’s inequality, (4.39) gives rise to
hé 0 + un 3 < C(ly = yul} o + i [0, (3 + (4.40)
+ 0563 (F)) + 3 . B+ w3,

Combining (4.38) and (4.40), readily gives the assertion. O

Lemma 4.6. Let (y,p,u,0) and (Yu,Pn, Un,0r) be the solutions of (4.3a)-(4.3d)

and (4.8a)-(4.8d) and let nz(f% oscr(y?) be given by (4.18b) and (4.21a), respectively.
Then, there exists a positive constant C depending only on the shape regularity of
{Tr(Q)} such that for T [T}(Q)

M) = € (Ip—puldr + 3 B0 ya 5] +0sc () (4.41)

Proof. The assertion (4.41) follows using the same arguments as in the proof of
the previous lemma. O

Lemma 4.7. Let (y,p,u,0) and (Yu, Pn, Un,0r) be the solutions of (4.3a)-(4.3d)
and (4.8a)-(4.8d) and let r]z(f% and pr(u?) be given by (4.18c) and (4.20a), respectively.
Then, for T [CT),(Q) there holds

nl(f])“ = [pFpulelr + @—Oh@“+a(|ﬂ|— uhIE}_r+uT(ud)) . (4.42)

Proof. We have
Mypr —Prlolr = [pFprlgl + Mypr —plotr .
Observing (4.3c) and (4.8c), for the second term on the right-hand side we find
VAP ~Plok < [0 04 Lo + o [0y Gk + kr(u?)) |

which readily gives (4.42). O
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Lemma 4.8. Let (y,p,u,0) and (Yu, Pn, Un,0r) be the solutions of (4.3a)-(4.3d)
and (4.8a)-(4.8d) and let n, r and n, g be given by (4.18a) and (4.18d), respectively.
Then, there exists a positive constant C depending only on the shape regularity of
{TrL(Q)} such that for E [E}(Q)

2
n2e < C(ly =yl +hh @-u,dl, +> niz). (4.43)
v=1

Proof. We set (g := (ng[ ¥.D)|g and z;, := ZEljJE. Then, using (2.51b), applying
Green’s formula, observing that z;, is an admissible test function in (4.3a), and taking
advantage of (2.54a),(2.54b), we find

Nep = hgk [Y)E < Che (ng - [ LeWE)o,p

2
= Chg ) (wor, - [¥dzn)oor, = C hg (a(yh —Y.zp) +

v=1

+ (U—Up,Zp)ows + (F+up, Zh)O,w;;) =

C hy/* W [0V (Iy = Yalior +

IA

2
+ (he W u, Gl + (Oon2)") .
v=1

An application of Young’s inequality results in (4.43). O

Lemma 4.9. Let (y,p,u,0) and (Yu, Pn, Un,0r) be the solutions of (4.3a)-(4.3d)
and (4.8a)-(4.8d) and let nz(f} and n, g be given by (4.18b) and (4.18e), respectively.
Then, there exists a positive constant C depending only on the shape regularity of

{Tr(Q)} such that for E CE}(T) , T CT)(Q)
2
n2e = C(Ip—pulfu, +h} D=yl + > (00)%).  (449)
v=1

Proof. The assertion (4.44) can be verified along the same lines of proof as in
Lemma 4.8. O
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Fig. 4.1. Example 1: Visualization of the optimal state y (left) and the optimal adjoint state p
(right)
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Fig. 4.2. Example 1: Visualization of the optimal control v (left) and the optimal adjoint
control o (right)

Fig. 4.3. Example 1: Adaptively refined meshes after 8 (left) and 12 (right) refinement steps

4.4. Numerical results. We present numerical results documenting the perfor-
mance of the adaptive finite element approximation for two representative distributed
optimal control problems that have been considered in [13] in the framework of primal-
dual active set strategies as iterative solvers for such kind of control problems. In
particular, the second example considers a variable obstacle and exhibits a lack of
strict complementarity.

Table 4.1
Example 1: Convergence history of the adaptive FEM, Part I: Total discretization error and
discretization errors in the state, adjoint state, control, and adjoint control

I'| Naotr [ IZ=2zu[ll [ IY—Ynlr [ IP—Pnl1 | [[U—unlo | lo—onllo
1 13 2.27e-01 1.92e-02 | 1.48e-02 1.91e-01 2.11e-03
2 41 1.24e-01 | 1.34e-02 | 1.36e-02 9.59e-02 1.06e-03
3 126 6.19e-02 6.83e-03 | 7.86e-03 4.67e-02 5.48e-04
4 374 3.57e-02 | 3.93e-03 | 4.89e-03 2.65e-02 3.67e-04
5 968 2.50e-02 2.63e-03 | 3.34e-03 1.88e-02 2.50e-04
6 2553 1.77e-02 | 1.92e-03 | 2.33e-03 1.33e-02 1.57e-04
7 5396 1.25e-02 1.31e-03 | 1.67e-03 9.39e-03 1.17e-04
8 | 12318 8.71e-03 9.34e-04 | 1.17e-03 6.53e-03 7.58e-05
9 | 26887 6.17e-03 | 6.52e-04 | 8.38e-04 4.62e-03 5.66e-05
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Example 1: Constant Obstacle
The data in the optimal distributed control problem (4.1a)-(4.1c) are chosen as follows:

