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A PROBABILISTIC REPRESENTATION FOR THE VORTICITY OF A 3D
VISCOUS FLUID AND FOR GENERAL SYSTEMS OF PARABOLIC EQUATION S

BARBARA BUSNELLO, FRANCO FLANDOLI, AND MARCO ROMITO

ABSTRACT. A probabilistic representation formula for general sysef linear parabolic equa-
tions, coupled only through the zero-order term, is given ti@s basis, an implicit probabilistic
representation for the vorticity in@D viscous fluid (described by the Navier-Stokes equations)
is carefully analysed, and a theorem of local existence amgleness is proved.

1. INTRODUCTION
Consider the Navier-Stokes equatiorfin7] x R?

Ou+ (u-V)u+ Vp=vAu+ f
(1.1) divu = 0
u(0, ) = ug(x)

This equation describes, iBulerian coordinateshe evolution of a viscous incompressible
Newtonian fluid, where: is the velocity field,p the pressuref the body force and > 0 the
kinematic viscosity. The vorticity field = curl u satisfies the equation

(1.2) He+ (u-V)E=VAE+(E-VIu+g

with g = curl f. As we shall remark later on, tregretchingterm (£ - V)u can be written in the
form
whereD, = 1(Vu + Vu”), which better describes the action of the deformation tefsoon
¢. The analysis of the vorticity field is a fundamental issuatesl to questions like the possible
emergence of singularities (see for instance Beale, Kadldwajda [3], Constantin ]8]), or the
description of3D structures (see for instance Chotin [7]).

The Lagrangiarformulation of the fluid dynamics may be important to analysevorticity
field. Strictly speaking, the fluid particles (we mean infsimal portions of fluid, not the single
molecules) move according to the deterministic law

X(t) = u(t, X(t)).
However, avirtual Lagrangian dynamic of the particles of the form
(1.3) dX (1) = u(t, X (t)) dt + 2w dW,

(wherelV; is an auxiliary3D Brownian motion) allows us to describe the evolution ofifitées
which are not only transported by the fluid, but have a diffesiharacter. The vorticity has this
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property, as many scalars or fields possibly spreading medltid. Roughly speaking, we
prove the representation formula

§(t, ) IE[V(t,O)éo(X(O))H/O E[V(t,s)g(s, X(s))] ds

whereE|-| denotes the mean value with respect to the Wiener mea&ui® the vorticity at
time zero,X (s) is the solution of equatioi {(1.3) with final condition(t) = =z andV (r, s) is
the solution of thel x 3 matrix equation

{ AV(r,5) = Dulr, XV (), 7€ s,1]

Vi(s,s)=1.

The present paper is devoted to explain the formula in detad use it to prove a local-in-
time existence and uniqueness result. This paper is in @ s$eagontinuation of a paper of one
of the authors (see Busnelld [5]), where @2 case has been considered. In #iecase the
stretching ternD, ¢ is zero, soV (r,s) = I. The vorticity is purely transported and diffused,
allowing for a global-in-time control which yields globatistence and unigueness results. In
Busnello [5], the probabilistic formula is used to provelsaaesult, related to the deterministic
work of Ben-Artzi [4], following a suggestion of M. Friedlin

Girsanov transformation is used in a basic part of the wored ,the Bismut-Elworthy formula
Is used to treat by probabilistic methods also the Biot-8da&, which reconstructs from ¢
(necessary to solvE(1.3)). In tAB case the Biot-Savart law and its probabilistic repregenta
are

1 (z —y) x§(y) 1 [*1
uta) =~ [ S gy - 2/0 CBIE(t, o+ W) X W] ds.
In the present paper we extend as much as possible the plistalaipproach of Busnello

[5] to the 3D case. Now, a priori the stretching mechanism could produegularities and
blow-up in&, so we can only work on a time intervi@l, 7| depending on the size of the data.
This is the only possible result that also the analytic appies to equatiofi.(1.1) can reach at
present. Global existence fér{lL.1) is known only at thellef@eak solutions, but we have to
work at a higher level of regularity to deal with the vortycitn certain function spaces, global
existence (and uniqueness) are known for sufficiently sdeh; in principle the probabilistic
formulation could lead to such results, but we have foundesolrstacles, so a probabilistic
proof of such a result remains an open problem (except foconapletely different approach
of Le Jan and Sznitman_ [19]).

The plan of the paper is the following. In Sectibh 2 we stat fhecise representation
formula and the local existence and uniqueness result &N#vier-Stokes equation, with the
main lines of its proof. However, the full proof of the repeasation formula and the local result
are based on three main items that we postpone to the negtdbcions:

(i) a general representation formula for linear systems ofhmdiaequations, given in
Sectior3;
(ii) the probabilistic representation of Biot-Savart law andiaber of estimates on it, given
in Sectior(#;
(i) a series of estimates for the expected values appearing ifotimula for the vorticity,
given in Sectiofl5.
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We have chosen this ordering to hi-light the results for tlawibr-Stokes equation at the begin-
ning, for the reader who is not interested in the long liststifreates and preliminaries necessary
to prove the main theorem. About itgilabove, we remark that we use a method due to Krylov
(in the scalar case) that introduces new variables in oaletfitninate the zero order terms of
the parabolic equation. Such method in the case of systea@embthrough the zero order
part is particularly interesting because it reduces thgimai system to a decoupled one. The
representation proved in Sectidn 3 can be applied, in giecio several other systems of equa-
tions appearing in fluid dynamics, like the equationdatself (but the termiVp appears in the
right-hand-side), the equation for the magnetisatioraddei (see for exampl&l[7]), the equation
for the transport of passive scalars.

Concerning the literature on the subject, at an advancée stéahe work we became aware
of the interesting papers by Esposito, Marra, Pulvirent &ciarrettal|10] and by Esposito
and Pulvirenti[[11] where a partially similar represerdatformula was introduced; differently
with respect to these papers we treat probabilistically tis Biot-Savart law, we use different
probabilistic tools, we analyse in detail the general cdssystems of probabilistic equations
to understand rigorously the equivalence with the prolsttairepresentation and we prove the
local existence and uniqueness result in different fumcsipaces (in particular, for a class of
less smooth initial conditions).

There is also a paper by Rapoparil[21] dealing with a gentass©f equations on manifolds
which in particular throw light on the differential geometstructure of the formula. Also the
probabilistic representation of systems of parabolic &qona has been treated in the literature
under certain assumptions (our work seems to be more ggneralKahane [16] and Freidlin
[12].

Finally, among the literature on probabilistic analysi®&fEs there are possible connections
with the geometric approach of Gliklikh_[1L5], with recent/@stigations on vortex method in
3D by Meleard and co-workers, by Giet ]13], and more closelthvé work in preparation
by Albeverio and Belopolskayal[1] where a probabilisticresentation for the velocity is
employed. Concerning the huge literature on the detertroramalysis of the Navier-Stokes
equations, results of local existence and uniqueness hese proved in a great amount of
function spaces, see for instance collections of resul@ainnonel[5] and von WaHhL22], or in
many works of Kato, Solonnikov and many others. We have nmdaa theorem exactly with
the spaces used in the present paper, but it may exist somewh# may be proved with an
adaptation of the existing techniques.

1.1. A physical interpretation of the probabilistic formula for the vorticity.

1.1.1. Evolution of the vorticity in the non-viscous cadeet us first recall the well-known
evolution of the vorticity field of an incompressibt®n-viscoudluid (therefore described by
the Euler equation). Lef(t, z) be the value of the vorticity at timeand pointz € R?. The
material point: moves according to the law

{ X(t) = u(t, X(t))
X(0) ==,

whereu is the velocity field of the fluid. From the Eulerian descmotiof the evolution of
€+ (u-V)E =D& +y,
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we deduce the Lagrangian formulation

(1.4) %f(t, X (1) = D,(t, X(t)E(t, X (1)) + g(t, X (1))
which gives us

(L5) E(X(0) = V(E0G() + [ Vit s)gls X(s)) ds
where

(1.6) { é(vs(g) ) =D XOWVEs) relsd

Take g = 0 for simplicity (the general case is similar); equationgl{land [L.b) say that the
initial vorticity &,(z) at pointx is transported along the path(¢), and during this motion it is
modified by the deformation tensor. For instance, the vitytis stretched when it is sufficiently
aligned with the expanding directions BX,; of course the relative position gfwith respect
to the expanding and contracting (remember thate D, = 0) directions ofD,, changes in
time, so¢ (¢, X (¢)) may undergo a complicate evolution with stretching, rotadi contractions.
Heuristic reasoning and numerical experiments show a pnagoce of the stretching mecha-
nism, and seem to indicate even a blow-ugg @f X (¢)) in finite time, for certain initial point
Z.

