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Abstract. We aim at a survey on adaptive finite element methods for optimal control problems
associated with second order elliptic boundary value problems. Both unconstrained and constrained
problems will be considered, the latter in case of pointwise control and pointwise state constraints.
Mesh adaptivity is realized in terms of a posteriori error estimators obtained by using residual-type
error control and/or by weighted dual residuals within the goal-oriented dual weighted approach.
In order to make the exposition self-contained, we provide the basic concepts of residual-type and
goal-oriented a posteriori error control for elliptic boundary value problems and then apply both
concepts to unconstrained elliptic optimal control problems. Control constrained problems will be
exemplarily treated within the residual-type a posteriori error analysis, whereas the case of pointwise
state constraints will be dealt with by means of dual weighted residuals.
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1. Introduction. Adaptive finite element methods (AFEMs) are important tools
for the efficient numerical solution of partial differential equations and systems thereof
(cf., e.g., the monographs [1, 3, 6, 35, 74, 86] and the references therein). The aim
is an automatic refinement and/or coarsening of the underlying finite element mesh
on the basis of cheaply computable a posteriori estimators that provide upper and/or
lower bounds for the global discretization error or some other problem-dependent er-
ror functional. Several error concepts have been developed over the past two decades
including residual-type estimators [2, 3, 86] that rely on the appropriate evaluation
of the residual in a dual norm, hierarchical type estimators [8, 58, 59] where the error
equation is solved locally using higher order elements, error estimators that are based
on local averaging [22, 89], the so-called goal oriented dual weighted approach [6, 35]
where information about the error is extracted from the solution of the dual problem,
and functional type error majorants [74] that provide guaranteed sharp upper bounds
for the error. A convergence analysis of AFEMs for conforming FE approximations of
second order elliptic boundary value problems has been initiated in [34] and further
studied in [15, 28, 72, 82]. Mixed and nonconforming AFEMs have been considered in
[24, 25, 29, 53], edge elements for H(curl)-elliptic problems in [23, 57], and variational
inequalities in [18, 19].

As far as the a posteriori error analysis of adaptive finite element schemes for
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elliptic optimal control problems is concerned, residual-type a posteriori error estima-
tors have been derived and analyzed in [31, 62, 66, 67, 68]. In particular, the case of
pointwise control constraints has been dealt with in [37, 48, 54, 60], whereas pointwise
state constraints have been addressed in [43, 55, 56]. The recent paper [44] is con-
cerned with constraints on the gradient of the state. The goal-oriented dual weighted
approach has been applied in [6, 9, 10] to unconstrained, in [45, 87] to control con-
strained, and in [12, 46, 47, 88] to state constrained problems. In [63], estimators
based on gradient recovery have been studied, whereas the contributions [39, 40] are
devoted to the application of functional type error majorants and minorants. A first
step towards a convergence analysis has been done in [38]. Otherwise, this issue is
still widely unexplored territory.

This article aims to provide a survey on the application of residual-based a pos-
teriori error estimation and the goal-oriented dual weighted approach to optimally
controlled second order elliptic problems. It begins with a brief overview on the
underlying concepts for elliptic boundary value problems in section 2 and continues
with a unified approach to unconstrained elliptic optimal control problems in section
3. Sections 4 and 5 follow to a large extent the exposition in [46, 48] and deal with
residual-type a posteriori error estimators for pointwise control constrained problems
(section 4) and the goal-oriented dual weighted approach in case of pointwise state
constraints (section 5).

2. Concepts of a posteriori error control. Adaptive Finite Element Methods
(AFEMs) typically consist of successive loops of the sequence

SOLVE → ESTIMATE → MARK → REFINE . (2.1)

The first step SOLVE stands for the efficient solution of the finite element discretized
problem with respect to a given triangulation of the computational domain. Efficient
iterative solvers include multilevel techniques and/or domain decomposition methods.
As far as their application to PDE constrained optimization is concerned, we refer
to the survey article [16]. The second step ESTIMATE requires the a posteriori
estimation of the global discretization error or some other error functional as a basis
for an adaptive mesh refinement and will be in the focus of this contribution. The
following step MARK is devoted to the specification of edges, faces, and elements
of the triangulation that have to be selected for refinement in order to achieve a
reduction of the error. Most strategies that are in use are of heuristic type and realize
some sort of equidistribution of the error based on either the maximum or the average
of the local components of the error estimator. Within the convergence analysis of
AFEMs a so-called bulk criterion, meanwhile also known as Dörfler marking, has been
investigated which selects sets of edges, faces and/or elements such that the sum of
the corresponding local error components exceeds the total estimator by a certain
margin. Finally, the last step REFINE realizes the refinement of the mesh. Usually,
bisection or the so-called red-green refinement or a combination thereof is used.
In particular, in subsection 2.1 we will be concerned with the reliability and efficiency
of a posteriori error estimators. Then, subsection 2.2 will be devoted to residual-type
a posteriori error estimation, whereas subsection 2.3 will deal with the goal-oriented
dual weighted approach. Finally, in subsection 2.4 we will briefly address marking
strategies as well as the technical realization of the refinement process.

We adopt standard notation from Sobolev space theory [83]. In particular, for D ⊆ Ω
we refer to L2(D) and Hs(D), s ∈ R+, as the Hilbert space of Lebesgue integrable
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functions inD with inner product (·, ·)0,D and associated norm ‖·‖0,D and the Sobolev
space of functions with inner product (·, ·)s,D and norm ‖ · ‖s,D. For Σ ⊆ ∂D and
a function v ∈ Hs(D), we denote by v|Σ the trace of v on Σ and define Hs

0,Σ(Ω) :=
{v ∈ Hs(Ω) | v|Σ = 0}.

For a closed subspace V ⊂ H1(Ω) we assume

a(·, ·) : V × V → R (2.2)

to be a bounded, V -elliptic bilinear form, i.e.,

|a(v, w)| ≤ C‖v‖k,Ω‖w‖k,Ω, v, w ∈ V, (2.3)
a(v, v) ≥ γ‖v‖2

k,Ω, v ∈ V (2.4)

for some constants C > 0 and γ > 0.
We further assume ℓ ∈ V ∗ where V ∗ denotes the algebraic and topological dual of V
and consider the variational equation: Find u ∈ V such that

a(u, v) = ℓ(v) , v ∈ V. (2.5)

It is well-known by the Lax-Milgram Lemma (cf, e.g., [17, 21, 32] that under the above
assumptions the variational problem (2.5) admits a unique solution u ∈ V .
The standard example is Poisson’s equation: Let Γ = ΓD ∪ ΓN ,ΓD ∩ ΓN = ∅ and
V := {v ∈ H1(Ω) | v|ΓD

= 0} and

a(v, w) := (∇v,∇w)0,Ω, v, w ∈ V, (2.6)
ℓ(v) := (f, v)0,Ω + (g, v)0,ΓN

, v ∈ V, (2.7)

where f ∈ L2(Ω) and g ∈ L2(ΓN ). Then, (2.5) represents the weak form of Poisson’s
problem

−∆u = f in Ω, (2.8a)
u = 0 on ΓD, (2.8b)

n · ∇u = g on ΓN , (2.8c)

where n stands for the unit outward normal on ΓN .
We remark that in case ΓN = ∅ we have V = H1

0 (Ω) (pure homogeneous Dirichlet
boundary conditions), whereas in case ΓD = ∅ the appropriate function space is
V = {v ∈ H1(Ω) | (v, χΩ)0,Ω = 0}, where χΩ stands for the characteristic function
of Ω. In these cases, the V -ellipticity of the bilinear form a(·, ·) follows from the
Poincaré-Friedrichs inequalities

‖v‖0,Ω ≤ C
(

|v|1,Ω + |
∫

Γ

vds|
)
, (2.9a)

‖v‖0,Ω ≤ C
(

|v|1,Ω + |
∫

Ω

vdx|
)
, (2.9b)

where here and in the sequel C refers to a generic non-negative constant.
An important issue in the theory of partial differential equations is the regularity

of a solution. For instance, considering Poisson’s problem (2.8), it is well-known (cf.,
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e.g., [73]) that for a convex domain Ω ⊂ R
2 with piecewise smooth boundary Γ and

f ∈ L2(Ω) the weak solution u ∈ V of (2.5) satisfies u ∈ V ∩H2(Ω) and

‖u‖2,Ω ≤ C‖f‖0,Ω.

However, there is less regularity, if the domain Ω is no longer convex. A classical
example is the so-called L-shaped domain:
Consider (2.8) in

Ω := (−1,+1) × (0, 1) ∪ (−1, 0) × (−1, 0], (2.10)
ΓD := {0} × [−1, 0] ∪ [0, 1] × {0} , ΓN := Γ \ ΓD. (2.11)

and assume f ≡ 0 and g such that u(r, ϕ) = r2/3sin(2
3ϕ) is the exact solution of the

problem. The solution belongs to V ∩H5/3−ε(Ω) for any ε > 0 (but not to H5/3(Ω)!)
and has a singularity in the origin. For further examples with regard to nonconvex
domains Ω we refer to [42].

Finite element approximations of (2.5) are based on the Ritz-Galerkin approach:
Given a finite dimensional subspace Vh ⊂ V of test/trial functions, find uh ∈ Vh such
that

a(uh, vh) = ℓ(vh), vh ∈ Vh. (2.12)

Since Vh ⊂ V , the existence and uniqueness of a discrete solution uh ∈ Vh follows
readily from the Lax-Milgram Lemma. Moreover, we deduce from (2.5) and (2.12)
that the error eu := u− uh satisfies the Galerkin orthogonality

a(u− uh, vh) = 0, vh ∈ Vh, (2.13)

i.e., the approximate solution uh ∈ Vh is the projection of the solution u ∈ V onto Vh

with respect to the inner product a(·, ·) on V (elliptic projection).
Using the Galerkin orthogonality (2.13), it is easy to derive the a priori error estimate

‖u− uh‖1,Ω ≤ M inf
vh∈Vh

‖u− vh‖1,Ω, (2.14)

where M := C/γ with C, γ from (2.3),(2.4). This result tells us that the error is of
the same order as the best approximation of the solution u ∈ V by functions from the
finite dimensional subspace Vh. It is known as Céa’s Lemma. A priori error estimates
in other norms can be established as well. For instance, L2-error estimates can be
established by the Aubin-Nitsche duality technique also known as Nitsche’s trick: Let
z ∈ V be the unique solution of the adjoint variational equation

a(v, z) = (u − uh, v)0,Ω, v ∈ V. (2.15)

Again, the Galerkin orthogonality (2.13) infers that for any vh ∈ Vh

‖u− uh‖2
0,Ω = a(u− uh, z) = a(u− uh, z − vh) ≤

≤ C‖u− uh‖1,Ω ‖z − vh‖1,Ω,

and hence,

‖u− uh‖0,Ω ≤ C
(

inf
vh∈Vh

‖z − vh‖1,Ω

‖u− uh‖0,Ω

)
‖u− uh‖1,Ω. (2.16)
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In general, the term inside the bracket is small so that the error in the L2-norm can
be expected to be significantly smaller than the Hk-error. For error estimates in the
L∞-norm we refer to [17, 21, 32].

The Ritz-Galerkin method also gives rise to an a posteriori error estimate in terms of
the residual r : V → R

r(v) := ℓ(v) − a(uh, v), v ∈ V. (2.17)

In fact, it follows from (2.4) and (2.17) that for any v ∈ V

γ‖u− uh‖2
1,Ω ≤ a(u− uh, u− uh) = r(u − uh) ≤

≤ ‖r‖−1,Ω ‖u− uh‖1,Ω,

whence

‖u− uh‖1,Ω ≤
1
γ

sup
v∈V

|r(v)|
‖v‖1,Ω

. (2.18)

2.1. Reliability and efficiency. Given some approximation uh ∈ Vh of the
solution u ∈ V of (2.5), we want to gain information on the error eu := u − uh

in some norm ‖ · ‖a on V in order to improve the quality of the approximation by
eventually refining the finite element mesh, if Vh is an appropriate finite element
space with respect to a triangulation Th(Ω) of the computational domain Ω. An
a posteriori error estimator ηh is a computable quantity that may depend on the
data of the problem (computational domain, coefficients of the equation, right-hand
side, boundary conditions), on the underlying triangulation, and on the available
approximate solution uh and that provides information on the error in terms of upper
and/or lower bounds.

An error estimator ηh is called reliable, if it provides an upper bound for the error up
to data oscillations oscrel

h , i.e., if there exists a constant Crel > 0, independent of the
mesh size h of the underlying triangulation, such that

‖eu‖a ≤ Crel ηh + oscrel
h . (2.19)

On the other hand, an estimator ηh is said to be efficient, if up to data oscillations
osceff

h it gives rise to a lower bound for the error, i.e., if there exists a constant
Ceff > 0, independent of the mesh size h of the underlying triangulation, such that

ηh ≤ Ceff ‖eu‖a + osceff
h . (2.20)

Finally, an estimator ηh is called asymptotically exact, if it is both reliable and efficient
with Crel = C−1

eff .

The notion ’reliability’ is motivated by the use of the error estimator in error control.
Given a tolerance tol, an idealized termination criterion would be

‖eu‖a ≤ tol. (2.21)

Since the error ‖eu‖a is unknown, we replace it by the upper bound in (2.19), i.e.,

Crel ηh + oscrel
h ≤ tol. (2.22)
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We note that the termination criterion (2.22) both requires the knowledge of Crel and
the incorporation of the data oscillation term oscrel

h . In the special case Crel = 1 and
oscrel

h ≡ 0, it reduces to

ηh ≤ tol.

Due to (2.19), the termination criterion (2.22) guarantees the error control (2.21)
which justifies to call the error estimator reliable.
An alternative, but less used termination criterion is based on the lower bound (2.20),
i.e., we require

1
Ceff

(
ηh − osceff

h

)
≤ tol. (2.23)

Typically, the criterion (2.23) leads to less refinement than (2.22) and thus requires
less computational time which motivates to call the estimator efficient.

2.2. Residual-type A Posteriori Error Estimators.

2.2.1. The role of the residual. The error estimate (2.18) shows that in order
to assess the error ‖eu‖a we are supposed to evaluate the norm of the residual with
respect to the dual space V ∗, i.e.,

‖r‖V ∗ := sup
v∈V \{0}

|r(v)|
‖v‖a

. (2.24)

In particular, we have the equality

‖r‖V ∗ = ‖eu‖a , (2.25)

whereas for the relative error of r(v), v ∈ V, as an approximation of ‖eu‖a we obtain

(‖eu‖a − r(v))
‖eu‖a

=
1
2

‖v −
eu

‖eu‖a
‖2

a , v ∈ V with ‖v‖a = 1. (2.26)

The maximization in (2.24) yields eu/‖eu‖a. On the other hand, this maximization is
computationally as expensive as the computation of the exact solution u ∈ V of the
problem. Since we are interested in a computationally cheap a posteriori error esti-
mator, the goal is therefore to obtain lower and upper bounds for ‖r‖V ∗ at relatively
low computational expense.

2.2.2. Representation of the residual. In this subsection, we will derive a
representation formula for the residual which allows us to derive a highly localizable,
cheaply computable a posteriori error estimator. We shall deal with the following
model problem: Let Ω be a bounded simply-connected polygonal domain in Euclidean
space R

2 with boundary Γ = ΓD∪ΓN , ΓD∩ΓN = ∅ and consider the elliptic boundary
value problem

Lu := − ∇ · (a ∇ u) = f in Ω, (2.27)
u = 0 on ΓD,

n · a ∇u = g on ΓN ,

where f ∈ L2(Ω) , g ∈ L2(ΓN ) and a = (aij)2i,j=1 is supposed to be a matrix-valued
function with entries aij ∈ L∞(Ω), that is symmetric, i.e.,

aij(x) = aji(x) f.a.a. x ∈ Ω, 1 ≤ i, j ≤ 2,
6



and uniformly positive definite in the sense that for almost all x ∈ Ω

2∑

i,j=1

aij(x) ξi ξj ≥ γ | ξ |2 , ξ ∈ R
2 , γ > 0.

The vector n denotes the exterior unit normal vector on ΓN . We further set ᾱ :=
max1≤i,j≤2 ‖aij‖∞.
Setting

H1
0,ΓD

(Ω) := { v ∈ H1(Ω) | v |ΓD
= 0 },

the weak formulation of (2.27) is as follows: Find u ∈ H1
0,ΓD

(Ω) such that

a(u, v) = ℓ(v) , v ∈ H1
0,ΓD

(Ω), (2.28)

where

a(v, w) :=
∫

Ω

a ∇v · ∇w dx , v, w ∈ H1
0,ΓD

(Ω) ,

ℓ(v) :=
∫

Ω

f v dx +
∫

ΓN

g v dσ , v ∈ H1
0,ΓD

(Ω).

