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1. In tro duction.

The Feynman path integral is known to be a powerful tool in di®erent domains of
physics. At the same time, the mathematical theory underlying lots of (often formal)
physical calculations is far from being complete. Various known approaches to the rig-
orous construction of the Feynmann path integral representation to the solution of the
SchrÄodinger equation

@Ã
@t

= (
i

2m
¢ ¡ iV (x))Ã (1:1)

(and its generalisations that include magnetic ¯elds) can be roughly divided into two
classes. In the approaches of the ¯rst class that we shall not discusshere in detail the
Feynman integral is not supposed to be a genuine integral, but is speci¯ed as as some
generalisedfunctional on an appropriate space of functions, which can be de¯ned, for
example, as the limit of certain discrete approximations (see e.g. [ET], [Tr] and more
recent papers [Ich1], [Ich2], [Lo]), by means of analytical continuation (see e.g. [JL],
[HM] and referencestherein), by extensionsof Parceval's identit y and by related axiomatic
de¯nitions (see[ABB], [AKS], [K3], [CW], [SS]and referencestherein) or by meansof the
white noiseanalysis(see[HKPS]), seealso[Za] for the discussionof path integral applied to
the Dirac equation. Theseapproachesstill cover only a very restrictiv e classof potentials,
for example,singular potentials wereconsideredonly by white noiseanalysisapproach but
only in one-dimensionalcase(seee.g. [AKK] and referencestherein).

In the approachesof the secondclass,onetries to de¯ne the in¯nite-dimensional Feyn-
mann integral asa genuine integral over a bona ¯de ¾-additiv e measureon an appropriate
spaceof tra jectories. The ¯rst attempt made in [GY] to construct such a measurewas
erroniousand led to understanding that there is no direct generalisationof Wiener measure
that can give an analog of Feynman-Kac formula for the caseof SchrÄodinger operators. A
correct construction of the Feynman integral in terms of the Wiener measurewasproposed
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in [Do] and was basedon the idea of the rotation of the classicaltra jectories in complex
domains. Namely, changing the variables x to y =

p
ix in equation (1.1) leads to the

equation
@Ã
@t

= (¡
1

2m
¢ ¡ iV (¡

p
iy ))Ã; (1:2)

which is of di®usion type (with possibly comlex source) and can be treated by meansof
the Feynman-Kac formula and the Wiener measure. Clearly this works only under very
restrictiv e analytic assumptions on V (see e.g. [H1], [H2], [AKS2]). However, if one is
interestedonly in semiclassicalapproximation to the solutions of the SchrÄodinger equation
one can obtain along these lines an approximate path integral representation for even
non-analytic potentials that yields all terms of semiclassicalexpansion(see[BAC]).

Another approach to the construction of the genuine path integral initiated in [MCh],
[M] de¯nes it as an expectation with respect to a certain compound Poissonprocess,or
as an integral over a measureconcentrated on piecewiseconstant paths, seee.g. [Com],
[HM], [K2], [PQ], and referencestherein. Though this method was succesfullyapplied to
di®erent models (seee.g. [GK] for many particle problems, [Se] for simple quantum ¯eld
models, [CheQ] for computational aspects and tunneling problems, [Gav] and [KY] for
Dirac equations), the restriction on interaction forceswerealways very strong, for example,
for a usual SchrÄodinger equation, this approach was used only in the caseof potentials
which are Fourier transforms of ¯nite measures.However in [K3],[K4] following this trend,
a construction was given that covered already essentially more general potentials. To
achieve this, one usesa coordinate representation for the SchrÄodinger equation (and not
the momentum representation as in [MCh]) and also usesan appropriate regularisation
of the SchrÄodinger equation. As the simplest reasonableregularisation one can take the
sameone as is used to de¯ne standard ¯nite-dimensional (but not absolutely convergent)
integrals. A relevant ¯nite-dimensional example is given by the integral

(U0f )(x) = (2¼ti )¡ d=2
Z

R d
expf¡

jx ¡ »j2

2ti
gf (») d» (1:3)

de¯ning the free propagator eit ¢ =2f . This integral may be not well de¯ned for a general
f 2 L 2(R d). One of the way to de¯ne this integral is based on the observation that
according to the spectral theorem eit ¢ =2f = lim ² ! 0+ eit (1 ¡ i² )¢ =2f in L 2(R d) for all t > 0
(i.e. onecan approximate real times t by complex times t(1 ¡ i² )). Hence,for an arbitrary
f 2 L 2(R d), one can de¯ne the integral in (1.3) as

(U0f )(x) = lim
² ! 0+

(2¼t(i + ²)) ¡ d=2
Z

R d
expf¡

jx ¡ »j2

2t(i + ²)
gf (») d» (1:4)