If we want to knowé (¢, T) at a certain timg and pointz, we have to solve the backward
equation

)

(L.7) { ﬁ )

to find the initial position: = X (0) which moves tar at timet; then

(¢, X (1)) t € [0,7]

Y

| o+

8l

t

(L.8) §T.7) = VIEE0)G(XF0) + [ v

0

(t,s)g(s, X" (s)) ds

|

where we have denoted b’gﬁ’_f(-) the solution of [[1]7), to stress the dependence of the final
condition at timet, and byV**(r, s) the corresponding solution of equatién{1.6).

1.1.2. Path integral modification in the viscous cade.the viscous case the positiof(t) of

a material point still evolves under the deterministic diquaX (t) = u(t, X (t)). However, the
vorticity carried by the fluid particle at time= 0 is not simply transported along its motion
and modified by the action of the tensby,; a diffusion of¢ takes place. Let us introduce a
virtual evolution of fluid particles, subject toand a random diffusion:

(1.9) dX (1) = u(t, X (t)) dt + v2v dW,

wherelV; is 3D Brownian motion. Whether such a motion has a physical nmgami not seems

to be a similar question to the case of Feynman paths in Faymitegrals approach to quantum
physics. The initial vorticity,(z) decomposes, in a sense, in infinitesimal components along
the different random solutions ¢f(1.9), proportional te grobability of each evolution (strictly
speaking such probabilities are zero) Xift, w) is a path given by[{119), let us denote Byw)
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its probability, ignoring for a moment thdt(w) = 0; then an amount of vorticity equal to
&o(x) P(w) travels alongX (¢, w) and is subject to the actidri(¢, s) of D,, along the path:

§(t, X(t,w))P(w) ZV(t,O)So(x)P(W)+/O V(¢ s)g(s, X(s,w))] ds P(w)

(the reasoning for the integral effect gfis similar, and we omit it). Now¢ (¢, X (t,w))P(w)
is not the total value of the vorticity field at timeand pointz = X (¢,w), but it is only the
contribution due to thev-evolution started from positiom: other initial positions and other
evolutions will reach the point at timet, and we have to add all these contributions. Therefore
to computes(¢,T) at a certain timg and pointz we have to solve the backward stochastic
equation

X(t)=7
to find the various positionX (0, w) which move toz at time¢ under different noise paths
W (t,w); at the heuristic level each gives a contributio (¢, 7; w)) P(w) to (¢, ) given by

{dX@%:MuXU»dt+JZﬂW@ t€0,7]

£, Tw))P(w) = VE(E,0; w) & (X7 (0; w)) P(w) + /0 VEE(E, $)g(s, X" (s;w)) ds P(w)

(seelIB) and(1l4)), so the totdl, =) is given by

—_ - { - -
£(t,7) = E[V"(2,0)&(X"(0))] + / E[V"7(2,5)g(s, X" (s))] ds.
0
This is the heuristic derivation and the physical explamatf the formula.

2. MAIN RESULT ON THE PROBABILISTIC REPRESENTATION FOR THE VORTITY

2.1. Some definitions and notations.First we recall some classical spaces, like the space
L*(R?, R?) of 3D vector fields whosg-power is summable, with norm

Il = (| If)Pda)?,
the space’f(R?, R?) of k-times differentiable vector fields, with norm

lglles = > 11D gl

18I<k

and finally the spac€,*(R? R?) of vector fields whose:-order derivatives are Holder-
continuous with exponent, with norm

9llcre = llgllcs + [9lktar
where

ra= 3 sup |D%g(w) — DPg(y)|

S eyl

Next we define the spaces where our problem will be set. Theeiglfield of Navier-Stokes
equations will be in the space

2.1) UNT) = {ueC(0,T);CLRR?)) N L0, T; Cp*(R*R?)) |divau(t) =0},
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endowed with the norm
SUp €8Sp<¢< [[u(t) ||c;’a,
while the vorticity will be in the space
(2.2)  V*P(T)=C([0,T];Cy(R*, R*) N LP(R?, R?)) N L=(0,T; Cy'(R*, RY)),
endowed with the norm
Sup €sSp<¢<7 o)l LPNCY s
wherel|y[|conze = ([, + [|[¢¥]|co. We will use also the space

(2.3) Uy (T) = {u cU™(T) ) sup ess;< Hu(t)HC;a <M } )
and the space
(2.4) ViP(T) = {¢ € V*¥(T) ‘ sup ess;<r ||V (1) || rnce < L }.

2.2. Probabilistic representation for the vorticity. The formulation of the three dimensional
Navier-Stokes equations

Ou —vAu+ (u-V)u+ VP = f,
(2.5) divu = 0,

u(0,2) = up(x),

lim u(t,z) =0,

|z —o00
can be given in terms of the vorticity fiefd= curl u as
0 = VAE+ (u-V)E— (6 V)u =g,
£(0,2) = & (),
¢ = curlu,
divu =0,

lim wu(t,z) =0,

|z|—o0
whereg = curl f. We shall write the tern¢ - V)u as(Vu)&. Moreover, the same term can be
written asD, &, whereD,, is thedeformation tensgthe symmetric part oV,
1
Du = §(VU + VUT),
since .
(Vu)é — D& = 5(vu —Vu)é=¢6x€=0.

As we explained intuitively in the introduction (see Seofiod) and we shall describe rigorously
in the sequel, using the representation formula of Thedrghadd the generalised Feynman-
Kac formula of Theorerir3.12, the formulation of Navier-Stslequations can be given in the
following way:

(2.6) (t,2) = BIU 6(X7) + /0 E[Ug(t — 5, X ds,

u(t,z) = % /0 h éE[g(t, v W) x W ds,
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where theLagrangian path§X*'),<s<, are processes solutions of the following stochastic
differential equations

AXp! = —ult — s, X7 ds + VAW, s <t
Xyt =1,

and thedeformation matricesU*")y<<, are the solutions to the following differential equa-
tions with random coefficients
AUt = U'D,(t — s, X*') ds, s <t,
{ Ug" =1,

HereD, is eitherVu or the deformation tensor (the name deformation matricég’éfrefers
to the latter case). Notice that, with respect to the intobidn, we have made a time-reversion
which simplifies the mathematical analysis.

A sulfficiently regular solution of the classical formulati¢Z.3) is a solution of[(2]16) and
vice-versa. The main aim of this section is to show that, usdéable conditions, problem
(2.8) has a unique local in time solution. The claim is prowethe following theorem.

Theorem 2.1.Givenp € [1,2), a € (0,1) andT > 0, let&, € C;(R?*, R?*) N LP(R? R?) and
g € V*P(T), and set

T
o= [ollcgrar + | (g ds.
0

Then there exists € (0, 7], depending only om,, such that there is a unique solutiene
U*(), with & € V*P(r), of problem(Z8).

Proof. We will show that there are suitable, A/ andr such that the magks o A5, where
Bs VP (r) — U (1) is defined as
BO() =5 [ Bl W) x Wds
andAs : U (1) — VP(7) is defined as
M) ) = BUZ 6 () + [ BIUE (e — s, X2 .

IS contractive. _
First, in view of CorollanfZb)M > C'L. Using Propositiofi’5]5, we see thgt maps/{; (1)
to VP (7) if

(2.7) ™M (1 +7M)ey < L.
By means of Corollar{£415 and Propositionl5# .0 A5 is contractive if
(2.8) CC(v,p)Cu(r)eo < 1,

whereC(v, p) is a constant depending only erandv, andlim, .o Cy/(7) = 0. Hence, it is
sufficient to choose small enough in order to have both conditidnsl(2.7) (z8jied. O

Remark2.2 As usual, the statement of the above theorem can be readns tdrsmall initial
data. More precisely, for each fixed tirfig there is a constamtsuch that if:; < ¢, there exists
a unique solutiomn € U*(T'), with £ € V*?(T), of problem [Z.5)
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3. THE FEYNMAN-KAC FORMULA FOR A DETERMINISTIC SYSTEM OF PARABOLIC
EQUATIONS

This section is devoted to the development of a probaluligjpresentation formula for the
following system of parabolic equations with final conditio

d
(31) atvk + % Zi,j aijaiixjvk + Ezdzl bzamzvk + (Dv)k + fk = 07 k= 1’ o l,
(T, z) = i(z), v €RY
for (t,z) € [0,T] x RY, or the following system of parabolic equations with idittandition
d
(32) atvk = % Zi,j a’ijaiixjvk + Zaz‘lzl blamzvk + (Dv)k + fku k= 1’ e l,
ur(0,2) = pr(z), = €RS
wherea = oo* and
o:[0,7] x R* — R4, b:[0,7] x R* — R,
(3.3) D:[0,T] x RY — R, ¢:RY— R!
f:0,7] x R = R!
are Borel measurable functions. Additional assumptiotidoistated in the sequel.
At first, for simplicity, assume that = 0 and all the data are regular./lf= 1, the equation
3.1), with final condition, has a unique solution given bg Feynman-Kac formula
o(t, ) = Blp(X] )l P

whereX’* is the solution of the SDE

Xt7$: Xt,$ Xt,$ T
(3.4) {d 2= bs XoT) ds +o(s, Xy AW, s € 16T,

X =a,
where(W;):>¢ is ad-dimensional Brownian motion on some filtered probabilggse. Our aim

is to extend such formula to the case 1.
Notice that in the cask= 1, for eachw, the function

tr eftr D(S,Xﬁ’z)ds
5

Uy

is the solution of the following equation (ncl¥ is a scalar)

{duff” = uL*D(r, X1*) dr, re [t T,

t,e
u;,” = 1.