Given a geometrically conforming simplicial triangulation Th of Ω, we denote by

S1,ΓD
(Ω; Th) := { vh ∈ H1

0,ΓD
(Ω) | vh |T ∈ P1(K) , T ∈ Th },

the trial space of continuous, piecewise linear finite elements with respect to Th. Note
that Pk(T ) , k ≥ 0, denotes the linear space of polynomials of degree ≤ k on T .
In the sequel we will refer to Nh(D) and Eh(D) , D ⊆ Ω̄ as the sets of vertices and
edges of Th on D. We further denote by |T | the area, by hT the diameter of an
element T ∈ Th, and by hE = |E| the length of an edge E ∈ Eh(Ω ∪ ΓN ). We refer to
fT := |T |−1

∫
T
fdx the integral mean of f with respect to an element T ∈ Th and to

gE := |E|−1
∫

E gds the mean of g with respect to the edge E ∈ Eh(ΓN ).
The conforming P1 approximation of (2.27) reads as follows: Find uh ∈ S1,ΓD

(Ω; Th)
such that

a(uh, vh) = ℓ(vh) , vh ∈ S1,ΓD
(Ω; Th). (2.29)

The residual r is thus given by

r(v) :=
∫

Ω

f v dx +
∫

ΓN

g vds − a(uh, v) , v ∈ V. (2.30)

Applying Green’s formula to the last term on the right-hand side in (2.30) elementwise
yields

a(uh, v) =
∑

T∈Th

∫

T

a ∇uh · ∇v dx =

=
∑

E∈Eh(Ω)

∫

E

[n · a ∇uh] v ds +
∑

E∈Eh(ΓN )

∫

E

n · a ∇uh v ds,
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where [n · a ∇uh] denotes the jump of the normal derivative of uh across E ∈ Eh(Ω)
and where we have used that ∆uh ≡ 0 on T ∈ Th, since uh|T ∈ P1(T ). We thus
obtain

r(v) :=
∑

T∈Th

rT (v) +
∑

E∈Eh(Ω∪ΓN )

rE(v). (2.31)

Here, the local residuals rT (v), T ∈ Th, are given by

rT (v) :=
∫

T

(f − Luh)v dx, (2.32)

whereas for rE(v) we have

rE(v) :=






−
∫
E

[n · a ∇uh]v ds , E ∈ Eh(Ω)
∫
E

(
g − n · a ∇uh

)
v ds , E ∈ Eh(ΓN )

. (2.33)

2.2.3. A posteriori error estimator and data oscillations. In the subse-
quent subsections we will prove reliability and efficiency of an error estimator ηh

consisting of element residuals ηT , T ∈ Th, and edge residuals ηE , E ∈ EH(Ω ∪ ΓN ),
according to

ηh :=
( ∑

T∈Th

η2
T +

∑

E∈EH(Ω∪ΓN )

η2
E

)1/2

, (2.34)

where ηT and ηE are given by

ηT := hT ‖fT − Luh‖0,T , T ∈ Th , (2.35a)

ηE :=

{
h

1/2
E ‖[n · a ∇uh]‖0,E , E ∈ Eh(Ω),

h
1/2
E ‖gE − n · a ∇uh‖0,E , E ∈ Eh(ΓN )

. (2.35b)

The a posteriori error analysis further invokes the data oscillations

osch :=
( ∑

T∈Th

osc2T (f) +
∑

E∈Eh(ΓN )

osc2E(g)
)1/2

, (2.36)

where oscT (f) and oscE(g) are given by

oscT (f) := hT ‖f − fT ‖0,T , T ∈ Th , (2.37a)

oscE(g) := h
1/2
E ‖g − gE‖0,E , E ∈ Eh(ΓN ). (2.37b)

2.2.4. Reliability of the error estimator. An important tool in the proof of
the reliability of the error estimator is Clément’s quasi-interpolation operator which
is defined as follows: For p ∈ Nh(Ω) ∪ Nh(ΓN ) we denote by ϕp the basis function in
S1,ΓD

(Ω; Th) with supporting point p, and we refer to Dp as the set

Dp :=
⋃

{ K ∈ Th | p ∈ Nh(T ) }. (2.38)

We refer to πp as the L2-projection onto P1(Dp), i.e.,

(πp(v), w)0,Dp
= (v, w)0,Dp

, w ∈ P1(Dp),
8



where (·, ·)0,Dp
stands for the L2-inner product on L2(Dp)×L2(Dp). Then, Clément’s

interpolation operator PC is defined as follows

PC : L2(Ω) −→ S1,ΓD
(Ω, Th), (2.39)

PCv :=
∑

p∈Nh(Ω)∪Nh(ΓN )

πP (v) ϕP .

In order to establish local approximation properties of Clément’s interpolation oper-
ator, for T ∈ Th and E ∈ Eh(Ω) ∪ Eh(ΓN ) we introduce the sets

D
(1)
T :=

⋃
{ T ′ ∈ Th | Nh(T ′) ∩ Nh(T ) 6= ∅ }, (2.40a)

D
(1)
E :=

⋃
{ T ′ ∈ Th | Nh(E) ∩ Nh(T ′) 6= ∅ }. (2.40b)

Using the affine equivalence of the finite elements and the Bramble-Hilbert Lemma
one can show:

Theorem 2.1. For T ∈ Th and E ∈ Eh(Ω) ∪ Eh(ΓN ) let D(1)
T and D(1)

E be given
by (2.40a) and let PC be Clément’s interpolation operator as given by (2.39). Then,
for all v ∈ H1

0,ΓD
(Ω) there holds

‖PC v‖0,T . ‖v‖
0,D

(1)
T

, (2.41a)

‖PC v‖0,E . ‖v‖
0,D

(1)
E

, (2.41b)

‖∇PCv‖0,T . ‖∇v‖
0,D

(1)
T

, (2.41c)

‖v − PC v‖0,T . hT ‖v‖
1,D

(1)
T

, (2.41d)

‖v − PC v‖0,E . h
1/2
E ‖v‖

1,D
(1)
E

. (2.41e)

Further, we have

( ∑

T∈Th

‖v‖2

µ,D
(1)
K

)1/2

.‖v‖µ,Ω, 0 ≤ µ ≤ 1, (2.42a)

( ∑

E∈Eh(Ω)∪Eh(ΓN )

‖v‖2

µ,D
(1)
E

)1/2

.‖v‖µ,Ω, 0 ≤ µ ≤ 1. (2.42b)

Proof. We refer to [86].

Theorem 2.2. There exist constants ΓR and Γosc > 0 depending only on the
shape regularity of Th such that

‖eu‖a ≤ ΓR ηh + Γosc osch. (2.43)

Proof. Setting v = eu in (2.30), we obtain

‖eu‖a = a(eu, eu) = r(eu) = r(PCeu) + r(eu − PCeu). (2.44)
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Taking advantage of (2.28), for the first term on the right-hand side of (2.44) Galerkin
orthogonality yields

r(PCeu) =
∫

Ω

f PCeu dx +
∫

ΓN

g PCeu ds − a(uh, PCeu) = 0.

On the other hand, for the second term on the right-hand side of (2.44), Green’s
formula yields

r(eu − PCeu) =
∫

Ω

f (eu − PCeu) dx +
∫

ΓN

g (eu − PCeu) ds

+
∑

T∈Th

∫

T

∇ · a ∇ uh︸ ︷︷ ︸
= −Luh

(eu − PCeu) dx

−
∑

T∈Th

∫

∂T

n∂T · a ∇uh (eu − PCeu) ds

=
∑

T∈Th

∫

T

fT − Luh) (eu − PCeu) dx

+
∑

E∈Eh(Ω)

∫

E

[nE · a ∇uh] (eu − PCeu) ds

+
∑

E∈Eh(ΓN )

∫

E

(gE − nE · a ∇uh) (eu − PCeu) ds

+
∑

T∈Th

∫

T

(f − fT ) (eu − PCeu) dx

+
∑

E∈Eh(ΓN )

∫

E

(g − gE) (eu − PCeu) ds.

In view of (2.41a),(2.41b) and (2.42a),(2.42b), it follows that

r(eu − PCeu) . (2.45)

(
∑

T∈Th

h2
T ‖fT − Luh‖2

0,T )1/2 ‖eu‖1,Ω

+ (
∑

E∈Eh(Ω)

hE ‖[nE · a ∇uh]J‖2
0,E)1/2 ‖eu‖1,Ω

+ (
∑

E∈Eh(ΓN )

hE ‖gE − nE · a ∇uh‖2
0,E)1/2 ‖eu‖1,Ω (2.46)

+ (
∑

T∈Th

h2
T ‖f − fT ‖2

0,T )1/2 ‖eu‖1,Ω (2.47)

+ (
∑

E∈Eh(ΓN )

hE ‖g − gE‖2
0,E)1/2 ‖eu‖1,Ω. (2.48)

The assertion follows by using (2.45) in (2.44).
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2.2.5. Efficiency of the error estimator. For the proof of the efficiency of
the estimator ηh we will now show that the local contributions etaT and ηE locally
provide lower bounds for the total error eu.
For this purpose we need appropriate localized polynomial functions defined on the
elements T of the triangulation and the edges E ∈ Eh(Ω) ∪E ∈ Eh(ΓN ), respectively.
Such functions are given by the triangle-bubble functions ψT and the edge-bubble
functions ψE . In particular, denoting by λT

i , 1 ≤ i ≤ 3, the barycentric coordinates
of T ∈ Th, then the triangle-bubble function ψT is defined by means of

ψT := 27 λT
1 λT

2 λT
3 . (2.49)

Note that supp ψT = Tint, i.e., ψT |∂T = 0 , T ∈ Th.
On the other hand, for E ∈ Eh(Ω) ∪ Eh(ΓN ) and T ∈ Th such that E ⊂ ∂T and
pE

i ∈ Nh(E) , 1 ≤ i ≤ 2, we introduce the edge-bubble functions ψE according to

ψE := 4 λT
1 λT

2 . (2.50)

Note that ψE |E′= 0 for E′ ∈ Eh(T ), E′ 6= E.
The bubble functions ψT and ψE have the following important properties that can be
easily verified taking advantage of the affine equivalence of the finite elements:

Lemma 2.1. There holds

‖ph‖2
0,T .

∫

T

p2h ψT dx , ph ∈ P1(T ), (2.51a)

‖ph‖2
0,E .

∫

E

p2h ψE dσ , ph ∈ P1(E), (2.51b)

| ph ψT |1,T . h−1
T ‖ph‖0,T , ph ∈ P1(T ), (2.51c)

‖ph ψT ‖0,T . ‖ph‖0,T , ph ∈ P1(T ), (2.51d)
‖ph ψE‖0,E . ‖ph‖0,E , ph ∈ P1(E). (2.51e)

For functions ph ∈ P1(E) , E ∈ Eh(Ω) ∪ Eh(ΓN ) we further need an extension
pE

h ∈ L2(T ) where T ∈ Th such that E ⊂ ∂T .
For this purpose we fix some E′ ⊂ ∂T , E′ 6= E, and for x ∈ T denote by xE that
point on E such that (x− xE) ‖ E′.
For ph ∈ P1(E) we then set

pE
h := ph(xE). (2.52)

Further, for E ∈ Eh(Ω) ∪ Eh(ΓN ) we define D(2)
E as the union of elements T ∈ Th

containing E as a common edge

D
(2)
E :=

⋃
{ K ∈ Th | E ∈ Eh(T ) }. (2.53)

We have the following properties of the extensions:

Lemma 2.2. There holds

| pE
h ψE |

1,D
(2)
E

. h
−1/2
E ‖ph‖0,e, ph ∈ P1(E), (2.54a)

‖pE
h ψE‖

0,D
(2)
E

. h
1/2
E ‖ph‖0,E , ph ∈ P1(E). (2.54b)

11



Further, for all v ∈ V and µ = 0, 1 there holds

(
∑

E∈Eh(Ω)∪Eh(ΓN )

h1−µ
E ‖v‖2

µ,D
(2)
E

)1/2 . (
∑

T∈Th

h1−µ
T ‖v‖2

µ,T )1/2. (2.55)

We are now able to prove that up to data oscillations the estimator ηh also provides
a lower bound for the total error eu:

Theorem 2.3. There exist constants γR, γE > 0, depending only on ᾱ and on
the shape regularity of Th such that

γR ηh − γE osch ≤ ‖e‖1,Ω. (2.56)

The theorem can be proved by a series of results which establish upper bounds for
the local contributions ηT , ηE of the estimator ηh.

Lemma 2.3. (i) Let T ∈ Th. Then there holds:

hT ‖fT − Luh‖0,T . (2.57)
≤ ‖e‖1,T + hT ‖f − fT ‖0,T .

(ii) Let E ∈ Eh(Ω). Then there holds:

h
1/2
E ‖[nE · a ∇uh]‖0,E . ‖e‖

1,D
(2)
E

+ (2.58)

+hE ‖f − fT ‖
0,D

(2)
E

+ hE ‖fT − Luh‖
0,D

(2)
E

.

(iii) Let E ∈ Eh(ΓN ). Then there holds:

h
1/2
E ‖gE − nE · ∇uh‖0,E . (2.59)

‖e‖
1,D

(2)
E

+ h
1/2
E ‖g − gE‖0,E

+ hE ‖f − fT ‖
0,D

(2)
E

+ hE‖fT − Luh‖
0,D

(2)
E

.

Proof. (i) For the proof of (2.57) we set ph := fT . Observing ψT |∂T = 0, by
Green’s formula

a|T (uh, ph ψT ) = −
∫

T

∇ · (a ∇uh) ph ψT dx (2.60)

+
∫

∂T

n∂T · a ∇uh ph ψT︸ ︷︷ ︸
= 0

ds.

Then, using (2.51a),(2.51c) and (2.51d) and taking advantage of (2.30),(2.60), and
denoting by πhψT the L2-projection onto the linear space of elementwise constants,

12



it follows that

‖fT − Luh‖2
0,T .

∫

T

(fT − Luh) πh ψT dx

=
( ∫

T

f πh ψT dx − a|T (uh, πh ψT )

+
∫

T

(πhf − f) πh ψT dx
)

=
(
a|T (eu, πh ψT ) +

∫

T

(fT − f) πh ψT dx
)

. h−1
T ‖eu‖1,T ‖ph‖0,T + ‖fT − f‖0,T ‖ph‖0,T ,

from which (2.57) can be easily deduced.

(ii) We set pE
h := [nE ·a ∇uh]. Again, in view of ψE |E′ = 0, E′ 6= E,, Green’s formula

gives

∫

∂D
(2)
E

n
∂D

(2)
E

· a ∇uh p
E
h ψE ds (2.61)

= a|
D

(2)
E

(uh, p
E
h ψE) +

∫

D
(2)
E

∇ · a ∇uh︸ ︷︷ ︸
= −Luh

pE
h ψE dx,

where phψE is the L2-projection onto the edgewise constants. If we use (2.51b),(2.54a)
13



and (2.54b) and observe (2.29) and (2.61), it follows that

‖[n
∂D

(2)
E

· a ∇uh]‖2
0,E

.
∫

E

[n
∂D

(2)
E

· a ∇uh] pE
h ψE ds

=
∫

∂D
(2)
E

[n
∂D

(2)
E

· a ∇uh] pE
h ψE ds

=
(
a|

D
(2)
E

(uh, p
E
h ψE) −

∫

D
(2)
E

f pE
h ψEdx

+
∫

D
(2)
E

(f − fT ) pE
h ψEdx +

∫

D
(2)
E

(fT − Luh) pE
h ψEdx

)

= −a|
D

(2)
E

(e, pE
h ψE)

+
( ∫

D
(2)
E

(f − fT ) pE
h ψEdx +

∫

D
(2)
E

(fT − Luh) pE
h ψEdx

)

. h
−1/2
E ‖eu‖

1,D
(2)
E

‖pE
h ‖0,E +

+ h
1/2
E ‖f − fT ‖

0,D
(2)
E

‖pE
h ‖0,E

+ h
1/2
E ‖fT − Luh‖

0,D
(2)
E

‖pE
h ‖0,E,

from which we readily deduce (2.58).

(iii) We set pE
h := gE −nE ·a ∇uh. Observing ψE |E′ = 0, E′ 6= E, by Green’s formula

we obtain

∫

E

nE · a ∇uh p
E
h ψE ds (2.62)

=
∫

∂D
(2)
E

n
∂D

(2)
E

· a ∇uh p
E
h ψE ds

= a|
D

(2)
E

(uh, p
E
h ψE) +

∫

D
(2)
E

∇ · a ∇uh︸ ︷︷ ︸
= −Luh

pE
h ψE dx.

Now, using (2.51b),(2.51e),(2.54a) and (2.54b) and taking advantage of (2.29),(2.62),
14



we get

‖gE − nE · a ∇uh‖2
0,E

.
∫

E

(gE − nE · a ∇uh) pE
h ψE ds

=
( ∫

D
(2)
E

f pE
h ψE dx +

∫

E

g pE
h ψE ds − a|

D
(2)
E

(uh, p
E
h ψE)

+
∫

D
(2)
E

(fT − f) pE
h ψE dx +

∫

E

(gE − g) f pE
h ψE dσ

−
∫

D
(2)
E

(πhf − Luh) pE
h ψE dx

)

= a|
D

(2)
E

(eu, p
E
h ψE) + C9

( ∫

D
(2)
E

(fT − f) pE
h ψE dx

+
∫

E

(gE − g) f pE
h ψE ds −

∫

D
(2)
E

(fT − Luh) pE
h ψE dx

)

. h
−1/2
E ‖eu‖

1,D
(2)
E

‖pE
h ‖0,E

+ h
1/2
E ‖fT − f‖

0,D
(2)
E

‖pE
h ‖0,E

+ ‖gE − g‖0,E ‖pE
h ‖0,E

+ h
1/2
E ‖fT − Luh‖

0,D
(2)
E

‖pE
h ‖0,E,

from which (2.58) follows easily.