(notice that for any ² > 0 and f 2 L 2(R d), the integral in (1.4) is well de¯ned). We shall
usethe sameapproach for Feynman's integral. Namely, if the operator H = ¡ ¢ =2+ V(x)
is self-adjoint and bounded from below, by the spectral theorem

expf¡ itH g = lim
² ! 0

expf¡ (i + ²)tH g (1:5)
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strongly for all positive t. In other words, solutions to equation (1.1) (with m = 1 for
brevity) can be approximated by the solutions to the regularisedequation

@Ã
@t

=
1
2

(i + ²)¢ Ã ¡ (i + ²)V (x)Ã; (1:6)

i.e. to the SchrÄodinger equation in complex time. In section 3 we shall de¯ne a measure
on a path space(actually a measureon the Cameron-Martin spaceof paths having square
integrable derivatives) such that for any ² > 0 and for rather generalclassof potentials V ,
the solution expf it (1 ¡ i² )(¢ =2 ¡ V (x))gu0 to the Cauchy problem of equation (1.6) can
be expressedas the Lebesgue(or even the Riemann) integral of somefunctional F² with
respect to this measure,which would give a rigorous de¯nition (analogousto (1.4)) of an
improper Riemann integral corresponding to the case² = 0, i.e. to equation (1.1). There-
fore, unlike the usual method of analytical continuation often usedfor de¯ning Feynman's
integral, where rigorous integral is de¯ned only for purely imaginary Planck's constant h
and for real h the integral is de¯ned as the analytical continuation by rotating h through
the right angle, in our approach the (positive ¾-¯nite) measureis rigorously de¯ned and
is the same for all complex h with a non-negative real part, and only on the boundary
I m h = 0 the corresponding integral usually becomesan improper Riemann's integral.

Surely, the idea to use equation (1.6) as an appropriate regularisation for de¯ning
Feynman's integral is not new and goesback at least to the paper [GY]. However, this was
not carried out there, because,aswe already noted, there exist no direct generalisationsof
the Wiener measurethat could be usedto de¯ne Feynman's integral for equation (1.6) for
any real ². As it turns out, onecan carry out this regularization using measuresof Poisson
type.

A more physically motivated regularisation to (1.1) (but alsotechnically more di±cult
to work with) can be obtained from the theory of continuous quantum measurement (see
[K3], [K4] for the corresponding results).

In the original papers of Feynman the path integral was de¯ned (heuristically) in
such a way that the solutions to the SchrÄodinger equation were expressedas the integrals
of the function expf iSg, where S is the classical action along the paths. It seemsthat
rigorously the corresponding measurewas not constructed even for the caseof the heat
equation with sources(notice that in the famousFeynman-Kac formula that givesrigorous
path integral representation for the solutions to the heat equation a part of the action
is actually "hidden" inside the Wiener measure). As shown in [K3], the construction
described below can be modi¯ed in a way to yield a representation of this kind.

As is also shown in [K3], there is a natural Fock space repersentation of in¯nite
dimensional path integeralsof Poisson-type consideredabove that allows to rewrite them
in terms of the integrals over a usual Wiener measure.

It is worth noting also that in one-dimensionalcase,one obtains the path integral
representation of Poissontype for very generalSchrÄodinger equation without any regular-
isation (see[K3], [K4]).

The paper is organisedas follows. In the next section we describe a generalapproach
to the construction of measureson the spaceof all paths that give in a uni¯ed way both
Wiener measureand Poissontype measuresfrom [Mch]. In section 3 we give new results
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on path integral repersentations for general (even singular) SchrÄodinger equations with
magnetic ¯elds using the regularisation by intro ducing complex times.

Sectons2 and 3 are written in a way that they can be read almost independently .

2. In¯nitely divisible complex distributions
and complex Mark ov pro cesses

We present here (following essentially [K2]) a general construction of the complex-
valued measures(that can be consideredas an appropriately generalisedcomplex-valued
version of Nelson's constrution of the Wierner measure) on the path spacethat can be
usedfor the path integral representation of various evolutionary equations,wherethe path
integral representation can be obtained without any regularisation.

Let B(­) denote the class of all Borel sets of a topological space(i.e. it is the ¾-
algebra of sets generatedby all open sets). If ­ is locally compact we denote (as usual)
by C0(­) the spaceof all continuous complex-valued functions on ­ vanishing at in¯nit y.
Equipped with the uniform norm kf k = supx jf (x)j this spaceis known to be a Banach
space. It is also well known (Riesz-Markov theorem) that if ­ is a locally compact space,
then the set M (­) of all ¯nite complex regular Borel measureson ­ equipped with the
norm k¹ k = supj

R
­ f (x)¹ (dx)j, where sup is taken over all functions f 2 C0(­) with

kf (x)k · 1, is a Banach space, which coincides with the set of all continuous linear
functionals on C0(­). Any complex ¾-additiv e measure¹ on R d has a representation of
form

¹ (dy) = f (y)M (dy) (2:1)

with a positive measureM and a bounded complex-valued function f Moreover, the mea-
sure M in (2.1) is uniquely de¯ned under additional assumption that jf (y)j = 1 for all
y. If this condition holds, the positive measure M is called the total variation mea-
sure of the complex measure ¹ and is denoted by j¹ j. In general, if (2.1) holds, then
k¹ k =

R
jf (y)jM (dy).

