
Measure-v alued limits of in teracting particle systems with
k-nary in teractions I I. Finite-dimensional limits.

Vassili N. Kolokoltsov

Dep. of Computing and Math. Nottingham Trent University
Burton Street, Nottingham, NG1 4BU, UK

email vk@maths.ntu.ac.uk

Abstract. It is shown that Markov chains in Zd
+ describing the k-nary interacting

particles of d di®erent typesapproximate (in the continuous state limit) the Markov pro-
cesseson R d

+ having pseudo-di®erential generatorsp(x; i @
@x ) with symbols p(x; ») depend-

ing polynomially (of degreek) on x. This approximation can be used to prove existence
and non-explosionresults for the latter processes.Our generalschemeof continuous state
(or ¯nite-dimensional measure-valued) limits to processesof k-nary interaction yields a
uni¯ed description of theselimits for a large variety of models that are intensively studied
in di®erent domains of natural sciencefrom interacting particles in statistical mechanics
(e.g. coagulation-fragmentation processes)to evolutionary gamesfrom evolution biology
and social sciences.
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1. In tro duction .

This paper is the secondin the seriesof papersdevoted to k-nary interacting particles
(see[Ko5],[Ko6]) and ideologically it is a development of [Ko5]. However formally it does
not depend on [Ko5] that was devoted to one-dimensionalprocesses,where quite special
tools were available. On the contrary , the main results of this paper dwells on the theory
developed in [Ko4].

Let Zd denote the integer lattice in R d and let Zd
+ be its positive cone(which consists

of vectorswith non-negative coordinates). We equip Zd with the usual partial order saying
that N · M i® M ¡ N 2 Zd

+ . A state N = f n1; :::; ndg 2 Zd
+ will designatea system

consisting of n1 particles of the ¯rst type, n2 particles of the secondtype, etc. For such
a state we shall denote by supp(N ) = f j : n j 6= 0g the support of N (considered as a
measureon f 1; :::; dg). We shall say that N has a full support if supp(N ) coincideswith
the whole set f 1; :::; dg. We shall write jN j for n1 + ::: + nd.

For a locally compact topological space,we denoteby B (X ) (resp. C(X )) the Banach
spaceof all measurablebounded functions (resp. continuous and bounded) equipped with
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the usual sup-norm. By Cc(R d) (respectively Cs(R d)) we shall denote the spaceof con-
tinuous functions with a compact support (respectively having s continuous derivatives).
We shall also use the standard notations of the theory of pseudo-di®erential operators.
Namely, for a continuous function p : R 2d 7! C we shall denote by p(x; ¡ i r ) the (pseudo-
di®erential) operator with the symbol p de¯ned as

p(x; ¡ i r )u(x) = (2¼)¡ d=2
Z

R d
eix» p(x; »)û(») d»; u 2 S(R d);

where û(») = (2¼)¡ d=2
R

e¡ ix» u(x) d» is the Fourier transform of u.
Roughly speaking, k-nary interaction means that any group of k particles (chosen

randomly from a given state N ) are allowed to have an act of interaction with the e®ect
that someof these particles (may be all or none of them) may die producing a random
number of o®springsof di®erent types. More precisely, each sort of k-nary interaction is
speci¯ed by

(i) a vector ª = f Ã1; :::; Ãdg 2 Zd
+ , which we shall call the pro¯le of the interaction,

with jª j = Ã1 + :::Ãd = k, so that this sort of interaction is allowed to occur only if N ¸ ª
(i.e. Ãj denotesthe number of particles of type j which take part in this act of interaction);

(ii) a family of non-negative numbersgª (M ) for M 2 Zd, M 6= 0, vanishing whenever
M ¸ ¡ ª doesnot hold.