Q:=(0,1)% , y?¢ := sin(2nx;) sin(2nxs) %:Xl),
u’=0 , a:=001 , ¢g:=0, F:=0.

Figures 4.1 and 4.2 display the optimal state, the optimal adjoint state, the optimal
control, and the optimal adjoint control, respectively. Figure 4.3 shows the adaptively
generated meshes after 8 (left) and 12 (right) steps of the adaptive cycle. Table 1
contains the error reduction in the total error

02—z, 3= (ly = yali o + Ip = pulf o + [ u, 1, + [@- 0, 1,)"/2

and the errors in the state, the adjoint state, the control, and the adjoint control,
respectively.

0.002 Be-05

0.001 Ge—05

2e-05

ZZ0D,
=N
7

K &4
N NS S

7
(e ANAVAVAVAAVATS

=<

——0.002

—-ze-05

——0.003

Fig. 4.4. Example 2: Visualization of the optimal state y (left) and the optimal adjoint state p
(right))

03 Ge-05
se-05
ae-o05
3e-05

—2e-05

- —1e-05

— 03

Fig. 4.5. Example 2: Visualization of the optimal control v (left) and the optimal adjoint
control o (right))

Example 2: Variable Obstacle
The data in (4.1a)-(4.1c) have been chosen as follows:

Q = (0, 1)2 , yd = 0 , ud = a + 071 (6 + Afza) '
— X1 — 0.5)8 , (X1, %2) COY 3 _
Ve { (x1 —0.5)> , otherwise , a=201, f:=0
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Fig. 4.6. Example 2: Adaptive generated meshes after 6 (left) and 10 (right) refinement steps

11z - z4 1 11z - z4 1

" 0=06 —— ) ) 9=07 ——
uniform - uniform ---x----

102 102

-3 -3
10 10
10% 10° 10* 10° 10 10° 10
Nyof Nyof

2 4 5

10

Fig. 4.7. Example 2: Adaptive versus uniform refinement, ©; = 0.6 (left) and ®; = 0.7 (right)

Here, G and & are given by

i .:{ W(x1,x2) (X1, %2) O CQb
' —1.01 Y(x1,%2) , otherwise '
~ . { 2.25 (x; — 0.75) - 104 (X1, %2) [
0= f ,
0 , otherwise

where Q; and Q, are given as follows

Q1 = {(x1,X2) | ((x1 —0.5)% + (x2 — 0.5)>)"/? < 0.15} ,
Qs = {(xy,X%2) (A| x; =0.75} .

Figures 4.4 and 4.5 display the optimal state y, the optimal adjoint state p, the optimal
control u = G, and the optimal adjoint control ¢ = G, respectively. Figure 4.6 shows
the adaptively generated meshes after 6 (left) and 10 (right) steps of the adaptive cycle.
Figure 4.7 illustrates the benefit of adaptive versus uniform refinement. In particular,
the total discretization error in the state, adjoint state, control, and adjoint control
is shown as a function of the total number of degrees of freedom. Finally, Table 2
contains the same information as Table 1 for Example 1.

38



Table 4.2
Example 2: Convergence history of the adaptive FEM, Part |: Total discretization error and
discretization errors in the state, adjoint state, control, and adjoint control

Naor [ llz=2zulll | Y =Ynl1 [ [P—=Pnl1 | lu—unllo | lle —anllo
13 5.36e-02 6.85e-03 1.04e-04 4.66e-02 8.86e-06
41 3.12e-02 3.83e-03 | 5.99e-05 2.74e-02 4.63e-06
102 2.10e-02 2.39e-03 4.10e-05 1.85e-02 2.29e-06

