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Small di®usion and fast dying out asymptotics for superpro cesses
as non-Hamiltonian  quasiclassics for evolution equations

1. Intro duction.

As is well known, a di®usionprocessin R 9 with absorption is governedby an equation
of the form
@ o1 @ @ @ d
— = (Lu)(x =(G(X)—=; =)ui (A(X);—=)i V(X)u;, x2R";t, O 1:1
@()()2(()@@)1(()@)1 (%) (1:1)
where G(x) is a symmetric non-negative d £ d matrix, A(X) is a vector-valued function
(usually called the drift) and V(x) , O for all x. After the seminal papers of Varadhan
[Varl]-[Var2], lots of attention in mathematical literature was given to the study of the
equation

@ . h @ @
RGN (CO=T=
for a small parameter h > 0 (seee.g. [Koll], where onecan nd an extensiwe bibliography

on this subject and also generalisationsto more generalFeller processes).The limit h! 0
in (1.2) clearly stands for the small di®usion and fast absorption (or killing, or dying)

approximation, and is often called shortly the small di®usionlimit. In quantum medanics
(i.e. for the corresponding SchrAdinger equation) the samelimit is called the semiclassical
(or quasiclassical,or WKB) approximation. This terminology is also quite justi ed for the

di®usionequation (1.2), becausethe so called logarithmic limit

i (A(X):%)i Sveou x2R%t, 0 (12)

S(t; x) = rI]i!mo(i hlogu(t; x)) (1:3)

of a solution u(t; x) of (1.2) (which describesthe exponertial rate of decay of the solution
u(t; x)) can be usually speci ed asthe classicalaction along the solutions of the Hamilto-
nian systemwith the Hamiltonian function

H(G ) = 2(GO0PiR) | (AR i V(00

which represernt the classical(deterministic) limit ash ! 0 for random trajectories of the
di®usion processdescribed by (1.2). Alternativ ely, this logarithmic limit can be de ned
as a solution of a certain problem of calculus of variations given by a Lagrangian function
L (x; v) that is the Legendretransform of H (x; p) with respect to the secondvariable.

The aim of this paper is to describe similar asymptotics for a certain classof non-
linear parabolic equations (often called the reaction-di®usionequations) which appear in
the study of superprocessesNamely, the ewolution equation that describesthe determin-
istic dual processfor the (non-homogeneous)Dawson-Watanabe superprocess(also called
(2;d; ) superprocess)is known to have the form (seee.g. [Et])

@

@ Luj a(x)u** ; (1:4)



wherel is a generatorof a di®usionprocess,givenby (1.1), say, the function a(x) describes
the rate of branching at the point x and > 0 speci es the branching mecanism. The
value = 0 correspondsto the case,when particles are supposedjust to die at a momert
of branching (in that casethe non-linear equation (1.4) turns to the linear equation (1.1)).
Thus, for small h > 0, the equation

&= 2G0T (AKX T TVOOUT Fau (w:5)
describesthe (spatially non-homogeneousPawson-Watanabe superprocessin the approx-
imation of small di®usionand fast dying out just asin the caseof equation (1.2) for usual
di®usion. The standard (homogeneous)Dawson-Watanabe superprocessin the approxi-
mation consideredis described by the equation

% = gd: Ui %u“h (1:6)
with small h > 0.

In this paper we are going to characterisethe deterministic processwhich is obtained
by letting h! 0 in equation (1.5) and to calculate the corresponding h'! 0 asymptotics
of its solutions. In particular, it turns out that the logarithmic limit (1.3) of the solutions
is obtained in terms of the solutions to a certain non-Hamiltonian system of ordinary
di®erertial equations. Alternativ ely, this limit canbe described asthe solution of a problem
of calculus of variations with a non-additive (or non-integral) functional. Our methods are
pure analytic and are basedon a study of lower and upper solutions of equation (1.5) (as,
for instance, in paper [KI]) combined with the WKB type approad to the construction of
asymptotic expansions.

