Mathematics of the Feynman path integral
Vassili N. Kolok oltso v

Nottingham Trent University, School of Computing and Math.

Burton Street, Nottingham NG1 4BU

email vassili.kolokoltsov@rtu.ac.uk

and Institute of the Information TransmissionProblems of Russian Academny of Science

Talk preserted at the IMC "FILOMA T 2001", Nis, August 26-30, 2001, FILOMA T
2001.

AMS subject classi cation 2000 35K05, 81Q05,81Q10,81S40

Key words: Feynmann path integral, Poissonprocess,singular Schradinger equation
with magnetic eld, heat kernel.

1. Intro duction.

The Feynman path integral is known to be a powerful tool in di®erert domains of
physics. At the sametime, the mathematical theory underlying lots of (often formal)
physical calculations is far from being complete. Various known approadiesto the rig-
orous construction of the Feynmann path integral represenation to the solution of the
Sdradinger equation

% = (ﬁcr P iV (X)A (1:1)
(and its generalisationsthat include magnetic elds) can be roughly divided into two
classes. In the approacdes of the rst classthat we shall not discusshere in detail the
Feynman integral is not supposedto be a geruine integral, but is speci ed as as some
generalisedfunctional on an appropriate space of functions, which can be de ned, for
example, as the limit of certain discrete approximations (seee.g. [ET], [Tr] and more
recert papers [Ichl], [Ich2], [Lo]), by means of analytical cortinuation (seee.g. [JL],
[HM] and referencegherein), by extensionsof Parcewal's identit y and by related axiomatic
de nitions (see[ABB], [AKS], [K3], [CW], [SS]and referencesherein) or by meansof the
white noiseanalysis(see[HKPS]), seealso[Za] for the discussionof path integral applied to
the Dirac equation. Theseapproacdesstill cover only a very restrictiv e classof potentials,
for example, singular potentials were consideredonly by white noiseanalysisapproacd but
only in one-dimensionalcase(seee.g. [AKK] and referencestherein).

In the approadchesof the secondclass,onetries to de ne the in nite-dimensional Feyn-
mann integral asa geruine integral over a bona de ¥:additive measureon an appropriate
spaceof trajectories. The rst attempt made in [GY] to construct such a measurewas
erroniousand led to understanding that there is no direct generalisationof Wiener measure
that can give an analog of Feynman-Kac formula for the caseof SchrAdinger operators. A
correct construction of the Feynmanintegral in terms of the Wiener measurewas proposed
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in [Do] and was basedon the idea of the rotation of th classicaltrajectories in complex

domains. Namely, changing the variables x to y =  ix in equation (1.1) leadsto the
equation .
@_ 1. ..P:\x :
@ (i %03 i V(G iy)A; (1:2)

which is of di®usiontype (with possibly comlex source) and can be treated by meansof
the Feynman-Kac formula and the Wiener measure. Clearly this works only under very
restrictive analytic assumptionson V (seee.g. [H1], [H2], [AKS2]). Howewer, if oneis
interested only in semiclassicalapproximation to the solutions of the ScrAdinger equation
one can obtain along these lines an approximate path integral represeration for even
non-analytic potentials that yields all terms of semiclassicalexpansion(see[BAC]).
Another approac to the construction of the geruine path integral initiated in [MCh],
[M] de nes it as an expectation with respect to a certain compound Poisson process,or
as an integral over a measureconcerirated on piecewiseconstart paths, seee.g. [Com],
[HM], [K2], [PQ], and referencestherein. Though this method was succesfullyapplied to
di®erert models (seee.g. [GK] for many particle problems, [Se]for simple quantum eld
models, [CheQ] for computational aspects and tunneling problems, [Gav] and [KY] for
Dirac equations), the restriction oninteraction forceswere always very strong, for example,
for a usual ScrAdinger equation, this approad was used only in the caseof potentials
which are Fourier transforms of nite measures.Howeer in [K3],[K4] following this trend,
a construction was given that covered already essetially more general potentials. To
achieve this, one usesa coordinate represenation for the ScrAdinger equation (and not
the momertum represenation asin [MCh]) and also usesan appropriate regularisation
of the Scradinger equation. As the simplest reasonableregularisation one can take the
sameone asis usedto de ne standard nite-dimensional (but not absolutely corvergert)
integrals. A relevant nite-dimensional exampleis given by the integral
Z T
(Uof)(x) = (2vai)i 2 expfi 217
Rd 2t

gf (») d» (1:3)

dening the free propagator €' ® =2f . This integral may be not well de ned for a general
f 2 L?(RY). One of the way to dene this integral is based on the obsenation that
according to the spectral theorem €' ® =2f = [im2, o, €' @i ¥)¢ =2f jn L2(RY) forall t > 0
(i.e. onecan approximate real timest by complextimes t(1j i2)). Hence,for an arbitrary
f 2 L2(RY), onecan dene the integral in (1.3) as
z s

expi 21 gf () d» (1:4)

d

(UoF)(x) = lim (2v(i + 2))" *=* 2(i + 2)