The generatorof a Markov process(with the state spaceZd
+ ) describingk-nary inter-

acting particles of types f 1; :::; dg is then an operator on B (Z d
+ ) de¯ned as

(Gk f )(N ) =
X

ª · N ;j ª j= k

CÃ1
n 1

:::CÃd
n d

X

M

gª (M )( f (N + M ) ¡ f (N )) ; (1:1)

where Ck
n denote the usual binomial coe±cients. Notice that each CÃ j

n j in (1.1) appears
from the possibility to chooserandomly (with the uniform distribution) any Ãj particles
of type j from a given group of n j particles. Consequently , the generator

P jK j
k=0 Gk of k

-nary interactions with pro¯les not exceedinga given pro¯le K can be written as

(GK f )(N ) =
X

ª · K

CÃ1
n 1

:::CÃd
n d

X

M 2 Z d

gª (M )( f (N + M ) ¡ f (N )) ; (1:2)

where we used the usual convention that Ck
n = 0 for k > n. The term with ª = 0

corresponds to the external input of particles.
The aim of the paper is to show that the measure-valued limits (which in the present

¯nite-dimensional framework meansjust the continuousstate limits) of the Markov chains
with generators (1.2) are given by Markov processeson R d

+ having pseudo-di®erential
generatorswith polynomially growing symbols. and to usethis limiting procedurein order
to prove the existenceand non-explosionof such Markov processeson R d

+ .
To this end, we shall consider instead of Markov chains on Z d

+ the corresponding
scaledMarkov chains on hZd

+ , h being a positive parameter, with generatorsof type

(Gh
K f )(hN ) =

X

ª · K

hj ª j CÃ1
n 1

:::CÃd
n d

X

M 2 Z d

gª (M )( f (N h + M h) ¡ f (N h)) ; (1:3)
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which clearly can be consideredas the restriction on B (hZ d
+ ) of an operator on B (R d

+ )
(which we shall again denote by Gh

K with someabuseof notations) de¯ned as

(Gh
K f )(x) =

X

ª · K

Ch
ª (x)

X

M 2 Z d

gª (M )( f (x + M h) ¡ f (x)) ; (1:4)

where we intro duced a function Ch
ª on R d

+ de¯ned as

Ch
ª (x) =

x1(x1 ¡ h):::(x1 ¡ (Ã1 ¡ 1)h)
Ã1!

:::
xd(xd ¡ h):::(xd ¡ (Ãd ¡ 1)h)

Ãd!

in casex j ¸ (Ãj ¡ 1)h for all j and Ch
ª (x) vanishesotherwise.

As

lim
h! 0

Cª (x) =
xª

ª!
=

dY

j =1

xÃ j
j

Ãj
;

one can expect that (with an appropriate choice of gª (M ), possibly depending on h )
the operators Gh

K will tend to the generator of a stochastic processon R d
+ which has the

form of a polynomial in x with "coe±cients" being generatorsof spatially homogeneous
processeswith i.i.d. increments (i.e. L¶evy processes)on R d

+ , which are given therefore by
the L¶evy-Khintchine formula with the L¶evy measureshaving support in R d

+ .
The paper is organizedas follows. In Section 2 we formulate our main results: The-

orems1 -3. Theorems2 and 3 are obtained as consequencesof more general results from
[Ko4] (obtained by developing someideas from [Ko1]-[Ko3] and [Ho]), and Theorem 1 is
proved in Section 3. Section 4 is devoted to someexamplesof the processeswith k-nary
interaction taken from various domains of natural science.

Let us stressfor conclusionthat this paper describesa R d
+ -valued limit of a re-scaled

number of particles under k-nary interaction. As R d
+ is the spaceof measureson a ¯nite

set f 1; :::; dg, we have got a measure-valued limit of the Markov chain initially de¯ned
on Zd

+ . By another usual point of view on this limit (see any book on superprocesses,
e.g. [Et]), one considerspoints on Zd

+ as integer -valued measureson f 1; :::; dg (empirical
measures)and the limit N h ! x, h ! 0, describes the limit of empirical measuresas the
number of particles tend to in¯nit y but the "mass" of each particle is re-scaledin such
a way that the whole mass tend to x. The ¯nite-dimensionalit y of the limit is due of
courseto the fact that we have consideredonly a ¯nite number of types of particles. In
the next papers of this series(see[Ko6]), we shall consider the bona ¯de (in¯nite dimen-
sional) measure-valued processes,which arise as the limits for general systemsof k-nary
interacting particles (which may be characterisedby various discreteor continuousparam-
etereslike position in space,mass,or genotype for biological models, etc) and which can
be described by generators that have the form of polynomials with coe±cients given by
L¶evy-Khintchine formula or its in¯nite-dimensional analogues.(the caseof linear polyno-
mials corresponds to superprocesses).More precisely, if all jumps are scaleduniformly one
obtains a deterministic limit described by a general kinetic equation (derived formally in
[BK] developing some ideas from [Be]) that includes as particular casesthe well known
equations of Vlasov, Boltzman, Smoluchovskii and others. If one acceleratesome short
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range interactions (say, with jM j = 1 in (1.3)), one gets a secondorder parabolic operator
aspart of a limiting generator, and if oneslows down the long range interactions (large M
in (1.3)), one gets non-local (L¶evy-type) terms.