Let us introduce somenotations. Let L (x; v;s) be a smooth function onRY£ RY£ R,
called a (generalised) Lagrangian, which is cornvex (perhaps non-strictly) with respect to
the secondvariable. For a cortin uous piecewisesmooth curvey(:) : [0;t] 7! RY and a "xed
real number | o, let us de ne the functional

e (y() =, (1); (1:7)
where | (:) is the solution to the Cauchy problem
&) = Ly(e)ixé)i, (&) . (0) =, 0; (1:8)
and the two-point function
SL(t X;Xos, 0) = inffl: °(y()) = ¥(0) = Xo; y(t) = xg: (1:9)

In somecases(seesection 3), one can prove that the function S; and the corresponding
minimising curve can be obtained through the solutions of the following systemof ordinary

di®ererial equations 8
2 x= &(xp:s)
o R= i@%(x; p:s) i Z(xpis)p (1:10)
© 8= pgp(xips)i H(x p:s)
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with the Hamiltonian function H (x; p;s) being the Legendretransform of L with respect
to the secondvariable. This connection allows, for example, an easy method of explicit
calculations of small times t and small distancesx | xo asymptotic expansionsof S_. The
Lagrangian L and the Hamiltonian H which are relevant to the study of equation (1.5)
have the form

L(x;v;s) = %(Gi Lx)(v+ AX));v+ A(X)) + V(X) + a(x)el S; (1:11)

H(x; p;s) = %(G(X)p;p)i (AP i VX)i a(x)e s: (1:12)

The plan of the paper is the following. In section 2 we formulate the results of the
paper and then discusstheir possible extensionsand applications. The main Theorem 1
givesan asymptotic represetation for the solution u.(t; X; Xo; h; i) of equation (1.5) with
the scaledDirac initial condition

Uo(X) = PH(X | Xo); (1:13)

where [ is an arbitrary positive number. The connection between this solution and the
superprocessZy(t) corresponding to equation (1.5) is given by the following well known
formula (seee.q. [Et]):

Ex expfi PZ)(t; X0)g = expfi ux(t; X;Xo; h; Wo; (1:14)

where Ex denotesthe expectation for the superprocesswith the initial measurebeing the
unit mass (y) = Hyi X) at x and Z} (t; xo) denotesthe density (with respectto Lebesgue
measure)of the corresponding measureZy (t) at Xq. In particular,

ExZp(t Xo) = —@ui(t; Y; Xo; Ny Wjp=o : (1:15)
@

From (1.14) and Theorem 1 one derives an asymptotic represenation for the Laplace
transform of the random variable Z} (t; Xo), and in particular, its logarithmic limit, which
estimates the rate of decay (large deviations) of this random variable, see Theorem 2.
In Theorem 3 we provide an exponertial multiplicativ e asymptotics for the expectation
(1.15), which (surprisingly enough) turns out to be di®erert from what one could expect
by formal di®ereriation of the obtained asymptotics for the characteristic function (1.14).
In Theorem 4 we presert similar asymptotic formulas for the Cauchy problem of equation
(1.5) with smooth initial conditions of the form

Uo = hi ®Ag(x) expfi So(x)=hg; (1:16)

where ® > 0 is a constart and Ay, Sg are smooth non-negative functions. From this
asymptotics one can similarly obtain the corresponding asymptotics for the superprocess
Zh(t). At the end of Section 2 we discussthe generalisationsof the main Theorem 1
to the caseof superprocesseon manifolds with possibly degenerateunderlying di®usion
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(considering as the main example the curvilinear Ornstein-Uhlenbed process)and other
possibleextensionsof the results obtained.

Section 3 is dewoted to the necessarybadckground results on the calculus of variations
for non-additive functionals. In particular, the two-point function S is studied there, its
asymptotics is given and the main example is discussed,where S| can be calculated ex-
plicitly . Surely, a problem of calculus of variations with non-integral functional considered
here, can be reducedto a usual one by enlarging the dimension of the space. Howewer, this
procedurewill destroy the nice property of non-degeneracyof Hamiltonian and Lagrangian
functions, which is very conveniert for proving results on the existenceof global minima.

In section 4 we give a simple auxiliary result on di®usion equations having a time
dependert di®usion coexcient that is singular at time zero. In section 5, a proof of
Theorem 1 is provided.

2. Main results and discussion.

The main result of the paper is the following.

Theorem 1. Supmsethat G(x) is a positive-de nite matrix, the functions G; Gi 1; A,
a;V are uniformly boundeal together with their rst two derivatives, and the functions V,
a are non-negative. Let u.(t; X; Xo; h; 1) denote a solution to problem (1.5), (1.13) (which
is well known to exist glokally and to be unique for small enoughh). Then, there exist
positive tg, hg, C and K suchthat for t - to andh - hg

Us(t; X; Xo; hi 1) = (2ht)T “2AL(t; X; Xo; h; W) expfi St (t; X; Xo; 0)=hg+ O(expfi M (t)=hg);
where S, is given by (1.9) with Lagrangian (1.11), A satis es the two-sidel estimate(sz.l)
C' *min(; h%2) - AL(t; x;Xo;h; ) - Cp (2:2)
uniformly for h - hg, t - tg, and
M (t) = minf S (t; X;X0;0);  jXi Xoj = Kgi 2
for somearbitrary 2 > 0. In particular, one has

rl,i.moi hlogu(t; X; Xo; h) = S (t; X; Xo; 0) (2:3)

for jxj Xpj < K andt - to and

lim i htlogu(t; x; xo; ) = 1(X; Xo);

wher |(x; Xo) is the distance between the points x; X in the Riemannian metric on R¢
de ned by the matrix G(x)i 1.