R

(notice that for any 2> 0 and f 2 L?(RY), the integral in (1.4) is well de'ned). We shall
usethe sameapproad for Feynman'sintegral. Namely, if the operator H = j ¢ =2+ V (x)
is self-adjoint and bounded from below, by the spectral theorem

expfi itH g= 2Ii!m0 expfi (i + 2)tHg (1:5)

2



strongly for all positive t. In other words, solutions to equation (1.1) (with m = 1 for
brevity) can be approximated by the solutions to the regularised equation

% = %(i +2)¢ A (i + )V (X)A; (1:6)
i.e. to the SchrAdinger equation in complex time. In section 3 we shall de ne a measure
on a path space(actually a measureon the Cameron-Martin spaceof paths having square
integrable derivatives) such that for any 2 > 0 and for rather generalclassof potentials V,
the solution expfit (1 i2)(¢ =2 V(x))gug to the Cauchy problem of equation (1.6) can
be expressedas the Lebesgue(or even the Riemann) integral of somefunctional F. with
respect to this measure,which would give a rigorous de nition (analogousto (1.4)) of an
improper Riemann integral corresponding to the case? = 0, i.e. to equation (1.1). There-
fore, unlike the usual method of analytical continuation often usedfor de ning Feynman's
integral, where rigorous integral is de ned only for purely imaginary Planck's constart h
and for real h the integral is de ned asthe analytical cortinuation by rotating h through
the right angle, in our approac the (positive ¥ nite) measureis rigorously de ned and
is the samefor all complex h with a non-negative real part, and only on the boundary
I mh = 0 the corresponding integral usually becomesan improper Riemann's integral.

Surely, the idea to use equation (1.6) as an appropriate regularisation for de ning
Feynman'sintegral is not new and goesbadk at leastto the paper [GY]. Howewer, this was
not carried out there, becauseaswe already noted, there exist no direct generalisationsof
the Wiener measurethat could be usedto de ne Feynman'sintegral for equation (1.6) for
any real 2. As it turns out, one can carry out this regularization using measuresof Poisson
type.

A more physically motivated regularisation to (1.1) (but alsotechnically more dixcult
to work with) can be obtained from the theory of continuous quantum measuremen (see
[K3], [K4] for the corresponding results).

In the original papers of Feynman the path integral was de ned (heuristically) in
such a way that the solutions to the ScrAdinger equation were expressedas the integrals
of the function expfiSg, where S is the classical action along the paths. It seemsthat
rigorously the corresponding measurewas not constructed even for the caseof the heat
equation with sources(notice that in the famousFeynman-Kac formula that givesrigorous
path integral represenation for the solutions to the heat equation a part of the action
is actually "hidden" inside the Wiener measure). As shown in [K3], the construction
described below can be modi ed in a way to yield a represenation of this kind.

As is also shown in [K3], there is a natural Fock space repersenation of in nite
dimensional path integerals of Poisson-ipe consideredabove that allows to rewrite them
in terms of the integrals over a usual Wiener measure.

It is worth noting also that in one-dimensionalcase, one obtains the path integral
represertation of Poissontype for very general SchrAdinger equation without any regular-
isation (see[K3], [K4]).

The paper is organisedas follows. In the next sectionwe describe a generalapproad
to the construction of measureson the spaceof all paths that give in a uni ed way both
Wiener measureand Poissontype measuresfrom [Mch]. In section 3 we give new results
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on path integral repersenrations for general (even singular) ScrAdinger equations with
magnetic elds using the regularisation by intro ducing complex times.
Sectons2 and 3 are written in a way that they can be read almost independertly .

2. Innitely  divisible complex distributions
and complex Mark ov pro cesses

We preser here (following essetially [K2]) a general construction of the complex-
valued measures(that can be consideredas an appropriately generalisedcomplex-valued
version of Nelson's constrution of the Wierner measure)on the path spacethat can be
usedfor the path integral represenation of various ewolutionary equations,wherethe path
integral represettation can be obtained without any regularisation.