291 1.41e-02 1.58e-03 | 2.94e-05 1.24e-02 1.39e-06

873 9.31e-03 9.73e-04 1.93e-05 8.32e-03 8.41e-07

2325 6.33e-03 6.17e-04 1.22e-05 5.70e-03 5.60e-07

5816 4.38e-03 4.02e-04 | 7.62e-06 3.97e-03 3.76e-07

14524 3.03e-03 2.66e-04 5.26e-06 2.76e-03 2.42e-07

38364 1.97e-03 1.71e-04 | 3.42e-06 1.80e-03 1.54e-07

O©CONOOOAWNPR| =

5. The goal-oriented dual weighted approach for state constrained el-
liptic optimal control problems.

5.1. Variational formulation. We apply the goal-oriented dual weighted ap-
proach to pointwise state constrained optimal control problems for elliptic partial
di Cerential equations of the form

minimizeJ (y,u) := % -y?3l + % Mgt (5.1a)

over (y,u) [CH}(Q) x L*(Q),

subjectto —Ay = f + u, (5.1b)
y < almost everywhere (a.e) in Q. (5.1¢)

Here, Q [CRY, d [{2,3}, stands for some bounded domain with su [ciehtly smooth
boundary ' =0Q, y?¢, f [1*(Q),a >0, and

Y CWIT(Q), r>d, with | >0. (5.2)

We note that (5.1a)-(5.1c) admits a unique solution (y*,u*) [CM" x L2(Q), where
V"= Wol’T(Q),r > d. The solution is characterized by the following optimality
system (cf., e.g., [27]):

(O 0o — (U*,V)o,0 = (F, V)00, v CHG(Q), (5.3a)
(0P b o + IV, W (Y, W)o.0 = (y*, W)o,0, W VT, (5.3b)
au® —p* =0, (5.3¢)

A, w—y*[£0, w MI"withw= ae. inQ, y"syae inQ. (5.3d)

Here, p* is the adjoint state satisfying p* V%, V° = {w CW"(Q) : w|r = 0},
r—! +s~! =1. For the multiplier A* we have A* [M(Q) where M(Q) is the Banach
space of regular Borel measures in Q. Further, []-Crefers to the duality pairing
between M (Q) and C(Q). We remark that (5.3d) gives rise to the complementarity
system

A =0, y*"=ypae inQ A,y —yplFO0. (5.4)

The numerical solution of (5.1a)-(5.1c) requires to deal with the measure-valuedness
of the Lagrange multiplier A*. For the development of e [cieht solvers, we refer to
[49, 70] and the survey [50]. The paper [33] is concerned with the convergence of a

39



finite element discretization of (5.1a)-(5.1c). Residual-based a posteriori error esti-
mates for adaptive mesh refinement in the numerical solution of (5.1a)-(5.1c) have
been derived in [55, 56].

The concept of goal-oriented adaptivity has been used for pointwise control con-
strained optimal control problems in [45, 87], whereas it has been applied to the state
constrained case in [12, 43, 46, 88].

5.2. Representation of the error in the quantity of interest. The first
order optimality system (5.3) can be formally derived by means of the Lagrangian
L:V"xV*xL%Q)*xM(Q) - R which is given by

L(y,p,u,A) =J(y,u) + (I, IPdo — (U+Ff,p)oo + Ny —bL]l  (5.5)

We set X := (y,p,u), x* = (y*,p*,u*) and X =V x Vs x L?(Q). Then, the system
(5.32)—(5.3c) reads as follows

X", A*)(0x) =0, 6x [X. (5.6)

We denote by V,, the finite element space of continuous piecewise linear finite elements
with respect to a simplicial triangulation T, (Q) of the computational domain Q and
refer to X;, as the discrete space X; = V;, x V;, x V;. We take advantage of the fact
that au* = p* which implies that u* inherits the V ®-regularity of p*. This allows to
discretize both quantities in the same way.

The discrete multiplier pertinent to

yr(a) = Y(a), a [NL(Q), (5.7)

is chosen as a linear combination of Dirac delta functions associated with the nodal
points, i.e.,

M=) Kaba, (5.8)
aE./\/h(Q)
where J, stands for the Dirac measure in a [N, (Q). We set
Mp={= > Kido: K, [H, a [NL(Q}
a€N ()

In order to derive the discrete complementarity system, we define g, := I,y with
I;, being the Lagrange interpolation operator associated with the nodes a [N, (Q).
Moreover, we choose f;, and y¢ as the L2-projections of f and y? onto V;,. Then, the
discrete version of (5.3) is given by

(O o, — (Uh, Vi)o.2 = (Frs Vidoos Ve TV, (5.92)
() DaRho o + N, Wi 3 (Y, Wa)o.o = (Y, Wa)o.o, Wy [V, (5.9b)
au; —py =0, (5.90)
Y@ =yn(@), k;=0, a [NL(Q), o Yi — Wn 3 0. (5.9d)

The system (5.10a)-(5.10c) represents the first order necessary and su [cieht condition
of the discrete version of (5.1a)-(5.1c) as given by

minimized;, (s, Up) = % A —yliZl, + % ), [21, (5.10a)

over (Yn,up) LV}, XV,

subject to ( Ly.] V. )o.0 = (Fr + Up, Vi )o,0, Vi V), (5.10b)
yr(@) = Yn(a), a [N, (Q). (5.10¢)
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The discrete Lagrangian reads