(3.5)

So, in the same way, in the cabe- 1, we will consider the proceds®Y), solution of the
equation

(3.6)

Y

Aoy =P ODe Xdr - r e [T,
Uy —y,

where now bottD andU**Y) arel x [ matrices. IfY’ = I we will write U>* in place ofU®1.
Now, the natural conjecture is that, under suitable regylaonditions, the solution of{3 1) is

(3.7) v(t,x) = E[Up"o(X7")].
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In Sectior 311 we shall prové(3.7), under suitable regylaonditions on the coefficients.
Such formula needs to be modified in order to handle the ¢age0, as we show in Section
B.2. In Sectiom3]3 we shall provide sufficient conditionstf@ uniqueness of strong solutions
to system[(311). Finally in Sectidn—B.4 we shall give a FeymKac representation for the
solutions of the system, with initial conditioi, (B.2).

Remark3.1L When! = 1, we can write without distinction in formul&(3.5) both*D and
Dul*®, since they are both scalars./If> 1, the lack of commutativity for the matrix products
gives thatU!*D and DU are different. The choice in the order of the matrix produnct i
equation[(316), and in formul&(3.7) as well, derives from fitrm of the ternD - v in system
1). To have an intuitive idea of this fact, the reader cam the computations in the proof
of the uniqueness in Propositibn1..9 (it is convenient t@thAk= 0 for simplicity). However,
when one uses backward stochastic equations to repredetibss, the order of/, andD in
equation[(316) changes, see Secliaonh 3.4.

3.1. The homogeneous caselhroughout this section, we will assume

f=0
and that the functions o andD, given in [3.8), are Borel measurable functions such that

(A1) b, o are sub-linear with respect t9 uniformly int,

(Az) b, o are locally Lipschitz-continuous i, uniformly int¢,

(As) ais differentiable inz andd,,a are locally Lipschitz-continuous in, uniformly int¢,

(A4) D is bounded and locally Lipschitz-continuousidnuniformly in¢,

(As5) ¢ is bounded and continuous.
In particular, assumptionsi, ), (4,) and(A,) ensure the existence of strong solutions, unique
in law, for the equation$(3.4) and(B.6). Moreover, fromuasgtion(A,), it easily follows that

(3.8) ||U%m||szz < &7l

where||D|| is the sup-norm. Finally, the previous formula and assuomgdtd;), imply that
the functionv given by formulal(317) is well defined and bounded.
We can now state the main result of this section:

Theorem 3.2. Assumé 4,)-(A;5) andy € C,(R%, R!). Then the function
v(t,x) = E[Ur"p(X7")]

is continuous and bounded and solves the Kolmogorov equ@id) in the sense of distribu-
tions, that is

T
(3.9) / / vM*ndxdt =0,  forallpec C=((0,T) x R, R,
0 R4
where
1
(3.10) My ==0m+ 5> 0%, (am) = Y Or, (bim) + D,
i 7

Remark3.3. The operato//* makes sense since, by assumptipas), (A;) and Rademacher
theorem, the functiong;;a;; andd;b; are well defined a.e. and essentially bounded in compact
sets. Moreover)/*n is bounded in compact sets.
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To prove Theoreri 32, we shall use tmethod of new variablegiven by Krylov in [17].
Krylov used such method in order to transform a paraboli@dqn onR? x [0, 7' with poten-
tial term, into a parabolic equation &2 x [0, T'] without potential term. As observed in the
introduction, we extend this method to systems of paralegji@tions. In our case, the elimina-
tion of the potential term has the additional advantagettteatoupling between the equations in
(3.1) disappears. In other words, we turn systend (3.1) irtgstem ofl independenparabolic
equations oR*+*! x [0, T'] without the potential term.

We define the new variables= (z,Y) € R*"!, and, for each functiop : R¢ — R/, we
define the function) : R*™**! — R' asy)(Z) = Y4 (z). Finally, if u(¢, z) : [0,T] x R — R/,
we setu(t,7) = Yu(t, z).

Prior to the computation of the derivativeswgfwe give some notations. We denote(y..,,
the m x n matrix with all entries equal to zero. Given a column vectoe R? and al x I
matrix A, we define thed + [) (exotic) column vector & |, where the first/ rows are given
by the components af and the othef rows are the rows ofl (the apparent inconsistency
is inessential, since we shall only use the scalar produatete below). The scalar product
between two such vectors is defined as

(a].[8])=a-B+(A:B),

where, as usualA : B) = Trace(A - B) = 3"\ .| Ay;Bij.
Givenu € C'([0,T] x R% RY), since

8ﬂh 8(Yu)h 0
3.11 = = Y, = d;ptj, h=1,...,1
( ) Y, Y, 3Yz‘j ; hkUk hU;
it follows that, for eachh = 1, ..., [, the gradien¥u,, of u,;, with respect to all its variables is
given by the following (exotic) column vector
'Vx(Yu)h'
01><l
— Vgg(Yu)h .
Viuh o [ VYUh o u ’
L 01><l .
where thel-column vector is the gradient with respectit@and thel x [ matrix has its rows all
equal to thé-dimensional vectod, ,; = (0, ..., 0)T except for ther™, which is the vector..

We want to evaluate next the scalar prod{ict, |, Vzuy). Since
(YD)i;0v,, Yu)p = (YD)ijbinuy = (YD)nju;bin,
it follows that
(o). Va) = b- Va(Yu)y + (YDu)y.
In particular, ifY” = I, the above quantity is equal &0 V ,u;, + (Du)p,.
Let
v (a(t,z) Ogyp | b(t,x)
3.12) o) = ) s = )

O25q  Opzyp2

where we understand thatis defined in blocks, where each entry is a matrix itself gethat
also D2, is defined in blocks, and the produet : DZw,) is defined as the sum of the four
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(:)-products of the corresponding blocks). With these nataticf v € C2([0, 7] x R%; R},
we have foreach =1, ...,1,

1
Oy, + §<04 : D%ﬂh> + (6, Vzuy) =

1
= (Youh+ 3 > aydZ, (Yu)y+ Y 00y, (Yu), + (YDu)y

]

— [Y (Opu + % Z aijﬁixju + Z b0y, u + Du)} -

1,7 (2

From this identity it is straightforward to prove that a fields a strong solution of (311) if and
only if @ is a strong solution of system (3]113), where by strong smhutve mean a continuous
function having continuous first derivatives in time andasetderivatives in space, and satis-
fying the corresponding equation point-wise. In the samg, \wpplying the same ideas used
above on the adjoint operator, we have the following eqaives.

Proposition 3.4. A functionu is a weak solution of syste@.1), with final condition, if and
only ifu is a weak solution of

1
(313) atﬂh+§<aD%ﬂh>+<ﬁ7vfﬂh> :07 h:17"'7l7
with final conditionu(T',7) = Y ¢(x).

In the sequel we prove that, under suitable conditions, dwov fieldv(t,7) = Yu(¢, x),
wherev is given by [3Y), is a weak solution ¢f(3]13). In view of thmae lemma, this implies
that the function given by (3.7) solves systédml(3.1) in thakvsense.

The main part is contained in the following proposition, wheve relax some regularity
assumptions on the coefficients of a theorem of Krylov [1i§ided, the drift and the diffusion
defined in formulad{3.12) are neither bounded nor globafhgthitz-continuous, in contrast to
the assumptions of [17]. The same problem occurs for the ¢madlition. On the other hand,
both the drift and the diffusion are locally Lipschitz-comious and with linear growth (in all
variables, including”).

Proposition 3.5. Letm € N and consider the scalar parabolic equation
(3.14) Oru + %(a : D*u) + (3, Vu) =0 (t,x) €[0,T] x R™
with final conditionu(T’, =) = ¢ (x), wherea = yy* and
B3:[0,T] x R™ = R™, ~:[0,T] x R™ = R™™ 4 :[0,T] x R" — R,

and assume that

(i) &, v are Borel measurable, sub-linear and locally Lipschitz tbmmous inx, uniformly
int,
(ii) v is continuous and with polynomial growth,
(ii) ~(¢,-) is continuously differentiable for ea¢tando,,~y are locally Lipschitz continuous
in X, uniformly int.
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Setu(t, z) = E[y)(Z5")], whereZ4® is the solution of the SDE
dZb = B(r, Z8*) dr + ~y(r, Z5*) dW,, ret,T],
A

where(V;),>¢ is anm-dimensional standard Brownian motion. Theiis a weak solution of
BI3) for eachn € C°((0,T) x R™), we have

/ / uN*ndxdt =0,

N*n=-0m+ = Z () = 3 0u(Bim)

Proof. If everywhere in the assumptlons of the proposition we hdwka] Lipschitz-continuity
(instead of local Lipschitz-continuity), the propositimllows from Theorem 5.13 of Krylov
[17]. In the general case, we proceed by truncation.lLet C>°(R™) be such that

\I/n(x):{l x| <n

0 || >n+1

where

and set3™ = ¥, 3 andy™ = V¥,~. Fix a Brownian motion(2, F, 7, W,, P) and denote
by Z;*" the solutions to the corresponding SDEs. The sequéii¢eé’ converges taZ;"" in
probability uniformly on compact subsets[0f 7] x R™.