Let B(-) denote the classof all Borel sets of a topological space(i.e. it is the ¥
algebra of sets generatedby all open sets). If - is locally compact we denote (as usual)
by Co(-) the spaceof all cortinuous complex-valued functions on - vanishing at in nit y.
Equipped with the uniform norm kf k = sup, jf (x)j this spaceis known to be a Banat
space. It is alsowell known (Riesz-Markov theorem) that if - is a locally compact space,
then the set M (-) rof all nite complex regular Borel measureson - equipped with the
norm kt*k = supj _ f(x)!(dx)j, where sup is taken over all functions f 2 Cqy(-) with
kf (x)k - 1, is a Banad space, which coincides with the set of all continuous linear
functionals on Co(-). Any complex ¥:additive measure! on RY has a represenation of
form

t(dy) = f ()M (dy) (2:1)

with a positive measureM and a bounded complex-valued function f Moreover, the mea-
sure M in (2.1) is uniquely de ned under additional assumption that jf (y)j = 1 for all
y. If this condition holds, the positive measureM is called the total variation mea-
sure ofgthe complex measure! and is denoted by jtj. In general, if (2.1) holds, then
ktk=jf (y)iM (dy).

We say that amap© from RY£ B(RY) into Cis a complextransition kernel, if for every
X, the map A 7! °(x; A) is a (nite complex) measureon RY, and for every A 2 B(RY),
the map x 7! °(x; A) is B-measurable. A (time homogeneous)omplextransition function
(abbreviated CTF) on RY is a family °, t , 0, of complex transition kernels suc that
%(x;dy) = Ky i x) for all x, wherez(y) = £(y i X) is the Dirac measurein x, and suc
that for every non-negative s;t, the Chapman-Kolmogoros equation

z

Os(X; dy)°¢(Y; A) = %s+t(X; A)

is satis ed. (We consideronly time homogeneousCTF for simplicity, the generalisationto
non-homogeneougaseis straightforward).

A CTF is saidto be (spatially) homogeneousif °;(x; A) dependson x; A only through
the di®erenceA i x. If a CTF is homogeneoust is natural to denote °;(0; A) by °((A))
and to write the Chapman-Kolmogoros equation in the form

z

°t(dy)°s(Ai Y) = %t+s(A):
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A CTF will be called regular, if there exists a positive constart K such that for all x
andt > 0, the norm k°(x; :)k of the measureA 7! °(x; A) doesnot exceedexpf K tg.

CTFs appear naturally in the theory of ewolutionary equations: if T; is a strongly
continuous semigroup of bounded linear operators in Co(RY), then there exists a time-
homogeneousCTF ° sud that

Z
Tif(x) = °(x; dy)f (y): (2:2)

In fact, the existenceof a measure® (x; :) sud that (2.2) is satis ed follows from the Riesz-
Markov theorem, and the sepigroupidentity TsT: = Tt is equivalert to the Chapman-
Kolmogorov equation. Since ©°.(x; dy)f (y) is continuousfor all f 2 Co(RY), it follows by
the monotone corvergencetheorem (and the fact that ead complex measureis a linear
combination of four positive measures)that °(x; A) is a Borel function of x.

We say that the semigroupT; is regular, if the corresponding CTF is regular. Clearly,
this is equivalert to the assumptionthat kT.k - €<t for all t > 0 and someconstart K .

Now we construct a measureon the path spacecorrespnding to ead regular CTF,
introducing rst some(rather standard) notations. Let R4 denotethe one point compact-
i cation of the Euclidean spaceR?® (i.e. Rg = RY[ flg and is homeomorphicto the

sphereSY). Let R_l[f;t] denote the in nite product of [s;t] copiesof Ry, i.e. it is the set of

all functions from [s;t] to Ry, the path space.As usual, we equip this set with the product

topology, in which it is a compact space(Tikhonov's theorem). Let Cyl'[‘s;t] denote the set

of functions on RLS;” having the form
A{o;tl;:::t e (Y()) = T (y(to); i y(tkea )

for somebounded complexBorel function f on (RY)**2 and somepoints t;,j = 0;:::;k+ 1,
such that s = tg < t1 < tp < 11 < tx < tgeg = t. The union Cylige) = [ kan Cylrs;t] is
called the set of cylindrical functions (or functionals) on R{js;t]. It follows from the Stone-
Weierstrassetheorem that the linear span of all continuous cylindrical functions is dense

in the spaceC(RL™)) of all complex cortinuous functions on RE'!. Any CTF © denes a
family of linear functionals °%,, x 2 RY, on Cyls; by the formula

0;(;t (AIO:::IKH )
Z
= PO YL Y1 )%t 1o (X dY1) %t 10 (Y15 AY2) % it (Vi DYk ): (2:3)

Due to the Chapman-Kolmogorov equation, this de nition is correct, i.e. if one considers
an elemer from CyIFS;t] as an elemern from Cyl'[‘sftl] (any function of | variablesy;;:::;y,
can be consideredas a function of | + 1 variablesys;:::; yi+1, which does not depend on

Yi+1 ), then the two corresponding formulae (2.3) will be consistent.