We say that a map º from R d £ B(R d) into C is a complextransition kernel, if for every
x, the map A 7! º (x; A) is a (¯nite complex) measureon R d, and for every A 2 B(R d),
the map x 7! º (x; A) is B-measurable.A (time homogeneous)complex transition function
(abbreviated CTF) on R d is a family º t , t ¸ 0, of complex transition kernels such that
º 0(x; dy) = ±(y ¡ x) for all x, where ±x (y) = ±(y ¡ x) is the Dirac measurein x, and such
that for every non-negative s; t, the Chapman-Kolmogorov equation

Z
º s(x; dy)º t (y; A) = º s+ t (x; A)

is satis¯ed. (We consideronly time homogeneousCTF for simplicit y, the generalisationto
non-homogeneouscaseis straightforward).

A CTF is said to be (spatially) homogeneous,if º t (x; A) dependson x; A only through
the di®erenceA ¡ x. If a CTF is homogeneousit is natural to denote º t (0; A) by º t (A))
and to write the Chapman-Kolmogorov equation in the form

Z
º t (dy)º s(A ¡ y) = º t + s(A):
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A CTF will be called regular, if there exists a positive constant K such that for all x
and t > 0, the norm kº t (x; :)k of the measureA 7! º t (x; A) doesnot exceedexpf K tg.

CTFs appear naturally in the theory of evolutionary equations: if Tt is a strongly
continuous semigroup of bounded linear operators in C0(R d), then there exists a time-
homogeneousCTF º such that

Tt f (x) =
Z

º t (x; dy)f (y): (2:2)

In fact, the existenceof a measureº t (x; :) such that (2.2) is satis¯ed follows from the Riesz-
Markov theorem, and the semigroup identit y TsTt = Ts+ t is equivalent to the Chapman-
Kolmogorov equation. Since

R
º t (x; dy)f (y) is continuous for all f 2 C0(R d), it follows by

the monotone convergencetheorem (and the fact that each complex measureis a linear
combination of four positive measures)that º t (x; A) is a Borel function of x.

We say that the semigroupTt is regular, if the corresponding CTF is regular. Clearly,
this is equivalent to the assumption that kTt k · eK t for all t > 0 and someconstant K .

Now we construct a measureon the path spacecorresponding to each regular CTF,
intro ducing ¯rst some(rather standard) notations. Let _R d denote the onepoint compact-
i¯cation of the Euclidean spaceR d (i.e. _R d = R d [ f1g and is homeomorphic to the
sphereSd). Let _R [s;t ]

d denote the in¯nite product of [s; t] copiesof _R d, i.e. it is the set of
all functions from [s; t] to _R d, the path space.As usual, we equip this set with the product
topology, in which it is a compact space(Tikhonov's theorem). Let Cyl k

[s;t ] denote the set

of functions on _R [s;t ]
d having the form

Áf
t 0 ;t 1 ;:::t k +1

(y(:)) = f (y(t0); :::; y(tk+1 ))

for someboundedcomplexBorel function f on ( _R d)k+2 and somepoints t j , j = 0; :::; k+ 1,
such that s = t0 < t1 < t2 < ::: < tk < tk+1 = t. The union Cyl [s;t ] = [ k2N Cylk

[s;t ] is

called the set of cylindrical functions (or functionals) on _R [s;t ]
d . It follows from the Stone-

Weierstrassetheorem that the linear span of all continuous cylindrical functions is dense
in the spaceC( _R [s;t ]

d ) of all complex continuous functions on _R [s;t ]
d . Any CTF º de¯nes a

family of linear functionals º x
s;t , x 2 R d, on Cyl [s;t ] by the formula

º x
s;t (Áf

t 0 :::t k +1
)

=
Z

f (x; y1; :::; yk+1 )º t 1 ¡ t 0 (x; dy1)º t 2 ¡ t 1 (y1; dy2):::º t k +1 ¡ t k (yk ; dyk+1 ): (2:3)

Due to the Chapman-Kolmogorov equation, this de¯nition is correct, i.e. if one considers
an element from Cylk

[s;t ] as an element from Cylk+1
[s;t ] (any function of l variables y1; :::; yl

can be consideredas a function of l + 1 variables y1; :::; yl +1 , which does not depend on
yl +1 ), then the two corresponding formulae (2.3) will be consistent.