Ly(Xns An) =In (Y, Un) + (O] K)o (5.11)
= (Fn +up,pProo + A, yn — Py L

As in the continuous case, (5.10a)-(5.10c) can be stated as

L (X3, AL (8X) = 0, 8Xp, [Ny, (5.12)
For x XA, A IZISYI(§_2), and x;, X, A, [IM1,, we obtain the relations

L(x% An) = L(X,A) + @ — A,y — WL (5.13)
Q:(Xh, )\h)(éxh) = Q:(Xh, )\)(6Xh) + IIIh - )\, 6yh |_,__| (514)

where x5, = (8Ys, 6pn, dup) Xy, Here, we have used V" IZC;{K_)) due to the Sobolev
embedding theorem. We note that for our model problem (5.1a)-(5.1c) the second
derivative of L with respect to x depends neither on x nor on A. We can thus write

L (0X, &) instead of I;IL(X,)\)(éx,&). Similar observations hold true for L.
Due to X;, X, for 8x, = (dYs, 6ps, 0up) X, we have

0= LLKX*, \)(®xy) (5.15)
= LIAXG,, A)(0Xn) + Ll (X* — Xj,, 0Xp)
= LI, AR)(OXp) + I — A, 8yn 3 ool (X" — X5, 0X5)
= LLh (G, A (0xn) — (F = F4,8pn)o.e — (v = i, 8yn)o.c
+ " — A7, 0y, [F (X' —XJ, 0%p)
= @ =N, 8yn [F Lol (X* — X5, 8%,) — (F — 1, 8pn)o.0
- (yd - yi‘f. dYn)o,0-

Since (5.14) and the first two lines in (5.15) obviously hold true for 6x;, replaced with
any element in X, we further have the relations

Lol (X, — X*, X}, — X*) (5.16)
= L L0, — X", Xj, —X* +8xp,) — A" — A7, dy,, [
+ (F — 14,0pn)o,0 + (Z — 21, 8Y1)o,0,
LI, A) (X" — X;, — 0xp) = LlL(X;, — X", X" — X}, — 0Xp), (5.17)
CI0G, A (X = Xj, — 8%, (5.18)
= A — A"y —y; =0y, [F (X, — X, X* — X}, — 0xXp).

We derive a representation of the di[erence between the continuous and discrete goal
in terms of the Hessian of the Lagrangian and additional contributions.

Theorem 5.1. Let (x*,A\*) X x M(§_2) and (X3, A;) [X; x My, denote the
solution of (5.1a)-(5.1c) and its finite dimensional counterpart (5.10a)-(5.10c). Then,
there holds

1 —
I, U = i U) = =5 Ll (6, = X7, X, = X) + Oy — W3- o5c. (5.19)
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Here, the data oscillations o/s\cgll) read

ose) == 3 osel, (5.20)

TeTn

Aot * 1 *
osey) = (y; — vyl —yDor + 5 0 =i Ig) + (f = F.pi o

Proof. We note that J(y*,u*) = L(x*,A*) and Jin(y;,u;) = Ln(X;,A}). By
Taylor expansions, in view of (5.13)-(5.14), the complementarity relations (5.3d) and
(5.9d) as well as (3.31) and (3.32a), we obtain

I = i, i) = LOC N = L, A7) =
= LAY = La(X™, A) — Lelh (X7, M) (X, — X7)
- % Ll (X7, — X*, X5 — X*)
=35 u) = dnly  u) + (Fr = F,p")0,0 — I,y — [
— L (X, NG, — X)) — % Coalln (X}, — X*, X}, — X¥)
= o8¢} — O,y — W3 LI, )G, = X7)
- % Lol (O, — X*, X5 — X¥)
= o5t — O, y* —yi O I = A, y; —y O
- % Ll (X5, — X*, X5 — X*)
= gscV) + [V, y; — b % ool (X — X*, X5 — X*),
which allows to conclude. O

Remark 5.1. (i) In case A* =0,A; =0 we obtain
* * * 1 * * * *
I, u*) = In(yy, up) = 5 Ll (X5, AR (X — X5, — 0Xp)

1 * * 1 * *
+ E(fh —f,p" —prloa+ §(YZ —ylLy* — Yi)o,o

+osclV,

which corresponds to the unconstrained case (cf. Theorem 3.5 in section 3 and [10,
Proposition 4.1]).
(if) The contribution [AF,y; — @ [¢an be rewritten as

A, yr — 0= A,y — W, O3 I, gy, — Wi (5.21)

We note that (5.21) describes the error in complementarity. In fact, the second
term represents the data oscillation in the upper bound on the state weighted by the
continuous Lagrange multiplier, whereas the first term on the right hand side of (5.21)
reflects the mismatch in complementarity.