Prop osition 2.1. If the semigioup T; in Co(RY) is regular and ° is its corresmnding
CTF, then the functional (2.3) is bounded. Hence, it can be extende by continuity to a
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unique bounde linear functional °* on C(R%S;t]), and consequently there exists a (regular)
complex Borel measure DS on the path space RE™ such that
Z

°s(F) = F(y()DZ (dy() (2:4)

for all F 2 C(RE™M). In particular,
Z
(Tef)(x) = f(y(1)) D3 (dy(2):

Proof. It is a direct consequencef the Riesz-Markov theorem, becausethe regularity
of CTF implies that the norm of the functional °§; doesnot exceedexpfK (tj s)g.
Formula (2.3) de nes the family of nite complex distributions on the path space,
which givesrise to a nite complex measureon this path space(under the regularity as-
sumptions). Therefore, this family of measurescan be called a complex Markov process.
Unlik e the caseof the standard Markov processesthe generator,say A, of the correspond-
ing semigroup T; and the corresponding bilinear "Diric hlet form" (Av;v) are complex.
The following simple fact can be usedin proving the regularity of a semigroup.

Prop osition 2.2. Let B and A be linear operators in Co(R¢Y) suchthat A is bounded
and B is the geneator of a strongly continuous regular semigioup T;. Then A + B is also
the geneator of a regular semigioup, which we denote by T;.

Proof. Follows directly from the fact that T; can be preseried as the convergert (in
the senseof the norm) seriesof standard perturbation theory

Z Zy Zs

Ti=T: + Ti; sATsds+ ds d¢Tyy sATs; (AT, + 1 (2:5)
0 0 0

Of major importance for our purposesare the spatially homogeneousCTFs. Let
us discussthem in greater detail, in particular, their connection with in nitely divisible
characteristic functions.

Let F (RY) denotethe Banach spaceof Fourier transforms of elemers of M (RY), i.e.
the spaceof (automatically cortinuous) functions on R9 of form

Z

V(X) = Vi (X) = g eP* 1 (dp) (2:6)

for some! 2 M (RY), with the induced norm kV: k = k*k. SinceM (RY) is a Banad
algebra with corvolution as the multiplication, it follows that F(RY) is also a Banach
algebrawith respect to the standard (pointwise) multiplication. We say that an elemen
f 2 F(RY) is innitely divisible if there exists a family (fy, t , 0,) of elemens of F (R¢)
sudh that fo = 1,f, = f, and fi+s = fifs for all positive s;t. Clearly if f is in nitely
divisible, then it has no zerosand a cortinuous function g = logf is well de ned (and
is unique up to an imaginary shift). Moreover, the family f; hasthe form f; = expftgg
and is de'ned uniquely up to a multiplier of the form e?”' k 2 N. Let us sa that a
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contin uous function g on RY is a complex characteristic expnent (abbreviated CCE), if €9
is an in"nitely divisible elemen of F (RY), or equivalertly, if €9 belongsto F (R¢Y) for all
t> 0.

Remark. The problem of the characterisation of the whole classof in nitely divisible
functions (or of the corresponding complex CCEs) seemsto be quite nontrivial. When
dealing with this problem, it is reasonableto describe rst somenatural subclasses.For
example, it is easyto show that if f; 2 F(R) isin nite divisible and such that the measures
corresponding to all functions f, t > 0, are concernrated on the half line R, (complex
generalisation of subordinators) and have densitiesfrom L,(R+ ), then f; belongsto the
Hardy spaceH, of analytic functions on the upper half plane, which have no Blaschke
product in its canonical decomposition.

It follows from the de nitions that the set of spatially homogeneousCTFs °(dx) is in
one-to-onecorrespondencewith CCE g, in suc a way that for any positive t the function
e'9 is the Fourier transform of the transition measure® (dx).