Suppose first that is bounded. Them,(t,z) = E[¢(Z;™")] converges tau(t,z) and

(”) converges t@,., 0, a ) to Oy, ¢ andaggi,xja(”) to 0., ;o uniformly on compact subsets of
[0 T] xR™. Letn € Cgo sinceN;n is abounded sequence (see Reriark 3.3), by the dominated
convergence theorenf,u,, N converges tof uN*7, whereN; is the operator corresponding
to the approximate coefficients. Sinagg are weak solutions, it follows that is also a weak
solution.

If ¢ is not bounded, we take a sequence of bounded continuousdsg,, — ) such that
[ ()] < |0(x)|. From Theorem 4.6 of Krylovi[17], we havg]| Z,:"|¥] < ¢(1 + |=|*), so that
u,(t, ) < c(1+|z|*) by assumptiorfii), and again we conclude by the dominated convergence
theorem. O

We are now ready to prove the main theorem.

Proof of Theoreri 3]12First we show thaty is bounded and continuous. The boundedness
comes from[(318) and the assumptionsg@nIn order to show the continuity, we take a se-
quence(z,, t,) converging to(z, ). From Lemma 2.9 of Krylov [17], the functioft, z) —
(xt= U=y e ([0, T], R+ (where by conventioi X!, UX™1) = (x, 1) if s < t) is
continuous in probability. Hence, there is a subsequem‘.ieMt convergence is almost sure.
Finally, the conclusion follows from the bourld(B.8), thewa®ptions onp and the dominated
convergence theorem.

We show then that is a weak solution. We have the following two ingredients:

(i) the two systems of SDE§ (8.4) arld{3.6) can be thought as aieirsgstem where
the solution( X%, U-™Y)) takes values ilR***! and drift and diffusion are given by

formulae [31R).
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(ii) Since by uniqueness for equati@n{3.6) it follows tﬁéfx’y) = YU;*, for the function
v defined in[(3F7), we have
o(t,T) = Yo(t, 2) = BY Ur"o(X;)] = B[UF" o(X7")] = Blp(Xz", Uz

From these two facts, by Propositionl3u5s a weak solution to systefi (3113). By Proposition
B4, v is a weak solution to systerfi(B.1). O

The regularity assumptiof¥,) on the terniD can be relaxed with the following condition

(A}) Dis bounded and uniformly continuous.
In fact we can deduce the following corollary.

Corollary 3.6. Assumé A,)-(A3), (A}) and(As). Then the function
v(t,x) = BlUF"o(X7")]

is continuous and bounded and solves the Kolmogorov equ@id) in the sense of distribu-
tions:

T
/ / vM*ndxdt =0 foralln € C=((0,T) x R, RY).
0o Jre

Proof. Let p,, be a sequence of mollifiers and §&t = D x p,, andv,(t, z) = E[Uz}o(X7")],
whereUy is the solution of[(316) corresponding 1v),.

SinceD,, — D uniformly in [0,7] x R% we haveU;; — U;® in L'(), uniformly in
[0, 7] x R%. Consequently, (¢, z) — v(t, ) andD,v,, — Dv uniformly [0, 7] x R%. Sincev,
are weak solutions of the corresponding approximate pnojiethe limitv is a weak solution
of Mv = 0. O

3.2. The inhomogeneous caseln this section, Theorem3.2 will be extended to the inhoroge
neous case. We will show a Feynman-Kac representation farimuthe complete systern (3.1),
that is with f # 0, with final condition. Throughout this section we will assei(;)-(A;),
(A}), (As5) and the following

(A¢) f:10,7] x R — R!is bounded and uniformly continuous.
Theorem 3.7. Assumé A;)-(As), (A}), (As5)-(Ag). Then the function

T
(3.15) v(t, ) = E[U"p(Xp")] + / E[US f(r, X77)] dr
t
is a weak solution of3.2), that is,

T
/ / (uM*n+ fn)dtdz =0, ne Cx((0,T) x R4 RY.
0 JRd

The main idea to prove the theorem is to introduce a new coemdmve apply again the
method of new variablesf Krylov [L7]) and prove that is a solution of systen{(3.1) if and
only if o = (vy,..., v, 1) solves the system

1 ~
(3.16) O+ 5 Y ij0sa, 0+ Y bide 0+ (D) =0,

with final conditiond (7', -) = (i1, .. ., %1, 1), whereD = (P 1)). Notice thatDs = (P41, so
that the component,, ; is obviously a solution.
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The key lemma is the following.

Lemma 3.8. The functiono = (vy,vs,...,u;,1) is a weak solution of3.18) if and only if
v = (v1,v9, ..., v;) IS @ weak solution of3.1).

Proof. A weak solution of [311) is a function such that[[(vM*n + fn) = 0 for each test
function, or equivalently[[(vL*n + vD*n + fn) = 0, where the operato}/* has been
defined in[[310) and* is defined as

. 1
L'n=-0n+ 5 Z 8imj(aij77) - Z Oz, (bin).
i i

Let7; = (n,m11) be aR'*!-valued test function. SincB* = (7 §), we have

B — (vD e fn) _

It comes out that is a solution of the inhomogeneous equation if and onlysiblves| [ (0 L*7)+
fn) =0, thatis, if and only ifo is a weak solution of systernh (3]16). O

We can now prove the main theorem of this section.

Proof of Theoreri3l 7Let ¢ be the functior(yy, ..., ¢;, 1) andU%* be the solution of

(3.17)

dUb = UM*D(s, X% ds, s € [t,T],
Uf’m = Il+1.

Sincep, D and f satisfy assumptiongA,), (As) and (4), the functionsg and D satisfy
assumptiong$A}) and(As). Hence, by Corollarf/ 316, the function

(z,t) — E[U7"3(X7")]
is a weak solution of systeri (3116).
We write U5 in blocks:
~ At,:v bt,:v
Ué? = (Cgm dz,m) )

where A, is al x [ matrix, b, € R% is a column vectorg, € R? is a row vector andl, is a
scalar. With this position, the Cauchy probldm (3.17) isieajent to

dAL® = ALD(s, Xb®) ds, A =1,
dbs® = AL f(s, Xb%) ds, bt =0,
dct® = & D(s, X5*) ds, &t =0,
ddb® = b f (s, Xb®) ds, dyt =1,

and it is easy to see that
g —ve = U X d
t

tr tr __
st =0 d;* = 1.
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Consequently,
B R(X]7) = BV ) (#040)] = B[(VH o0y +i0))
= E[( U?w¢(x?x+b?w)+lfts U S XY dr )]

O

3.3. A uniqueness result. In the preceding sections, we were concerned with the exdstef

a weak solution of the parabolic systelm {3.1) having a niobabilistic representation. The
aim of the present section is to provide sufficient condgifor the uniqueness of solutions.
In Propositio 3.0 we shall see that the strong solutionxigts, is given by our probabilistic
representation, hence is unique. In Theofeml]3.10 we willvsbhader some special conditions
on the coefficients, that weak solutions are also unique eadigen by the probabilistic rep-
resentation. Such special conditions on the coefficier@ssatisfied in the application of the
probabilistic representation to the Navier-Stokes systéthe velocity field is regular enough,
the coefficients in the equations for the vorticity satisfg special conditions. Hence, for each
fixed regular velocity, there exists a unique weak solutibtihe vorticity equation given by the
Feynman-Kac formula.

Let C,*([0, T] x R, R!) be the space of continuous functions having first and secerizd
tives inz and first derivative int continuous and bounded. We start by showing that, if the
solution of the parabolic system is regular, then it is gibgriormula [3.I5).