We introduce the interpolation operators

iV SV, r>r>n , i#:V°.V,,1<s<s<n, (5.22)
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such that for all y V1" and p [CVI* there holds

1/r
(¢ Vay—yE,) | WLy, 0sts1, (5.232)
_r 1/r
(h%’” Gy —y Gl +hy 20y —y Eé,l,aT) i 1w (5.23b)
s 1/s
(he P — pLr +hy /o — Pl or) | CTATEL Dy (5.230)

where Dy := | {T’ T, | No(T) n Np(T) E

Examples for interpolation operators satisfying (5.23a)-(5.23c) are the Scott-Zhang
interpolation operators (cf., e.g., [81]). Now, we can further dwell on the evaluation
of the Hessian of the Lagrangian and represent the error by means of primal-dual
residuals, the primal-dual mismatch in complementarity, and oscillation terms.

Theorem 5.2. Let the assumptions of Theorem 5.1 be satisfied and let i%’,w [
{v,p}, be the interpolation operators (5.22). Then, there holds

(", u™) = In(yy, up) = —r(iyw* —w") + g, + 0SCh. (5.24)
Here, r(iw* —w*) stands for the primal-dual-weighted residuals
r(i;w" —w") 3:§ ((Yh -y, iy =y oo+ (LY —y"), 0o (5.25)
+ (" —p*), oo — (U, + Fr, i3p" — P*)o,sz)-

The term ¢, represents the primal-dual mismatch in complementarity

1
4= 5 (Y, — WO O, 4, — y O (5.26)

Finally, osc,, refers to the data oscillations
oscy, := osc!) + osel”, (5.27)
with o’s\cg) being given by (5.20) and o’s\cf) by

@ ._ 1

0S¢, =35 ((f —fu 0l =P o + 6 iYL — y*)O,T). (5.28)
TeTy

Proof. In view of (5.16)-(5.17) and using dx;, = (dy, 6pn,0uy) X, we obtain
IO U = 35 U3) = 5 oADK = X3, X5 = X+ 8%0)
+ %Iﬂ* — AL Oy 3+ %(fh —T,0pn)oa + %(y,‘f —y%,8y1n)0.0
+ I,y — Y3 osct”
= —% LI, A7) (X, — X* +6x%p,) + %m;; + ANy, =y
+ 2B =F.5Jo + 501 =y ByJo + oscf
= —% L O, A5 (X — X5+ 0xp,) + %[N;; + AN yE =y
N %(f = F1. P — P o0 + %(yd — Y Yi =Y oq +osci .
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Choosing dx;, = (ijy* —vy;,ip* — p;,ijru* —uy) X, and using complementary
slackness, we deduce
J(y*,u") = In(yn, up) = ) Ll (<5, AR ) (I X" — XF) + 5[ by Wn — Yy L]

+ Iy, =W S(F = Fup; =P oo + 507 Vi Vi —Y doa + osc!,

where i,x* = (ijy*, ifp*, iju*). The assertion now follows from (3.30), I} ,ijy* —
y* [ 0 due to (ijy*)(@) = y*(a) for a [N,(T,), and auy —p; =0 a.e. in Q. O

The only easily computable term on the right-hand side in (5.24) is the oscillation term

o’s\cg). All other terms still involve the unknown optimal state y*, the optimal adjoint

state p* and/or the optimal multiplier A*. In the next section, we will deal with those
remaining terms and provide approximations that are a posteriori in nature.
5.3. Primal-dual weighted a posteriori error estimator .

5.3.1. Primal-dual weighted residuals. We will first deal with an evaluation
of the primal-dual weighted residuals.

Theorem 5.3. Under the assumptions of Theorem 5.2 there holds

iz =291 Y (ol +pof). (5.29)

TeT,

Here, the residuals pgﬁ), 1<i=<2, are given by

. /r
o = (e e+ i) ) 300

1
= foru L by = Sver [0V, T OO,

s 1/s
o = (Gl + e P Gl or) (5.30b)
. 1
rf(Z?) = yh_yg ’ ré%])‘ = EV@T'[L—p-ZJ, T D]Ly

where [-] denotes the jump across 0T. The associated weights wgﬁ), 1<i=<2 read as
follows

s . . 1/s
off) = (0p* = p 3L, +hyY " —p* Glor) . (5.31a)
(2) * * r/2 * * 1r
of = (O —y Ghe + WY~y Glor) - (5.31b)
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Proof. Applying Green’s formula elementwise, we obtain

2r(izz  —z) = Y [, iPp* = por + (052 iPp* —poor]  (5.32)
TeT,
+ 31Oy =y o + (X iy =y oor] + O, ity —y
TG,Z’}L