Prop osition 2.3. If V is a CCE, then the solution to the Cauchy problem

@ 1@

@
de nes a strongly continuous and spatially homagen@us semigioup T; of bounde linear
operators in Co(RY) (i.e. (Tiug)(y) is the solution to equation (2.7) with the initial function
Ug). Conversely,each suchsemigoup is the solution to the Cauchy problemof an equation
of type (2.7) with some CCE g.

Proof. This is straightforward. Since(2.7) is a pseudo-di®eretial equation, it follows
that the Fourier transform (t; x) of the function u(t; y) satis es the ordinary di®ereriial
equation

%*(t; X) = V(x)u(t; X);

whose solution is t(x) expftV (x)g. Since €V is the Fourier transform of the complex
transition measure®(dy), it follows that ghe solution to the Cauchy problem of equation
(2.7) is given by the formula (Tiug)(y) = Uoe(2)°:(dzj Yy), which is asrequired.

We say that a CCE is regular, if equation (2.7) de nes a regular semigroup.

It would be very interesting to describe explicitly all regular CCE. We only give here
two classesof examples. First of all, if a CCE is given by the L&vy- Khintchine formula
(i.e. it de nes a transition function consisting of probability measures),then this CCE is
regular, becauseall CTF consisting of probability measuresare regular. Another classis
given by the following result.

Prop osition 2.4. LetV 2 F(RY), i.e. it is given by (2.6) with * 2 M (RY). Then
V is a regular CCE. Moreover, if the positive measure M in the representation (2.1) for *
has no atom at the origin, i.e. M (fOg) = 0, then the correspnding measure D2t on the
path space from Proposition 2.1 is concentrated on the set of piecewise-onstant paths in
R%O;t] with a nite number of jumps. In other words, D" is the measure of a jump-process.

Proof. Let W = Wy, be de ned as

W (x) = eP* M (dp): (2:8)
Rd



The function expftV g is the Fourier transform of the measure+y + t* + %1 ?1 + ::: which
can be denoted by exp’(t* ) (it is equal to the sum of the standard exponertial series,
but with the corvolution of measuresinstead of the standard multiplication). Clearly
kexp’(t )k - kexp’(tfM )k, where we denoted by f the suprenum of the function f
and both these seriesare corvergert seriesin the Banadh algebra M (RY). Therefore
keVtk - keW'k - expftfkikg, and consequetly V is a regular CCE. Moreover, the
same estimate shows that the measureon the path spacecorrespnding to the CCE V
is absolutely continuous with respect to the measureon the path space corresponding
to the CCE W. But the latter coincidesup to a positive constart multiplier with the
probability measureof the compound Poissonprocesswith the L&vy measureM de ned
by the equation
@ @

— 1 . . .
Q@ (W(i_@) i LMY (2:9)
where .y = M (RY), or equivalertly
a Z
a- (u(y + » i u(y)) M (d»): (2:10)

It remainsto note that asis well known the measuresof compound Poissonprocessesre
concerrated on piecewise-constah paths.

Therefore, we have two di®erert classegessemially di®erert, becausethey obviously
are not disjoint) of regular CCE: those given by the L&vy-Khintchine formula, and those
given by Proposition 2.4. It is easyto prove that one can conmbine these regular CCEs,
more preciselythat the classof regular CCE is a convex cone, see[K2].

Let us apply the simple results obtained sofar to the caseof the pseudo-di®eretial
equation of the Sdradinger type

o= 11 )+ (A D+ V() 2:11)
where G is a complex constart with a non-negative real part, ® is any positive constan,
A is a real-valued vector (if ReG > 0, then A can be also complex- valued), and V is a
complex-valued function of form (2.6). The standard SdrAdinger equation corresponds
to the case® = 1, G = i, A = 0 and V being purely imaginary. We consider a more
general equation to include the SdrAdinger equation, the heat equation with drifts and
sources,and alsotheir stable (when® 2 (0; 1)) and complex generalisationsin one formula.
This generalconsiderationalsoshows directly how the functional integral corresponding to
the ScrAdinger equation can be obtained by the analytic cortinuation from the functional
integral corresponding to the heat equation, which givesa connectionwith other approades
to the path integration. The equation on the inverseFourier transform

z

uly) = 24 ¢ e YXu(x) dx
Rd

of & (or equation (2.11) in momertum represernation) clearly hasthe form

@ @

@ =1 COATu iU V(G g

u: (2:12)
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One easily seeghat already in the trivial caseV = 0, A = 0, ®= 1, equation (2.11) de nes
a regular semigroup only in the caseof real positive G, i.e. only in the caseof the heat
equation. It turns out however that for equation (2.12) the situation is completely di®eren.
The following simple result (obtained from Proposition 2.3 and the Trotter formula, see
[K2] for details) generalisesthe corresponding result from [M7], [MC2] on the standard
Sdradinger equation to equation (2.11).