(i) If G, Gi 1, A, a, V aresuchthat for t - ty the boundary value problemfor (1.10)
with Hamiltonian (1.12) is uniquely solvablefor all x; xo and thus S_ is smaoth for all x; Xg
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(in particular, this is the caseif G;A, V and a are constants outside a compact domain),
then representation (2.6) holds without the remainder term O(expfi M (t)=hg).
(i) The function S_ has the following asymptotic expansion

1 .
SL(t; X; X0;S0) = So + E(X i Xo+ A(Xo)t; G(X0)' *(X i Xo+ A(Xo)t))
0 1

X
+ % @V (xo)t>+  Pj(t; x| Xxo)+ O(r + )< A (2:4)
j=3

uniformly for t - to and jx | Xoj - r, whete the P; are polynomials in t and X j Xo of
degree j with coexcients depending on Xo.

(iv) In case of equation (1.6), the limit (2.3) is valid for all (t; x) and the two-point
function S, can be calculated from a certain implicit algebaic equation (see Section 3). In
particular,

SL (L X;X; Sp) = log(t + €%°) (2:5)

and
S (t; X; X0;S0) = log(2t + €%°) (2:6)

whenever p_ D
iXi Xoj = 2e%72(" 1+ 2tei So 1):

Remark 1. The function A in (2.1) can be further expandedin an asymptotic series
in powersoft, X Xg, h, .. Remark 2. The theorem can be easily generalisedto include
the modi cation of equation (1.5) where instead of nonlinear term u'*" one has more
generalterm u*" () with a bounded positive function ~, which describes the spatially
non-homogeneoudranching medanism. The author is grateful to T. Lyonswho indicated
the importance of such a modi cation.

Theorem 1 is proved in Section5.

From (1.14) and Theorem 1, one can obtain asymptotic formulas describing the be-
havior of the corresponding superprocessZy (t) ash ! 0. For example, the following is
straightforward.

Corollary . For jxj Xoj< K andt - to
rI]ilmohlog(i logEx expfi HZX(t; X0)Q) = i SL(t; X; Xo; 0): (2:7)

Notice that this limit doesnot depend on p and is uniform for p from any compact
interval of (0;1 ). Howewer, for u! O the situation changes. In particular, one can
not obtain the asymptotics for ExZ)(t; Xo) from (1.15) by formal di®ereriation of the
asymptotics (2.1). More precisely one has the following result.

Theorem 2. Under the assumptionsof Theorem 1
ExZ} (t; Xo)
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= (2v¥ht)! %2(det G(xo))' ¥72(1 + O(ht)) expfi S, ., (t; X;Xo;0)g+ O(expfi M (t)=hg)
(2:8)
ash! 0O, whereS,, , correspndsto the reduced Lagrangian L,eq, Which is obtained from
(1.11) by dropping the term a(x)el ® (which is respnsiblefor non-linearity). In particular,

rI]ilmohlogEXZ,’j(t; X0) = i S, (t X;X0;0)

for jxj Xoj < K andt - tp.

Proof. Due to (1.15), the l.h.s. of (2.8) is expressedin terms of the derivative of u.
with respect to . Di®ereniating equation (1.5) with respect to p and setting u= 0, we
‘nd that the I.h.s. of (2.8) is the solution to the equation

@ _h @ @ @, 1
— = - (G(X)=; =)ui (AX);=)i =V(X)u 2:9
a - 2N gigli AXig)i RV (2:9)
with the Dirac initial condition uji=p = XX j Xp), i.e. it is the fundamertal solution of
equation (2.9). But this equation is linear, and (2.8) follows from the well known linear
theory (seee.qg. [Koll]).

The analogueof Theorem 1 for smooth initial conditions has the following form.