2.3. The goal oriented dual weighted approach. So far, for finite element
approximations of boundary value problems for second order elliptic equations, we
have considered the a posteriori error estimation with respect to either the associated
energy norm ‖ · ‖a or the equivalent ‖ · ‖1,Ω-norm. The goal oriented dual weighted
approach [6] allows to control the error eu := u− uh with respect to a rather general
error functional or output functional

J : V ⊆ H1(Ω) → R. (2.63)

The goal oriented dual weighted approach strongly uses the solution z ∈ V of the
associated dual problem

a(v, z) = J(v), v ∈ V, (2.64)

and its finite element approximation zh ∈ Vh, i.e.,

a(vh, zh) = J(vh), vh ∈ Vh. (2.65)

Using Galerkin orthogonality, we readily deduce from (2.63) and (2.64) that

J(eu) = a(eu, z) = a(eu, z − vh) = r(z − vh), vh ∈ Vh, (2.66)
15



where r(·) stands for the residual with respect to the computed finite element approx-
imation uh.

Theorem 2.4. Let uh ∈ Vh := S1,Γ(Ω; Th(Ω)) be the conforming P1 approxima-
tion of the solution u ∈ H1

0 (Ω) of Poisson’s equation with f ∈ L2(Ω) and homogeneous
Dirichlet boundary data. Then, the following error representation holds true

J(eu) =
∑

T∈Th(Ω)

(
(rT , z − vh)0,T + (r∂T , z − vh)0,∂T

)
, vh ∈ Vh, (2.67)

where the element residuals rT and the edges residuals r∂T are given by

rT := f , T ∈ Th(Ω), (2.68a)

r∂T |E :=
{

1
2 νE · [∇uh] , E ∈ Eh(∂T ∩ Ω)

0 , E ∈ Eh(∂T ∩ Γ) . (2.68b)

Moreover, we have the error estimate

|J(eu)| ≤ ηDW :=
∑

T∈Th(Ω)

ωT ρT , (2.69)

where the element residuals ρT and the weights ωT are given by

ρT :=
(

‖rT ‖2
0,T + h−1

T ‖r∂T ‖2
0,∂T

)1/2

, (2.70a)

ωT :=
(

‖z − vh‖2
0,T + hT ‖z − vh‖2

0,∂T

)1/2

, (2.70b)

with an arbitrary vh ∈ Vh.
Proof. The assertions are an immediate consequence of (2.66).

We remark that (2.69) is not really a posteriori, since the solution z ∈ V of the dual
solution is not known. Therefore, information about the weights ωT , T ∈ Th(Ω) has
to be provided either by means of an a priori analysis or by the numerical solution of
the dual problem (2.64).

Theorem 2.5. Under the assumptions of Theorem 2.4 let the error functional
be given by

J(v) :=
(∇v,∇eu)0,Ω

‖∇eu‖0,Ω
, v ∈ V. (2.71)

Then, there holds

‖∇eu‖0,Ω .
( ∑

T∈Th(Ω)

h2
T ρ2

T

)1/2

. (2.72)

Proof. The dual solution z ∈ V satisfies

a(v, z) =
(∇v,∇eu)0,Ω

‖∇eu‖0,Ω
, v ∈ V,
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from which we readily deduce the a priori bound

‖∇z‖0,Ω ≤ 1. (2.73)

In view of (2.69) it follows that

J(eu) = ‖∇eu‖0,Ω (2.74)

≤
( ∑

T∈Th(Ω)

h2
T ρ2

T

)1/2 ( ∑

T∈Th(Ω)

h−2
T ω2

T

)1/2

.

Choosing vh = PCz, where PC is Clément’s quasi-interpolation operator, we find

inf
vh∈Vh

( ∑

T∈Th(Ω)

(h−2
T ‖z − vh‖2

0,T + h−1
T ‖z − vh‖2

0,∂T

)1/2

(2.75)

. ‖∇z‖0,Ω.

Using (2.75) in (2.74) and observing (2.73) gives the assertion.

Theorem 2.6. Consider the conforming P1 approximation of Poisson’s equation
under homogeneous Dirichlet boundary conditions and assume that the solution u ∈
V := H1

0 (Ω) is 2-regular. Using the the error functional

J(v) :=
(v, eu)0,Ω

‖eu‖0,Ω
, v ∈ V, (2.76)

gives rise to the a posteriori error estimate

‖eu‖0,Ω .
( ∑

T∈Th(Ω)

h4
T ρ2

T

)1/2

. (2.77)

Finally, we apply the goal-oriented dual weighted approach to the pointwise estimation
of the error at some point a ∈ Ω. Given some tolerance ε > 0, we consider the ball

Kε(a) := {x ∈ Ω | |x− a| < ε}

around the point a and define the regularized error functional

J(v) := |Kε(a)|−1

∫

Kε(a)

v dx. (2.78)

The dual solution z of

a(v, z) = J(v) (2.79)

behaves like a regularized Green’s function

z(x) ∼ log(r(x)) , r(x) :=
√

|x− a|2 + ε2. (2.80)

With ρT from (2.70a) we obtain

|(u− uh)(a)| ∼
∑

T∈Th(Ω)

h3
T

r2T
ρT , (2.81)

where rT := maxx∈T r(x).
17
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Fig. 2.1. Possible refinements of a triangle T in the step REFINE.

2.4. Marking and refinement.

2.4.1. Marking. In the step MARK of the adaptive cycle, elements of the sim-
plicial triangulation Th(Ω) are marked for refinement according to the information
provided by the a posteriori error estimator. Let us assume for simplicity that the
error estimator ηh consists of element contributions ηT , T ∈ Th(Ω). The classical
marking strategy (cf. [4]) is to mark elements T ∗ for refinement, if

ηT∗ ≥ θ max
T∈Th(Ω)

ηT (2.82)

for some given constant θ ∈ (0, 1).
With regard to quasi-optimality of AFEMs, the bulk criterion from [34], now also
known as Dörfler marking, is a convenient choice. Here, we select a set M of elements
such that

∑

T∈M

η2
T ≥ θ

∑

T∈Th(Ω)

η2
T , θ ∈ (0, 1). (2.83)

2.4.2. Refinement. Elements of the simplicial triangulation Th(Ω) that have
been marked for refinement can be refined using bisection or variants thereof (cf.
Fig. 2.1 for possible refinements of a triangle). Eventually, additional bisections are
required in order to generate a geometrically conforming triangulation. For details
we refer to [5, 61, 69, 75, 76, 77, 78, 79, 84]. A description of software packages that
realize adaptive mesh refinement can be found in [7, 30, 80].
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3. A posteriori error analysis of unconstrained elliptic optimal control
problems.

3.1. Residual-type a posteriori error estimation.

3.1.1. Variational formulation of the optimality system. We consider the
following distributed optimal control problem for a linear second order elliptic bound-
ary value problem

minimizeJ(y, u) :=
1
2

‖y − yd‖2
0,Ω +

α

2
‖u− ud‖2

0,Ω (3.1a)

over (y, u) ∈ H1
0 (Ω) × L2(Ω),

subject to − ∆ y = f + u. (3.1b)

Here, Ω ⊂ R
2 is a bounded, polygonal domain with boundary Γ := ∂Ω. Moreover, we

suppose that

ud, yd ∈ L2(Ω) , f ∈ L2(Ω) , α ∈ R+. (3.2)

It is well-known that under the assumption (3.2) the distributed optimal control
problem (3.1a),(3.1b) admits a unique solution (y, u) ∈ V ×L2(Ω), V := H1

0 (Ω), W :=
L2(Ω), (cf., e.g., [36, 65, 67, 64]) which is characterized by the existence of an adjoint
state p ∈ V such that

a(y, v) = (f + u, v)0,Ω, v ∈ V, (3.3a)

a(p, w) = − (y − yd, w)0,Ω, w ∈ V, (3.3b)

p = α(u − ud). (3.3c)

Here, a(·, ·) stands for the bilinear form

a(w, z) :=
∫

Ω

∇w · ∇z dx , w, z ∈ V.

Substituting u in (3.3a) by means of (3.3c), we arrive at the following system of two
variational equations in the state y and the adjoint state p

a(y, v) − α−1(p, v)0,Ω = ℓ1(v), v ∈ V, (3.4a)
a(p, w) + (y, w)0,Ω = ℓ2(w), w ∈ V, (3.4b)

where the functionals ℓν : V → R, 1 ≤ ν ≤ 2, are given by

ℓ1(v) := (f + ud, v)0,Ω, v ∈ V,

ℓ2(w) := (yd, w)0,Ω, w ∈ V.

The operator-theoretic formulation of (3.4a),(3.4b) reads

L(y, p) = (ℓ1, ℓ2)T , (3.5)

where the operator L : V × V → V ∗ × V ∗ is defined according to

(L(y, p))(v, w) := a(y, v) − α−1(p, v)0,Ω + a(p, w) + (y, w)0,Ω. (3.6)
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Theorem 3.1. The operator L is a continuous, bijective linear operator. Hence,
for any (ℓ1, ℓ2) ∈ V ∗ × V ∗, the system (3.4a),(3.4b) admits a unique solution (y, p) ∈
V × V . The solution depends continuously on the data according to

‖(y, p)‖V ×V . ‖(ℓ1, ℓ2)‖V ∗×V ∗ . (3.7)

Proof. The linearity and continuity are straightforward. For the proof of the
inf-sup condition, we choose v = αy − p in (3.4a) and w = p+ y in (3.4b). It follows
that

(L(y, p))(αy − p, y + p) := αa(y, y) + a(p, p) + (y, y)0,Ω + α−1(p, p)0,Ω,

from which we may conclude.

Corollary 3.1. Let (yh, ph) ∈ Vh × Vh, Vh ⊂ V, be an approximate solution of
(3.4a),(3.4b). Then, there holds

‖(y − yh, p− ph)‖V ×V . ‖(Res1,Res2)‖V ∗×V ∗ , (3.8)

where the residuals Res1 ∈ V ∗,Res2 ∈ V ∗ are given by

Res1(v) := ℓ1(v) − a(yh, v) + α−1(ph, v)0,Ω, v ∈ V, (3.9a)
Res2(w) := ℓ2(w) − a(ph, w) − (yh, w)0,Ω, w ∈ W. (3.9b)

Proof. The assertion is an immediate consequence of Theorem 3.1.

3.1.2. Finite element discretization. Given a null sequence H of positive real
numbers, we assume (Th(Ω))h∈H to be a shape-regular family of simplicial triangula-
tions of the computational domain Ω and refer to Vh := S1,Γ(Ω; Th(Ω)), h ∈ H, as the
finite element space of P1 conforming finite elements with respect to the triangulation
Th(Ω) vanishing on the boundary Γ. We approximate the triple (y, u, p) ∈ V ×W ×V
by (yh, uh, ph) ∈ Vh × Vh × Vh as the solution of

a(yh, vh) = (fh + uh, vh)0,Ω, vh ∈ Vh, (3.10a)

a(ph, wh) = − (yh − yd
h, wh)0,Ω, wh ∈ Vh, (3.10b)

ph = α(uh − ud
h), (3.10c)

where fh, u
d
h, y

d
h ∈ Vh are the L2-projections of f, ud, yd onto Vh.

It is easy to show that (3.10a)-(3.10c) represents the optimality system of the uniquely
solvable discrete optimal control problem: Find (yh, uh, ph) ∈ Vh ×Vh ×Vh such that

minimizeJh(yh, uh) :=
1
2

‖yh − yd
h‖2

0,Ω +
α

2
‖uh − ud

h‖2
0,Ω (3.11a)

over (yh, uh) ∈ Vh × Vh),
subject to a(yh, vh) = (fh + uh)0,Ω. (3.11b)

As in the continuous regime, we may substitute uh in (3.10a) by (3.10c) and thus
obtain the following system of discrete variational equations in (yh, ph):

a(yh, vh) − α−1(ph, vh)0,Ω = ℓh,1(vh), vh ∈ Vh, (3.12a)
a(ph, wh) + (yh, wh)0,Ω = ℓh,2(wh), wh ∈ Vh, (3.12b)
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where the functionals ℓh,ν : Vh → R, 1 ≤ ν ≤ 2, are given by

ℓh,1(vh) := (fh + ud
h, vh)0,Ω, vh ∈ Vh,

ℓh,2(wh) := (yd
h, wh)0,Ω, wh ∈ Vh.

3.1.3. The residual-type a posteriori error estimator.
Reliability. For the derivation of a residual-type a posteriori error estimator, ac-

cording to Corollary 3.1 it suffices to evaluate the residuals ‖Resν‖V ∗ , 1 ≤ ν ≤ 2.
Using Galerkin orthogonality and Clément’s quasi-interpolation operator PC from
subsection 2.2.4, for the first residual Res1 we find

Res1(v) =
∑

T∈Th(Ω)

(f − fh + ud − ud
h, v − PCv)0,T (3.13)

+
∑

T∈Th(Ω)

(fh + ud
h, v − PCv)0,T −

∑

T∈Th(Ω)

(
a(uh, v − PCv) + α−1(ph, v − PCv)0,T

)
.

By an elementwise application of Green’s formula and the local approximation pro-
perties (2.41d),(2.41e) we find

‖Res1‖V ∗ .
( ∑

T∈Th(Ω)

η2
T,1 + osc2T,1 + osc2T,2

)1/2

+
( ∑

E∈Eh(Ω)

η2
E,1

)1/2

, (3.14)

where the local residuals ηT,1, ηE,1 and the local oscillation terms oscT,ν , 1 ≤ ν ≤ 2,
are given by

ηT,1 := hT ‖fh + ud
h + ∆yh + α−1ph‖0,T , T ∈ Th(Ω), (3.15a)

ηE,1 := h
1/2
E ‖n · [∇yh]‖0,E, E ∈ Eh(Ω), (3.15b)

oscT,1 := hT ‖f − fh‖0,T , T ∈ Th(Ω), (3.15c)

oscT,2 := hT ‖ud − ud
h‖0,T , T ∈ Th(Ω). (3.15d)

Likewise, for the second residual Res2 we obtain

‖Res2‖V ∗ .
( ∑

T∈Th(Ω)

η2
T,2 + osc2T,3

)1/2

+
( ∑

E∈Eh(Ω)

η2
E,2

)1/2

. (3.16)

Here, the local residuals ηT,2, ηE,2 and the local oscillation term oscT,3 read as follows

ηT,2 := hT ‖yd
h + ∆ph − yh‖0,T , T ∈ Th(Ω), (3.17a)

ηE,2 := h
1/2
E ‖n · [∇ph]‖0,E , E ∈ Eh(Ω), (3.17b)

oscT,3 := hT ‖yd − yd
h‖0,T , T ∈ Th(Ω). (3.17c)

Summarizing, we achieve at the residual error estimator

ηh :=
( ∑

T∈Th(Ω)

(η2
T,1 + η2

T,2) +
∑

E∈Eh(Ω)

(η2
E,1 + η2

E,2)
)1/2

, (3.18)
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and the data oscillations

osch :=
( ∑

T∈Th(Ω)

(osc2T,1 + osc2T,2 + osc2T,3)
)1/2

. (3.19)

Theorem 3.2. Let (y, p) ∈ V × V and (yh, ph) ∈ Vh × Vh be the solutions of
(3.4a),(3.4b) and (3.12a),(3.12b), and let ηh, osch be the residual error estimator and
the data oscillations as given by (3.18) and (3.19). Then, there holds

‖(y − yh, p− ph)‖V ×V . ηh + osch. (3.20)

Proof. The assertion follows from Corollary 3.1 and the preceding evaluations of
the residuals.

Corollary 3.2. Let u ∈ W and uh ∈ Vh be given by (3.3c) and (3.10c),
respectively. Then, there holds

‖u− uh‖0,Ω . ηh + osch. (3.21)

Proof. The proof follows readily from (3.3c),(3.10c) and Theorem 3.2.

Efficiency. In this paragraph, we prove the efficiency of the error estimator ηh up
to the data oscillations osch.

Theorem 3.3. Let (y, u, p) and (yh, uh, ph) be the solutions of (3.3a)-(3.3c) and
(3.10a)-(3.10c), and let ηh, osch be given by (3.18) and (3.19), respectively. Then,
there exist positive constants λ and c depending only on Ω and the shape regularity of
the triangulations such that

‖(y − yh, p− ph)|2V ×V + ‖u− uh‖2
0,Ω ≥ λ η2

h − c osc2h. (3.22)

The proof of Theorem 3.3 will be given by a series of lemmas.

Lemma 3.1. Let (y, u, p) and (yh, uh, ph) be the solutions of (3.3a)-(3.3c) and
(3.10a)-(3.10c), and let ηT,1, oscT,1 be given by (3.15a) and (3.15c), respectively.
Then, there exists a positive constant c depending only on the shape regularity of
{Th(Ω)} such that for T ∈ Th(Ω)

η2
T,1 ≤ c

(
|y − yh|21,T + h2

T ‖u− uh‖2
0,T + osc2T,1

)
. (3.23)

Proof. We have

η2
T,1 = h2

T ‖fh + uh‖2
0,T . (3.24)
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Setting zh := (fh + uh)|TψT , applying Lemma 2.2 and observing that ∆yh|T = 0,
Green’s formula and the fact that zh is an admissible test function imply

h2
T ‖fh + uh‖2

0,T ≤ c1 h
2
T (fh + uh + ∆yh, zh)0,T (3.25)

= c1 h
2
T

(
− a(yh, zh) + (f + u, zh)0,T

+ (fh − f, zh)0,T + (uh − u, zh)0,T

)

= c1 h
2
T

(
a(y − yh, zh) + ((fh − f) + (uh − u), zh)0,T

)

≤ c1

(
h2

T |y − yh|1,T |zh|1,T + (h2
T ‖u− uh‖0,T

+ hT oscT,1) ‖zh‖0,T

)
.