Prop osition 2.5. The solution to the Cauchy problem of equation (2.12) can be
written in the form of a complex Feynman-Kac formula

z zZ,
u(ty) = expfi 0[G(0|(c',)2)®i (A; 9(¢))] deguo(alt)) Dyt (do(:)); (2:13)

where Dy is the measure of the jump processcorresmpnding to equation (2.7).
As another example, let us consider the caseof complex anharmonic oscillator. i.e.
the equation

~

@x _ 1i _ ¢.

@ 2 G¢ i x%i iV(x) A (2:14)
whereV = Vi is an elemert of F(RY). The Fourier transform of this equation has the
form . u q

@G\_1 . ~2 1@ 5 :
@ 2 ¢ i Gp7i |V(i @ A: (2:16)

Prop osition 2.6. If ReG , 0, the Cauchy problem of equation (2.15) de nes a
regular semigroup of operators in Co(RY), and thus can be presentel as the path integral
from Proposition 2.1.

Proof. If V = 0, the Green function for equation (2.16) can be calculated explicitly,
and from this formula one easily deducesthat in caseV = 0 the semigroup de ned by
equation (2.16) is regular. For generalV the statemen follows from Proposition 2.2.

The statemert of the Proposition can be generalisedeasily to the following situation,
which includes all SchrAdinger equations, namely to the caseof the equation

% = i(Aj B)A;
where A is selfadjoint operator, for which therefore exists (according to spectral the-
ory) a unitary transformation U suc that UAU ! is the multiplication operator in some
L2(X;d?), whereX is locally compact, and B is such that UBU' ! is a bounded operator
in Co(X).

Sinceany complex measurehas a density with respect to its total variation measure,
it is easyto rewrite the integral in (2.13) asan integral over a positive measure. In the next
section sudch a positive measureis constructed directly in a much more generalsituaton.

3. Singular SchrA&dinger equations with magnetic “elds.
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To include the caseof singular ScrAdinger equations, we shall consider here a formal
Sdradinger operator with a magnetic "eld, namely the operator

M @ 12
H= i@+ A(x) + V(X); (3:1)

where @ = (£2;::52) is the gradient operator in R, under the following conditions
(possiblegeneralisationsof these conditions are discussedin [K1]):

C1) the magneticvector-potential A = (A?;:::; AY) is aboundedmeasurableR 9-valued
function on R¢, P A

C2) the potential V and the divergencedivA = jd:1 %’ of A (de ned in the sense
of distributions) are both Borel measures,

C3) if d> 1there exist ®> dj 2and C > 0 suc that for all x 2 R% and r 2 (0;1]

jdivAj(B, (X)) - Cr® jVj(B,;(x)) - Cr®; (3:2)

where jVj, jdiv Aj denote the total variations of the (possibly non-positive) measuresV
and div A respectively, and B, (x) denotesthe ball in RY of the radius r certered at x; if
d = 1, then the sameholds for ® = 0.

The most popular examplesof such SchrAdinger operators are given by systemswith +-
interaction, i.e. with potentials supported by points or smooth submanifolds (see[AGHH],
[Kosh] and referencegherein), becausesud potentials appearin di®eren physical models.
Howewer other generalisedpotentials are studied as well. In [BM], the generalisedKato
classof potentials (which consistsof Radon measureswith certain conditions) was intro-
duced and local heat kernel estimates were obtained for the corresponding SdrAdinger
semigroups(without magnetic elds) using a generalisationof the probabilistic technique
deweloped in [Si]. In [Br], onecan nd se\eral results on the spectral analysis of singular
ScrAdinger equations and an extensive review of di®erert approacesto the analysis of
singular SchrAdinger equations, which include non-standard analysis, the theory of Diric h-
let forms, the theory of quadratic form and others. Useful methods for studying operators
(3.1) with vanishing A are deweloped in [AFHKL], and [St]. These methods are applied
even in caseswhen the correspnding bilinear form is not closable. In particular, the
ScrAdinger operators on Riemannian manifolds (with a bounded below Ricci curvature)
with potentials being almost general measuresis given in [St]. The measuresin [St] have
neither to be regular nor to be ¥ nite, the only requiremert is that they do not charge
polar sets. Usually, quite essetial simpli cations occur when applying generaltecniques
to one-dimensionalsituations.