Denoting the first two terms on the right-hand side in (5.32) by I, and |5, respectively,
by straightforward estimation we find

i< ST e —porl + 1y 2rGl 2 @p —pNoorll  (5.33)
TeT,
< > Gl Op" — p* Gl + hy /2 E)) G} orhy/* Gp* — p* (o1 01(5.34)
TeTh
Y e, (5.35)
TeTh

Similarly, we obtain

Il ) ol (5.36)

TeT),
Combining (5.33) and (5.36) gives the assertion. O

We note that the weights w(TZ), 1 <i < 2, for the residuals pg) still depend on the
unknown optimal state y* V1" and the optimal adjoint state p* [\V1°. One way to
overcome this di Cculty is to replace ijy* —y* and i¥p* — p* in (5.31a)-(5.31b) with
ig)y; —y; and ig)p;ﬁI — p;, where ig)y; and ig)p;‘l are the quadratic Lagrange inter-
polants of y;, p; on a coarser mesh Ty with T;, [CT} using the corresponding nodal
values of y;,p; (cf., e.g., [6, 43]). Here, we proceed in a slightly dilerent way: We
estimate ify* —y* and i} p* —p* by (5.23a)-(5.23c) and replace y L} p,., (1@ Gl p,
with v} G} b, [0} Gk, p.. We thus obtain the computable approximations

o = hy 10D, (5.37a)
of) = hy Gl (5.37b)

Substituting w(Ti) by G)(Ti), 1 < i < 2, we obtain the primal-dual weighted a posteriori
error estimator

2
P =0 et = eer T OO (5.38)
TeTh =1

5.3.2. Primal-dual mismatch in complementarity and weighted data os-
cillations. For the representation of the mismatch term ¢;, = ¢, (y*,y;) (cf. (5.26)),
we define the active set A* and the inactive set 1* at optimality (x*, A*) according to

A" ={x [A:y*(X) =pXx)}, 1":=Q\A" (5.39)
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The discrete analogues of A* and 1* are defined as follows: Denoting by

A= CIL .. NR Y yi (k) = W)} 1 =41, .N,I\AL  (5.40)

the active and inactive vertices, we define the discrete active and inactive sets by
means of

fo={T CTWQ) : NW(T) CALY, 1} :=Tu(Q)\ A} (5.41)

Next, setting J* = {j [1,..., Ny} : x; CIF} and observing W, (X;) = Y(x;) for all
J=1,...,Np, we have

O, W =y O N, W =y T3 Y K (W0G) —y (%)) 20,
jeJ*
where K} 1= K¢ for x; [N,(Q). Consequently, the right hand side above represents
the primal- dual weighted mismatch in complementarity in 1*. Due to the continuous

and discrete complementarity systems (5.3d) and (5.9d), ¢, is equivalent to
1
=3 [, — N gp —y O3 O, — A" @~y O3 O, + A, gy, — i (5.42)

We recall that A}, y; — 5= A, y; — W, 5= 0 as well as [, ¢ — Y, [F 0 for any
A, [IW;,. For the further treatment of the dual products on the right-hand side in
(5.42), we will consider the so-called regular and non-regular cases with regard to the
structure of the Lagrange multiplier as investigated in [14].

Regular case. We assume that { is such that Ay [CH?2(Q) and that the coinci-
dence set A* satisfies

Ar =" AL C(int(AN)) = A5, 1=<i=m,
ArnA =[d1<iBj=m, (A)
A;, 1<i=m, is connected with C':*-boundary.

Since A* n I = [k implied by assumption (5.2) on the data (Slater condition for
(5.1a)-(5.1c)), in view of [14, Thm.2] we have

p* OV,  p*linga-) CHA(INt(AY), p*lz- CH?(17). (5.43)

Moreover, denoting by F* := A* n cl(1*) the free boundary between the coincidence
set and the non-coincidence set, there holds

p* =—aAy in A%, (5.44a)
—Ap* =yl—y* inl*, (5.44b)
p*=—aAy onF*,
N= Wk, gt CER(Q), wi CHYP(F), (5.44c)
where
«_1] 0 on I'*,
pu = { yd _ lIJ _ GAQqJ on A*, (545a)
. _ _0pTlz- oAy
R T + aanA* . (5.45h)
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Here, L% (Q) and Hi/Q(F*) stand for the non-negative cones in L2(Q) and H/2(F*),
respectively.