Now, by Lemma 2.2 and Young’s inequality, (3.25) gives rise to

h2
T ‖fh + uh‖2

0,T ≤ 2c21
(
c2|y − yh|21,T + h2

T ‖u− uh‖2
0,T (3.26)

+ osc2T,1

)
+

1
2
h2

T ‖fh + uh‖2
0,T .

Combining (3.24) and (3.26), readily gives the assertion.

Lemma 3.2. Let (y, u, p) and (yh, uh, ph) be the solutions of (3.3a)-(3.3c) and
(3.10a)-(3.10c), and let ηT,2, oscT,3 be given by (3.17a) and (3.17c), respectively.
Then, there exists a positive constant c depending only on the shape regularity of
{Th(Ω)} such that for T ∈ Th(Ω)

η2
T,2 ≤ c

(
|p− ph|21,T + h2

T ‖y − yh‖2
0,T + osc2T,3

)
. (3.27)

Proof. The assertion (3.27) follows using the same arguments as in the proof of
the previous lemma.

Lemma 3.3. Let (y, u, p) and (yh, uh, ph) be the solutions of (3.3a)-(3.3c) and
(3.10a)-(3.10c), and let ηT,1 and ηE,1 be given by (3.3a) and (3.3b), respectively.
Then, there exists a positive constant c depending only on the shape regularity of
{Th(Ω)} such that for E ∈ Eh(Ω)

η2
E,1 ≤ c

(
|y − yh|21,ωE

+ h2
E ‖u− uh‖2

0,ωE
+

2∑

ν=1

η2
Tν ,1

)
. (3.28)

Proof. We set ζE := (nE · [∇yh])|E and zh := ζ̃EψE . Then, using Lemma 2.2,
applying Green’s formula, observing that zh is an admissible test function, we find

η2
E,1 = hE‖nE · [∇yh]‖2

0,E ≤ c3 hE (nE · [∇yh], ζEψE)0,E

= c3 hE

2∑

ν=1

(n∂Tν
· [∇yh], zh)0,∂Tν

= c3 hE

(
a(yh − y, zh)

+ (u− uh, zh)0,ωE
+ (f + uh, zh)0,ωE

)

≤ c3 h
1/2
E ‖νE · [∇yh]‖0,E

(
c5 |y − yh|1,ωE

+ c4(hE ‖u− uh‖0,ωE
+ (

2∑

ν=1

η2
Tν ,1)1/2)

)
.
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An application of Young’s inequality results in (3.28).

Lemma 3.4. Let (y, u, p) and (yh, uh, ph) be the solutions of (3.3a)-(3.3c) and
(3.10a)-(3.10c), and let ηT,2 and ηE,2 be given by (3.17a) and (3.17b), respectively.
Then, there exists a positive constant c depending only on the shape regularity of
{Th(Ω)} such that for E ∈ Eh(T ) , T ∈ Th(Ω)

η2
E,2 ≤ c

(
|p− ph|21,ωE

+ h2
E ‖y − yh‖2

0,ωE
+

2∑

ν=1

η2
Tν ,2

)
. (3.29)

Proof. The assertion (3.29) can be verified along the same lines of proof as in
Lemma 3.4.

3.2. Goal-oriented dual weighted approach. We define the Lagrange func-
tional L : H1

0 (Ω) × L2(Ω) ×H1
0 (Ω) × L2(Ω) → R pertinent to (3.1a),(3.1b) as

L(y, u, p) = J(y, u) + (∇y,∇p)0,Ω − (f + u, p)0,Ω. (3.30)

For convenience, we use x := (p, y, u) for the adjoint state, state, and control, and we
refer to x∗ = (p∗, y∗, u∗) as the optimal solution. Further, we set X := V × V ×W .
Obviously, the weak form of the optimality system is equivalent to

∇xL(x∗)(ϕ) = 0, ϕ ∈ X. (3.31)

Likewise, setting Xh := Vh × Vh × Vh, the optimality system (3.10a)-(3.10c) can be
written according to

∇xLh(x∗h)(ϕh) = 0, ϕh ∈ Xh. (3.32a)

where the discrete Lagrange functional is given by

Lh(xh) = Jh(yh, uh) + (∇yh,∇ph)0,Ω − (fh + uh, ph)0,Ω. (3.33)

For our model problem (3.1a),(3.1b), the second derivative of L with respect to x does
not depend on x. Thus, we can write ∇xxL(ϕ, ϕ̂) instead of ∇xxL(x)(ϕ, ϕ̂). Similar
observations hold true for Lh.

Theorem 3.4. Let x∗ ∈ X and x∗h ∈ Xh denote the solution of (3.31) and its
finite dimensional counterpart (3.32). Then, there holds

J(y∗, u∗) − Jh(y∗h, u
∗
h) = − 1

2∇xxL(x∗h − x∗, x∗h − x∗) + osch(x∗h). (3.34)

where osch(x∗h) is given by

osch(x∗h) := (y∗h − yd
h, y

d
h − yd)0,Ω +

1
2

‖yd − yd
h‖2

0,Ω (3.35)

+ α(u∗h − ud
h, u

d
h − ud)0,Ω +

α

2
‖ud − ud

h‖2
0,Ω + (f − fh, p

∗
h)0,Ω.

Proof. Observing that J(y∗, u∗) = L(x∗) and Jh(y∗h, u∗h) = Lh(x∗h), by Taylor
expansion

L(x∗) = L(x∗h) + ∇xL(x∗h)(x∗ − x∗h) +
1
2

∇xxL(x∗ − x∗h, x
∗ − x∗h)
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we obtain

J(y∗, u∗) − Jh(y∗h, u
∗
h) = L(x∗) − Lh(x∗h) = L(x∗h) − Lh(x∗h) (3.36)

+ ∇xL(x∗h)(x∗ − x∗h) +
1
2

∇xxL(x∗ − x∗h, x
∗ − x∗h).

Straightforward computation yields

L(x∗h) − Lh(x∗h) = (y∗h − yd
h, y

d
h − yd)0,Ω +

1
2

‖yd − yd
h‖2

0,Ω

+ α(u∗h − ud
h, u

d
h − ud)0,Ω +

α

2
‖ud − ud

h‖2
0,Ω − (∇y∗h,∇p

∗
h)0,Ω + (f + u∗h, p

∗
h)0,Ω.

Hence, taking (∇y∗h,∇p∗h)0,Ω = (fh + u∗h, p
∗
h)0,Ω into account, we get

L(x∗h) − Lh(x∗h) = osch(x∗h). (3.37)

Finally, we have

0 = ∇xL(x∗)(x∗ − x∗h) = ∇xL(x∗h)(x∗ − x∗h) + ∇xxL(x∗ − x∗h, x
∗ − x∗h),

whence

∇xL(x∗h)(x∗ − x∗h) = −∇xxL(x∗ − x∗h, x
∗ − x∗h). (3.38)

Using (3.37) and (3.38) in (3.36) results in (3.34).

Let ih := (iph, i
y
h, i

u
h) be an interpolation operator such that ihx ∈ Xh for x ∈ X .

Moreover, for y, p ∈ H1
0 (Ω) there exist iph and iyh such that max{‖iphp− p‖H1 , ‖iyhy −

y‖H1 } → 0 for h → 0. In connection with Theorem 3.4 we have the following result.

Theorem 3.5. Let the assumptions of Theorem 3.4 be satisfied. Then, there
holds

J(y∗, u∗) − Jh(y∗h, u
∗
h) = (3.39)

−
(
r(iyhy

∗ − y∗) + r(iphp
∗ − p∗)

)
+ osch(x∗, x∗h) + osch(x∗h),

where the residuals r(iyhy
∗ − y∗) and r(iphp

∗ − p∗) are given by

r(iyhy
∗ − y∗) :=

1
2

(
(∇(iyhy

∗ − y∗),∇p∗h)0,Ω + (y∗h − yd
h, i

y
hy

∗ − y∗)0,Ω

)
, (3.40)

r(iphp
∗ − p∗) :=

1
2

(
(∇(iphp

∗ − p∗),∇y∗h)0,Ω − (fh + u∗h, i
p
hp

∗ − p∗)0,Ω

)
, (3.41)

and osch(x∗, x∗h) stands for the oscillation term

osch(x∗, x∗h) := (3.42)
1
2

(
(f − fh, p

∗
h − p∗)0,Ω(yd − yd

h, y
∗
h − y∗)0,Ω + α(ud − ud

h, u
∗
h − u∗)0,Ω

)
.
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Proof. Utilizing (3.34) and considering ϕh = (δph, δyh, δuh) ∈ Xh we obtain

J(y∗, u∗) − Jh(y∗h, u
∗
h) =

1
2

∇xxL(x∗)(x∗ − x∗h, x
∗
h − x∗ + ϕh)

+
1
2

(fh − f, δph)0,Ω +
1
2

(yd
h − yd, δyh)0,Ω +

α

2
(ud

h − ud, δuh)0,Ω + osch(x∗h)

= −
1
2

∇xL(x∗h)(x∗h − x∗ + ϕh) +
1
2

(fh − f, δph)0,Ω +
1
2

(yd
h − yd, δyh)0,Ω

+
α

2
(ud

h − ud, δuh)0,Ω + osch(x∗h).

Choosing ϕh = (iphp
∗ − p∗h, i

y
hy

∗ − y∗h, i
u
hu

∗ − u∗h) ∈ Xh, it follows that

J(y∗, u∗) − Jh(y∗h, u
∗
h) = −

1
2

∇xLh(x∗h)(ihx∗ − x∗) +
1
2

(f − fh, p
∗
h − p∗)0,Ω

+
1
2

(yd − yd
h, y

∗
h − y∗)0,Ω +

α

2
(ud − ud

h, u
∗
h − u∗)0,Ω + osch(x∗h),

from which the assertion can be deduced.

Theorem 3.6. Let the assumptions of Theorem 3.5 be satisfied, and let osch(x∗h),
osch(x∗, x∗h) be given by (3.35),(3.42). Then, there holds

|J(y∗, u∗) − Jh(y∗h, u
∗
h)| . (3.43)

∑

T∈Th(Ω)

(
ωy

Tρ
y
T + ωp

Tρ
p
T

)
+ | osch(x∗, x∗h)| + | osch(x∗h)|.

Here, the residuals ρy
T , ρ

p
T are given by

ρy
T :=

(
‖fh + u∗h‖2

0,T +
1
2
h−1

T ‖n · [∇y∗h]‖2
0,∂T

)
, (3.44a)

ρp
T :=

(
‖y∗h − yd

h‖2
0,T +

1
2
h−1

T ‖n · [∇p∗h]‖2
0,∂T

)
, (3.44b)

whereas the associated dual weights ωy
T , ω

p
T read

ωy
T :=

(
‖iphp

∗ − p∗‖2
0,T + hT ‖iphp

∗ − p∗‖2
0,∂T

)
, (3.45a)

ωp
T :=

(
‖iyhy

∗ − y∗‖2
0,T + hT ‖iyhy

∗ − y∗‖2
0,∂T

)
. (3.45b)

Proof. The assertion is a direct consequence of the error representation in Theo-
rem 3.5.

The estimate (3.43) is not yet fully a posteriori both with regard to the dual weights
ωy

T , ω
p
T and the oscillation term osch(x∗, x∗h). In practice, we replace p∗, y∗ in (3.45a),

(3.45b) with p∗h, y
∗
h and iphp

∗, iyhy
∗ with p̂∗h, ŷ

∗
h which are constructed as the quadratic

Lagrange interpolants of p∗h, y
∗
h on a coarser mesh TH(Ω) using the corresponding

nodal values of p∗h, y∗h (cf., e.g., [6]). Likewise, p∗h − p∗, y∗h − y∗, u∗h − u∗ in (3.42) is
replaced with p̂∗h − p∗h, ŷ

∗
h − y∗h, û

∗
h − u∗h.

4. Residual-type a posteriori error estimation for control constrained
elliptic optimal control problems.
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4.1. Variational formulation. We consider the following distributed optimal
control problem for a linear second order elliptic boundary value problem with point-
wise control constraints

minimize J(y, u) :=
1
2

‖y − yd‖2
0,Ω +

α

2
‖u− ud‖2

0,Ω (4.1a)

over (y, u) ∈ H1
0 (Ω) × L2(Ω),

subject to − ∆ y = f + u, (4.1b)

u ∈ K := {v ∈ L2(Ω) | v ≤ ψ a.e. in Ω}. (4.1c)

Here, Ω ⊂ R
2 is a bounded, polygonal domain with boundary Γ := ∂Ω. Moreover, we

suppose that

ud, yd ∈ L2(Ω) , f ∈ L2(Ω) , ψ ∈ L∞(Ω) , α ∈ R+. (4.2)

It is well-known that under the assumption (4.2) the distributed optimal control
problem (4.1a)-(4.1c) admits a unique solution (y, u) ∈ H1

0 (Ω) × L2(Ω) (cf., e.g.,
[36, 65, 64, 85]) which is characterized by the existence of an adjoint state p ∈ H1

0 (Ω)
and a Lagrange multiplier for the inequality constraint (adjoint control) σ ∈ L2(Ω)
such that

a(y, v) = (f + u, v)0,Ω , v ∈ H1
0 (Ω), (4.3a)

a(p, v) = − (y − yd, v)0,Ω , v ∈ H1
0 (Ω), (4.3b)

u = ud +
1
α

(p− σ) , (4.3c)

σ ∈ ∂IK(u). (4.3d)

Here, a(·, ·) stands for the bilinear form

a(w, z) :=
∫

Ω

∇w · ∇z dx , w, z ∈ H1
0 (Ω),

and ∂IK : L2(Ω) → 2L2(Ω) denotes the subdifferential of the indicator function IK of
the constraint set K (cf., e.g., [52]).
We note that (4.3d) can be equivalently written as the variational inequality

(σ, u − v)0,Ω ≥ 0, v ∈ K, (4.4)

and the complementarity problem

σ ∈ L2
+(Ω) , ψ − u ∈ L2

+(Ω) , (4.5)
(σ, ψ − u)0,Ω = 0 ,

where L2
+(Ω) refers to the nonnegative cone in L2(Ω).

We define the active control set A(u) as the maximal open set A ⊂ Ω such that u(x) =
ψ(x) f.a.a. x ∈ A and the inactive control set I(u) according to I(u) :=

⋃
ε>0Bε,

where Bε is the maximal open set B ⊂ Ω such that u(x) ≤ ψ(x) − ε for almost all
x ∈ B. Then, the complementarity conditions (4.5) can be equivalently stated as:

σ(x) ≥ 0 f.a.a. x ∈ Ω, (4.6a)
σ(x) = 0 f.a.a. x ∈ I(u), (4.6b)

σ(x) = α (ud(x) − ψ(x)) + p(x) f.a.a. x ∈ A(u). (4.6c)
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4.2. Finite element approximation. The distributed optimal control problem
(4.1a)-(4.1c) is discretized by continuous piecewise linear finite elements with respect
to the triangulation Th(Ω). In particular, we refer to

Vh := { vh ∈ C0(Ω) | vh|T ∈ P1(T ) , T ∈ Th(Ω) },

as the finite element space spanned by the canonical nodal basis functions ϕa
h , a ∈

Nh(Ω), associated with the nodal points in Ω. Moreover, we denote by

Wh := { wh ∈ L2(Ω) | wh|T ∈ P0(T ) , T ∈ Th(Ω) }

the linear space of elementwise constant functions on Ω. We refer to yh ∈ Vh and uh ∈
Wh as finite element approximations of the state y and the control u, respectively. We
approximate the upper obstacle ψ by ψh ∈ Wh with ψh|T := |T |−1

∫
T ψdx, T ∈ Th(Ω).

The finite element approximation of the distributed optimal control problem (4.1a)-
(4.1c) reads as follows:

minimize Jh(yh, uh) :=
1
2

‖yh − yd‖2
0,Ω +

α

2
‖uh − ud‖2

0,Ω, (4.7a)

over (yh, uh) ∈ Vh ×Wh, (4.7b)
subject to a(yh, vh) = (f + uh, vh)0,Ω, vh ∈ Vh , (4.7c)

uh ∈ Kh := {wh ∈ Wh | wh|T ≤ ψh|T , T ∈ Th(Ω)}. (4.7d)

As in the continuous regime, the necessary and sufficient optimality conditions for
(4.7a)-(4.7d) involve the existence of an adjoint state ph ∈ Vh and an adjoint control
σh ∈ Wh such that

a(yh, vh) = (f + uh, vh)0,Ω , vh ∈ Vh, (4.8a)

a(ph, vh) = − (yh − yd, vh)0,Ω, vh ∈ Vh, (4.8b)

uh = ud
h +

1
α

(Mhph − σh), (4.8c)

σh ∈ ∂IKh
(uh), (4.8d)

where ud
h ∈ Wh with ud

h|T := |T |−1
∫

T u
ddx, T ∈ Th(Ω), and Mh : Vh → Wh is the

operator given by

(Mhvh)T := |T |−1

∫

T

vh(x) dx , T ∈ Th(Ω). (4.9)

Again, (4.8d) can be stated as the complementarity problem

σh ≥ 0, ψh − uh ≥ 0, (4.10)
(σh, ψh − uh)0,Ω = 0.