2. Results .

By Z t (GK ) (respectively Z t (Gh
K ) we shall denote the minimal Markov chain on Zd

+
(respectively on hZd

+ ) speci¯ed by the generator of type (1.2) (respectively (1.3)). For a
given L 2 Zd

+ , we shall say that Z t (GK ) and the generators GK , Gh
K are L-subcritic al

(respectively L -critic al) if X

M 6=0

gª (M )(L; M ) · 0 (2:1)

for all ª · K (respectively, if the equality holds in (2.1)), where (L; M ) denotesthe usual
scalarproduct in R d. Putting for conveniencegª (0) = ¡

P
M 6=0 gª (M ), we concludefrom

(2.1) that the Q-matrix QK of the chain Z t (GK ) de¯ned as

QK
N J =

X

ª · K

CÃ1
n 1

:::CÃd
n d

gª (J ¡ N ) (2:2)

satis¯es the condition
P

J QK
N J (L; J ¡ N ) · 0 for all N = f n1; :::; ndg.

Prop osition 2.1. If GK is L -subcritic al with some L having ful l support, then (i)
Z t (GK ) is a unique Markov chain with the Q-matrix (2.2), (ii) Z t (GK ) is a regular jump
process (i.e. it is non-explosive), (iii) (L; Z t (GK )) is a non-negative supermartingale,
which is a martingale i® GK is L -critic al.

Proof. This is a direct consequenceof (2.1),(2.2) and the standard theory of conti-
nuous-timeMarkov chains. For example,statement (iii) followseither from Dynkin formula
(seee.g. [Br]) or from the Feller backward integral recursion formula (seee.g. [An]) for
Z t (GK ).

Let us describe now precisely the generators of limiting processeson R d
+ and the

approximating chains in Zd
+ . Supposethat to each ª · K there correspond

(i) a non-negative symmetric d £ d-matrix G(ª) = Gij (ª) such that Gij (ª) = 0
whenever i or j doesnot belong to supp(ª),

(ii) vectors ¯ (ª) 2 R d
+ , ° (ª) 2 R d

+ such that ° j (ª) = 0 whenever j =2 supp(ª),
(iii) Radon measuresº ª and ¹ ª on fj yj · 1g ½ R d and on R d

+ n f 0g respectively
(L¶evy measures)such that

Z
j»j2º ª (d») < 1 ;

Z
j»j¹ ª (d») < 1 ; ¹ (f 0g) = º (f 0g) = 0 (2:3)

and suppº ª belongsto the subspacein R d spannedby the unit vectorsej with j 2 supp(ª).
Theseobjects de¯ne an operator in C(R d

+ ) by the formula

(¤ K f )(x) = ¡
X

ª · K

xª

ª!
pª (¡ i r ); (2:4)
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where

¡ pª (¡ i r ) = tr (G(ª)
@2

@x2 )f +
dX

j =1

(¯ j (ª) ¡ ° j (ª))
@f
@x j

+
Z

(f (x + y) ¡ f (x) ¡ f 0(x)y)º ª (dy)

+
Z

(f (x + y) ¡ f (x)) ¹ ª (dy) (2:5)

is the pseudo-di®erential operator with the symbol ¡ pª (»), where

pª (») = (»; G(ª) ») ¡ i (¯ ¡ ° ; »)

+
Z

(1 ¡ eiy » + iy »)º ª (dy) +
Z

(1 ¡ eiy »)¹ ª (dy) (2:6)

and where as usual

tr (G(ª)
@2

@x2 )f =
dX

i;j =1

Gij (ª)
@2f

@x i @x j
:

Operator (2.5) is known to represent the generator of a L¶evy processin R d, or a
processwith i.i.d. (independent identically distributed) increments. Hence one can say
that operators (2.4) are polynomials in x with "coe±cients" being the generatorsof L¶evy
processes.