Theorem 3. Let Ay and Sp be non-negative functions such that A, and Aj* are
uniformly bounded and the rst and second derivatives of Ay and Sy are uniformly bounded.
Then, under the assumption of Theorem 1, there exist to > 0 and hg > 0 such that the
(unique) solution u(t; x) of the problem(1.5),(1.16) hasthe form

u(t; x) = hi ®A(x)A(t; x; h) expfi  S(t; x)=hg;
fort- to andh - hg, wher

S(t; x) = Inff S_(t; x; »;, Sp(»))g (2:10)

with S as above and where A(t; x; h) has positive lower and upper bounds uniformly for
all t - tg, x 2 RY, h - hy. In particular, formula (1.3) for the logarithmic limit of
the solution u(t; x) holds with S given by (2.10). In the simplest case of equation (1.6)
and the initial condition of form (1.15) with Sp(x) being a non-negative constant Sy, the
logarithmic limit exists for all (t; x) and can be calculated explicitly:

S(t; x) = log(t + expf SpQ) (2:11)

for all (t; x).

The proof of this theorem is omitted for brevity, becauseit is similar to the proof
of Theorem 1 (in particular, the existence of the smooth function (2.10) follows from
Proposition 3.5), but much simpler.

The results formulated above can be generalisedin di®erent directions. First of all,
they can be easily expandedto the caseof superprocessen manifolds. Next, the results
still hold for superprocessesle ned by Hamiltonians (1.12) with degeneratematrix G suc
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that the corresponding Hamiltonian is regular (in the senseof [Koll]) for all s. This is a
large classof processegparametrised by Young schemes. In particular, this classcontains
superdi®usionswith the underlying di®usion processbeing the Ornstein-Uhlenbed pro-
cess.More generally, one can take a curvilinear Ornstein-Uhlenbed processon a compact
Riemannian manifold M of dimensiond, say. Using arbitrary local coordinatesx onM and
the corresponding coordinates y on T,M, such a processcan be de ned (seee.g. [Koll]
for generalanalytic de nition in terms of generatorsand/or imbeddingsthat we use here,
and [Joe] for a geometric construction in a particular case)asthe di®usionprocesson the
cotangert bundle T’M described by the system of equations

»
x = G(x)y (2:12)
dy = [i 3 2(G(X)y;y) + F(y)ldt+ 2(r(x); dw); '
where G(x) = ¢i 1(x), the matrix g(x) de nesthe Riemannian metriconM,r : M 7! R™
is an isometric embedding of M into Euclidean space of dimensionm , d, W is the
standard Brownian motion in R™ and

}o_kl

FOay)i = b))+ 7y + 5o Oy

describes the quadratic friction force on M with b= flhg, ~ = f /g, ° = f°Xg being
arbitrary tensors of type (1;0), (1;1), (1;2). If F vanishes,the correspnding processis
called the stochastic geadesic °ow.

The ewlution equation (1.5) that correspondsto a superdi®usionwith the underlying
di®usion (2.12) is

@_h. O @ @
@ Z(Q(X)@(, @)u + (G(X)y; @)
i %(@@(G(x)y;y);%H (F(x; y);%)i %a(x)u“h; (2:13)
and its Hamiltonian is
M 1

H = %(G(X)py:py)i (G(X)y;px)+% @@(G(X)V;Y);py i (FOGy)ipy)i a(x)e' ®; (2:14)

where a(x) is a non-negative function on M specifying the branching rate. One seesby
inspection that this equation is invariant under the change of local coordinates x on M.

Theorem 4. The results of Theorems 1 -4 hold for equation (2.13) with the only
modi c ation being that instead of exmnsion (2.4) for the two-point function S_ one has
an expansion of the form

SL(t; X; Y; Xo; Yo; So) = ti 38(t; X; ¥; Xo; Yo; So);

where § has a regular asymptotic exmnsion in integer powersof t, X j Xo, Y i Yo With
coexcients depending on Xo; Yo; So-



Moreover, if M is compact, then the trace

Z
us(t; X; y; X; y; h) dx dy (2:15)

T?M

existsand hasthe form of an asymptotic exmansion in integer powersof t with the multiplier
(2v43)i 972,
In caseF = 0, one has

lim i ht? logus(t; X; y: Xo; Yo) = X; Xo); (2:16)

with T(x; Xo) = Sg(1;X; 0;Xg; 0), where C correspnds to (2.14) with vanishing F and a.

The proof of this theorem is the same as for theorem 1. It is obtained by gener-
alisation of the corresponding results from [Koll] where the linear casea(x) = 0 was
considered. The results on the trace (2.14) for vanishing a(x) are discussedn [AHK]. The
limit (2.16) follow from the following scaling property of the solutions of the Hamiltonian
systemwith H of form (2.14) with vanishing F and a: if (x;y; px; py)(t) is a solution then
(x; vy; v3py; v2py)(vt) is also a solution for any positive number v.