Prop osition 2.1. If the semigroup Tt in C0(R d) is regular and º is its corresponding
CTF, then the functional (2.3) is bounded. Hence, it can be extended by continuity to a
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unique bounded linear functional º x on C( _R [s;t ]
d ), and consequently there exists a (regular)

complex Borel measure D s;t
x on the path space _R [s;t ]

d such that

º x
s;t (F ) =

Z
F (y(:))D s;t

x (dy(:)) (2:4)

for all F 2 C( _R [s;t ]
d ). In particular ,

(Tt f )(x) =
Z

f (y(t))D s;t
x (dy(:)) :

Proof. It is a direct consequenceof the Riesz-Markov theorem, becausethe regularity
of CTF implies that the norm of the functional º x

s;t doesnot exceedexpf K (t ¡ s)g.
Formula (2.3) de¯nes the family of ¯nite complex distributions on the path space,

which gives rise to a ¯nite complex measureon this path space(under the regularity as-
sumptions). Therefore, this family of measurescan be called a complex Markov process.
Unlike the caseof the standard Markov processes,the generator, say A, of the correspond-
ing semigroupTt and the corresponding bilinear "Diric hlet form" (Av; v) are complex.

The following simple fact can be usedin proving the regularity of a semigroup.

Prop osition 2.2. Let B and A be linear operators in C0(R d) such that A is bounded
and B is the generator of a strongly continuous regular semigroup Tt . Then A + B is also
the generator of a regular semigroup, which we denoteby ~Tt .

Proof. Follows directly from the fact that ~Tt can be presented as the convergent (in
the senseof the norm) seriesof standard perturbation theory

~Tt = Tt +
Z t

0
Tt ¡ sATs ds +

Z t

0
ds

Z s

0
d¿Tt ¡ sATs¡ ¿AT¿ + ::: (2:5)

Of major importance for our purposesare the spatially homogeneousCTFs. Let
us discussthem in greater detail, in particular, their connection with in¯nitely divisible
characteristic functions.

Let F (R d) denote the Banach spaceof Fourier transforms of elements of M (R d), i.e.
the spaceof (automatically continuous) functions on R d of form

V(x) = V¹ (x) =
Z

R d
eipx ¹ (dp) (2:6)

for some ¹ 2 M (R d), with the induced norm kV¹ k = k¹ k. Since M (R d) is a Banach
algebra with convolution as the multiplication, it follows that F (R d) is also a Banach
algebra with respect to the standard (pointwise) multiplication. We say that an element
f 2 F (R d) is in¯nitely divisible if there exists a family (f t , t ¸ 0,) of elements of F (R d)
such that f 0 = 1, f 1 = f , and f t + s = f t f s for all positive s; t. Clearly if f is in¯nitely
divisible, then it has no zeros and a continuous function g = log f is well de¯ned (and
is unique up to an imaginary shift). Moreover, the family f t has the form f t = expf tgg
and is de¯ned uniquely up to a multiplier of the form e2¼ik t , k 2 N . Let us say that a
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continuous function g on R d is a complexcharacteristic exponent (abbreviated CCE), if eg

is an in¯nitely divisible element of F (R d), or equivalently , if etg belongsto F (R d) for all
t > 0.

Remark. The problem of the characterisation of the whole classof in¯nitely divisible
functions (or of the corresponding complex CCEs) seemsto be quite nontrivial. When
dealing with this problem, it is reasonableto describe ¯rst somenatural subclasses.For
example,it is easyto show that if f 1 2 F (R) is in¯nite divisible and such that the measures
corresponding to all functions f t , t > 0, are concentrated on the half line R + (complex
generalisation of subordinators) and have densities from L 2(R + ), then f 1 belongsto the
Hardy spaceH2 of analytic functions on the upper half plane, which have no Blaschke
product in its canonical decomposition.

It follows from the de¯nitions that the set of spatially homogeneousCTFs º t (dx) is in
one-to-onecorrespondencewith CCE g, in such a way that for any positive t the function
etg is the Fourier transform of the transition measureº t (dx).

Prop osition 2.3. If V is a CCE, then the solution to the Cauchy problem

@u
@t

= V(
1
i

@
@y

)u (2:7)

de¯nes a strongly continuous and spatial ly homogeneous semigroup Tt of bounded linear
operators in C0(R d) (i.e. (Tt u0)(y) is the solution to equation (2.7) with the initial function
u0). Conversely,each suchsemigroup is the solution to the Cauchyproblemof an equation
of type (2.7) with someCCE g.

Proof. This is straightforward. Since(2.7) is a pseudo-di®erential equation, it follows
that the Fourier transform ~u(t; x) of the function u(t; y) satis¯es the ordinary di®erential
equation

@~u
@t

(t; x) = V (x)~u(t; x);

whose solution is ~u0(x) expf tV (x)g. Since etV is the Fourier transform of the complex
transition measureº t (dy), it follows that the solution to the Cauchy problem of equation
(2.7) is given by the formula (Tt u0)(y) =

R
u0(z)º t (dz ¡ y), which is as required.