Remark. Conditions in (i) and (iii) concerningthe supp(ª) meansimply that a particle
of type i can not kill a particle of type j without an interaction. Condition (iii) highlights
the fact that in the framework of interacting particles, it is natural to write the generators
of a L¶evy processin form (2.5) with two measuresº and ¹ (the ¯rst one having bounded
support but in¯nite ¯rst moment), becauseonly º is subject to an additional condition on
its support.

We shall say that operator (2.5) is L -subcritic al (respectively L -critic al) for an L 2 Z d
+ ,

if

(¯ (ª) ¡ ° (ª) +
Z

y¹ ª (dy); L ) · 0 (2:7)

for all ª (respectively, if the equality holds in (2.7)).
Next, let ¢ h (ª ; G) be a ¯nite-di®erence operator of the form

(¢ h (ª ; G)f )(x) =
1
h2

X

i 2 supp (ª)

! i (ª)( f (x + hei ) + f (x ¡ hei ) ¡ 2f (x))

+
1
h2

X

i 6= j :i;j 2 supp (ª)

£
! ij (ª)( f (x + hei + hej ) + f (x ¡ hei ¡ hej ) ¡ 2f (x))

+ ~! ij (ª)( f (x + hei ¡ hej ) + f (x ¡ hei + hej ) ¡ 2f (x))
¤

(2:8)
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with someconstants ! i ; ! ij ; ~! ij (where ej are the vectorsof the standard basisin R d) that
approximate tr (G(ª) @2

@x 2 ) in the sensethat

k tr (G(ª)
@2

@x2 ) ¡ ¢ h (ª ; G)) f k = O(h)kf 000k: (2:9)

for f 2 C3(R d). If f 2 C4(R d), then the l.h.s. of (2.9) can be better estimated by
O(h2)kf (4) k.

Remark. Such ¢ h (ª ; G) is surely not unique, but its existenceis clear, because(2.8) is
just a standard ¯nite di®erenceapproximation of the secondorder operator tr (G(ª) @2

@x 2 ).

Moreover, other ¯nite di®erenceapproximations to tr (G(ª) @2

@x 2 ) could be used.
Putting Bh = f x 2 R d

+ : 0 · x j < h 8j g and choosing an arbitrary ! 2 (0; 1) we can
now de¯ne an operator of type (1.4) as

¤ h
K =

X

ª · K

Ch
ª (x)¼h

ª

with
(¼h

ª f )(x) = (¢ h (ª ; G)f )(x)

+
1
h

X

j

(¯ j (ª)( f (x + hej ) ¡ f (x)) + ° j (ª)( f (x ¡ hej ) ¡ f (x)))

+
X

M :M j ¸ h ¡ ! 8j

(f (x + M h) ¡ f (x) +
X

j

M j (f (x ¡ hej ) ¡ f (x))) v(M ; h)

+
X

M :M j ¸ h ¡ ! 8j

(f (x + M h) ¡ f (x)) ¹ ª (Bh + M h); (2:10)

where

v(M ; h) =
1

h2M 2 ~º (Bh + M h); ~º (dy) = y2º (dy)

Prop osition 2.2. Operator (2.10) is L -subcritic al, if and only if

(¯ (ª) ¡ ° (ª) +
X

M

M ¹ ª (Bh + M h); L ) · 0:

In particular, if ¤ K is L -subcritic al or critic al, then the sameholds for its approximation
¤ h

K .

Proof. It follows from a simple observation that operator (2.8) and the operator given
by the sum in (2.10) that depends on the measureº are always L-critical for any L , i.e.
they are ej -critical for all j .