Proposition 3.9. Letv € C%([0, 7] x R?, R!) be a strong solution of syste@@1), with final
condition. Thenv is given by formulg3.15)

Proof. It is sufficient to show that the process

Ubu(r, X1*) —|—/ Ub® f(s, X1 ds, re[t,T],

t
is a martingale. Indeed, if € {1, ...,1}, by Itd formula (we omit for simplicityr, X’»*) from
the termu(r, X»*) and from the coefficients, and the subscrifitom the term’*)

d (U 0), = Y d(Uptoe) = Y (Upitdvg + vedUpY)
k k

= U@+ Y bt 3 gl v dr
i i,

k
+ Z O, U 0ij dWﬂ] + Z kafL’fDik dr
ij k,i

= =) Ui (fu+ D Duwi) dr + (M) + Y v Uy Dy dr

= —dr(/ (U;’xf)h dS) + (er)h
t
sincev is a solution of systeni.{3.1jM, ), is thed-dimensional martingale, vanishing at
r = t, given by
(AM) = Ut Y Ouvp 075 AW,

k i,J
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Moreover,M, is square-integrable, sineec C,, U%" is bounded by[(318) and
sup E[|X7[’]

t<r<T

is bounded. O

Theorem 3.10.Lety be bounded and continuousandD bounded and uniformly continuous.
Suppose that is constant and is a Borel measurable and Lipschitz-continuous ifunction
such thatdiv b = 0. Then the function

T
oftsa) = BIUF (X)) + [ BV X0 dr
t
is the unique weak solution of the parabolic sys@).

The proof of the theorem is based on a regularisation by dotga, in order to apply the
unigueness result of the previous proposition.

Let p € C*(R% R), 0 < p < 1, with support in the ball of radius one, and ggtr) =
n?p(nz). Let J, be the convolution operator,, (u) = p, * u.

Lemma 3.11.Letb : R? — R? be a Lipschitz-continuous function, such thatb = 0 (in the
sense of distributions). Then there is a constarguch that for eachi € C,(R%, RY),

(3.18) |([Jns 0 VIu)(2)| <C sup  |u(y)| for all n,

YEB1 /n (T)
wherelJ,,,b - V]u = J,((b- V)u) — (b V)J,u is the commutator. Moreover
(3.19) [Jn, b+ V]u =20 uniformly on compact sets
Proof. Fix u € C,(R%, R'). Sincediv b = 0, by integration by parts we have
([T b~ Vu))(z) =
= (pux (b V)u— (0 V)(pu * w))(z)

= [ e =) 00)- T)u(s) = (o) - Vo)l = ) dy

= Vypn(z —y)(b(x) — b(y))u(y) dy.

Rd
Taking the norms iR! we get

(b~ V]u) ()] < / 192 =)l bly) = o)ty
Bin(z

< cLVpllee sup  fu(y)]
yEBl/n(x)

whereL is the Lipschitz constant df. So far, we have prove@(3]18). Concernihg(B.19), it
is easy to see that the claim is true fore C°(R? R'). If u is only C;, the claim follows
from approximation witiCy° functions (in the sup-norm, on compact sets) and from th@tou

G.13). O

We apply now the previous lemma to prove the main theorem.
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Proof of Theoreriz3.10Let v be a bounded and continuous weak solution of sysferh (3.8). Th
sequencey,, = p, x v belongs toC'([0, 7], C:°(RY, RY)) andwv, — v uniformly on compact
sets. We want to show thay is a weak solution of

(3.20) Ayvp + Zam v Un T Zb& Vp + Dy + pp* f+ Ry, =0,

with final conditlonvn(T) = pn * @, WhereR,, = [J,,b- V]v + [J,, D]v. Indeed, is a weak
solution of [311), so that we can ugg = p, * n as a test function, wherg is again a test
function andp,,(z) = p,(—z), to obtain with some easy computations

//R (M*C + fC) =

- // — 0Gp + Z Ay z]Cn Z bi amlgn + 'D*Cn) + fén
= // [Un( — O + 5 Z aija:%wjn - Z biaﬂcin + 'D*ﬁ)}
s [ [ 0f + 100t o+ 11, D)

(notice that for each, [ u(p, *n) = [ n(p, * u)).

Sincew,, belongs toC'([0, 7], Cg° (R4, RY)) andp,, * f + R, is bounded and continuous, we
argue that the distributional derivatiggv,, is bounded and continuous and, therefore, a strong
derivative. Hence,, € C,** and it is a strong solution of {3.20). Proposit[ol3.9 yields

T
vn(t, ) = E[UF"po * p(X7")] + / E[U" (pn * f + Ra)(X2")] dr.
t

It is easy to check thal[.J,,, D]v||c < 2[|D]|so]|v]|c0 @nd[J,,, D]v — 0, uniformly on compact
sets. Hence, by the previous lemnfg,is bounded, independently of and?,, — 0 uniformly
on compact sets. Using(8.8) and the dominated converghaoesm, we obtain

T
oltsa) = lim vn(t,0) = BUF (X3 + [ BV, X0 dr
t

n—oo

g

3.4. The formula for parabolic systems with initial condition. In this section we describe the
probabilistic representation of weak solutions to theays3.2), with initial condition. Indeed,
in the sequel we will use the results of this sections to gipeohabilistic representation for the
solutions to the Navier-Stokes equations, which is a pdi@bquation with initial condition.

We will obtain the representation formula for the forwardaimlic system using the repre-
sentation for the backward parabolic system and a time siwerof the coefficients. To this
aim, we will consider the following stochastic differenteuations

Xont =g

)

s,x,t _ 8,x,t _ s,xz,t
(321) {dXT b(t T, XT ) d?” + U(t r, Xr ) dWm re [S, t],
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and

(3.22) {dU s — gp@Ypp oy X3t dp, r € [s,t],

UseYt =y,
where, as usual/>®Y)t = = whenY = I.
Theorem 3.12.Let the datab, o, ¢, D and f satisfy assumptionsi;)-(43), (A}) (in pageIB,
(As) (in pagd®) and Ag)(in pageIB). Then the function
t
(3.23) v(t,z) = E[U" (X)) + / E[UPf(t =, X200 dr
0

is a weak solution of3.3), with initial condition.
Moreover, ifo is constant and is globally Lipschitz-continuous im, thenwv is the unique
weak solution.

Proof. Leto(t,z) = v(T —t, z). If v is a weak solution of(312), by easy computations it follows
thato is a weak solution of

0, 0(t, ) Z a;; (T ixjf}(t, x) + Z b (T

+D(T—t,x) (t,z)+ f(T —t,z) =0,

for t € [0, T], with final conditiono (7, z) = ¢(z) (and vice-versa).
By Theoreni:3l7, a solution of (3:24) is given by the following formula

(3.24)

T
o(t,x) = E[UF" o(Xz"")] + / B[ (T —r, X)) dr,
t

whereUH*T and X*1 are given respectively if(3.22) and (3.21). We can concthdé a
solutionv of the forward parabolic equation(3.2) is given by
T
o(t,x) = BlUL " To(X1 551 + / E[UT =T (T — ¢, XT0 Y] dr

T—t
Finally, one can easily check that, for eack [T — ¢, T, the joint law of the random variables
Ul-t=T and X7 is equal to the joint law of the random variablé$"" . and X" ;.. In
conclu3|on formuldB:ZB) holds. O

The representation formula above appears more complitiaéedthe formula for parabolic
systems with final conditior.(3.]15): the stochastic proeess. in (.13) are the solutions of
a fixed SDE corresponding to different initial conditiondyile the stochastic process&g-**
andU%*! in 323) solve for each a different SDE. A different representation can be given,
which is more appealing at the heuristic level, even if lesgble for stochastic calculus.

Consider the following backward SDE

t t
@25) Y=o [ viyds [olsyidv, e

wheredIV, denotes the backward stochastic integral with respecte@®tbwnian motioriV,
(see Kunital[1B] for the definition of the backward integraNotice that the final condition
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Y;"* = 2 has been imposed here. Liét>*, 0 < s < r < t be the solution of

st 'D Yt,a: s,t,x
(3.26) {%x_l (Y )Wetedr, v e s,

Theorem 3.13.Under the same assumptions of the previous theorem, a wéaatosoof the
parabolic systen@3.2), with initial condition, is given by the following formula

t
(3.27) olt, @) = BV oY) + / B[V, f(r, YA dr,
0

whereY** andV"%* are given respectively bg.23)and ([3.26)

Remark3.14 We want to give an interpretation of the representation tdengiven above.
Suppose for clarity that = 0. Consider the trajectory’*(w) of a virtual particle which is in:
at timet, transported by a velocity field and subject to a diffusiond avaluate (0, Y, (w)) =
o(Y{"(w)). Then we take into account, through the vector figltt*, the effects of the tensor
D along the given trajectory in the time intenjal ¢]. Finally, by taking the expectation, we
consider the mean effect of all virtual particles.

Before giving the proof of the theorem, we need the followsnmple lemma for the time
inversion of a stochastic integral.