In [DS], the study of the Schradinger equationswith potentials supported by a smooth
surfacein the presenceof magnetic elds wasinitiated. However, no generalresults seemto
be obtained up to now on SdrAdinger equation with a magnetic "eld and with a potential
V being a distribution. The caseof magnetic elds and potentials from the Kato class
(not distributions) were consideredin [BHL], where the self-adjointness was proved by
probabilistic technique of [Si]. Concerning heat kernel estimates for these operators we
refer to [LT], [LM] and referencestherein.
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We shall formulate now a result from [K1] on self-adjointhess and asymptotics for
the heat kernel of operator (1.1) under conditions C1)-C3). In order to give meaning to
operator (3.1) we construct the corresponding semigroupe ' . Moreover, for our purposes,
it will be usefulto considerthe following more generalformal Cauchy problem

% = i DHuU; uji= = ug; (3:3)

where the (generalised)di®usion coexcient D is an arbitrary complex number suc that
2= ReD, 0,jDj> 0. In the interaction represenation, equation (3.3) takesthe form

Z

u(t) = e P =2yyj D e P =20wW i 2i(A; 1 ))u(s)ds; (3:4)
0

where
W (x) = V(x) + jA(X)j? | idivA(X): (3:5)

More precisely W is the measure,which is the sum of the measureV j idivA and the
measurehaving the density jAj? with respect to Lebesguemeasure. The letter W in (3.4)
stands for the operator of multiplication by W.

Equation (3.4) canbesolved by iterations. In the caseof the Greenfunction GP (t; x; y)
(or fundamertal solution) of equation (3.4), i.e. its solution with the Dirac initial condition
Uo(x) = #(x i v), the iteration procedureleadsto the following represenation:

X
GP(txy)=  12(txy) (3:6)
k=0

with 18 (t; X;y) = GP, .o(t; X; y) and with other I 2, k > 1, being de ned inductiv ely by the
formula

Z t Z (A i )
PGy =D IR s W)+ 27521 d)GPee(sini Y ds; (3:7)
0 R4
where GP, ., is the Green function of the "free" equation (1.1) (i.e. with V = 0):
. 2
GPrealtix i y) = @4D) “Zexpli “II g

The following theorem is proved in [K1].

Theorem 3.1. (i) If 2 = ReD > 0, then all terms of series (3.6) are well de ned
as absolutely convergent integrals, the series itself is absolutely convergent and its sum
GP (t; x; y) is continuous in x;y 2 RY, t > 0 (and D) and satis es the following estimate

GP(txy)i - KL (tx y)gexpf Bjx i yig (3:8)
uniformly for t - tp with any xed to, where B; K are constants.
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(i) The integral operators
z

(UP (uo)(t; x) = ud (t; x; y)uo(y) dy (3:9)

de ning the solutions to equation (3.4) for t 2 [0;tg] form a uniformly bounded family of
operators L,(RY) 7! Lo(RY).

(i) If D is real, i.e. D = 2> 0, then there exists a constant! > 0 such that the
Green function G has the asymptotic representation

G (X Y) = Gf ree(t; X; Y)(L + O(t') + O(X i Vi) (3:10)

for small t and x j y. In caseof vanishing A, the multiplier expfBjx j yjg in (3.8) can
be omitted, and the term O(jx i yj) in (3.10) can be dropped. In this case, formula (3.10)
givesglotal (uniform for all x;y) small time asymptoticsfor G’.

(iv) One can giverigorous meaning to formal expression(3.1) asa bounded below self-
adjoint operator in such a way that the family (3.9) of operators UP (t) (giving solutions
to equation (3.4), which is formally equivalent to the evolutionary equation (3.3) with
the formal geneator DH) coincides with the semigioup expfj tD Hg de ned by means of
the functional calculus. Hence for the integral kernel of the operators expfj tD Hg the
estimates(3.8) and (3.10) hold.

To construct a path integral represenation for the solution UP (t)ug of equation (1.1),
we shall construct a measureon a path spacethat is supported on the set of continuous
piecewisdinear paths. Denotethis setby CPL. Let CPL*Y (0;t) denotethe classof paths
q: [0;t] 7! RY from CPL joining x and y in time t, i.e. sud that q(0) = x, q(t) = v.
By CPL}Y (0;t) we denoteits subclassconsisting of all paths from CPL*Y (0; t) that have
exactly n jumps of their derivative. Clearly, eacr CPL}Y (0;t) is parametrised by the
simplex