Let Z x;h
t denote the minimal (cµadlµag) Markov chain in x + hZd

+ ½ R d with the
generator ¤ h

K .
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We shall denote by D ¹R d
+

[0; 1 ) (respectively DR d
+

[0; 1 )) the spaceof cµadlµg sample

paths [0; 1 ) 7! ¹R d
+ (respectively [0; 1 ) 7! DR d

+
[0; 1 )) equipped with the canonical ¯l-

tration F t = ¾(X s : s · t), and by X t (! ) = ! (t), ! 2 D ¹R d
+

[0; 1 ), the corresponding
canonical projections. We shall say that a probabilit y measurePx on D ¹R d

+
[0; 1 ) (respec-

tiv ely DR d
+

[0; 1 )) is a solution to the martingale problemwith samplepaths in D ¹R d
+

[0; 1 )

(respectively in DR d
+

[0; 1 )) and with the initial position x 2 R d
+ , if X 0 = x Px almost

surely and for any function Á 2 C1 (R d) \ Cc(R d) the process

Á(X t ) ¡ Á(x) ¡
Z t

0
LÁ(X s) ds (2:11)

is a F t -martingale with respect to Px . We say that the martingale problem is well-posed
if for any x 2 R d

+ , a solution exists and is unique. Our ¯rst result is the following.

Theorem 1. Suppose ¤ K of form (2.4), (2.5) is L -subcritic al with some L having
ful l support.

(i) There exists a solution to the martingale problem for ¤ h
K from (2.7) with sample

paths D ¹R d
+

[0; 1 ) for any x 2 R d
+ .

(ii) The family of processesZ hN ;h
t , h 2 (0; 1], N = x=h, with any given x 2 R d

+ is
tight and it contains a subsequence that converges(in the senseof distribution) as h ! 0
to a solution of the martingale problemfor ¤ K .

Part (i) is a consequenceof (ii), and part (ii) is proved in Section 3.
Surely this result is not quite satisfactory, becauseit doesnot include the uniqueness

of the limiting point for Z N h;h
t . And without uniquenessoneeven can not be sure that the

solution to the martingale problem de¯nes a Markov process.The uniquenessof a solution
to a martingale problem is known to be usually much harder to get than the existence. In
casewithout interaction (jK j = 1 in our setting), i.e. for superprocesses,the uniqueness
is usually obtained via dualit y, which seemsto be not available in general case. We shall
get the uniquenessunder someadditional assumptionsusing results from [Ko4].

First we shall needsomeassumptionson the measures¹ and º . Let

p0(») =
X

ª · K

pª (»):

We shall supposethat there exists c > 0 and constants ®ª > 0, ¯ ª < ®ª such that for
each ª

(A1) jI m p¹
ª (») + I m pº

ª (»)j · cjp0(»)j,
(A2) Repº

ª (») ¸ c¡ 1jprº ª (»)j®ª and j(pº
ª )0(»)j · cjprº ª (»)j¯ ª , where prº ª is the

orthogonal projection on the minimal subspacecontaining the support of the measureº ª .
Remarks. Theseconditions are not very restrictiv e. It allows, in particular, any stable

L¶evy measures(whatever degenerate).Moreover, if
R

j»j1+ ¯ ª º ª (d») < 1 , then the second
condition in (A2) holds, becausejeixy ¡ 1j · cjxyj¯ for any ¯ · 1 and somec > 0. In
particular, the secondinequality in (A2) always holds with ¯ ª = 1. Hence, in order that
(A2) holds it is enoughto have the ¯rst inequality in (A2) with ®ª > 1.
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Let us say that a type j of particles is immortal , if for any solution of the martingale
problem for ¤ K , the j -th co-ordinate of the processX x

t will be positive for all times almost
surely whenever the j -th co-ordinate of x waspositive. In other words this meansthat the
boundary ¹Uj = f x 2 ¹R d : x j = 0g is inaccessible.Various criteria for immortalit y can be
found in Appendix 3 of [Ko4], for instance,asa simple su±cient condition onecan assume
that Ãj ¸ 2 whenever either Gj j (ª) 6= 0 or

R
(x j )2º ª (dx) 6= 0.

Now we can formulate our ¯rst result on uniqueness.

Theorem 2. (i) Under conditions of Theorem 1 and conditions (A1), (A2), suppose
that all types of particles are immortal. Then the martingale problem for ¤ K is well-
posed and hassamplepaths in DR d

+
[0; 1 ) (i.e. the boundary is almost surely inaccessible).