As other situations, whereit seemgpossibleto obtain similar results, let us mertion the
ewlution equations of superprocesseswith underlying Markov processedeing truncated
stable or stable-like process,and also the non-linear di®usion equations describing the
hydrodynamic limit of interacting Brownian particles (seee.g. [Var3]). It also seems
possibleto develop the corresponding asymptotics for stationary boundary value problem
for equations of type (1.5) similarly to the linear caseas dewveloped e.g. in [Varl-Var2].

An interesting problem is to obtain and justify the multiplicativ e exponertial asymp-
totics for equation (1.5) globally, i.e. for all t; x including focal points. In particular, one
can expect (2.3), (2.7) to hold globally and with essetially weaker assumptionson the
smoothness of the coexcients of equation (1.5). The well known proofs for the caseof
vanishing a(x) depend on linearity and do not work here directly. On the other hand, the
methods of [Ma2] are dewveloped for nonlinear equations with unitary nonlinearities and
give a method for justifying additive, but not multiplicativ e asymptotics.

3. On calculus of variations for non-additiv e functionals.

Let the functions H and L of form (1.11), (1.12) be xed, where G(x) is symmetric
positive matrix for all x and G;Gi 1, A; a;V are all uniformly boundedtogether with their
derivatives (in fact, the existenceof only the rst two bounded derivativesis essetial for
the most of results given below), and functions V (x) and a(x) are non-negative. We shall
denoteby X (t; Xo; Po; So), P (t; Xo; Po; So), S(t; Xo; po; So) the solution of the Cauchy problem
for system (1.10) with initial conditions (Xo; po; So) at time zero. In this sectionwe collect
the necessaryresults on the solutions to the boundary value problem for system(1.10) and
give the interpretation of these solutions as minimising curvesfor a certain optimisation
problem. Proofs are omitted, becausethey are obtained as more or less straightforward
generalisationsof the corresponding proofs given in the book [Kol1] (Sections3.1,3.2) for
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the caseof H of form (1.12) with vanishing a(x). At the end of the sectionwe considera
particular examplewhere all solutions can be calculated explicitly .

Prop osition 3.1. Local resolution of the boundary value problem. For any suz-
ciently small ¢ > 0, there exist positive constants r;ty suchthat for all (t; X; Xg; Sp) from
the domain

D=1ft2(0jto]; jxi Xoj<Tr; so, Og

there exists a unique pg = po(t; X; Xo; So) suchthat kpok - c=t and
X (t; Xo; Po(t; X;X0;S0); So) = X: (3:1)

The function po(t; X; Xg; So) IS continuously di®erentiable in D. Moreover,

%a; Xo: Poi So) = tG(Xo)(1 + O(1)): (3:2)
0

In particular, if G;A,a,V are constants outside a compact set, then po(t; X; Xo; So) is de ned
for 0- to and all x; xo, i.e. we have spatially glokal uniqueness.

This proposition allows to de ne smooth functions S and P on D by the formulas

P (t; X; X0; So) = P (t; Xo; Po(t; X;X0;S0); S0);  S(t; X5 Xo0;5S0) = S(t; Xo; Po(t; X; Xo; So); So):
(3:3)
The function S(t; x; Xo; Sp) will be called the two-point function (or the action) for the
Hamiltonian (1.12).
The following statemert presens the Hamiltonian formalism for the calculus of vari-
ations with non-additive functionals.

Prop osition 3.2. Local properties of the action.
(i) The following boundary conditions hold

@(t;X;XO;SO) = P(t; X; Xo; So); @(t;X;XO;SO) = @(t;X;XO;SO)po(t;X;XO;SO)

@ @0 @®o
(3:4)
(i) As a function of (t; x) the function S(t; X;Xq;So) satis es the rst order equation
@ @
—+tH(X =:5)=0; 3:5
a ( & ) (3:5)

(i) the curve y(¢) = X (¢;Xo; Po(t; X; Xo; So); So) IS the unique minimising curve for
problem(1.9), (1.11); in particular,

S(t; X; Xo;S0) = St (t; X; Xo; So):
and has the asymptotic representation (2.4).
Remark. The asymptotic expansion (2.4) does not depend on sy, becauseit gives

exponertially small (for small t) correctionsto the action.
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We say that the pair (t; x) is a regular point with respect to a choseninitial values
Xo; So, if there exists a unique pp sud that X (t; Xo;po;So) = X and the curve y(¢) =
X (¢é;Xo; Po; So) furnishesa minimum to problem (1.9), which is not degeneratein the sense
that the matrix %(t; Xo; Po; So) is hot degenerate.We shall denote by Reg(Xo; Sg) the set
of regular points with respect to Xg; Sp.