We say that a CCE is regular, if equation (2.7) de¯nes a regular semigroup.
It would be very interesting to describe explicitly all regular CCE. We only give here

two classesof examples. First of all, if a CCE is given by the L¶evy- Khin tchine formula
(i.e. it de¯nes a transition function consisting of probabilit y measures),then this CCE is
regular, becauseall CTF consisting of probabilit y measuresare regular. Another classis
given by the following result.

Prop osition 2.4. Let V 2 F (R d), i.e. it is given by (2.6) with ¹ 2 M (R d). Then
V is a regular CCE. Moreover, if the positive measure M in the representation (2.1) for ¹
has no atom at the origin, i.e. M (f 0g) = 0, then the corresponding measure D 0;t

x on the
path space from Proposition 2.1 is concentrated on the set of piecewise-constant paths in
_R [0;t ]

d with a ¯nite number of jumps. In other words, D 0;t
x is the measure of a jump-process.

Proof. Let W = WM be de¯ned as

W(x) =
Z

R d
eipx M (dp): (2:8)
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The function expf tV g is the Fourier transform of the measure±0 + t¹ + t 2

2 ¹ ?¹ + ::: which
can be denoted by exp?(t¹ ) (it is equal to the sum of the standard exponential series,
but with the convolution of measuresinstead of the standard multiplication). Clearly
k exp?(t¹ )k · k exp?(t ¹f M )k, where we denoted by ¹f the supremum of the function f ,
and both these series are convergent series in the Banach algebra M (R d). Therefore
keV t k · keW t k · expf t ¹f k¹ kg, and consequently V is a regular CCE. Moreover, the
same estimate shows that the measureon the path spacecorresponding to the CCE V
is absolutely continuous with respect to the measure on the path spacecorresponding
to the CCE W. But the latter coincides up to a positive constant multiplier with the
probabilit y measureof the compound Poissonprocesswith the L¶evy measureM de¯ned
by the equation

@u
@t

= (W(
1
i

@
@y

) ¡ ¸ M )u; (2:9)

where ¸ M = M (R d), or equivalently

@u
@t

=
Z

(u(y + ») ¡ u(y)) M (d»): (2:10)

It remains to note that as is well known the measuresof compound Poissonprocessesare
concentrated on piecewise-constant paths.

Therefore, we have two di®erent classes(essentially di®erent, becausethey obviously
are not disjoint) of regular CCE: those given by the L¶evy-Khintchine formula, and those
given by Proposition 2.4. It is easy to prove that one can combine these regular CCEs,
more precisely that the classof regular CCE is a convex cone,see[K2].

Let us apply the simple results obtained sofar to the caseof the pseudo-di®erential
equation of the SchrÄodinger type

@~u
@t

= ¡ G(¡ ¢) ®~u + (A;
@

@x
)~u + V(x)~u; (2:11)

where G is a complex constant with a non-negative real part, ® is any positive constant,
A is a real-valued vector (if ReG > 0, then A can be also complex- valued), and V is a
complex-valued function of form (2.6). The standard SchrÄodinger equation corresponds
to the case® = 1, G = i , A = 0 and V being purely imaginary. We consider a more
general equation to include the SchrÄodinger equation, the heat equation with drifts and
sources,and alsotheir stable (when ® 2 (0; 1)) and complexgeneralisationsin oneformula.
This generalconsiderationalsoshows directly how the functional integral corresponding to
the SchrÄodinger equation can be obtained by the analytic continuation from the functional
integral corresponding to the heat equation, which givesa connectionwith other approaches
to the path integration. The equation on the inverseFourier transform

u(y) = (2¼)¡ d
Z

R d
e¡ iy x ~u(x) dx

of ~u (or equation (2.11) in momentum representation) clearly has the form

@u
@t

= ¡ G(y2)®u + i (A; y)u + V(
1
i

@
@y

)u: (2:12)
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One easilyseesthat already in the trivial caseV = 0, A = 0, ® = 1, equation (2.11) de¯nes
a regular semigroup only in the caseof real positive G, i.e. only in the caseof the heat
equation. It turns out however that for equation (2.12) the situation is completely di®erent.
The following simple result (obtained from Proposition 2.3 and the Trotter formula, see
[K2] for details) generalisesthe corresponding result from [M7], [MC2] on the standard
SchrÄodinger equation to equation (2.11).