Hence this solution de¯nes a strong Markov processin R d
+ , which is a limit (in the sense

of distributions) of the Markov chains Z N h;h
t , as h ! 0 with N h tending to a constant.

(ii) If additionally Ãj ¸ 2 whenevereither Gj j (ª) 6= 0 or
R

(x j )2º ª (dx) 6= 0, and
Ãj ¸ 1 whenevereither ¯ j (ª) 6= 0 or

R
x j ¹ ª (dx) 6= 0, the semigroup of the corresponding

Markov processpreservesthe space of bounded continuous functions on ¹R d
+ vanishing on

the boundary. If, moreover, jK j · 2 (i.e. only binary interactions are allowed) and for
jK j = 2 the drift term and the integral term depending on ¹ ª vanish, the corresponding
semigroup is Feller, i.e. it preservesthe space of continuous functions on R d that tend to
zero when the argument approacheseither the boundary or in¯nity.

Proof. This is a consequenceof a more generalTheorem 9 from [Ko4].
Our secondresult on uniquenesswill be more general. Let us say that a type j of

particles is not revivable if ¯ j (ª) = 0 whenever j is not contained in the support of ª,
and supp¹ ª belongsto the subspacespannedby the vectors ej with j 2 suppª. In more
general terminology from [Ko4] this meansthat the boundary hyperspace ¹Uj = f x 2 ¹R d :
x j = 0g is gluing. The meaning of the term revivable is revealedin the following result.

Theorem 3. Under conditions of Theorem 1 and conditions (A1), (A2), supposethat
all types of particles are either immortal or are not revivable. Then for any x 2 R d

+ there
existsa unique solution to the martingale problemfor ¤ K under the additional assumption
that, for any j , if at some (random) time ¿ the j -th coordinate of X t vanishes, then it
remains zero for all future times almost surely (i.e. once dead, the particles of type j are
never revived). Moreover, the family of Markov chains Z N h;h

t convergesin distribution to
this solution to the martingale problem.

Proof. The uniquenessfollow from more generalTheorem 10 from [Ko4]. Application
of Theorem 1 completesthe proof, sinceZ N h;h

t convergesto the solution of the martingale
problem with the additional property indicated, becauseall Z N h;h

t have this property.
Remark. Various criteria for the semigroupof the processfrom Theorem 3 to be Feller

can be found in [Ko4].

3. Pro of of Theorem 1.

Step 1. The family of processesZ N h;h
t , h 2 (0; 1], N h = x is tight.

Proof. First we observe that the compact containment condition holds, i.e. for every
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² > 0 and every T > 0 there exists a compact set ¡ ²;T ½ R d
+ such that

inf
n

Pf Z N h;h
t 2 ¡ ²;T 8t 2 [0; T]g ¸ 1 ¡ ²

uniformly for all starting points x from any compact subset of R d
+ . In fact, the compact

containment condition for (L; Z N h;h
t ) follows directly from maximal inequalities for posi-

tiv e supermartingales and Proposition 2.1. It implies the compact containment condition
for X x

t , becauseL is assumedto have full support. The tightnesscan now be deducedby
two standard methods. First, as the Dynkin formula for f (Z N h;h

t ) with any f 2 S(R d)
gives explicit expressionsfor predictable projection and the quadratic variation of super-
martingale f (Z N h;h

t ), the tightnessfollows from Aldous-Rebolledocriterion in the precisely
the samemanner as in e.g. [Et] for the caseof superprocesses.Secondly, even simpler, one
deducesit directly from Remark 5.2 from Chapter 4 of [EK] and the Step 2 (seebelow).

Step 2. Operators ¤ h
K approximate ¤ K on C3(R d

+ ) \ Cc(R d), i.e. for an arbitrary f
from this space

k(¤ h
K ¡ ¤ K )f k = o(1) sup

x
(1 + jxj jK j ) max

j y j¸j x j¡ h
(jf 0(y)j + jf 00(y)j + jf 000(y)j); (3:1)

with o(1) as h ! 0 not depending on f (but only on the family of measures ¹ ª ; º ª , see
(3.2), (3.4) below for a precise dependence of o(1) on h).