Prop osition 3.3. Global resolution of the boundary value problem for (1.10). (i)
For arbitrary t > 0 and Xg; X, there existsa pp suchthat X (t; Xo; po; So) = X and the curve
y(¢) = X (¢;Xo;Po; So) furnishes a minimum to problem (1.9). (i) For arbitrary Xo; So,
the set Reg(xo; So) iS an open connected and everywhee densesetin R, £ RY.

Prop osition 3.4. Global properties of the two-point function. (i) The function
S, (t; X; Xo;Sg) is an everywhee nite and continuous function. (ii) For all (t; X;Xg; So)
there exists a pg suchthat S, (t; X; Xo; So) = S(t; Xo; Po; So), (ili) Si(t; X;Xo;Sp) is smaoth
and satis es eguation (3.5) on the set Reg(x; Sp).

Remark . One can prove (see[Kol2]) that S, (t; X;Xo;So) is the unique generalised
solution of the Caudhy problem for (3.5) with discortinuousinitial data: S(O;Xg; Xo; So) =
So and S(0; x;Xp;S0) = +1 for x 6 Xq (generalisedsolutions being de ned as idempotent
semilinear distributions (see[KM])). The function S de nes an idempotent measureand a
maxingale (in the senseof [Pu]).

Prop osition 3.5. Let Sy be a positive di®erentiable function whichis bounded together
with its rst two derivatives. Then there exists a to suchthat the mapping

%(Xo)iso(xo)) (3:6)

Xo 7! X (t; Xo;
is a di®emrphism RY 7! RY for all t 2 [0;to]. Moreover, if xo(t; X) denotesthe solution
of equation (3.6), then

S(t, X0, %(Xo); SO(XO))jXOZ Xo(tx) = m)!nf S, (t, X, »; So(»))g

and this function gives a unique (classial) solution to the Cauchy problem of equation
(3.3) with the initial condition Sp(Xx).

We now give the results of the calculation of S, in the simplest caseof Hamiltonian
(1.12) not depending on X, i.e. for the Hamiltonian

H(x; p;s) = %(p;p) i €% L(xv;s)= %(v;v) + e 3 (3:7)

First we obsene the following simple generalfact.

Prop osition 3.6. Suppse a Hamiltonian function H(x; p;s) does not depend ex-
plicitly on the rst variable x. Then the system (1.10) admits the vector-valued integral
l(p;s) = Hp=p;p). i.e. the function | is constant along any solutions of (1.10). In
particular, the direction of p is also an integral.

Proof. Direct veri cation.

11



Turning to a special casegiven by (3.7), we note now that sincethe direction of p is
invariant, the integration of (1.10) is e®ecti\ely reducedto the solution of the system

Yo

wherer = jpj. Since this system has an integral | =
integrated. In particular, for the caseswhenp= 0or | =
easily obtained and the following holds.

Prop osition 3.7. In case(3.7), formulas (2.5),(2.6) are valid.

The last statemert concernsa generalisationof results above to the caseof degenerate
Hamiltonians.

Prop osition 3.8. The resultsof Proposition 3.2, 3.3 (and 3.1 with a di®erent choice
of domain D) also hold for degenerte quadmatic Hamiltonians of the form

r=2i eisS=r, it can be

H=r =
H = 0, explicit formulas can be

1 .

HOGCY pxipyis) = S(900pyipy) i (G Y)ipx) i e y)py i VIGY) i a(x)e ®
depending on two group of variablesx and y, which are regular in the senseof [Koll] for
all s. For example,Hamiltonian (2.14) correspnding to Ornstein-Uhlenbeck process(even
curvilinear) considered in section 2 fall in this class

4. On reaction-di®usion equations
with a singularit y at time zero.

Here we prove a simple auxiliary result on equations of the form

@ - aOLOALN + T Ex AL T 0 x2RY (@:1)
where L (t) are secondorder parabolic operators of the form
_ 1l @ @ . @
(LMu)x) = 5(G(E X)@, @)u i (At x); @)

with uniformly bounded G(t; x), Gi (t; x), A(t; x) and their derivatives, f is a smooth
function of its argumerts and ®(t) is a positive smooth function oft > Osuch that ®&t) ! 1
ast! O.
R

Remark. Actually, we are interested in the casewhen the integral 0t®(s) ds diverges
(otherwise the standard properties of parabolic equationsstill hold for (4.1)).