Lemma 3.15. Let (W),>¢ be a Brownian motion. Fix > 0 and set
Bs:Wt_VVt—s SG[O,t]

Let 7}V = o (W, |re€[0,s]) and FZ, = 0 (B, — B,|s < v < u < t) and letg(s) be a con-
tinuous and bounded process adapted to the filtrafiph. Then the procesg(s) = g(t — s),
s € [0,t] is 7P -adapted and for alk, b such that) < a < b <+,

[owav.= [ s s,

Proof. SinceB, — B, = W;_, — W;_,, we haveF}”, = F[, and this gives the first statement.
Take now a sequence of partitions of the intefuab:

T {a=s) <sp<...<sp =b}
such thatr,| — 0. We have
/abg(s) AW, = lim » g(s7)(Wa,, — W)
= Tim > gt =) (Wi, — Wiry)
= lim Y f(!)(By — By,,)
= [ s,

t—

wherer? =t — s, i =1...k,. O
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Proof of Theoreri-3.13We need only to show that

XPHt =yt and UMY =V P —as.

T

since such formulas, formula{3]123) and a change of vasagile us[(3.27).

We prove the first equality. Fix a Brownian moti¢#,.),~, and consider the solutioki®-*
of equation[[Z21). By Lemm&{3115) above, it follows thgt"" satisfies the backward SDE
@25) with respect to the Brownian motids, defined in Lemm&3.15. Since equati@n(B8.25)
has a unique strong solution, we have the first equality.

We proceed to prove the second equality. Figo thatr — Y%*(w) is continuous. The key
observation is that

Vi (w) = V@) (VW) 0<s<r <t
and it is true since
AV (W) = = (V2 (W) T D(r, YV (W),

with initial condition (V""*(w))~! = I, so that it easy to check th&""*(w) (V4 (w))~!
satisfy equation{3.26). Finally, by evaluating

4V (w) = de [V (W) (VR (w) 7,
we see that both""*(w) andr — UY%!(w) solves the ODE:
t t—r
dU, = —U,D(r, Y""(w)) dr r e [0,¢,

with final conditionU; = 1. O

4. A PROBABILISTIC REPRESENTATION FOR THENEWTONIAN POTENTIAL AND THE
B1OT-SAVART LAW

In the present section we aim to give a probabilistic repregmn for the velocity field of an
incompressible fluid in terms of the vorticity fiefd= curl u.
Under suitable assumptions gnthe Poisson equationAy) = £ has a solution, given by

1 £(y)
@b(x)—g/m Sy

(v is a vector field and the equation is interpreted componésgjw Letu(z) be defined as
u(z) = curly(x), i.e.

(4.1) u(x) = i - f(y|)x><_(z|3— y) dy.

If divé = 0, then alsadivy = 0 anddivu = 0, and this implies alsourl curl ) = —Aq.
Thereforecurlu = &, i.e.u is the divergence-free velocity field associated tdrhe equality
@) is theBiot-Savart law

In order to give a probabilistic representation of this fatay it is necessary to give a repre-
sentation of the solution of the Poisson equation and ofatsvdtives.
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4.1. A probabilistic representation for the Newtonian potentid. In this section we study a
probabilistic representation of the solution of the Paissquation. The deterministic regularity
results are classical (see for example Gilbarg and Trudifigi} and Ziemer([23]), so we will
focus on the probabilistic formula.

Let f : R®> — R be an integrable function. We define the Newtonian potentitil density
fas

Nf(z) = / L i) dy.

:E R3 |x—y|

If fisregular and with compact suppoN,f is a solution of the Poisson equation.
Let A = 1A, itis well known thatA generates, on the spacg(R?) of all continuous
functions vanishing at infinity, the strongly continuoustsgroup

P.f(x) = E[f(x + W,)] r€R’ t>0, feCy(R?),

where(W,):>¢ is a 3D-standard Brownian motion. The resolventiafan be written as

(A= A1) f) () = / T NE[f(e + Wld,  f e Co(RY),

so that we can argue that the integral

(4.2) /OOOE[f(x+Wt)] dt.

converges toA~! f(x) = 2N f(z) (indeed, at this stage, we do not knowifis invertible).
As a first step, we find some conditions ¢rnin such a way that formuld{4.2) produces a
solution of the Poisson equation.

Proposition 4.1. Let f € LP(R?) N LY(R?), with1 < p < 3 < ¢ < co. Then the integral in
(@2)is convergent for allk € R? and is equal t&N f(z). MoreoverN f € Cy(R?) and

IN flloo < Cogl[f1lp + [1.fllq)-

Proof. For everyr > 1, by Holder inequality,

1 1,2 _3
(4.3) E|f(z +W)| = W/RS |f(z+y)le =¥ dy < Ot~ 2| £,

so that, by using the above inequality with= p andr = ¢ and by integrating by time,
0o 1 0o
JBie e wolde < [Eifer Woldi+ Bl Wolde< (sl + 151
0 0 1

This will prove also the final inequality, once the other prdjes are verified. The integral in
@3) is equal t@N f(x) since (we can use Fubini theorem because of the previousaligg

[T e rwoa = [ g [T et ay

1
- | gl ndy =28 ).
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We know from Gilbarg and Trudinger [L4], thte L?(R?) implies, by Sobolev embeddings,
Nf € C(R?). The behaviour at infinity is less standard, so we give a gitibic proof of it.
Thus let us show thaV f € Cy(R?). Indeed, for eact® > 0,

/E[f(:HWt)]dt:/ Ef(x+Wt)f{|wt|>R}dt+/Ef(93+Wt)f{thR}dt
0 0 0

and, in order to show thaY f(z) converges t® as|z| — oo, we will prove that the first term
converges td, uniformly inz, asR — oo, and the second term converge$)tas|z| — oo for
eachR > 0.
For the first term the claim is true since, as[in{4.3),
sup E|f(z + W)l Lywisry < CULFllp + £l (&2 I oy (8) + 72%0L10.1)(1))
S
and

— _1 1/p’
s B+ Wllgwgormy < Ot fl,([ o 0% —
zeR3 ly|[>R

asR — oo. As regards the second term, we can proceed a5 1h (4.3) armbidba term
E|f(z+ Wt)|[{|Wt|§R} with

_3 _3
C(t2 || f W) Igy-al<rllplio0) () + 24| f () Ly—zi<ryllaL10,1)(F))

so that, after the integration in time, the above term caye®to0, sincef € LP(R?)NLI(R?).
U

In the second step, we study the derivatives\of. Notice that, for a regulay, Bismut-
Elworthy formula (see for exampl2l[9]) gives

DBl (o + W] = JBIf (o + WO W)

In this simple case, with the Brownian motion, such formwla be easily checked by means of
the Gaussian density.

As in the previous proposition, one could expect that, usdéable conditions, it is possible
to write the derivatives ofV f with the probabilistic representation suggested by theida
above. Indeed, this is the case, as the following proposgimws.

Proposition 4.2. Let f € LP(R®) N LY(R?) for somel < p < 2 < 3 < ¢ < +o0. Then
VN[ e Cy(R3) and for eachr € R?,

(4.4) 2D,,Nf(z) = /OO %E[f(a: + W)W/, i=1,2,3.
0

Moreover

(4.5) IVN flloo < Cog(I1£11 + 11 £1]4)

Proof. By Holder inequality,

1 : C e
?E|f(x+ W)Wyl ey / flz+y)y'e 2l
R3

C 3
t57||f||p\/gt2p/

| fllpt 2%

(4.6)

IN

IN
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and, as in the proof of the previous proposition, the timegrdl is finite and bounded with
respect tor, by the assumptions om andg. Moreover it can be easily seen, by the same
arguments used in the previous proposition, that fornfuld) (@nd inequality[{415) hold and
thatVN f € Co(R?). O

In the last step, we study the second derivatives of the Naamgotential. The regularity of
the following theorem is based on the classical Schaudenatsts.

Proposition 4.3. Let f € LP(R*)NCg(R?), with1 < p < 2. ThenN f € C7*(R?) N Co(R?),
INFllezegs) < CULf lvms) + 1L fllopms)
and N f is the unique solution of the Poisson equatiolyiR?) N C*(R?).

Proof. From the previous proposition, we know thdyf € C}(R?). Bismut-Elworthy formula
gives us

2 .
(4.7) Do, Bf (x + W) = SE[(Dy ) (z + W)Wi],
wherey(z) = Ef(z + W:). Hence, in order to show that

Do NiG@) = [ JBIDL )+ Wy W

holds, it is sufficient to show thdf(4.7) is integrable in¢iin the interval0, co).
First, by the Bismut-Elworthy formula, we see that

Doi(e) = SBIf(w+ Wy W]

2

and, by [4.b), that

(4.8) I1Detlloc < CEE72| ]l
Moreover, since € C(R3),

2 .
(4.9) < Ct2[flalz —yl™

Now we show that{417) is integrable in time. By {(4.8)
—E\( W)@+ W)W < Ct : QPHprE\WJ\ <ct | ],
and [47) is integrable ifi, co). By (£.9) it follows that
—E|( W)@+ W)W = —E|[( W)@+ W) = (Do) ()] W]

IA

Ct 2 B[W, |*|Wi|
2 2
< (],

and [4Y) is integrable ifo), 1).
In conclusion, the probabilistic representation formulathe second derivatives holds and

1Dzz, N flloe < C(Ifllp + [f]a)-
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By Schauder’s theory, sinc¥ f € C2(R?) andf € C{(R?), it follows that N f € C.*(R?)
and

INflleze @y < CUf o+ £ lleg)

(see for example Lunardi [20]). Moreovek,f solves the Poisson equation (Lemma 4.2 of
Gilbarg and Trudingei [14]) and the solution is unique byrieximum principle. O

4.2. A probabilistic representation for the Biot-Savart law. We apply now the theory devel-
oped in the previous section. The following theorem, whghgtually a mere corollary of the
above results, is nothing but the well knowrot-Savart law

Theorem 4.4.Let¢ € LP(R?, R?) N C2(R? R?), with1 < p < 2 and0 < a < 1. There is a
uniqueu € C,*(R? R?) N Cy(R?, R?) such that

curlu = &, divu =0
and such solution is given by the following formula

1 /1
u(z) = 5/0 SE[E(r+ W) x W]dt, s €RS,

where(V;);>¢ is a standard 3D-Brownian motion.