We define A(uh) and I(uh) as the discrete active and inactive control sets according
to

A(uh) :=
⋃

{ T ∈ Th(Ω) | uh|T = ψh|T }, (4.11a)

I(uh) :=
⋃

{ T ∈ Th(Ω) | uh|T < ψh|T }. (4.11b)
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The complementarity conditions (4.10) readily imply

σh|T ≥ 0 , T ∈ Th(Ω), (4.12a)
σh|T = 0 , T ∈ I(uh), (4.12b)

σh|T = α (ud
h − ψh)|T + (Mhph)|T , T ∈ A(uh). (4.12c)

We note that the discrete state and co-state yh, ph ∈ Vh may also be considered as
finite element approximations of an intermediate state y(uh) and an intermediate
co-state p(uh) as the solution of the coupled elliptic system: Given uh ∈ Wh, find
y(uh), p(uh) ∈ H1

0 (Ω) such that

a(y(uh), v) = (f + uh, v)0,Ω , v ∈ H1
0 (Ω), (4.13a)

a(p(uh), v) = − (y(uh) − yd, v)0,Ω , v ∈ H1
0 (Ω). (4.13b)

Obviously, we have

|y(uh) − y|1,Ω ≤ c(Ω) ‖u− uh‖0,Ω, (4.14a)
|p(uh) − p|1,Ω ≤ c(Ω) ‖y − y(uh)‖0,Ω, (4.14b)

where c(Ω) > 0 is the constant in the Poincaré-Friedrichs inequality

‖v‖0,Ω ≤ c(Ω) |v|1,Ω , v ∈ H1
0 (Ω). (4.15)

Moreover, choosing v = p(uh) − p in (4.13a) and v = y(uh) − y in (4.13b), we find

(p− p(uh), u− uh)0,Ω = − ‖y − y(uh)‖2
0,Ω ≤ 0. (4.16)

4.3. The residual-type a posteriori error estimator.

4.3.1. Reliability. The residual type error estimator consists of easily com-
putable element and edge residuals with respect to the finite element approximations
yh ∈ Vh and ph ∈ Vh of the state y ∈ H1

0 (Ω) and the co-state p ∈ H1
0 (Ω) as well as of

data oscillations. In particular, we define

ηy :=
( ∑

T∈Th(Ω)

η2
y,T +

∑

E∈Eh(Ω)

η2
y,E

)1/2

, (4.17a)

ηp :=
( ∑

T∈Th(Ω)

2∑

i=1

(η(i)
p,T )2 +

∑

E∈Eh(Ω)

η2
p,E

)1/2

. (4.17b)

Here, the element residuals ηy,T , η
(i)
p,T , 1 ≤ i ≤ 2, and the edge residuals ηy,E , ηp,E are

given by

ηy,T := hT ‖f + uh‖0,T , T ∈ Th(Ω), (4.18a)

η
(1)
p,T := hT ‖yd − yh‖0,T , T ∈ Th(Ω), (4.18b)

η
(2)
p,T := ‖Mhph − ph‖0,T , T ∈ Th(Ω), (4.18c)

ηy,E := h
1/2
E ‖nE · [∇yh]‖0,E, E ∈ Eh(Ω), (4.18d)

ηp,E := h
1/2
E ‖nE · [∇ph]‖0,E, E ∈ Eh(Ω), (4.18e)
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where E = T1 ∩ T2, Tν ∈ Th(Ω), 1 ≤ ν ≤ 2, and nE is the exterior unit normal vector
on E directed towards T2, whereas [∇yh] and [∇ph] denote the jumps of ∇yh,∇ph

across E.
The residual type error estimator η for the finite element approximation of the dis-
tributed control problem (4.1a)-(4.1c) is then given by

η :=
(
η2

y + η2
p

)1/2

. (4.19)

Moreover, we define the data oscillations

µh(ud) :=
( ∑

T∈Th(Ω)

µT (ud)2
)1/2

, (4.20a)

µT (ud) := ‖ud − ud
h‖0,T ,

µh(ψ) :=
( ∑

T∈Th(Ω)

µT (ψ)2
)1/2

, (4.20b)

µT (ψ) := ‖ψ − ψh‖0,T ,

as well as

osch(yd) :=
( ∑

T∈Th(Ω)

oscT (yd)2
)1/2

, (4.21a)

oscT (yd) := hT ‖yd − yd
h‖0,T ,

osch(f) :=
( ∑

T∈Th(Ω)

oscT (f)2
)1/2

, (4.21b)

oscT (f) := hT ‖f − fh‖0,T ,

where yd
h ∈ Wh and fh ∈ Wh with yd

h|T := |T |−1
∫

T
yddx, fh|T := |T |−1

∫
T
fdx, T ∈

Th(Ω).
Compared to the element residuals ηy,T , ηp,T and the edge residuals ηy,E, ηp,E , the
data oscillations osch(yd), osch(f) are of the same order for non smooth yd, f and of
higher order for smooth yd, f , e.g., yd, f ∈ H1(Ω).

Remark 4.1. The element residuals ηy,T and η(1)
p,T in (4.18a),(4.18b) may be re-

placed with η̂y,T := hT ‖fh +uh‖0,T and η̂(1)
p,T := hT ‖yd

h −yh‖0,T . Obviously, ηy,T , η
(1)
p,T

and η̂y,T , η̂
(1)
p,T are equivalent up to the data oscillations oscT (f) and oscT (yd), respec-

tively. The following results remain valid up to these (additional) data oscillations.

Theorem 4.1. Let (y, p, u, σ) and (yh, ph, uh, σh) be the solutions of (4.3a)-
(4.3d) and (4.8a)-(4.8d), and let η and µh(ud), µh(ψ) be the residual error estimator
and the data oscillations as given by (4.19) and (4.20a),(4.20b), respectively. Then,
there exist positive constants Λ and C, depending on α,Ω and the shape regularity of
{Th(Ω)}, such that

|y − yh|1,Ω + |p− ph|1,Ω + ‖u− uh‖0,Ω (4.22)

+ ‖σ − σh‖0,Ω ≤ Λη + C
(
µh(ud) + µh(ψ)

)
.
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For the proof of Theorem 4.1 we will show that the discretization errors as given
by the left-hand side in (4.22) can be bounded by the discretization errors in the finite
element approximations of y(uh) and p(uh) by yh and ph and the data oscillations
µh(ud) and µh(ψ). An upper bound for the discretization errors y(uh) − yh and
p(uh) − ph can be obtained as in the case of the finite element approximations of
standard second order elliptic boundary value problems.

Lemma 4.2. Let (y, p, u, σ) and (yh, ph, uh, σh) be the solutions of (4.3a)-(4.3d)
and (4.8a)-(4.8d), respectively, and let µh(ud) be the data oscillation according to
(4.20a). Moreover, let y(uh) and p(uh) be the intermediate state and intermediate
adjoint state as given by (4.13a),(4.13b). Then, there exists a positive constant C
depending only on α and Ω such that

|y − yh|1,Ω + |p− ph|1,Ω + ‖u− uh‖0,Ω + ‖σ − σh‖0,Ω (4.23)

≤ C
(
|yh − y(uh)|1,Ω + |ph − p(uh)|1,Ω + (

∑

T∈Th(Ω)

(η(2)
p,T )2)1/2 + µh(ψ) + µh(ud)

)
.

Proof. Using (4.14a),(4.14b) and (4.15), we find

|y − yh|1,Ω ≤ |yh − y(uh)|1,Ω + c(Ω)‖u− uh‖0,Ω, (4.24)

|p− ph|1,Ω ≤ |ph − p(uh)|1,Ω + c(Ω)‖y − yh‖0,Ω (4.25)
≤ |ph − p(uh)|1,Ω + c(Ω)2|yh − y(uh)|1,Ω + c(Ω)3‖u− uh‖0,Ω,

‖σ − σh‖2
0,Ω (4.26)

≤ 2α2
(

‖u− uh‖0,Ω + µh(ud)
)2

+ 2‖p−Mhph‖2
0,Ω

≤ 4α2
(

‖u− uh‖2
0,Ω + µ2

h(ud)
)

+ 4c(Ω)2|p− ph|21,Ω

+4‖ph −Mhph‖2
0,Ω ≤ 4(α2 + 3c(Ω)8)‖u− uh‖2

0,Ω

+12c(Ω)2|ph − p(uh)|21,Ω + 12c(Ω)6|yh − y(uh)|21,Ω

+4‖ph −Mhph‖2
0,Ω + 4α2µ2

h(ud).

Moreover, in view of (4.8c) and using Young’s inequality, we get

α ‖u− uh‖2
0,Ω (4.27)

= (σh − σ, u − uh)0,Ω + (p− ph, u− uh)0,Ω

+(ph −Mhph, u− uh)0,Ω + α(ud − ud
h, u− uh)0,Ω

≤ (σh − σ, u − uh)0,Ω + (p− ph, u− uh)0,Ω

+
α

4
‖u− uh‖2

0,Ω +
2
α

‖ph −Mhph‖2
0,Ω + 2αµh(ud).

Observing (4.10), for the first term on the right-hand side in (4.27) we obtain

(σh − σ, u − uh)0,Ω

= (σh, u− ψ)0,Ω︸ ︷︷ ︸
≤ 0

+(σh − σ, ψ − ψh)0,Ω + (σh, ψh − uh)0,Ω︸ ︷︷ ︸
= 0

− (σ, u− ψ)0,Ω︸ ︷︷ ︸
= 0

− (σ, ψh − uh)0,Ω︸ ︷︷ ︸
≥0

≤ |(σh − σ, ψ − ψh)0,Ω|.
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A further application of Young’s inequality yields

(σh − σ, u − uh)0,Ω (4.28)

≤
α

16(α2 + 3c(Ω)8)
‖σ − σh‖2

0,Ω + 4
α2 + 3c(Ω)8

α
µ2

h(ψ).

On the other hand, in view of (4.16), for the second term on the right-hand side in
(4.27) we obtain

(p− ph, u− uh)0,Ω ≤ (p(uh) − ph, u− uh)0,Ω.

Using Young’s inequality once more, the right-hand side can be estimated according
to

(p(uh) − ph, u− uh)0,Ω ≤
α

4
‖u− uh‖2

0,Ω +
c(Ω)2

α
|p(uh) − ph|21,Ω. (4.29)

Using (4.28) and (4.29) in (4.27), we end up with

‖u− uh‖2
0,Ω ≤

1
8(α2 + 3c(Ω)8)

‖σ − σh‖2
0,Ω (4.30)

+ 2(
c(Ω)
α

)2 |ph − p(uh)|21,Ω +
4
α2

‖ph −Mhph‖2
0,Ω + 4µ2

h(ud) + 8
α2 + 3c(Ω)8

α2
µ2

h(ψ).

Hence, taking advantage of (4.30) in (4.26), we obtain

‖σ − σh‖2
0,Ω ≤ 8c(Ω)2

(
3 +

2(α2 + 3c(Ω)8)
α2

)
|ph − p(uh)|21,Ω (4.31)

+ 24c(Ω)6|yh − y(uh)|21,Ω + 8
(
1 + 4

α2 + 3c(Ω)8

α2

)
‖ph −Mhph‖2

0,Ω

+ 8
(
5α2 + 12c(Ω)8

)
µ2

h(ud) + 64
(α2 + 3c(Ω)8)2

α2
µ2

h(ψ).

On the other hand, using (4.31) in (4.30) readily gives

‖u− uh‖2
0,Ω ≤

c(Ω)2

α2

5α2 + 6c(Ω)8

α2 + 3c(Ω)8
|ph − p(uh)|21,Ω (4.32)

+
3c(Ω)6

α2 + 3c(Ω)8
|yh − y(uh)|21,Ω +

9α2 + 24c(Ω)8

α2 + 3c(Ω)8
µ2

h(ud)

+
( 4
α2

+
5α2 + 12c(Ω)8

α2(α2 + 3c(Ω)8)
)
‖ph −Mhph‖2

0,Ω

+ 16
α2 + 3c(Ω)8

α2
µ2

h(ψ).

Combining (4.24),(4.25),(4.31) and (4.32), gives the assertion.

Lemma 4.3. Let (yh, ph, uh, σh) be the solution of (4.3a)-(4.3d) and let y(uh), p(uh)
be the solutions of (4.13a),(4.13b), respectively. Further, let ηy and η(1)

p,T , ηp,E be the
parts of the residual error estimator η as given by (4.17a) and (4.18b),(4.18e). Then,
there exist positive constants Cν , 4 ≤ ν ≤ 5, depending only on the shape regularity of
{Th(Ω)}, such that

|y(uh) − yh|21,Ω ≤ C4 η
2
y , (4.33a)

|p(uh) − ph|21,Ω ≤ C5

(
η2

y +
∑

T∈Th(Ω)

(η(1)
p,T )2 +

∑

E∈Eh(Ω

η2
p,E

)
. (4.33b)
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Proof. Using standard techniques based on Clément’s interpolation operator, for
the discretization error |y(uh) − yh|1,Ω we obtain

|y(uh) − yh|21,Ω

≤ C
( ∑

T∈Th(Ω)

h2
T ‖f + uh‖2

0,T︸ ︷︷ ︸
= η2

y,T

+
∑

E∈Eh(Ω)

hE ‖νE · [∇yh]‖2
0,E︸ ︷︷ ︸

= η2
y,E

)
,

which is (4.33a). Applying the same techniques to the discretization error |p(uh) −
ph|1,Ω, we obtain

|p(uh) − ph|21,Ω (4.34)

≤ C
( ∑

T∈Th(Ω)

h2
T ‖yd − y(uh)‖2

0,T +
∑

E∈Eh(Ω)

hE ‖νE · [∇ph]‖2
0,E︸ ︷︷ ︸

= η2
p,E

)
.

For the first term on the right-hand side in (4.34), taking advantage of (4.33a) it
follows that

∑

T∈Th(Ω)

h2
T ‖yd − y(uh)‖2

0,T (4.35)

≤ 2
( ∑

T∈Th(Ω)

h2
T ‖yd − yh‖2

0,T︸ ︷︷ ︸
= (η

(1)
p,T

)2

+
∑

T∈Th(Ω)

h2
T ‖y(uh) − yh‖2

0,T

)

≤ 2
∑

T∈Th(Ω)

(η(1)
T,p)2 + 2 h2 c(Ω)2 |y(uh) − yh|21,Ω

≤ 2
∑

T∈Th(Ω)

(η(1)
p,T )2 + 2 h2 c(Ω)2 C2 η2

y .

Combining (4.34) and (4.35) results in (4.33b).

4.3.2. Efficiency. In this subsection, we will establish the efficiency of the
residual-type a posteriori error estimator.

Theorem 4.4. Let (y, p, u, σ) and (yh, ph, uh, σh) be the solutions of (4.3a)-
(4.3d) and (4.8a)-(4.8d) and let η, µh(ud), µh(ψ) and osch(yd), osch(f) be given by
(4.19),(4.20a),(4.20b) and (4.21a), (4.21b), respectively. Then, there exist positive
constants λ and c depending only on Ω and the shape regularity of {Th(Ω)} such that

|y − yh|21,Ω + |p− ph|21,Ω + ‖u− uh‖2
0,Ω + ‖σ − σh‖2

0,Ω (4.36)

≥ λη2 − c
(
µ2

h(ud) + osc2h(yd) + osc2h(f)
)
.

The proof of Theorem 4.4 will be given by a series of lemmas.

Lemma 4.5. Let (y, p, u, σ) and (yh, ph, uh, σh) be the solutions of (4.3a)-(4.3d)
and (4.8a)-(4.8d) and let ηy,T , oscT (f) be given by (4.18a) and (4.21b), respectively.
Then, there exists a positive constant C depending only on the shape regularity of
{Th(Ω)} such that for T ∈ Th(Ω)

η2
y,T ≤ C

(
|y − yh|21,T + h2

T ‖u− uh‖2
0,T + osc2T (f)

)
. (4.37)
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Proof. We have

η2
y,T = h2

T ‖f + uh‖2
0,T ≤ 2 h2

T ‖fh + uh‖2
0,T + 2 osc2T (f) . (4.38)

Setting zh := (fh +uh)|TψT , applying (2.51a) and observing that ∆yh|T = 0, Green’s
formula and the fact that zh is an admissible test function in (4.3a) imply

h2
T ‖fh + uh‖2

0,T ≤ C h2
T (fh + uh + ∆yh, zh)0,T = (4.39)

= C h2
T

(
− a(yh, zh) + (f + u, zh)0,T

+ (fh − f, zh)0,T + (uh − u, zh)0,T

)
=

= C h2
T

(
a(y − yh, zh) + ((fh − f) + (uh − u), zh)0,T

)
≤

≤ C
(
h2

T |y − yh|1,T |zh|1,T + (h2
T ‖u− uh‖0,T + hT oscT (f)) ‖zh‖0,T

)
.

Now, by (2.51c),(2.51d) and Young’s inequality, (4.39) gives rise to

h2
T ‖fh + uh‖2

0,T ≤ C
(

|y − yh|21,T + h2
T ‖u− uh‖2

0,T + (4.40)

+ osc2T (f)
)

+
1
2
h2

T ‖fh + uh‖2
0,T .

Combining (4.38) and (4.40), readily gives the assertion.

Lemma 4.6. Let (y, p, u, σ) and (yh, ph, uh, σh) be the solutions of (4.3a)-(4.3d)
and (4.8a)-(4.8d) and let η(1)

p,T , oscT (yd) be given by (4.18b) and (4.21a), respectively.
Then, there exists a positive constant C depending only on the shape regularity of
{Th(Ω)} such that for T ∈ Th(Ω)

(η(1)
p,T )2 ≤ C

(
|p− ph|21,T + h2

T ‖y − yh‖2
0,T + osc2T (yd)

)
. (4.41)

Proof. The assertion (4.41) follows using the same arguments as in the proof of
the previous lemma.