Following [47] (cf. also [48, 62]), we provide an approximation of the continuous
coincidence set A* by

Xo= 1= YTy iZy;_;
yh™ + ¢ —ijy;

where 0 <y <1 and r > 0 are fixed. Denoting by X(S) the characteristic function of
S Q] for T CAF, we find

XA = X7 Gl < min(IT[Y/2,y ' h=" 0 — ity Golr),

which converges to zero whenever yT —ily; Lo} = O(h?),q > r. Likewise, for T 13
one has IX(A*)—)(;;‘*@ - 0ash - 0. Now, forfixed0<k<land0<s<rwe
provide approximations A; of A* and I} of 1* according to

A

=%
Il

KT 00 1 %3 (%) = 1 —«h* for all x (T8, (5.463)

I U{T CT), | x7¥ (x) < 1—kh® for some x [TI}. (5.46b)

=%
Il

We define approximations Tasnaz, Tzna; and Ta<nz; of A*nA;, I*nAj and A*nl;}
by means of

TA*(‘]A;; = A;; n AZ, TI*[‘}A;; = I;; n A;;, TA*QI;; = AZ n I;{,

If int i; g [End int AA\;; 8§ L ve introduce

H]:'Z -

op; |5«
- D g 94 (5.47)
6ni},§ 6nA;

as an approximation of (5.45b), where F; := dA% n 1;. Based on (5.44a)-(5.44c),
(5.45a), (5.45b) and (5.47) we are now able to provide approximations of ¢; for the
four sets 1* n 1, A* n A}, A" n 1, 1* n A}, which represent a partitioning of Q. We
use

M=) K,

a€N (R2)

¥i(@):=card(N @)™ > yi(@),

a’ €Ny (a)
where

Ny(a) == {a} (3@ [N,(Q) | a’ and a are connected by an edge e CE}L(Q)},

47



and further define ZA,(I”), 1 <v <5, according to

=Y 4V, (5.48)
TeT,

sy . | B0 Y] — bR, T LT} E =T n T_ CEAF)),

g 0,, otherwise,

G = Z : (5.49)
Te

N % |<y;; 9@k, T LTk,

7("2) = aeNh h

0, otherwise,

(= : (5.50)
TETh

s . [ 2V =W - PO Gy G, T Oy

T 0, otherwise, '

G = > &, (5.51)
TeT),

sy _ [ s — b — AW LAy — Wi, T OO g

T 0, otherwise,

G = > &, (5.52)
TeTy

25) 1Y W D@IK T [T,

(= a€NL(T)

0, otherwise,

This leads to the approximations

Olgenz: =0+ 87 Qg =07+ 37, (5.53a)

Olacng: =0 +80 Gl =07+ 37 (5.53b)

For more details, we refer to [46].

Nonregular case. In the non-regular case, we assume the following structure of
the active set A*:

A* is a Lipschitzian, strongly non-self-intersecting curve in Q . (A2)

Here, a curve C is called strongly non-self-intersecting, if for every a [int(C) there
exists an open neighborhood U (a) such that U(a)\C consists of two connected compo-
nents. Hence, A* divides Q into two connected components Q. and Q_. The Slater
condition (5.2) implies A* n ' = [and hence, [14, Thm.4] provides the following
characterization:

(ORI Do = (y¢—y*, w) — I, wj] w CW 57 (Q), (5.54a)
A= U0 = Ve Oy —vae - 0Tl (5.54b)
Here, v 4- stands for the unit outer normal to A* pointing towards A% := A* n §_2+
and A* :=A*nQ_.
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We further define Wiz according to
h

. Va; - [R5l —vz; - Opzky; , if meas(A;) >0, 6 55
e "=\ v - Dha; L — Vs - Cla; |, if meas(A}) =0, (5-55)
where, for meas(A;) =0, v.4; and Aj , are defined as in the continuous case.
As in the regular case, we apprOX|mate (p, for the four sets 1" n 1, A* n A}, A" n

15, 1% n A% We refer to ', Z'*) and * as the error terms given by (5.48), (5.49) and
(5.52) W|th u in (5.48) replaced with (5.55). We obtain the following approximations

Zh|z;mz; = Z;(Il) + Z;(f), ZhlA* na; = A(l) (5.56a)
Olacnz: =870 Glpona: =GV + 3. (5.56b)

Finally, the data oscillation term osch) (cf. (5.28)) can be estimated by means of

oscl?) = osc?, (5.57)
TeT,

osci?) = B, ol (0], — B}, Lo + 2+ 2, o V) — §

where p; is defined in the same way as y; before. We obtain the following approxi-
mation of the data oscillations

.

o5, := osc.”) + asel”. (5.58)

5.4. Numerical results. We study the performance of the adaptive algorithm
by its application to two test examples. The first example features a coincidence set
consisting of a simply-connected subdomain with a smooth boundary and the origin.
Hence, it essentially fits the setting of the regular case treated in subsection 5.3.2. The
second example represents a degeneration of the non-regular case with the coincidence
set consisting only of a single point. Both examples involve a given shift control u,
i.e., the objective functional is of the form

J(y,u)=%l1|—z@7+%lﬂl—ud@,

This generalization is easily accommodated for by the theory developed in subsections
5.1-5.3, since the shift control can be formally absorbed by the right-hand side of the
state equation.