Proof. The probabilistic formula derives from Propositibnl4.2 ahd regularity ofu from
Propositiong~4]2 and4.3. We prove the unigueness of theseptation: sincdivu = 0,

we haveu = curlt, wherey is the stream function. Now, by the maximum principle, the
unique solution of the problem

Au =0, u— 0 aslr| — oo
isu = 0. 0

Since we are interested in the time evolution of the vectdddiat is appropriate to give a
time-dependent version of the previous theorem. We relatlthe spacel*(7) andify; (1)
have been defined ii{2.1) aid{2.3), the spat¥qT') andV;"’(T') have been defined ii{2.2)
and [Z.%).

Corollary 4.5. Leta € (0,1) and1 < p < 2. The maps : V**(T') — U*(T), defined as

Bs(€)(t,x) = %/OOO LBle(t, a2+ W) x W] ds,

S

is linear bounded and|&| < C, whereC is the constant, independent Bf appearing in
Propositio4.B. N

Moreover, ifL, M > 0 are constant such thaé/ > C'L, thenthe mag : V;""(T) — U(T)
is linear bounded.
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5. THE REPRESENTATION MAP

The section is devoted to the study of the properties of theesentation maps, defined as
t
AS(u)(t, ) = BIUZ6(X ) + [ BIUF'g(t 5, XE0)ds.
0

wherey = ¢ (z), g = g(t,z) and X*' are the Lagrangian paths, definedin]5.3), &iid are
the deformation matrices, defined In{5.4).

In the first part, some regularity properties of the Lagrangvaths and of the deformation
matrices are obtained. In the second part we show/hahaps the spack®(7T") in V*»(T')
(for the definition of the spaces, s€e{2.1) dndl(2.2)). Kinal the third part, we prove that
is Lipschitz-continuous fror*(T) to V**(T).

5.1. Regularity of the Lagrangian paths. In this section we study some regularity properties
of the Lagrangian paths

dX? = u(s, X*)ds + 2w dW;, s € (0,7,
X§ =,
and of the deformation matrices
dU? = UD(s, X¥) ds, s € [0,7],
Uy =1,

whereu € C([0, T]; CH(R3, R3)) andD € C([0, T); C(R3, R3*?)) are given. Notice that both
equations have unique strong solutions. Hence, fixed a 3@@am motion((W;)s>o0, (Fs)s>0)
on the probability spacg, F, P), for eachz € R? there is a processX?, U¥) >, that solves
the corresponding equations, and the solution is unique umaltstinguishability. The equations
can be solved path-wise, choosing the (2 for which s — W(w) is a continuous function.
Hence, the statements of this section are true for all stgshndependently of ands. First

define

[0][oc,s = sup [[v(r)|oe-

0<r<
Lemma 5.1. Assume: € C([0,T]; C}(R3,R?)). Then
(5.1) IX? — XY| < |z —ylefVules 5 >0, 2,9 € R

Moreover, ifdivu = 0, then for alls > 0 andw € (2, the map
r € R’ — X%w) € R?
is a diffeomorphism, the determinant of its Jacobian is yweere equal td and
5.2) [ e@de= [ @i geLi(®),
R3 R3
Proof. First we prove[(5ll). By easy computations,

X2 = X2 < o= gl + [Vl [ 1= X2 dr
0

and applying Gronwall’'s lemma, we can conclude.
Using Theorem 4.6.5 of Kunité [18] (actually the assumptdidolder continuity onu is
useless for our aim, since we deal with an additive noisealseTheorem 4.1.1 of Busnello
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[5]) one can easily deduce that— X7 is a diffeomorphism and the determinant of its Jacobian
Is constant. Moreover, sinckv v = 0, the determinant of its Jacobian is equal for all times,
so that, by a change of variables and a density argument{@Bocan be deduced. O

Lemma 5.2. Assume: € C([0,T]; CL(R3,R3)) andD € C([0, T]; Cg(R3, R**?)). Then
U?| < @?lIPllc.s reR? s€[0,T]
and forz,y € R* ands € [0, 77,
U7 = U2] < sePIPlmrtelVeloes D]z — g,

Proof. The first property derives fromi {3.8). As regards the sectrod) (3.8) and[(511) we get

U, = U] < /||D(T)||oo|Uf—U£’|dr+/ elIPlloe.s
0 0

D(T‘, X;F) - D(Tv va)| dr

S
< ”DHoo,s/ ‘U;E - U;/‘ dr + SesHDHoo,ersHVuHoo,s['D]ms‘x . y|a
0

and, by Gronwall’'s lemma, the claim follows. O

Let B,(R?, R?) be the space of all bounded Borel-measurable functions efitecthe oper-
ator
Qup(x) = E[Ufp(X?)], xR

Lemma5.3. Lets > 0, then

1. Qs € L(By(R* R?)) and | Qs (5, < *IIPll>s

2. Qs € L(Cp (R, R?)) and || Qs (g < &Pl tolVules (1 4 5[D, )
Moreover, ifdivu = 0, then

3. Qs € L(LP(R3,R?)) and || Q]| ey < e8Pl

Proof. First property is an obvious consequence of the previousn@mAbout the second,
using the two lemmas above,
[B[USp(XT) = Ulp(XD)] < E|UY = UY| - lo(XJ)] + E|UY| - [o(XT) — o(XY)|
= e P P

Finally, assumeliv . = 0. Using [5.2), Holder inequality and the previous lemmagese

/ 1Qqp(x)P < epsllDlloo,sE/ lp(X2)|P < oPslIDlloo,s
R3 R3

5.
O

5.2. Definition of the representation map. Here we prove thaté mapsi/®(T) in V*?(T).
Before proving such claim, we need some preliminary deéingiand results. For eaehe
U*(T), consider for al: € R? andt € [0, T] the Lagrangian paths

dX;n,t — _u(t — s, ngt) ds +2v de, s € [07 t]a
Xyt =,
and the deformation matrices
AUzt = US'D,(t — s, X2t)ds, s €[0,T],
Up' =1,

(5.3)

(5.4)
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whereD, = Vu or D, = 3(Vu + VuT).
Lemma 5.4. Letu € U*(T) andy € C,(R?, R3) N LP(R3, R3). The function
(5,t) € {0 < s <t < T} E[USY(XM] € LP(R*, R*) N Cy(R?, R?)
is continuous with respect to both variables.

Proof. First we show the continuity i6),. If 0 < s <t < T and0 <r < v <T,witht < v,
then for eachr € R?,

[E[U (X)) = E[U7 (X)) <
(5.5) < E|UM UM (X + EIUS"] - (X)) = (X))
+E|USY = UPY] - [(XT) [+ E[US] - [0 (XE7) — (X7)].
In order to estimate the different terms of the above inatyyale see that from the equations

T
Uz = Uz =| [ Uz"Dulw = 0, X3 do| < &P Dy ],
S

and
(5.6) X7 = X3 < ullools — v + V20 [W, — W.
Moreover

X — X < / u(t =0, X3) —u(v — 0, X7")| do
0

< / u(t = o) — u(v — o)l + / V(o — o) ol X2 — X2
and, by Gronwall's lemma,
X=Xz < % [t — o)~ ufo = o) do
Finally, 0
Uzt vzl < [0 D - 0, X2 ~ Dl — 0. X3 do
0

+/ \UZ - |Dy(t — 0, X2") — Dy(v — 0, X2)| do
0

4 / Dulv — 0, X2V - (U — U do
0

< e!IVulleer || D, [l sowsup [ X2 — X2
+oe?lVeulleo.w s[ul]) ||Du(t —0) = Dy(v—10)||o
0,
IVl [ 102 = U2 do
0
<

A(t,v) + C / U=t — US| do,
0
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whereEA(t,v) — 0 as|t — v| — 0, and by Gronwall’s lemma,
Ut — U] < At v)e .