Sim = fs;;isy :0< 51 <5< i< sy - tQ
of the times of jumps s;;::;;s, of the derivatives of a path and by n positions q(s;),
j = 1;:5;n, of this path at thesepoints. In other words, an arbitrary path in CPL}Y (0;t)
has the form

As) = P () = T+ (5i )T s2[sisul (3:11)
j+1 | S]

(where it is assumedthat sp = 0;Sh41 = t; "0 = X; "n+1 = Y). Obviously,
CPL* (0;t) = [ 1.y CPLXY (0;1):

To any R -valued Borel measureM = (%; ©) = (% °1;:::;09) on RY there corre-
sponds a (¥ nite) complex measureM ¢PL on CPL*Y (0;t), which is de ned asthe sum
of the measuresM $Pt on the "nite-dimensional spacesCPLXY (0;t) such that M§PL is
just the unit measureon the one-point set CPL Y (0;t) and eadh M $PL, n > 0, is de ned
in the following way: if © is a functional on CPL*Y (0;t), then

Z Z
O(a(:NM s Ph (dg()) = ds; :::dsy

CPLX (01t) Sim p
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z z T m oy T
£ o 1+2i7(2I 1:°) (d 1) 1+2i7(yI ni°)
Rd Rd S2i S1 ti Sn
Now, let M = (W;Di A dx).
Theorem 3.2. For any D with 2 = ReD > 0, the Green function GP of equation
(3.3) hasthe following path integral representation:
z Z,

GP(t; x;y) = ©p (q()) expfi  of(s)ds=2DgM P (dof2)); (3:13)
CPLXY (0:t) 0

(d"n)O(q():  (3:12)

with q(s) given by (3.11) and

n{1—1
©p(a()) = D" (2%s; i §j;1)D) X (3:14)
i=1

For any up 2 L2(RY) the solution u(t; s) of the Cauchy problem (2.1) with D = i hasthe
form

z Z Z,

u(t; x) = ,lim Uo(Y)©i+2(q(:)) expfi g’ (s) ds=2(i + 2)gM “"* (dq(:)) dy;
Y% cpLx (0it) Rd 0
(3:15)

where the limit is understaod in L?-sense.

Due to the denition of M ©PL | the integral (3.13), if it exists, is the corvergert sum
of nite-dimensional integrals, which are all absolutely corvergert. But one seesdirectly
that theseintegrals are exactly the sameasthe integrals | ¢ (t; X; y) from (3.6). This implies
the validity of (3.13), becausedue to Theore 3.1, series(3.6), (3.7) is absolutely convergert
and all its terms are absolutely convergert integrals. Formula (3.15) follows immediately
from (3.13) and (1.5).

As shown in [K3], in caseA = 0 and d = 1, formula (3.13) still holdsfor D = i (i.e.
for vanishing 2), sothat in this casethe Green function of the Scraddinger equation itself
existsand is represerned by a convergen path integral (without any regularisation). This is
one of the performancesof the fact mertioned in the introduction that in one-dimensional
situation essetial simpli cations usually occur. In general,the question of existenceof a
pointwiselimit for GP asD ! i isvery subtle and is not consideredhere. It is reasonableto
suggest(as a conjecture) that it existsif the fundamenal solution (or the Green function)
G' of the SchrAdinger semigroup exists as a cortin uous function. This latter question is
quite non-trivial and only recerily someresults were obtained that include rather general
potentials, seee.g. [Ya] for the caseof smooth magnetic elds.

In caseA = 0, integral (3.13) has a simple probabilistic interpretation in terms of an
expectation with respect to a compound Poisson process. The following statemert is a
direct consequencef Theorem 3.2 and the standard properties of Poissonprocesses.

Theorem 3.3 Supmsethe vector potential A vanishesand V satis es assumptionC3).
Supmse additionally that V has no atom at the origin and is a nite positive measure so
that . v = V(RY) > 0. Let the paths of CPL are parametrised by (3.11). Let E; denote

13



the expectation with respect to the processof jumps “; which are identically independently
distributed according to the prokability measure V=, and which occur at times s; from
[0; t] distributed according to Poisson processof intensity , . Then the integral (3.13) can
be written in the form
u Z, 1
GP(t;x;y) = € VE; ©p(q()) expfi g?(s) ds=2Dg : (3:16)
0

Similar represenation surely holds for formula (3.15).

Let us note also that the restriction on V being nite (usedin Theorem 3.3) is not
essetial, becauseclearly an arbitrary V has a density with respect to a certain nite
(positive) measureV. Hence,one can include this density in the integrand and work with
the Poissonprocessde ned by the L&vy measureV.
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