Proof. Estimate (2.9) shows that the di®usionpart of ¤ K is approximated by

X
Ch

ª (x)¢ h (ª ; G)

in the senserequired. It is obvious that the drift part of ¸ K is approximated by the sum in
(2.10) depending on ¯ and ° . Let us prove that the integral part of ¡ pª (¡ i r ) depending
on º ª is approximated by the corresponding sum from (2.10) (similar fact for the integral
part depending on ¹ is simpler and is omitted).

Since

(f (x ¡ hej ) ¡ f (x)) = ¡ hf 0(x) +
1
2

h2f 00(x ¡ µej ); µ 2 [0; h];

and
X

M :M j ¸ h ¡ !

dX

j =1

M j h2v(M ; h) · 2
X

M :M j ¸ h ¡ !

dX

j =1

M j h2º (B h + M h)

· 2h
dX

j =1

Z

y:y j ¸ h1¡ ! 8 j
yj º (dy) · 2h!

Z
y2º (dy);

the sum in (2.10) depending on º can be written in the form

X

M :M j ¸ h ¡ !

(f (x + M h) ¡ f (x) ¡ h(f 0(x); M ))v(M ; h) + O(h! ) sup
j y j¸j x j¡ h

jf 00(y)j
Z

y2º (dy)
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and hencethe di®erencebetween this sum and the corresponding integral from (2.5) has
the form X

M :M j ¸ h ¡ !

(f (x + M h) ¡ f (x) ¡ h(f 0(x); M ))v(M ; h)

¡
Z

y:y j ¸ h ¡ ! 8 j
(f (x + y) ¡ f (x) ¡ f 0(x)y)º (dy))

+ sup
j y j¸j x j¡ h

jf 00(y)j

Ã

O(1)
Z h1¡ !

0
y2º (dy) + O(h! )

Z
y2º (dy)

!

: (3:2)

To estimate the di®erencebetweenthe sum and the integral here,we shall usethe following
simple generalestimate

j
X

M

g(M h)~º (M h + Bh ) ¡
Z

g(x)~º (dx)j · hkg0(x)k
Z

~º (dx); (3:3)

which is valid for any continuously di®erentiable function g in the cube ¹B1. Estimating
the di®erencebetween the sum and the integral in (3.2) by meansof (3.3) with g(y) =
y¡ 2(f (x + y) ¡ f (x) ¡ f 0(x)y) (that clearly satis¯es the estimate kg0k · supj y j¸j x j jf 000(y)j)
yields for this di®erencethe estimate

sup
j y j¸j x j

jf 000(y)jO(h)
Z

y2º (dy): (3:4)

Clearly (3.1) follows from (3.2), (3.4) and the observation that Ch
ª (x) = O(1 + jxj jK j ).

Step 3. End of the proof. As the coe±cients of ¤ K grow at most polynomially as
x ! 1 , similarly to (3.1) one shows that ¤ h

K approximate ¤ K on the Schwarz space
S(R d), i.e. for an arbitrary f 2 S(R d) the estimate k(¤ h

K ¡ ¤ K )f k = o(1) as h ! 0 holds
uniformly for all f from the ball supx (1+ jxj) jK j+4 jf 000(x)j < R with any R. SinceS(R d) is
an algebra that separatespoints and vanishesnowhere,oneusesRemark 5.2 from Chapter
4 of [EK] to complete the proof of tightnessfrom Step 1 and Lemma 5.1 from Chapter 4 of
[EK] to conclude that the limit of a converging subsequenceof the family Z N h;h

t satis¯es
the martingale problem for ¤ K .

4. Examples .

We discusshereshortly someexamplesof k-nary interactions from statistical mechan-
ics and population biology giving somepreferenceto the models, where Theorems 2 or 3
are applicable. For general background on interacting particles we refer to monographs
[Ch] or [Sp].

1. Branching processesand ¯nite-dimensional superprocesses. Branching without
interaction in our model correspondsclearly to the caseswith K = 1 and hencerepresents
the simplest possible example. In this case the limiting processesin R d have pseudo-
di®erential generators with symbols p(x; ») depending linearly on the position x. The
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corresponding processesare called (¯nite-dimensional) superprocessesand are well studied,
seee.g. [Dy] or [Et].