Lemma 4.7. Let (y, p, u, σ) and (yh, ph, uh, σh) be the solutions of (4.3a)-(4.3d)
and (4.8a)-(4.8d) and let η(2)

p,T and µT (ud) be given by (4.18c) and (4.20a), respectively.
Then, for T ∈ Th(Ω) there holds

η
(2)
p,T ≤ ‖p− ph‖0,T + ‖σ − σh‖0,T + α

(
‖u− uh‖0,T + µT (ud)

)
. (4.42)

Proof. We have

‖Mhph − ph‖0,T ≤ ‖p− ph‖0,T + ‖Mhph − p‖0,T .

Observing (4.3c) and (4.8c), for the second term on the right-hand side we find

‖Mhph − p‖0,T ≤ ‖σ − σh‖0,T + α
(

‖u− uh‖0,T + µT (ud)
)
,

which readily gives (4.42).
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Lemma 4.8. Let (y, p, u, σ) and (yh, ph, uh, σh) be the solutions of (4.3a)-(4.3d)
and (4.8a)-(4.8d) and let ηy,T and ηy,E be given by (4.18a) and (4.18d), respectively.
Then, there exists a positive constant C depending only on the shape regularity of
{Th(Ω)} such that for E ∈ Eh(Ω)

η2
y,E ≤ C

(
|y − yh|21,ωE

+ h2
E ‖u− uh‖2

0,ωE
+

2∑

ν=1

η2
y,Tν

)
. (4.43)

Proof. We set ζE := (nE ·[∇yh])|E and zh := ζ̃EψE . Then, using (2.51b), applying
Green’s formula, observing that zh is an admissible test function in (4.3a), and taking
advantage of (2.54a),(2.54b), we find

η2
y,E = hE‖nE · [∇yh]‖2

0,E ≤ C hE (nE · [∇yh], ζEψE)0,E =

= C hE

2∑

ν=1

(ν∂Tν
· [∇yh], zh)0,∂Tν

= C hE

(
a(yh − y, zh) +

+ (u− uh, zh)0,ωE
+ (f + uh, zh)0,ωE

)
≤

≤ C h
1/2
E ‖νE · [∇yh]‖0,E

(
|y − yh|1,ωE

+

+ (hE ‖u− uh‖0,ωE
+ (

2∑

ν=1

η2
y,Tν

)1/2)
)
.

An application of Young’s inequality results in (4.43).

Lemma 4.9. Let (y, p, u, σ) and (yh, ph, uh, σh) be the solutions of (4.3a)-(4.3d)
and (4.8a)-(4.8d) and let η(1)

p,T and ηp,E be given by (4.18b) and (4.18e), respectively.
Then, there exists a positive constant C depending only on the shape regularity of
{Th(Ω)} such that for E ∈ Eh(T ) , T ∈ Th(Ω)

η2
p,E ≤ C

(
|p− ph|21,ωE

+ h2
E ‖y − yh‖2

0,ωE
+

2∑

ν=1

(η(1)
p,Tν

)2
)
. (4.44)

Proof. The assertion (4.44) can be verified along the same lines of proof as in
Lemma 4.8.

Fig. 4.1. Example 1: Visualization of the optimal state y (left) and the optimal adjoint state p

(right)
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Fig. 4.2. Example 1: Visualization of the optimal control u (left) and the optimal adjoint
control σ (right)

Fig. 4.3. Example 1: Adaptively refined meshes after 8 (left) and 12 (right) refinement steps

4.4. Numerical results. We present numerical results documenting the perfor-
mance of the adaptive finite element approximation for two representative distributed
optimal control problems that have been considered in [13] in the framework of primal-
dual active set strategies as iterative solvers for such kind of control problems. In
particular, the second example considers a variable obstacle and exhibits a lack of
strict complementarity.

Table 4.1
Example 1: Convergence history of the adaptive FEM, Part I: Total discretization error and

discretization errors in the state, adjoint state, control, and adjoint control

l Ndof ‖|z − zh|‖ |y − yh|1 |p − ph|1 ‖u − uh‖0 ‖σ − σh‖0
1 13 2.27e-01 1.92e-02 1.48e-02 1.91e-01 2.11e-03
2 41 1.24e-01 1.34e-02 1.36e-02 9.59e-02 1.06e-03
3 126 6.19e-02 6.83e-03 7.86e-03 4.67e-02 5.48e-04
4 374 3.57e-02 3.93e-03 4.89e-03 2.65e-02 3.67e-04
5 968 2.50e-02 2.63e-03 3.34e-03 1.88e-02 2.50e-04
6 2553 1.77e-02 1.92e-03 2.33e-03 1.33e-02 1.57e-04
7 5396 1.25e-02 1.31e-03 1.67e-03 9.39e-03 1.17e-04
8 12318 8.71e-03 9.34e-04 1.17e-03 6.53e-03 7.58e-05
9 26887 6.17e-03 6.52e-04 8.38e-04 4.62e-03 5.66e-05
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Example 1: Constant Obstacle
The data in the optimal distributed control problem (4.1a)-(4.1c) are chosen as follows:

Ω := (0, 1)2 , yd := sin(2πx1) sin(2πx2)
exp(2x1)

6
,

ud := 0 , α := 0.01 , ψ := 0 , f := 0 .

Figures 4.1 and 4.2 display the optimal state, the optimal adjoint state, the optimal
control, and the optimal adjoint control, respectively. Figure 4.3 shows the adaptively
generated meshes after 8 (left) and 12 (right) steps of the adaptive cycle. Table 1
contains the error reduction in the total error

‖|z − zh|‖ := (|y − yh|21,Ω + |p− ph|21,Ω + ‖u− uh‖2
0,Ω + ‖σ − σh‖2

0,Ω)1/2

and the errors in the state, the adjoint state, the control, and the adjoint control,
respectively.

Fig. 4.4. Example 2: Visualization of the optimal state y (left) and the optimal adjoint state p

(right))

Fig. 4.5. Example 2: Visualization of the optimal control u (left) and the optimal adjoint
control σ (right))

Example 2: Variable Obstacle
The data in (4.1a)-(4.1c) have been chosen as follows:

Ω := (0, 1)2 , yd := 0 , ud := û+ α−1 (σ̂ + ∆−2û) ,

ψ :=
{

(x1 − 0.5)8 , (x1, x2) ∈ Ω1

(x1 − 0.5)2 , otherwise , α := 0.1 , f := 0 .
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Fig. 4.6. Example 2: Adaptive generated meshes after 6 (left) and 10 (right) refinement steps

10-3

10-2

102 103 104 105

Ndof

|||z - zh|||

θ = 0.6
uniform

10-3

10-2

102 103 104 105

Ndof

|||z - zh|||

θ = 0.7
uniform

Fig. 4.7. Example 2: Adaptive versus uniform refinement, Θi = 0.6 (left) and Θi = 0.7 (right)

Here, û and σ̂ are given by

û :=
{

ψ(x1, x2) , (x1, x2) ∈ Ω1 ∪ Ω2

−1.01 ψ(x1, x2) , otherwise ,

σ̂ :=
{

2.25 (x1 − 0.75) · 10−4 , (x1, x2) ∈ Ω2

0 , otherwise ,

where Ω1 and Ω2 are given as follows

Ω1 := {(x1, x2) ∈ Ω | ((x1 − 0.5)2 + (x2 − 0.5)2)1/2 ≤ 0.15} ,
Ω2 := {(x1, x2) ∈ Ω | x1 ≥ 0.75} .

Figures 4.4 and 4.5 display the optimal state y, the optimal adjoint state p, the optimal
control u = û, and the optimal adjoint control σ = σ̂, respectively. Figure 4.6 shows
the adaptively generated meshes after 6 (left) and 10 (right) steps of the adaptive cycle.
Figure 4.7 illustrates the benefit of adaptive versus uniform refinement. In particular,
the total discretization error in the state, adjoint state, control, and adjoint control
is shown as a function of the total number of degrees of freedom. Finally, Table 2
contains the same information as Table 1 for Example 1.
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Table 4.2
Example 2: Convergence history of the adaptive FEM, Part I: Total discretization error and

discretization errors in the state, adjoint state, control, and adjoint control

l Ndof ‖|z − zh|‖ |y − yh|1 |p − ph|1 ‖u − uh‖0 ‖σ − σh‖0
1 13 5.36e-02 6.85e-03 1.04e-04 4.66e-02 8.86e-06
2 41 3.12e-02 3.83e-03 5.99e-05 2.74e-02 4.63e-06
3 102 2.10e-02 2.39e-03 4.10e-05 1.85e-02 2.29e-06
4 291 1.41e-02 1.58e-03 2.94e-05 1.24e-02 1.39e-06
5 873 9.31e-03 9.73e-04 1.93e-05 8.32e-03 8.41e-07
6 2325 6.33e-03 6.17e-04 1.22e-05 5.70e-03 5.60e-07
7 5816 4.38e-03 4.02e-04 7.62e-06 3.97e-03 3.76e-07
8 14524 3.03e-03 2.66e-04 5.26e-06 2.76e-03 2.42e-07
9 38364 1.97e-03 1.71e-04 3.42e-06 1.80e-03 1.54e-07

5. The goal-oriented dual weighted approach for state constrained el-
liptic optimal control problems.

5.1. Variational formulation. We apply the goal-oriented dual weighted ap-
proach to pointwise state constrained optimal control problems for elliptic partial
differential equations of the form

minimizeJ(y, u) :=
1
2

‖y − yd‖2
0,Ω +

α

2
‖u‖2

0,Ω (5.1a)

over (y, u) ∈ H1
0 (Ω) × L2(Ω),

subject to − ∆ y = f + u, (5.1b)
y ≤ ψ almost everywhere (a.e) in Ω. (5.1c)

Here, Ω ⊂ R
d, d ∈ {2, 3}, stands for some bounded domain with sufficiently smooth

boundary Γ = ∂Ω, yd, f ∈ L2(Ω), α > 0, and

ψ ∈ W 1,r(Ω) , r > d, with ψ|Γ > 0. (5.2)

We note that (5.1a)-(5.1c) admits a unique solution (y∗, u∗) ∈ V r × L2(Ω), where
V r := W 1,r

0 (Ω), r > d. The solution is characterized by the following optimality
system (cf., e.g., [27]):

(∇y∗,∇v)0,Ω − (u∗, v)0,Ω = (f, v)0,Ω, v ∈ H1
0 (Ω), (5.3a)

(∇p∗,∇w)0,Ω + 〈λ∗, w〉 + (y, w)0,Ω = (yd, w)0,Ω, w ∈ V r, (5.3b)
αu∗ − p∗ = 0, (5.3c)
〈λ∗, w − y∗〉 ≤ 0, w ∈ V r with w ≤ ψ a.e. in Ω, y∗ ≤ ψ a.e. in Ω. (5.3d)

Here, p∗ is the adjoint state satisfying p∗ ∈ V s, V s = {w ∈ W 1,s(Ω) : w|Γ = 0},
r−1 + s−1 = 1. For the multiplier λ∗ we have λ∗ ∈ M(Ω̄) where M(Ω̄) is the Banach
space of regular Borel measures in Ω̄. Further, 〈·, ·〉 refers to the duality pairing
between M(Ω̄) and C(Ω̄). We remark that (5.3d) gives rise to the complementarity
system

λ∗ ≥ 0, y∗ ≤ ψ a.e. in Ω, 〈λ∗, y∗ − ψ〉 = 0. (5.4)

The numerical solution of (5.1a)-(5.1c) requires to deal with the measure-valuedness
of the Lagrange multiplier λ∗. For the development of efficient solvers, we refer to
[49, 70] and the survey [50]. The paper [33] is concerned with the convergence of a
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finite element discretization of (5.1a)-(5.1c). Residual-based a posteriori error esti-
mates for adaptive mesh refinement in the numerical solution of (5.1a)-(5.1c) have
been derived in [55, 56].

The concept of goal-oriented adaptivity has been used for pointwise control con-
strained optimal control problems in [45, 87], whereas it has been applied to the state
constrained case in [12, 43, 46, 88].

5.2. Representation of the error in the quantity of interest. The first
order optimality system (5.3) can be formally derived by means of the Lagrangian
L : V r × V s × L2(Ω) ×M(Ω̄) → R which is given by

L(y, p, u, λ) = J(y, u) + (∇y,∇p)0,Ω − (u+ f, p)0,Ω + 〈λ, y − b〉. (5.5)

We set x := (y, p, u), x∗ = (y∗, p∗, u∗) and X = V r × V s × L2(Ω). Then, the system
(5.3a)–(5.3c) reads as follows

∇xL(x∗, λ∗)(δx) = 0, δx ∈ X. (5.6)

We denote by Vh the finite element space of continuous piecewise linear finite elements
with respect to a simplicial triangulation Th(Ω) of the computational domain Ω and
refer to Xh as the discrete space Xh = Vh × Vh × Vh. We take advantage of the fact
that αu∗ = p∗ which implies that u∗ inherits the V s-regularity of p∗. This allows to
discretize both quantities in the same way.

The discrete multiplier pertinent to

yh(a) ≤ ψ(a), a ∈ Nh(Ω), (5.7)

is chosen as a linear combination of Dirac delta functions associated with the nodal
points, i.e.,

λh =
∑

a∈Nh(Ω)

κaδa, (5.8)

where δa stands for the Dirac measure in a ∈ Nh(Ω). We set

Mh = {λh =
∑

a∈Nh(Ω)

κaδa : κa ∈ R , a ∈ Nh(Ω)}.

In order to derive the discrete complementarity system, we define ψh := Ihψ with
Ih being the Lagrange interpolation operator associated with the nodes a ∈ Nh(Ω).
Moreover, we choose fh and yd

h as the L2-projections of f and yd onto Vh. Then, the
discrete version of (5.3) is given by

(∇y∗h,∇vh)0,Ω − (u∗h, vh)0,Ω = (fh, vh)0,Ω, vh ∈ Vh, (5.9a)

(∇p∗h,∇wh)0,Ω + 〈λ∗h, wh〉 + (yh, wh)0,Ω = (yd
h, wh)0,Ω, wh ∈ Vh, (5.9b)

αu∗h − p∗h = 0, (5.9c)
y∗h(a) ≤ ψh(a), κ∗a ≥ 0, a ∈ Nh(Ω), 〈λ∗h, y

∗
h − ψh〉 = 0. (5.9d)

The system (5.10a)-(5.10c) represents the first order necessary and sufficient condition
of the discrete version of (5.1a)-(5.1c) as given by

minimizeJh(yh, uh) :=
1
2

‖yh − yd
h‖2

0,Ω +
α

2
‖uh‖2

0,Ω (5.10a)

over (yh, uh) ∈ Vh × Vh,

subject to (∇yh,∇vh)0,Ω = (fh + uh, vh)0,Ω, vh ∈ Vh, (5.10b)
yh(a) ≤ ψh(a), a ∈ Nh(Ω). (5.10c)
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The discrete Lagrangian reads

Lh(xh, λh) =Jh(yh, uh) + (∇yh,∇ph)0,Ω (5.11)

− (fh + uh, ph)0,Ω + 〈λh, yh − ψh〉.

As in the continuous case, (5.10a)-(5.10c) can be stated as

∇xLh(x∗h, λ
∗
h)(δxh) = 0, δxh ∈ Xh. (5.12)

For x ∈ X , λ ∈ M(Ω̄), and xh ∈ Xh, λh ∈ Mh we obtain the relations

L(x, λh) = L(x, λ) + 〈λh − λ, y − ψ〉, (5.13)
∇xL(xh, λh)(δxh) = ∇xL(xh, λ)(δxh) + 〈λh − λ, δyh〉, (5.14)

where δxh = (δyh, δph, δuh) ∈ Xh. Here, we have used V r ⊂ C(Ω̄) due to the Sobolev
embedding theorem. We note that for our model problem (5.1a)-(5.1c) the second
derivative of L with respect to x depends neither on x nor on λ. We can thus write
∇xxL(δx, δ̂x) instead of ∇xxL(x, λ)(δx, δ̂x). Similar observations hold true for Lh.
Due to Xh ⊂ X , for δxh = (δyh, δph, δuh) ∈ Xh we have

0 = ∇xL(x∗, λ∗)(δxh) (5.15)
= ∇xL(x∗h, λ

∗)(δxh) + ∇xxL(x∗ − x∗h, δxh)
= ∇xL(x∗h, λ

∗
h)(δxh) + 〈λ∗ − λ∗h, δyh〉 + ∇xxL(x∗ − x∗h, δxh)

= ∇xLh(x∗h, λ
∗
h)(δxh) − (f − fh, δph)0,Ω − (yd − yd

h, δyh)0,Ω

+ 〈λ∗ − λ∗h, δyh〉 + ∇xxL(x∗ − x∗h, δxh)
= 〈λ∗ − λ∗h, δyh〉 + ∇xxL(x∗ − x∗h, δxh) − (f − fh, δph)0,Ω

− (yd − yd
h, δyh)0,Ω.

Since (5.14) and the first two lines in (5.15) obviously hold true for δxh replaced with
any element in X , we further have the relations

∇xxL(x∗h − x∗, x∗h − x∗) (5.16)
= ∇xxL(x∗h − x∗, x∗h − x∗ + δxh) − 〈λ∗ − λ∗h, δyh〉

+ (f − fh, δph)0,Ω + (z − zh, δyh)0,Ω,

∇xL(x∗h, λ
∗)(x∗ − x∗h − δxh) = ∇xxL(x∗h − x∗, x∗ − x∗h − δxh), (5.17)

∇xL(x∗h, λ
∗
h)(x∗ − x∗h − δxh) (5.18)

= 〈λ∗h − λ∗, y∗ − y∗h − δyh〉 + ∇xxL(x∗h − x∗, x∗ − x∗h − δxh).