Prop osition 2.5. The solution to the Cauchy problem of equation (2.12) can be
written in the form of a complex Feynman-Kac formula

u(t; y) =
Z

expf¡
Z t

0
[G(q(¿)2)® ¡ (A; q(¿))] d¿gu0(q(t))D 0;t

y (dq(:)) ; (2:13)

where D y is the measure of the jump processcorresponding to equation (2.7).
As another example, let us consider the caseof complex anharmonic oscillator. i.e.

the equation
@~Ã
@t

=
1
2

¡
G¢ ¡ x2 ¡ iV (x)

¢ ~Ã; (2:14)

where V = V¹ is an element of F (R d). The Fourier transform of this equation has the
form

@Ã
@t

=
1
2

µ
¢ ¡ Gp2 ¡ iV (

1
i

@
@p

)
¶

Ã: (2:16)

Prop osition 2.6. If ReG ¸ 0, the Cauchy problem of equation (2.15) de¯nes a
regular semigroup of operators in C0(R d), and thus can be presented as the path integral
from Proposition 2.1.

Proof. If V = 0, the Green function for equation (2.16) can be calculated explicitly ,
and from this formula one easily deducesthat in caseV = 0 the semigroup de¯ned by
equation (2.16) is regular. For generalV the statement follows from Proposition 2.2.

The statement of the Proposition can be generalisedeasily to the following situation,
which includes all SchrÄodinger equations,namely to the caseof the equation

@Á
@t

= i (A ¡ B )Á;

where A is selfadjoint operator, for which therefore exists (according to spectral the-
ory) a unitary transformation U such that UAU ¡ 1 is the multiplication operator in some
L 2(X ; d¹ ), where X is locally compact, and B is such that UB U ¡ 1 is a bounded operator
in C0(X ).

Sinceany complex measurehas a density with respect to its total variation measure,
it is easyto rewrite the integral in (2.13) asan integral over a positive measure.In the next
section such a positive measureis constructed directly in a much more generalsituaton.

3. Singular SchrÄodinger equations with magnetic ¯elds.
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To include the caseof singular SchrÄodinger equations,we shall considerhere a formal
SchrÄodinger operator with a magnetic ¯eld, namely the operator

H =
µ

¡ i
@

@x
+ A(x)

¶ 2

+ V(x); (3:1)

where @
@x = ( @

@x 1
; ::: @

@x n
) is the gradient operator in R d, under the following conditions

(possiblegeneralisationsof theseconditions are discussedin [K1]):
C1) the magneticvector-potential A = (A1; :::; Ad) is a boundedmeasurableR d-valued

function on R d,
C2) the potential V and the divergencedivA =

P d
j =1

@A j

@x j of A (de¯ned in the sense
of distributions) are both Borel measures,

C3) if d > 1 there exist ® > d ¡ 2 and C > 0 such that for all x 2 R d and r 2 (0; 1]

jdivAj(B r (x)) · Cr ®; jV j(B r (x)) · Cr ®; (3:2)

where jV j, jdiv Aj denote the total variations of the (possibly non-positive) measuresV
and div A respectively, and B r (x) denotesthe ball in R d of the radius r centered at x; if
d = 1, then the sameholds for ® = 0.

The most popular examplesof such SchrÄodingeroperators aregivenby systemswith ±-
interaction, i.e. with potentials supported by points or smooth submanifolds(see[AGHH],
[Kosh] and referencestherein), becausesuch potentials appear in di®erent physical models.
However other generalisedpotentials are studied as well. In [BM], the generalisedKato
classof potentials (which consistsof Radon measureswith certain conditions) was intro-
duced and local heat kernel estimates were obtained for the corresponding SchrÄodinger
semigroups(without magnetic ¯elds) using a generalisationof the probabilistic technique
developed in [Si]. In [Br], one can ¯nd several results on the spectral analysis of singular
SchrÄodinger equations and an extensive review of di®erent approaches to the analysis of
singular SchrÄodinger equations,which include non-standard analysis, the theory of Dirich-
let forms, the theory of quadratic form and others. Useful methods for studying operators
(3.1) with vanishing A are developed in [AFHKL], and [St]. These methods are applied
even in caseswhen the corresponding bilinear form is not closable. In particular, the
SchrÄodinger operators on Riemannian manifolds (with a bounded below Ricci curvature)
with potentials being almost generalmeasuresis given in [St]. The measuresin [St] have
neither to be regular nor to be ¾-¯nite, the only requirement is that they do not charge
polar sets. Usually, quite essential simpli¯cations occur when applying general tecniques
to one-dimensionalsituations.