Example 1: The data of the problem are as follows

Q:=(-2,2), =y*(r) + Ap*(r) + A (r), ui=ur(r)+a ! pr(r),
f=0 ,b:=0 0(:=0.1, c=0, Ip:=o0Q.

Here, y* = y*(r),u* = u*(r), p* = p*(r), and A* = N*(r), r := G +x3)/2, (x1,x2)" [
Q, are chosen according to

y'(r):
p(r) = ya(r) (r' =

—rsyi(r) , u():=-Ayi(r),

9 , frpy 0, r<0.75,
+Er) , )\(r).—{

3 4
2" 0.1, otherwise,
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where

1, r <0.25,
—192(r — 0.25)° + 240(r — 0.25)* — 80(r — 0.25)3 + 1, 0.25 < r < 0.75,
0, otherwise,

Y1

(1, r<o7s
Y2:= 9 0, otherwise.

0198
[rwz
0247

Fig. 5.1. Example 1: Optimal state y{left) and refined mesh after 26 refinement steps (right)

The optimal state y* is strongly oscillating around the origin with the coincidence
set given by A* = {(r,¢) [CRIx[0,2n) : 0.25 < r < 1} [{{0,0)}. Both the optimal
state y* and the optimal adjoint state p* are displayed in Figure 5.1.

2 * % *
10 ) [3(y u) - Ipy poui )l
10
1
= 10 10°
. =
=5 -1
T 0
2 10
i 3
3 10t 10
o -4
> 10
S, -5 -
10 10 .
% =05 10%F ——9=03
10° —+— uniform 107 --#-- uniform
1 2 3 4 5
10 10 10 10 10 10° 10t 102 10° 10 10 108
DoF N

Fig. 5.2. Decrease of the error in the objective functional as a function of the degrees of freedom
for adaptive refinement and uniform refinement. Left: Ex. 1 (6 = 0.5); right: Ex. 2 (6 =0.3)

The performance of the adaptive algorithm is illustrated in Figure 5.2 (left)
where the absolute error in the quantity of interest (objective functional) |J (y*, u*) —
Jn(y;,up)| is displayed on a logarithmic scale as a function of the total number of
degrees of freedom both for adaptive refinement (8 = 0.5) and uniform refinement.

Example 2: The data of the problem are as follows

1 1., 1
= = =44+ — — — + —
Q:=B(0,1), Tp=C1z:=4 - 4nr 2nm(l’),
1 1
d =44+ — 2 _ - = = =r 4+
u(r) ;=4 4nr ann(r), a:=10, f:=0, b(r):=r+4
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[ [ DoF [ 9"—J;] [ ELIAd. |[ | DoF | B*—J;[ | ELIn. |

26 3030 9.69E-03 1.28 31 32475 1.03E-06 6.93

27 3618 7.86E-03 1.31 32 43005 7.54E-07 7.91

28 4255 7.07E-03 1.27 33 58605 5.69E-07 7.93

29 5042 6.78E-03 1.14 34 76142 4.31E-07 8.22

30 6048 5.56E-03 1.18 35 96300 3.33E-07 8.25

31 7177 5.17E-03 1.05 36 125943 2.59E-07 8.23
Table 5.1

Error in the objective functional and e [ectivity indices for Ex. 1 (left) and Ex. 2 (right)

for 0 < r = 1. The optimal solution is given by

* — * _i 2_i * — L
y*(r) =4, p(r)—4nr 2nln(r), u*(r) =4, A\ =39,.

Cells Cells
2-Coords 2-Coords
a 101

- a —0827

- a ~0734

- 0547
-~ 0453
_— 036

0266
[ 4a I:rma
4 00795

Fig. 5.3. Example 2: The computed optimal state y/—{left) and the optimal adjoint state p/—
(right)
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Fig. 5.4. Example 2: Adaptively refined grid after 20 (left) and 24 (right) refinement steps

The computed optimal state y; and the optimal adjoint state p; are displayed in
Fig. 5.3. The adjoint state p* has a singularity at the origin. We note that the peak
of y; at the origin (see Fig. 5.3 (left)) is a numerical artifact due to the singularity
at this point. The adaptively generated meshes are shown in Fig. 5.4 (after 20 (left)
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and 24 (right) refinement steps). Fig. 5.2 (right) shows the error in the objective
functional for adaptive (6 = 0.3) and uniform refinement as a function of the total
number of degrees of freedom. The expected optimal slopes of the curves are reached
in the asymptotic regime.
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