We derive a representation of the difference between the continuous and discrete goal
in terms of the Hessian of the Lagrangian and additional contributions.

Theorem 5.1. Let (x∗, λ∗) ∈ X × M(Ω̄) and (x∗h, λ∗h) ∈ Xh × Mh denote the
solution of (5.1a)-(5.1c) and its finite dimensional counterpart (5.10a)-(5.10c). Then,
there holds

J(y∗, u∗) − Jh(y∗h, u
∗
h) = −

1
2

∇xxL(x∗h − x∗, x∗h − x∗) + 〈λ∗, y∗h − ψ〉 + ôsc
(1)
h . (5.19)
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Here, the data oscillations ôsc(1)h read

ôsc
(1)
h :=

∑

T∈Th

ôsc
(1)
T , (5.20)

ôsc
(1)
T := (y∗h − yd

h, y
d
h − yd)0,T +

1
2

‖yd − yd
h‖2

0,T + (fh − f, p∗h)0,T .

Proof. We note that J(y∗, u∗) = L(x∗, λ∗) and Jh(y∗h, u
∗
h) = Lh(x∗h, λ

∗
h). By

Taylor expansions, in view of (5.13)-(5.14), the complementarity relations (5.3d) and
(5.9d) as well as (3.31) and (3.32a), we obtain

J(y∗, u∗) − Jh(y∗h, u
∗
h) = L(x∗, λ∗) − Lh(x∗h, λ

∗
h) =

= L(x∗, λ∗) − Lh(x∗, λ∗h) − ∇xLh(x∗, λ∗h)(x∗h − x∗)

−
1
2

∇xxLh(x∗h − x∗, x∗h − x∗)

= J(y∗, u∗) − Jh(y∗, u∗) + (fh − f, p∗)0,Ω − 〈λ∗h, y
∗ − ψh〉

− ∇xLh(x∗, λ∗h)(x∗h − x∗) −
1
2

∇xxLh(x∗h − x∗, x∗h − x∗)

= ôsc
(1)
h − 〈λ∗h, y

∗ − ψh〉 − ∇xL(x∗, λ∗h)(x∗h − x∗)

−
1
2

∇xxLh(x∗h − x∗, x∗h − x∗)

= ôsc
(1)
h − 〈λ∗h, y

∗ − y∗h〉 + 〈λ∗ − λ∗h, y
∗
h − y∗〉

−
1
2

∇xxLh(x∗h − x∗, x∗h − x∗)

= ôsc
(1)
h + 〈λ∗, y∗h − b〉 −

1
2

∇xxLh(x∗h − x∗, x∗h − x∗),

which allows to conclude.

Remark 5.1. (i) In case λ∗ = 0, λ∗h = 0 we obtain

J(y∗, u∗) − Jh(y∗h, u
∗
h) =

1
2

∇xLh(x∗h, λ
∗
h)(x∗ − x∗h − δxh)

+
1
2

(fh − f, p∗ − p∗h)0,Ω +
1
2

(yd
h − yd, y∗ − y∗h)0,Ω

+ ôsc
(1)
h ,

which corresponds to the unconstrained case (cf. Theorem 3.5 in section 3 and [10,
Proposition 4.1]).
(ii) The contribution 〈λ∗, y∗h − ψ〉 can be rewritten as

〈λ∗, y∗h − ψ〉 = 〈λ∗, y∗h − ψh〉 + 〈λ∗, ψh − ψ〉. (5.21)

We note that (5.21) describes the error in complementarity. In fact, the second
term represents the data oscillation in the upper bound on the state weighted by the
continuous Lagrange multiplier, whereas the first term on the right hand side of (5.21)
reflects the mismatch in complementarity.

We introduce the interpolation operators

iyh : V r̄ → Vh , r > r̄ > n , iph : V s̄ → Vh , 1 < s̄ < s < n, (5.22)
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such that for all y ∈ V r and p ∈ V s there holds
(
h

r(t−1)
T ‖iyhy − y‖r

t,r,T

)1/r

. ‖y‖1,r,DT
, 0 ≤ t ≤ 1, (5.23a)

(
h−r

T ‖iyhy − y‖r
0,r,T + h

−r/2
T ‖iyhy − y‖r

0,r,∂T

)1/r

. ‖y‖1,r,DT
, (5.23b)

(
h−s

T ‖iphp− p‖s
0,s,T + h

−s/2
T ‖iphp− p‖s

0,s,∂T

)1/s

. ‖p‖1,s,DT
, (5.23c)

where DT :=
⋃

{T ′ ∈ Th | Nh(T ′) ∩ Nh(T ) 6= ∅}.
Examples for interpolation operators satisfying (5.23a)-(5.23c) are the Scott-Zhang
interpolation operators (cf., e.g., [81]). Now, we can further dwell on the evaluation
of the Hessian of the Lagrangian and represent the error by means of primal-dual
residuals, the primal-dual mismatch in complementarity, and oscillation terms.

Theorem 5.2. Let the assumptions of Theorem 5.1 be satisfied and let iwh , w ∈
{y, p}, be the interpolation operators (5.22). Then, there holds

J(y∗, u∗) − Jh(y∗h, u
∗
h) = −r(iwhw

∗ − w∗) + ζh + ôsch. (5.24)

Here, r(iwhw
∗ − w∗) stands for the primal-dual-weighted residuals

r(iwhw
∗ − w∗) :=

1
2

(
(y∗h − yd

h, i
y
hy

∗ − y∗)0,Ω + (∇(iyhy
∗ − y∗),∇p∗h)0,Ω (5.25)

+ (∇(iphp
∗ − p∗),∇y∗h)0,Ω − (u∗h + fh, i

p
hp

∗ − p∗)0,Ω

)
.

The term ζh represents the primal-dual mismatch in complementarity

ζh :=
1
2
(
〈λ∗, y∗h − ψ〉 + 〈λ∗h, ψh − y∗〉

)
. (5.26)

Finally, ôsch refers to the data oscillations

ôsch := ôsc
(1)
h + ôsc

(2)
h , (5.27)

with ôsc(1)h being given by (5.20) and ôsc(2)h by

ôsc
(2)
h :=

1
2

∑

T∈Th

(
(f − fh, p

∗
h − p∗)0,T + (yd − yd

h, y
∗
h − y∗)0,T

)
. (5.28)

Proof. In view of (5.16)–(5.17) and using δxh = (δyh, δph, δuh) ∈ Xh we obtain

J(y∗, u∗) − Jh(y∗h, u
∗
h) =

1
2

∇xxL(x, λ∗h)(x∗ − x∗h, x
∗
h − x∗ + δxh)

+
1
2

〈λ∗ − λ∗h, δyh〉 +
1
2

(fh − f, δph)0,Ω +
1
2

(yd
h − yd, δyh)0,Ω

+ 〈λ∗, y∗h − ψ〉 + osc(1)
h

= −
1
2

∇xL(x∗h, λ
∗
h)(x∗h − x∗ + δxh) +

1
2

〈λ∗h + λ∗, y∗h − y∗〉

+
1
2

(fh − f, δph)0,Ω +
1
2

(yd
h − yd, δyh)0,Ω + osc(1)

h

= −
1
2

∇xLh(x∗h, λ
∗
h)(x∗h − x∗ + δxh) +

1
2

〈λ∗h + λ∗, y∗h − y∗〉

+
1
2

(f − fh, p
∗
h − p∗)0,Ω +

1
2

(yd − yd
h, y

∗
h − y∗)0,Ω + osc(1)

h .
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Choosing δxh = (iyhy
∗ − y∗h, i

p
hp

∗ − p∗h, i
u
hu

∗ − u∗h) ∈ Xh and using complementary
slackness, we deduce

J(y∗, u∗) − Jh(y∗h, u
∗
h) = −

1
2

∇xLh(x∗h, λ
∗
h)(ihx∗ − x∗) +

1
2
[
〈λ∗h, ψh − y∗〉

+ 〈λ∗, y∗h − ψ〉
]

+
1
2

(f − fh, p
∗
h − p∗)0,Ω +

1
2

(yd − yd
h, y

∗
h − y∗)0,Ω + osc(1)

h ,

where ihx∗ := (iyhy
∗, iphp

∗, iuhu
∗). The assertion now follows from (3.30), 〈λ∗h, i

y
hy

∗ −
y∗〉 = 0 due to (iyhy

∗)(a) = y∗(a) for a ∈ Nh(Th), and αu∗h − p∗h = 0 a.e. in Ω.

The only easily computable term on the right-hand side in (5.24) is the oscillation term
ôsc

(1)
h . All other terms still involve the unknown optimal state y∗, the optimal adjoint

state p∗ and/or the optimal multiplier λ∗. In the next section, we will deal with those
remaining terms and provide approximations that are a posteriori in nature.

5.3. Primal-dual weighted a posteriori error estimator .

5.3.1. Primal-dual weighted residuals. We will first deal with an evaluation
of the primal-dual weighted residuals.

Theorem 5.3. Under the assumptions of Theorem 5.2 there holds

|r(izhz
∗ − z∗)| .

∑

T∈Th

(
ρ
(1)
T ω

(1)
T + ρ

(2)
T ω

(2)
T

)
. (5.29)

Here, the residuals ρ(i)
T , 1 ≤ i ≤ 2, are given by

ρ
(1)
T :=

(
‖r(1)T ‖r

0,r,T + h
−r/2
T ‖r(1)∂T ‖r

0,r,∂T

)1/r

, (5.30a)

r
(1)
T := fh + u∗h , r

(1)
∂T :=

1
2
ν∂T · [∇y∗h] , T ∈ Th,

ρ
(2)
T :=

(
‖r(2)T ‖s

0,s,T + h
−s/2
T ‖r(2)∂T ‖s

0,r,∂T

)1/s

, (5.30b)

r
(2)
T := y∗h − yd

h , r
(1)
∂T :=

1
2
ν∂T · [∇p∗h] , T ∈ Th,

where [·] denotes the jump across ∂T . The associated weights ω(i)
T , 1 ≤ i ≤ 2, read as

follows

ω
(1)
T :=

(
‖iphp

∗ − p∗‖s
0,s,T + h

s/2
T ‖iphp

∗ − p∗‖s
0,s,∂T

)1/s

, (5.31a)

ω
(2)
T :=

(
‖iyhy

∗ − y∗‖r
0,r,T + h

r/2
T ‖iyhy

∗ − y∗‖r
0,r,∂T

)1/r

. (5.31b)
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Proof. Applying Green’s formula elementwise, we obtain

2r(izhz
∗ − z∗) =

∑

T∈Th

[−(r(1)T , iphp
∗ − p∗)0,T + (r(1)∂T , i

p
hp

∗ − p∗)0,∂T ] (5.32)

+
∑

T∈Th

[(r(2)T , iyhy
∗ − y∗)0,T + (r(2)∂T , i

y
hy

∗ − y∗)0,∂T ] + 〈λ∗h, i
y
hy

∗ − y∗〉.

Denoting the first two terms on the right-hand side in (5.32) by I1 and I2, respectively,
by straightforward estimation we find

|I1| ≤
∑

T∈Th

[|(r(1)T , iphp
∗ − p∗)0,T | + |(h−1/2

T r
(1)
∂T , h

1/2
T (iphp

∗ − p∗))0,∂T |] (5.33)

≤
∑

T∈Th

[‖r(1)T ‖0,r,T ‖iphp
∗ − p∗‖0,s,T + h

−1/2
T ‖r(1)∂T ‖0,r,∂Th

1/2
T ‖iphp

∗ − p∗‖0,s,∂T ](5.34)

.
∑

T∈Th

ρ
(1)
T ω

(1)
T . (5.35)

Similarly, we obtain

|I2| .
∑

T∈Th

ρ
(2)
T ω

(2)
T . (5.36)

Combining (5.33) and (5.36) gives the assertion.

We note that the weights ω(i)
T , 1 ≤ i ≤ 2, for the residuals ρ(i)

T still depend on the
unknown optimal state y∗ ∈ V r and the optimal adjoint state p∗ ∈ V s. One way to
overcome this difficulty is to replace iyhy

∗ − y∗ and iphp
∗ − p∗ in (5.31a)-(5.31b) with

i
(2)
H y∗h − y∗h and i(2)H p∗h − p∗h, where i(2)H y∗h and i(2)H p∗h are the quadratic Lagrange inter-

polants of y∗h, p
∗
h on a coarser mesh TH with Th ⊂ TH using the corresponding nodal

values of y∗h, p
∗
h (cf., e.g., [6, 43]). Here, we proceed in a slightly different way: We

estimate iyhy
∗ − y∗ and iphp

∗ − p∗ by (5.23a)-(5.23c) and replace ‖y∗‖1,r,DT
, ‖p∗‖1,s,DT

with ‖y∗h‖1,r,DT
, ‖p∗h‖1,s,DT

. We thus obtain the computable approximations

ω̂
(1)
T := hT ‖p∗h‖1,s,DT

, (5.37a)

ω̂
(2)
T := hT ‖y∗h‖1,r,DT

, (5.37b)

Substituting ω(i)
T by ω̂(i)

T , 1 ≤ i ≤ 2, we obtain the primal-dual weighted a posteriori
error estimator

ηPD
h :=

∑

T∈Th

ηPD
T , ηPD

T :=
2∑

i=1

ρ
(i)
T ω̂

(i)
T , T ∈ Th. (5.38)

5.3.2. Primal-dual mismatch in complementarity and weighted data os-
cillations. For the representation of the mismatch term ζh = ζh(y∗, y∗h) (cf. (5.26)),
we define the active set A∗ and the inactive set I∗ at optimality (x∗, λ∗) according to

A∗ := {x ∈ Ω : y∗(x) = ψ(x)}, I∗ := Ω \ A∗. (5.39)
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The discrete analogues of A∗ and I∗ are defined as follows: Denoting by

A∗
h := {j ∈ {1, . . . , Nh} : y∗h(xj) = ψ(xj)}, I∗h := {1, . . . , Nh} \ A∗

h. (5.40)

the active and inactive vertices, we define the discrete active and inactive sets by
means of

A∗
h := {T ∈ Th(Ω) : Nh(T ) ⊂ A∗

h}, I∗
h := Th(Ω) \ A∗

h. (5.41)

Next, setting J∗ = {j ∈ {1, . . . , Nh} : xj ∈ I∗} and observing ψh(xj) = ψ(xj) for all
j = 1, . . . , Nh, we have

〈λ∗h, ψh − y∗〉 = 〈λ∗h, ψ − y∗〉 =
∑

j∈J∗

κ∗j (ψ(xj) − y∗(xj)) ≥ 0,

where κ∗j := κ∗xj
for xj ∈ Nh(Ω). Consequently, the right hand side above represents

the primal-dual weighted mismatch in complementarity in I∗. Due to the continuous
and discrete complementarity systems (5.3d) and (5.9d), ζh is equivalent to

ζh =
1
2
[
〈λ∗h − λ∗, ψh − y∗〉 + 〈λ∗h − λ∗, ψ − y∗h〉 + 〈λ∗h + λ∗, ψh − ψ〉

]
. (5.42)

We recall that 〈λ∗h, y∗h − ψ〉 = 〈λ∗h, y∗h − ψh〉 = 0 as well as 〈λ∗h, ψ − ψh〉 = 0 for any
λh ∈ Mh. For the further treatment of the dual products on the right-hand side in
(5.42), we will consider the so-called regular and non-regular cases with regard to the
structure of the Lagrange multiplier as investigated in [14].