In [DS], the study of the SchrÄodinger equationswith potentials supported by a smooth
surfacein the presenceof magnetic ¯elds wasinitiated. However, no generalresults seemto
be obtained up to now on SchrÄodinger equation with a magnetic ¯eld and with a potential
V being a distribution. The caseof magnetic ¯elds and potentials from the Kato class
(not distributions) were considered in [BHL], where the self-adjointness was proved by
probabilistic technique of [Si]. Concerning heat kernel estimates for these operators we
refer to [LT], [LM] and referencestherein.
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We shall formulate now a result from [K1] on self-adjointness and asymptotics for
the heat kernel of operator (1.1) under conditions C1)-C3). In order to give meaning to
operator (3.1) weconstruct the corresponding semigroupe¡ tH . Moreover, for our purposes,
it will be useful to consider the following more general formal Cauchy problem

@u
@t

= ¡ DH u; ujt =0 = u0; (3:3)

where the (generalised)di®usion coe±cient D is an arbitrary complex number such that
² = ReD ¸ 0, jD j > 0. In the interaction representation, equation (3.3) takesthe form

u(t) = e¡ D t ¢ =2u0 ¡ D
Z t

0
e¡ D ( t ¡ s)¢ =2(W ¡ 2i (A; r ))u(s) ds; (3:4)

where
W(x) = V (x) + jA(x)j2 ¡ i divA(x): (3:5)

More precisely, W is the measure,which is the sum of the measureV ¡ i divA and the
measurehaving the density jAj2 with respect to Lebesguemeasure.The letter W in (3.4)
stands for the operator of multiplication by W.

Equation (3.4) canbesolvedby iterations. In the caseof the Greenfunction GD (t; x; y)
(or fundamental solution) of equation (3.4), i.e. its solution with the Dirac initial condition
u0(x) = ±(x ¡ y), the iteration procedure leadsto the following representation:

GD (t; x; y) =
1X

k=0

I D
k (t; x; y) (3:6)

with I D
0 (t; x; y) = GD

f r ee(t; x; y) and with other I D
k , k > 1, being de¯ned inductiv ely by the

formula

I D
k (t; x; y) = ¡ D

Z t

0

Z

R d
I D

k¡ 1(t ¡ s; x; »)(W(d») + 2i
(A; » ¡ y)

Ds
d»)GD

f r ee(s;»¡ y) ds; (3:7)

where GD
f r ee is the Green function of the "free" equation (1.1) (i.e. with V = 0):

GD
f r ee(t; x ¡ y) = (2¼tD )¡ d=2 expf¡

(x ¡ y)2

2Dt
g:

The following theorem is proved in [K1].

Theorem 3.1. (i) If ² = ReD > 0, then all terms of series (3.6) are well de¯ned
as absolutely convergent integrals, the series itself is absolutely convergent and its sum
GD (t; x; y) is continuous in x; y 2 R d, t > 0 (and D) and satis¯es the following estimate

jGD (t; x; y)j · K GjD j2 =²
f r ee (t; x; y)gexpf B jx ¡ yjg (3:8)

uniformly for t · t0 with any ¯xed t0, where B ; K are constants.
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(ii) The integral operators

(UD (t)u0)( t; x) =
Z

uD
G (t; x; y)u0(y) dy (3:9)

de¯ning the solutions to equation (3.4) for t 2 [0; t0] form a uniformly bounded family of
operators L 2(R d) 7! L 2(R d).

(iii) If D is real, i.e. D = ² > 0, then there exists a constant ! > 0 such that the
Green function G² has the asymptotic representation

G² (t; x; y) = G²
f r ee(t; x; y)(1 + O(t ! ) + O(jx ¡ yj)) (3:10)

for small t and x ¡ y. In case of vanishing A, the multiplier expf B jx ¡ yjg in (3.8) can
be omitted, and the term O(jx ¡ yj) in (3.10) can be dropped. In this case, formula (3.10)
givesglobal (uniform for all x; y) small time asymptotics for G² .

(iv) One can give rigorous meaning to formal expression(3.1) as a bounded belowself-
adjoint operator in such a way that the family (3.9) of operators UD (t) (giving solutions
to equation (3.4), which is formal ly equivalent to the evolutionary equation (3.3) with
the formal generator DH ) coincides with the semigroup expf¡ tD H g de¯ned by means of
the functional calculus. Hence for the integral kernel of the operators expf¡ tD H g the
estimates(3.8) and (3.10) hold.

To construct a path integral representation for the solution UD (t)u0 of equation (1.1),
we shall construct a measureon a path spacethat is supported on the set of continuous
piecewiselinear paths. Denote this set by CPL. Let CPL x;y (0; t) denotethe classof paths
q : [0; t] 7! R d from CPL joining x and y in time t, i.e. such that q(0) = x, q(t) = y.
By CPL x;y

n (0; t) we denote its subclassconsistingof all paths from CPL x;y (0; t) that have
exactly n jumps of their derivative. Clearly, each CPL x;y

n (0; t) is parametrised by the
simplex

Sim n
t = f s1; :::; sn : 0 < s1 < s2 < ::: < sn · tg

of the times of jumps s1; :::; sn of the derivatives of a path and by n positions q(sj ),
j = 1; :::; n, of this path at thesepoints. In other words, an arbitrary path in CPL x;y

n (0; t)
has the form

q(s) = qs1 :::s n
´ 1 :::´ n

(s) = ´ j + (s ¡ sj )
´ j +1 ¡ ´ j

sj +1 ¡ sj
; s 2 [sj ; sj +1 ] (3:11)