A simplest example of (4.1) is given by the equation
@ _ t ¢ A+ f(t;x; A); (4:2)
@
which exibits a remarkable property that the corresponding Cauchy problem may not be
sohable in Co(RY). Namely, if — > 1 andf ~ 0, then for arbitrary Ay 2 Co(RY) and

12



to > 0, there is no function A(t; x) sud that (i) A2 Co(RY) for all t 2 [0;to] and corverges
to Ay ast! 0, and (i) A satis es (4.2) fort 2 (0;tg). In fact, if such A exists, then for all
O<,;<t<t
< 0 ) 7 t B )
A(t; D) = expf ¢ s dsgA(¢,;:):
é
In particular,
1

At ) = lim expf —— (&7 010§ 1 0T D)6 gAe;):

Howevwer, the limit on the r.h.s. of this equation vanishes(since a solution to a standard
heat equationtendsto zeroastime goesto in nit y), which cortradicts the initial condition.

It turns out howewver that the solutions of (4.1) with constart initial conditions may
well exist. To tackle this problem, let us introduce the familly of operators U(t; ¢) for
0 < ¢ < t that give the (unique) solution to the Caudy problem of equation (4.1) with
vanishing f and with initial conditions at t = ¢. Clearly, U(t; ¢) are well de ned corntrac-
tions for all 0< ¢ < t.

Prop osition 4.1. (i) If f (t;x; A) is a smath bounded (for A from compact intervals
and for all x) function, then a bounded solution A(t; x) = A(t; x; Ag) to (4.1) with a constant
initial condition Ag is unique, exists at least locally, i.e. for t - to with sometg > 0, and
hasthe form Ay+ O(t) for small t. (i) In particular, if f (t;x; A) = f (t; x) doesnot degend
explicitly on A, then this solution is de ned glokally and is given by the formula

z t
At;)= A+  U(t; 9)f (s;:) ds: (4:3)
0

(i) Supmsethere exist two smaoth function f4(t; A), f»(t; A) suchthat
fat A) - f(txA) - fa(t; A)

for all t > 0, x, A. Denote by A (t;Ag), j = 1,2, the solutions to the ordinary di®erential
equations A= f; (t; A) with the initial condition Ay. Then

At Ag) - At x; Ag) - Ag(t; Ag): (4:4)

In particular, if A, j = 1;2, are glokally de ned, then A(t; x; Ao) is glokally de ned as well.
Proof. First, supposethat f doesnot depend on A. If a solution A exists, then Aj Ag
is a solution to (4.1) with vanishinginitial conditions (here we usethe assumptionthat Ag
is a constart), which implies that for all 0< ¢ < t
z t
Alt;) = Ao+ Ut (AT A+ UL s)f(s;) ds:
<
Taking the limit ¢! 0 yields (4.3). For the generalcase,it follows from (4.3) that if a
solution A exists, it satis es the integral equation
Z t
At )= Ag+ UL s)f A (si 5 AS; ) ds; (4:5)
0
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where f4,(s;x; A) = f(s;x;Aj Ay) and all required properties follow as in the case of

semilinear parabolic equations without singularities (seee.g. [Sm]), i.e. the uniqueness
and local existencefollow from Gronwall's lemma and the cortraction mapping principle

respectively, and estimates (4.4) follow from the comparison principle.

5. Pro of of Theorem 1.
Inserting a function of the form
u = u(t; x; h) = A(t; x; h) expfi S(t; x)=hg (5:1)

in (1.5) one concludesthat (1.5) holds if S satis es (3.5) with H given by (1.12) and the
following transport equation holds for S and A:

@\ @ @\ 1 @s, ;. @
a + (G(X)@1 @) + étr (G(X)@)AI (A(x); @)
i g(G(x)@@; @@)m a(x)Ahri ligs=o (5:2)

Due to Proposition 3.2, onecan nd atp and K sud that S_ is smooth and satis es
(3.5) fort - tpandjxj Xoj - K. To simplify the situation, we obsene that it is enough
to prove only part (i) of the theorem. In fact, changing smoothly the coezcients G, A
and a of our equation outside a compact neighborhood K of Xq in sud a way that they
becomeconstarts for large x and using the theorem for this case,we obtain a function
t. that satis es initial condition (1.13) precisely and equation (1.5) up to a term of order
O(expfi M (t)=hg) which, moreover, vanishesinside K. Then standard argumerts of the
theory of semilinear equations (see[Sm]) prove that the di®erencebetweenu. and t is
alsoof order O(expfi M (t)=hg). Thus (i) followsfrom (ii). Statemerts (iii) and (iv) follow
from Propositions 3.2 and 3.7 respectively.