Using the above estimates [0_(b.5), it is easy to show coityimith values inCj,. In order to
show continuity inL?, we remark that the above estimates ensure convergenck focaR?,
so that we need only to show uniform integrability. To thiglenotice that, by a change of
variables,

[ Ewveanr < oB [ jupdy
|z|> K x;NB

%)

IN

K
c [ WPPlxz—al < 3]
yI>%5 2

K
FOIIEPIX — 2] = T,

v | =

< c / | 6P+ CIEPIX a1 2 )
y>5

whereC = TeTlIVul~r and, because df{3.6), féf — oo, the above quantity converges(o
independently o, ¢. O

Now it is possible to prove the above mentioned result on thp.Ra.
Proposition 5.5. Givenl < p < 3 and0 < a < 1, lety € Cy(R?*, R?) N LP(R3 R?) and
g € V*?(T), thenAs maps/*(T) in V**(T) and

t
5.7)  IM(w) () llcenre < eIVt (14 ]| Vul|co) ([l conee + / l9(s)llcancr ds)
0
Proof. First, As(u) € C{* N LP follows by Lemmd5IB, moreover also estimdfe](5.7) can be
easily deduced. Finally, from the previous lemma it follatvat
t— Ns(u)(t) e Cpn LP

iS continuous. O

5.3. Lipschitz continuity of the representation map. Letg € V**(T) andy € C2(R3, R3)N
L*(R3,R?), and consider the map

N - UNT) — V¥P(T)

defined in the previous section. The aim of the present setio show that such map is locally
Lipschitz-continuous. In order to do this, we will use Gitea formula. First we rewritd\s in
a more appropriate form, namely

Ns(u)(t, z) = B[Fy, (X",
where for each trajectory € C([0, T]; R?),

Frul(t) = VA" (w)(uy) + / VI (w)g(t — s,w,) ds
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andV*“(w) is the solution of the following differential equation

V;’“ = VD, (t — s, wy), s <t,
Vi) = 1

Notice thatU>"*(w) = VE*(X*"(w)), for eachw € 2, and we have made an explicit refer-
ence to the dependence framn the Lagrangian path&*%“ and in the deformation matrices
U:v,t,u_

By Girsanov formula, we have

E[F, (X% = E[ZPYFy o (x + V20 W),

where
1 s L Voumw
grtu _ o _/ u(t —r, x4+ V2uW,),dW,) — / u(t —r,x +V2uW,)|?dr],
° Xp[\/ﬂ 0 tul ) ) dv Jo it ) ]

with s < ¢, so that for each,
MN(u)(t,z) = E[Z7"VI (@ + V2uW)(x + V2UW)] +
t
+/ E[ZVE (x + V2uW)g(t — s,z + V2uW,)] ds.
0

Using this representation, we will prove the following posgion.

Proposition 5.6. Givenl < p < 3 and0 < a < 1, lety € C¢(R? R?) N LP(R? R?) and
g € V*P(T) and set

T
o = Wllcgrus + [ Nlo(s)legns ds.
0
For eachu, v € Ug;(T),

sup [IAS(w) — AS(v) lprzn < Cvp)Car (T)eosup flu — vl e,
t<T t<T

whereC(v, p) is a constant depending only grand v andlimy_.o C (7)) = 0.

The proof of the above proposition will be carried on using shbsequent lemmas. In order
to make the explanations easier, we introduce the followmotations. We define\,, f =
f(x) — f(y) for any functionf. Notice that

(5.8) Apy(fg) = (Duyf)g(@) + f(y)(Aryg).

If the functions depends on two variables, we defing,, asA,,A,, and, by applying twice
the above formula,

Auvmy(fQ) = Auv[(Amyf)g('u ZL’) + f(v y)(A:vyg)]
(5.9) = (Buvayf)g(u, 2) + [Agy f (0)][Auug ()]
FAu f ([ Azyg ()] + (v, 5) (Auwayg)-
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Lemma 5.7. Letu, v € U (T), then for eachw, w’ € C([0,T]; R?) and for all s < ¢,
Vit (w)] < €
A Vi (w) tMHu—chl

| <
| A VI ()] < 2M ™M |lw — w'||,,
|Auvww’vst <+ 3tM)tegtM||w - w/HgoHu - UHC;’“'

Proof. The proofs of these properties are similar, we just give tioefof the last one. Indeed,
using formula[(5.P),
d

B VEC) = B (V) = B (VD1 — 5,1)
= [Duoww V7 OIDult — s, w5) + VI (W) [Ayur Dot — 5, 7))
+[Aww’vst7v(')]pu—v(t — 8, ws) + [Auvvst’.(w/)“Aww’DU(t —5,)]
so that, by using the other inequalities of this lemma,

B VO <M [ BtV (= w2 = ol g [ V0w dr
0 0
Hu=vllgge [ DoVl dr + Mlw = w3, [ 180V () dr
0 0

< M/ |Auwa/V7f7'(-)|dr+(1+3tM)se2tM||w—w'||go||u—v||C;,a
0

and, by the Gronwall’'s lemma, the inequality follows. O

Using the previous lemma and formul@s{5.8) dndl(5.9), weeeesily deduce similar prop-
erties for the functionak.

Lemma 5.8. Letu, v € U (T), then for eachw, w’ € C([0,T]; R?), and for allt € [0, T1,

|Fy(u0)] < ™ [[oh(a0y)]| + / 9t — 5,w,)] ds]

t
A B (w)] < te*™Ju — vl ca [Joh(we)| + / |g(t = 5, ws)| ds]
0
| A Fr (4] < (14 2t M)e®Meg||w — w'||%,
| Ao Fr. ()] < (2 + 3tM)te*™ ep|lw — w'|| oo ||t — v||cb1,a,
whereso = [[¢]|og + [y llg(s)llcp ds.
Finally, we estimate the same quantities on the proZess
Lemma 5.9. Letu, v € U5, (T) andq > 2. Then for alls < ¢,
E|Zz,t,u|q < Ceth/QMq
E|Au, 25" < Ot lu — wl|2,
E|Ay, Z;" |7 < Ct12MIeM ™ o — y|ot,

B| Ay, 2,0 < CEVMMEM 1 — |l — ]|,
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whereC' = C(q, v) is a constant depending only qrandv.
Proof. From the definition, we see thaf** solves

{ dZmtw = \/Lth“ u(t — s,z 4+ 20Wy) dWs, s <,
Z5ht = 1.

Again, the proofs of the four inequalities are similar, wey® only the last one. By applying
formula [5.9), we get

ds(Duvay Z3") = Dy (ds Z7) =

1 . :
= [ 2l = V) AW, 28 ,Y,) = vl = s V)],

F By 2yl = 5,Y7) = olt = 5, Y2 AW, + (D Z0) Agyu(t = 5, Y,)] W],

where, for the sake of briefness, we haveset= = + V2uW,. By the Burkholder, Davis and
Gundy inequality,

E|A .y 2|1 < c MqE[/ |AumyZ;t"|2dr]% + Hu—quCa\x—yP‘qE[/ | Zvb 2 dr] 3

+lu =L, E / ALy Z, B12dr]3 4+ M|z —y |O‘qE/ |A, 29" 2 dr]%]
so that, by using the Holder inequality and the other inéties of this lemma, we get
E|Auwy |q < CMqS2 / E|Auwy |q dT+CM2qthq/2 CMqtq/2|1‘ y|aq||U—U||q1a
0

Finally, using the Gronwall’'s lemma, we obtain the requirgetjuality. O
We are now able to prove the main result of this section.

Proof of Propositiom5l6Let u, v € U, (T). We start with the estimates @i, and L?. Using
formula [5:8) and Holder inequality, we get, for eackk R? andt > 0,

[AuMO ()| = [E[Aw (277 F (V)|
(5.10) < Clo)|(BlAWZ 1) (Bl R ()1
+ (E|Ztm,t,v|q/) 1/q (E‘Aqut,(Yx)‘q)l/q]

whereq > 1, ¢’ is the Holder conjugate exponent @fand we have set’ = = + v2vWs.
Using the estimates in Lemrhiab.8 and in Lenima& 5.9, and theialiéggabove withy = 2, we
obtain the estimate in th&, norm,

sup 12wME()lle, < Ceo(T + V)M My — v e,
t<

Using again LemmB3&.8 afd 5.9 and the inequdlify {5.10) ahwitle ¢ = p, we can obtain the
estimate in thd.? norm,

sup [| 8N () < Ce{(T? + T2)eP MM — v gy
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To conclude the proof, we need the estimate intfienorm. For allz, y € R* andt > 0, by
applying formula[[5.9) we get
| AuvayNC) (8 )] < E[Auuny(Z5 F(Y7))]
< E[(Bun 2 Foa(Y) + 20 By Fr (V)]

(A Z ) Bay BV )] + (A 27 [ Ao B (V)]
Using the inequalities in Lemnia’.8 and Lemima 5.9, it foll bkt

| Ay M) ()] < Ceo(VT + T+ MT*? 4 MT?)e? MM |3 — y19|u — 0] e

[
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