(where it is assumedthat s0 = 0; sn +1 = t; ´ 0 = x; ´ n +1 = y). Obviously,

CPL x;y (0; t) = [ 1
n =0 CPL x;y

n (0; t):

To any R d+1 -valued Borel measureM = (¹; º ) = (¹; º 1; :::; º d) on R d there corre-
sponds a (¾-¯nite) complex measureM C P L on CPL x;y (0; t), which is de¯ned as the sum
of the measuresM C P L

n on the ¯nite-dimensional spacesCPL x;y
n (0; t) such that M C P L

0 is
just the unit measureon the one-point set CPL x;y

0 (0; t) and each M C P L
n , n > 0, is de¯ned

in the following way: if © is a functional on CPL x;y (0; t), then
Z

C P L x;y
n (0 ;t )

©(q(:))M C P L
n (dq(:)) =

Z

Sim n
t

ds1:::dsn
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£
Z

R d
:::

Z

R d

µ
¹ + 2i

(´ 2 ¡ ´ 1; º )
s2 ¡ s1

¶
(d´ 1):::

µ
¹ + 2i

(y ¡ ´ n ; º )
t ¡ sn

¶
(d´ n )©(q(:)) : (3:12)

Now, let M = (W; D ¡ 1A dx).

Theorem 3.2. For any D with ² = ReD > 0, the Green function GD of equation
(3.3) has the following path integral representation:

GD (t; x; y) =
Z

C P L x;y (0 ;t )
©D (q(:)) expf¡

Z t

0
_q2(s) ds=2DgM C P L (dq(:)) ; (3:13)

with q(s) given by (3.11) and

©D (q(:)) = D n
n +1Y

j =1

(2¼(sj ¡ sj ¡ 1)D )¡ d=2: (3:14)

For any u0 2 L 2(R d) the solution u(t; s) of the Cauchy problem (2.1) with D = i has the
form

u(t; x) = lim
² ! 0+

Z

C P L x;y (0 ;t )

Z

R d
u0(y)©i + ² (q(:)) expf¡

Z t

0
_q2(s) ds=2(i + ²)gM C P L (dq(:))dy;

(3:15)
where the limit is understood in L 2-sense.

Due to the de¯nition of M C P L , the integral (3.13), if it exists, is the convergent sum
of ¯nite-dimensional integrals, which are all absolutely convergent. But one seesdirectly
that theseintegrals are exactly the sameasthe integrals I k (t; x; y) from (3.6). This implies
the validit y of (3.13), becausedue to Theore 3.1, series(3.6), (3.7) is absolutely convergent
and all its terms are absolutely convergent integrals. Formula (3.15) follows immediately
from (3.13) and (1.5).

As shown in [K3], in caseA = 0 and d = 1, formula (3.13) still holds for D = i (i.e.
for vanishing ²), so that in this casethe Green function of the SchrÄodinger equation itself
existsand is represented by a convergent path integral (without any regularisation). This is
one of the performancesof the fact mentioned in the intro duction that in one-dimensional
situation essential simpli¯cations usually occur. In general, the question of existenceof a
pointwiselimit for GD asD ! i is very subtle and is not consideredhere. It is reasonableto
suggest(as a conjecture) that it exists if the fundamental solution (or the Green function)
Gi of the SchrÄodinger semigroup exists as a continuous function. This latter question is
quite non-trivial and only recently someresults were obtained that include rather general
potentials, seee.g. [Ya] for the caseof smooth magnetic ¯elds.

In caseA = 0, integral (3.13) has a simple probabilistic interpretation in terms of an
expectation with respect to a compound Poisson process. The following statement is a
direct consequenceof Theorem 3.2 and the standard properties of Poissonprocesses.

Theorem 3.3 Supposethe vector potential A vanishesand V satis¯es assumptionC3).
Suppose additionally that V has no atom at the origin and is a ¯nite positive measure so
that ¸ V = V(R d) > 0. Let the paths of CPL are parametrised by (3.11). Let E t denote

13



the expectation with respect to the processof jumps ´ j which are identically independently
distributed according to the probability measure V=¸ V , and which occur at times sj from
[0; t] distributed according to Poisson processof intensity ¸ V . Then the integral (3.13) can
be written in the form

GD (t; x; y) = et¸ V E t

µ
©D (q(:)) expf¡

Z t

0
_q2(s) ds=2Dg

¶
: (3:16)

Similar representation surely holds for formula (3.15).
Let us note also that the restriction on V being ¯nite (used in Theorem 3.3) is not

essential, becauseclearly an arbitrary V has a density with respect to a certain ¯nite
(positive) measure ~V . Hence,one can include this density in the integrand and work with
the Poissonprocessde¯ned by the L¶evy measure ~V .
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