Thus we reducedthe discussionto the casewhen S is given by (3.3) and is a smooth
solution to (3.5) for all x; Xxo. Therefore, looking for u. in the form

u=(t; X; Xo; h; 1) = A(t; X; Xo; h; W) expfi St (t; X; Xo; 0)=hg;

we concludethat it satis'es (1.5), (1.13) whenewer A satis es (5.2) with S = S, and has
the form

A(t; x; h) = (2¥ht)! ©2(det G(xo)) (1 + o(1)); t! O

Notice that equation (5.2) for A has a singular drift % which is of order (X j Xg)=t. To
get rid of it, we shall rewrite this equation in the characteristic represenation. Namely,
we intro duce new spatial coordinatesy = y(t; X) = po(t; X; Xo; 0) de ned by (3.1). In these
coordinates the time derivative of a function correspondsto the operator

e, &ty @_ @, e
@ @ & @ @
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in old coordinates. Therefore, from (1.12) one concludesthat in the new coordinate equa-
tion (5.2) takesthe form

@ 1r 00254
'h
560 2 d DA a0 Fhe S = 0

Here and further on the variable x meansx(t; y) = X (t; Xo;y; 0), wherewe usethe notation
introducedat the beginning of section3. Next, by the standard application of the Liouville
theorem (widely usedin the theory of WKB approximation, seee.g. [Mal], [Koll]) we
concludethat the Jacobian

J(t;y;Xo) = det(@)(t; Xo;Y)

@
of the solution X (t; Xo; y; 0) of the Cauchy problem for equation (1 10) satis esthe equation
_@Ji1=2+}\]i1=2tru@H @H @SL 0
@ 2 @@ @ @2

(with H of form (1.12) as usual). Therefore, changing the unknown function A to the
function
A(t; x; h) = (2¥h)2A(L x; xo; h; I F2(L y; x0)

we concludethat A satis es the equation

i U S(GIPi AX)A
h Ao (D1 i d=2yh . -
5N o @ R A IR e s 0 (59

Due to (3.2), the initial condition for A correspondsto the condition
A(t;x;h) = p+ o(1); t! O
for A. From (3.2) we concludethat the secondorder part of the operator

oi 1((;00@@- @_@ ° (5:6)

Q@ &x@
has the form ti 2(G(t; y)g; @) where G and its inverseGi ! are uniformly bounded. By

inspection of the other term of the operator (5.6), one concludesthat equation (5.5) has
the form

@

(@) 4231 2R 1
@

S A .
. A (5:7)

=t 2L(HA + bt y;h)A | a(x)
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with a uniformly bounded b(t; y; h) and L of the sameform asin (4.1). Applying Propo-
sition 4.1 we get the local existenceand uniquenessof the solution to this equation with
the constart initial condition Aji-o = p for any h small enough. Moreover, sincefor large
A the nonlinear term in (5.7) becomesnegative, the required global upper bound for the
solution follows trivially . So, we needonly to prove that the solution never approaceszero
and nd a positive lower bound for it. Due to Proposition 4.1 and the estimate (3.2), this
lower bound is given by the solution A(t) = A(t; ; h) of the ordinary di®erertial equation

A= i C(U 2R | DA (5:8)

with the initial condition Aji-g = W, where c is a positive constart (we neglect the linear
term in (5.7), becauseit clearly doesnot changeanything). To get a lower bound for A(t),
we obsene that the set of stationary points (zeros of the r.h.s. of (5.8)) is given by the
curve A = t%2, Then we deducethat the solution A(t) hasalways (for all positive h and L)
exactly oneintersection with this curve A = t972, and this intersection point givesa unique
local and global minimum for A(t). To estimate this intersection point, we obsene that
it can be estimated from below by the unique point of intersection of this curve with the
solution A(t) = A(t; i h) of the equation A-=  c(ti 92A)"A=h. Integrating this equation
explicitly yields
A@) "= g M+ ctti =21 dh=2);

and for the point of intersectiony of this curve with the curve A = 192 we get the equation

yi h - ui h + my[ h+2 =d.

In terms of v = (y=W)%7¢ it takesthe form
vd=2 4 ¢ 2¥v=(1; dh=2); 1= 0

and by monotonicity one can estimate its solution from below by the unique positive
solution of the equation

V24 g(Wvi 1= 0;
with e(l) = c1j dho=2)pZ=9. From this equation one nds h = 2log(1j &(WVv)=(dlogv),
which implies the estimate v , - min(1; h=2¢(l)) with someconstart -. It follows that

y ., - min( h9=2), which in its turn implies the required lower bound for A(t; ; h). The
proof is therefore complete.
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