Regular case. We assume that ψ is such that ∆ψ ∈ H2(Ω) and that the coinci-
dence set A∗ satisfies






A∗ =
⋃m

i=1 A∗
i , cl(int(A∗

i )) = A∗
i , 1 ≤ i ≤ m,

A∗
i ∩ A∗

j = ∅, 1 ≤ i 6= j ≤ m,
A∗

i , 1 ≤ i ≤ m, is connected with C1,1-boundary.
(A1)

Since A∗ ∩ Γ = ∅ is implied by assumption (5.2) on the data (Slater condition for
(5.1a)-(5.1c)), in view of [14, Thm.2] we have

p∗ ∈ V s, p∗|int(A∗) ∈ H2(int(A∗)), p∗|I∗ ∈ H2(I∗). (5.43)

Moreover, denoting by F∗ := A∗ ∩ cl(I∗) the free boundary between the coincidence
set and the non-coincidence set, there holds

p∗ = −α∆ψ in A∗, (5.44a)
−∆p∗ = yd − y∗ in I∗, (5.44b)

p∗ = −α∆ψ on F∗,

λ∗ = µ∗ + µ∗F∗ , µ∗ ∈ L2
+(Ω) , µ∗F∗ ∈ H1/2

+ (F∗), (5.44c)

where

µ∗ =
{

0 on I∗,
yd − ψ − α∆2ψ on A∗,

(5.45a)

µ∗F∗ = −
∂p∗|I∗

∂nI∗

+ α
∂∆ψ
∂nA∗

. (5.45b)
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Here, L2
+(Ω) and H1/2

+ (F∗) stand for the non-negative cones in L2(Ω) and H1/2(F∗),
respectively.
Following [47] (cf. also [48, 62]), we provide an approximation of the continuous
coincidence set A∗ by

χA∗

h := I −
ψ − iyhy

∗
h

γhr + ψ − iyhy
∗
h

,

where 0 < γ ≤ 1 and r > 0 are fixed. Denoting by χ(S) the characteristic function of
S ⊂ Ω, for T ⊂ A∗, we find

‖χ(A∗) − χA∗

h ‖0,T ≤ min(|T |1/2, γ−1h−r‖y∗ − iyhy
∗
h‖0,T ),

which converges to zero whenever ‖y∗−iyhy
∗
h‖0,T = O(hq), q > r. Likewise, for T ⊂ I∗

one has ‖χ(A∗) − χA∗

h ‖0,T → 0 as h → 0. Now, for fixed 0 < κ ≤ 1 and 0 < s ≤ r we
provide approximations Â∗

h of A∗ and Î∗
h of I∗ according to

Â∗
h :=

⋃
{T ∈ Th | χA∗

h (x) ≥ 1 − κhs for all x ∈ T }, (5.46a)

Î∗
h :=

⋃
{T ∈ Th | χA∗

h (x) < 1 − κhs for some x ∈ T }. (5.46b)

We define approximations TA∗∩A∗

h
, TI∩A∗

h
and TA∗∩I∗

h
of A∗∩A∗

h, I
∗∩A∗

h and A∗∩I∗
h

by means of

TA∗∩A∗

h
:= Â∗

h ∩ A∗
h, TI∗∩A∗

h
:= Î∗

h ∩ A∗
h, TA∗∩I∗

h
:= Â∗

h ∩ I∗
h,

If int Î∗
h 6= ∅ and int Â∗

h 6= ∅, we introduce

µF̂∗

h

:= −
∂p∗h|Î∗

h

∂nÎ∗

h

+ α
∂∆b
∂nÂ∗

h

(5.47)

as an approximation of (5.45b), where F̂∗
h := ∂Â∗

h ∩ Î∗
h. Based on (5.44a)-(5.44c),

(5.45a), (5.45b) and (5.47) we are now able to provide approximations of ζh for the
four sets I∗ ∩ I∗

h,A
∗ ∩ A∗

h,A
∗ ∩ I∗

h, I
∗ ∩ A∗

h, which represent a partitioning of Ω. We
use

λ∗h =
∑

a∈Nh(Ω)

κ∗aδa,

ŷ∗h(a) := card(Nh(a))−1
∑

a′∈Nh(a)

y∗ℓ (a′),

where

Nh(a) := {a} ∪ {a′ ∈ Nh(Ω̄) | a′ and a are connected by an edge e ∈ Eh(Ω̄)},
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and further define ζ̂(ν)
h , 1 ≤ ν ≤ 5, according to

ζ̂
(1)
h :=

∑

T∈Th

ζ̂
(1)
T , (5.48)

ζ̂
(1)
T :=

{
1
4‖µF̂∗

h

‖E‖y∗h − b‖E , T ∈ {T±}, E = T+ ∩ T− ∈ Eh(F̂∗
h),

0, , otherwise,

ζ̂
(2)
h :=

∑

T∈Th

ζ̂
(2)
T , (5.49)

ζ̂
(2)
T :=

{ 1
2

∑
a∈Nh(T )

|(y∗h − ŷ∗h)(a)|κ∗a , T ∈ TF̂∗

h
,

0 , otherwise,
,

ζ̂(3) :=
∑

T∈Th

ζ̂
(3)
T , (5.50)

ζ̂
(3)
T :=

{ 1
2‖yd − ψ − α∆2ψ‖T ‖ψ − ψh‖T , T ∈ TÂ∗

h
∩A∗

h
,

0 , otherwise,
,

ζ̂
(4)
h :=

∑

T∈Th

ζ̂
(4)
T , (5.51)

ζ̂
(4)
T :=

{ 1
2‖yd − ψ − α∆2ψ‖T ‖y∗h − ψ‖T , T ∈ TÂ∗

h
∩I∗

h

,

0 , otherwise,
,

ζ̂
(5)
h :=

∑

T∈Th

ζ̂
(5)
T , (5.52)

ζ̂
(5)
T :=

{ 1
2

∑
a∈Nh(T )

|y∗h − ŷ∗h)(a)|κ∗a , T ∈ TI∗

h
∩A∗

h
,

0 , otherwise,

This leads to the approximations

ζ̂h|Î∗

h
∩I∗

h

= ζ̂
(1)
h + ζ̂

(2)
h , ζ̂h|Â∗

h
∩A∗

h

= ζ̂
(1)
h + ζ̂

(3)
h , (5.53a)

ζ̂h|Â∗

h
∩I∗

h

= ζ̂
(1)
h + ζ̂

(4)
h , ζ̂h|Î∗

h
∩A∗

h

= ζ̂
(1)
h + ζ̂

(5)
h . (5.53b)

For more details, we refer to [46].

Nonregular case. In the non-regular case, we assume the following structure of
the active set A∗:

A∗ is a Lipschitzian, strongly non-self-intersecting curve in Ω . (A2)

Here, a curve C is called strongly non-self-intersecting, if for every a ∈ int(C) there
exists an open neighborhood U(a) such that U(a)\C consists of two connected compo-
nents. Hence, A∗ divides Ω into two connected components Ω+ and Ω−. The Slater
condition (5.2) implies A∗ ∩ Γ = ∅, and hence, [14, Thm.4] provides the following
characterization:

(∇p∗,∇w)0,Ω = (yd − y∗, w) − 〈λ∗, w〉 , w ∈ W 1,r(Ω), (5.54a)
λ∗ = µ∗A∗ = νA∗ · ∇p∗|A∗

+
− νA∗ · ∇p∗|A∗

−

. (5.54b)

Here, νA∗ stands for the unit outer normal to A∗ pointing towards A∗
+ := A∗ ∩ Ω̄+

and A∗
− := A∗ ∩ Ω̄−.
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We further define µ∗
F̂∗

h

according to

µ∗
F̂∗

h

:=
{

νA∗

h
· ∇p∗h|A∗

h
− νI∗

h
· ∇p∗h|I∗

h
, if meas(A∗

h) > 0,
νA∗

h
· ∇p∗h|A∗

h,+
− νA∗

h
· ∇p∗h|A∗

h,−
, if meas(A∗

h) = 0, (5.55)

where, for meas(A∗
h) = 0, νA∗

h
and A∗

h,± are defined as in the continuous case.
As in the regular case, we approximate ζh for the four sets I∗ ∩ I∗

h,A
∗ ∩ A∗

h,A
∗ ∩

I∗
h, I

∗∩A∗
h. We refer to ζ̂(1)h , ζ̂

(2)
h and ζ̂(5)h as the error terms given by (5.48), (5.49) and

(5.52) with µ∗
F̂∗

h

in (5.48) replaced with (5.55). We obtain the following approximations

ζ̂h|I∗

h
∩I∗

h
= ζ̂

(1)
h + ζ̂

(2)
h , ζ̂h|Â∗

h
∩A∗

h
= ζ̂

(1)
h , (5.56a)

ζ̂h|Â∗

h
∩I∗

h

= ζ̂
(1)
h , ζ̂h|Î∗

h
∩A∗

h

= ζ̂
(1)
h + ζ̂

(5)
h . (5.56b)

Finally, the data oscillation term ôsc
(2)
h (cf. (5.28)) can be estimated by means of

ôsc
(2)
h =

∑

T∈Th

ôsc
(2)
T , (5.57)

ôsc
(2)
T := ‖f − fh‖0,T ‖p∗h − p̂∗h‖0,T + ‖z − zh‖0,T ‖y∗h − ŷ∗h‖0,T ,

where p̂∗h is defined in the same way as ŷ∗h before. We obtain the following approxi-
mation of the data oscillations

ôsch := ôsc
(1)
h + ôsc

(2)
h . (5.58)

5.4. Numerical results. We study the performance of the adaptive algorithm
by its application to two test examples. The first example features a coincidence set
consisting of a simply-connected subdomain with a smooth boundary and the origin.
Hence, it essentially fits the setting of the regular case treated in subsection 5.3.2. The
second example represents a degeneration of the non-regular case with the coincidence
set consisting only of a single point. Both examples involve a given shift control ud,
i.e., the objective functional is of the form

J(y, u) =
1
2

‖y − z‖2
0,Ω +

α

2
‖u− ud‖2

0,Ω.

This generalization is easily accommodated for by the theory developed in subsections
5.1-5.3, since the shift control can be formally absorbed by the right-hand side of the
state equation.

Example 1: The data of the problem are as follows

Ω := (−2, 2)2, z := y∗(r) + ∆p∗(r) + λ∗(r), ud := u∗(r) + α−1 p∗(r),
f := 0 , b := 0, α := 0.1, c = 0, ΓD := ∂Ω.

Here, y∗ = y∗(r), u∗ = u∗(r), p∗ = p∗(r), and λ∗ = λ∗(r), r := (x2
1+x2

2)1/2, (x1, x2)T ∈
Ω, are chosen according to

y∗(r) := −r
4
3 γ1(r) , u∗(r) := −∆ y∗(r) ,

p∗(r) := γ2(r) (r4 −
3
2
r3 +

9
16
r2) , λ∗(r) :=

{
0 , r < 0.75,

0.1 , otherwise,
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where

γ1 :=






1, r < 0.25,
−192(r − 0.25)5 + 240(r − 0.25)4 − 80(r − 0.25)3 + 1, 0.25 < r < 0.75,

0, otherwise,

γ2 :=
{

1, r < 0.75,
0, otherwise.

Fig. 5.1. Example 1: Optimal state y∗ (left) and refined mesh after 26 refinement steps (right)

The optimal state y∗ is strongly oscillating around the origin with the coincidence
set given by A∗ = {(r, ϕ) ∈ R × [0, 2π) : 0.25 < r < 1} ∪ {(0, 0)}. Both the optimal
state y∗ and the optimal adjoint state p∗ are displayed in Figure 5.1.
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Fig. 5.2. Decrease of the error in the objective functional as a function of the degrees of freedom
for adaptive refinement and uniform refinement. Left: Ex. 1 (θ = 0.5); right: Ex. 2 (θ = 0.3)

The performance of the adaptive algorithm is illustrated in Figure 5.2 (left)
where the absolute error in the quantity of interest (objective functional) |J(y∗, u∗) −
Jh(y∗h, u

∗
h)| is displayed on a logarithmic scale as a function of the total number of

degrees of freedom both for adaptive refinement (θ = 0.5) and uniform refinement.

Example 2: The data of the problem are as follows

Ω := B(0, 1), ΓD = ∅, z := 4 +
1
π

−
1

4π
r2 +

1
2π

ln(r) ,

ud(r) := 4 +
1

4π
r2 −

1
2π

ln(r), α := 1.0, f := 0, b(r) := r + 4
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ℓ DoF |J∗ − J∗
ℓ | Eff.Ind.

26 3030 9.69E-03 1.28
27 3618 7.86E-03 1.31
28 4255 7.07E-03 1.27
29 5042 6.78E-03 1.14
30 6048 5.56E-03 1.18
31 7177 5.17E-03 1.05

ℓ DoF |J∗ − J∗
ℓ | Eff.Ind.

31 32475 1.03E-06 6.93
32 43005 7.54E-07 7.91
33 58605 5.69E-07 7.93
34 76142 4.31E-07 8.22
35 96300 3.33E-07 8.25
36 125943 2.59E-07 8.23

Table 5.1
Error in the objective functional and effectivity indices for Ex. 1 (left) and Ex. 2 (right)

for 0 < r ≤ 1. The optimal solution is given by

y∗(r) = 4, p∗(r) =
1

4π
r2 −

1
2π

ln(r), u∗(r) = 4, λ∗ = δ0.

Fig. 5.3. Example 2: The computed optimal state y∗
h

(left) and the optimal adjoint state p∗
h

(right)

Fig. 5.4. Example 2: Adaptively refined grid after 20 (left) and 24 (right) refinement steps

The computed optimal state y∗h and the optimal adjoint state p∗h are displayed in
Fig. 5.3. The adjoint state p∗ has a singularity at the origin. We note that the peak
of y∗h at the origin (see Fig. 5.3 (left)) is a numerical artifact due to the singularity
at this point. The adaptively generated meshes are shown in Fig. 5.4 (after 20 (left)
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and 24 (right) refinement steps). Fig. 5.2 (right) shows the error in the objective
functional for adaptive (θ = 0.3) and uniform refinement as a function of the total
number of degrees of freedom. The expected optimal slopes of the curves are reached
in the asymptotic regime.
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[20] D. Braess, R.H.W. Hoppe, and J. Schöberl, A posteriori estimators for obstacle problems by
the hypercircle method. Comp. Visual. Sci. 11, 351–362, 2008.

[21] S.C. Brenner and L.R. Scott, The Mathematical Theory of Finite Element Methods. 2nd Edi-
tion. Springer, New York, 2002.

[22] C. Carstensen and S. Bartels, Each averaging technique yields reliable a posteriori error control
in FEM on unstructured grids. Part I: Low order conforming, nonconforming, and mixed
FEM. Math. Comput. 71, 945–969, 2002.

[23] C. Carstensen and R.H.W. Hoppe, Convergence analysis of an adaptive edge finite element
method for the 2D eddy current equations. J. Numer. Math. 13, 19-32, 2005.

52



[24] C. Carstensen and R.H.W. Hoppe, Convergence analysis of an adaptive nonconforming finite
element method. Numer. Math. 103, 251-266, 2006.

[25] C. Carstensen and R.H.W. Hoppe, Error reduction and convergence for an adaptive mixed
finite element method. Math. Comp. 75, 1033-1042, 2006.

[26] C. Carstensen and R.H.W. Hoppe, Unified framework for an a posteriori error analysis of non-
standard finite element approximations of H(curl)-elliptic problems. J. Numer. Math. 17,
27–44, 2009.

[27] E. Casas, Boundary control of semilinear elliptic equations with pointwise state constraints.
SIAM J. Control and Optimization 31, 993–1006, 1993.

[28] J.M. Cascon, Ch. Kreuzer, R.H. Nochetto, and K.G. Siebert, Quasi-optimal rate of convergence
of adaptive finite element methods. SIAM J. Numer. Anal. 46, 2524–2550, 2008.

[29] L. Chen, M.J. Holst, and J. Xu, Convergence and optimality of adaptive mixed finite element
methods. Math. Comp. 78, 35–53, 2009.

[30] L. Chen and C.-S. Zhang, AFEM@matlab: a MATLAB package of adaptive finite element
methods. see http://math.uci.edu/ chenlong/

[31] Y. Chen and W. Liu, A posteriori error estimates for mixed finite element solutions of convex
optimal control problems. J. Comp. Appl. Math. 211, 76–89, 2008.

[32] P.G. Ciarlet, The Finite Element Method for Elliptic Problems. SIAM, Philadelphia, 2002.
[33] K. Deckelnick and M. Hinze, Convergence of a finite element approximation to a state con-

strained elliptic control problem. SIAM J. Numer. Anal. 45, 1937–1953, 2007.
[34] Dörfler, W.; A convergent adaptive algorithm for Poisson’s equation. SIAM J. Numer. Anal.

33, 1106–1124, 1996.
[35] K. Eriksson, D. Estep, P. Hansbo, and C. Johnson, Computational Differential Equations.

Cambridge University Press, Cambridge, 1996.
[36] H.O. Fattorini, Infinite Dimensional Optimization and Control Theory. Cambridge University

Press, Cambridge, 1999.
[37] A. Gaevskaya, R.H.W. Hoppe, Y. Iliash, and M. Kieweg, A posteriori error analysis of con-

trol constrained distributed and boundary control problems. In: Proc. Conf. Advances in
Scientific Computing, Moscow, Russia (O. Pironneau et al.; eds.), Russian Academy of
Sciences, Moscow, 2006

[38] A. Gaevskaya, R.H.W. Hoppe, Y. Iliash, and M. Kieweg, Convergence analysis of an adap-
tive finite element method for distributed control problems with control constraints. In:
Proc. Conf. Optimal Control for PDEs, Oberwolfach, Germany (G. Leugering et al.; eds.),
Birkhäuser, Basel, 2007.

[39] A. Gaevskaya, R.H.W. Hoppe, and S. Repin, A Posteriori Estimates for Cost Functionals of
Optimal Control Problems. In: Numerical Mathematics and Advanced Applications (A.
Bermudez de Castro et al.; eds.), pp. 308–316, Springer, Berlin-Heidelberg-New York, 2006.

[40] A. Gaevskaya, R.H.W. Hoppe, and S. Repin, Functional approach to a posteriori error esti-
mation for elliptic optimal control problems with distributed control. Journal of Math.
Sciences 144, 4535–4547, 2007.

[41] R. Glowinski, J.L. Lions, and J. He, Exact and Approximate Controllability for Distributed Pa-
rameter Systems: A Numerical Approach. Cambridge University Press, Cambridge, 2008.

[42] P. Grisvard, Elliptic Problems in Nonsmooth Domains. Pitman, Boston, 1985.
[43] A. Günther and M. Hinze, A posteriori error control of a state constrained elliptic control

problem. J. Numer. Math. 16, 307–322, 2008.
[44] M. Hintermüller, M. Hinze, and R.H.W. Hoppe, Weak-duality based adaptive finite element

methods for PDE constrained optimization with pointwise gradient state-constraints. sub-
mitted to J. Comp. Math., 2010.

[45] M. Hintermüller and R.H.W. Hoppe, Goal-oriented adaptivity in control constrained optimal
control of partial differential equations. SIAM J. Control Optim. 47, 1721–1743, 2008.

[46] M. Hintermüller and R.H.W. Hoppe, Goal-oriented adaptivity in pointwise state constrained
optimal control of partial differential equations. to appear in SIAM J. Control Optim.,
2010.

[47] M. Hintermüller and R.H.W. Hoppe, Goal oriented mesh adaptivity for mixed control-state
constrained elliptic optimal control problems. In: Proc. Int. Conf. on Sci. Comput in Sim-
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