2. Coagulation-fragmentation and general mass preserving interactions. These are
natural models for the applications of our results in statistical mechanics. We do not
discussthem here, becausethe next issueof this series(see[Ko6]) dealswith thesemodels
in detail and already for in¯nite-dimensional measure-valued limits. Notice only that in
the present ¯nite-dimensional situation we get here always an inaccessibleboundary so
that Theorem 2 applies.

3. Local interactions (birth and death processes). Generalizing the notion of local
branching widely usedin the theory of superprocesses(seee.g. [Dy], [Et]), let us say that
the interaction of particles of d typesis local, if a group of particles speci¯ed by a pro¯le ª
can produceparticles only of type j 2 suppª. Processessubject to this restriction include
a variety of the so called birth and death processesfrom the theory of multidimensional
population processes(see,e.g. [An] and referencestherein) such as competition processes,
predator-prey processes,general stochastic epidemics and their natural generalizations
(seemingly not much studied yet) that take into account the possibility of birth from
groups of not only two (male, female) but also more species(say, for animals, living in
groupscontaining a male and several females,asby gorillas). Excluded by the assumption
of locality are clearly migration processes. In the framework of our general model, the
assumption of locality gives the following additional restrictions to the generators (2.4),
(2.5): ¯ j (ª) = 0 whenever j is not contained in the support of ª, and supp¹ ª belongs
to the subspacespannedby the vectors ej with j 2 suppª. This clearly implies that the
whole boundary of the corresponding processin R d

+ is gluing and Theorem 3 is valid giving
uniquenessand convergence.

4. Evolutionary games. A popular way of modelling the evolution of behavioral pat-
terns in populations is given by the replicator dynamics (see[We], [Ha] for an extensive
account of the theory), which is usually deduced by the following arguments. Suppose
a population consists of individuals with d di®erent types of behavior speci¯ed by their
strategiesin a symmetric two-player gamegiven by the matrix A whoseelements A ij des-
ignate the payo®sto a player with the strategy i whenever the playersapply the strategies
i and j . Suppose the number of individuals playing strategy i at time t is x i = x i (t)
with the whole size of the population being ¹ (x) =

P d
j =1 x j . If the payo® represents an

individual's ¯tness measuredas the number of o®springsper time unit, the average¯tness
A ij x j =¹ (x) of a player with the strategy i coincideswith the payo®of the pure strategy i
playing against the mixed strategy x=¹ (x) = f x1=¹ (x); :::; xd=¹ (x)g. Assuming addition-
ally that the background ¯tness and death rate of individuals (independent of outcomes
in the game) are given by someconstants B and C yields the following dynamics

_x i = (B ¡ C +
dX

j =1

A ij
x j

¹ (x)
)x i ; (4:4)

called the standard replicator dynamics (which is usually written in terms of the normal-
ized vector x=¹ (x)). A rigorous deduction of this system of equation in R d

+ from the
corresponding Markov chain on Zd

+ is given in [Bo].
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Having in mind the recent increasein the interest to stochastic versionsof replicator
dynamics (see [CS] and referencestherein), let us consider now a general model of this
kind and analyze the possiblestochastic processesthat may arise as continuous state (or
measure-valued) limits. Denoting by N j the number of individuals playing the strategy
j and by N =

P d
j =1 the whole size of the population, assuming that the outcome of a

gamebetweenplayers with strategies i and j is a probabilit y distribution A ij = f Am
ij g of

the number of o®springsm ¸ ¡ 1 of the players (
P 1

m = ¡ 1 = 1) and the intensity aij of the
reproduction per time unit (m = ¡ 1 meansthe death of the individual) yields the Markov
chain on Zd

+ with the generator

Gf (N ) =
dX

j =1

N j

1X

m = ¡ 1

(B m
j +

dX

k=1

aj k Am
j k

Nk

jN j
)( f (N + mej ) ¡ f (N )) (4:5)

(whereB m
j describethe background reproduction process),which is similar to the generator

of binary interaction G2 of form (1.1), but has an additional multiplier 1=jN j on the
intensity of binary interaction that implies that in the corresponding scaled version of
type (1.3) one has to put a simple common multiplier h instead of h j ª j . Apart from this
modi¯cation, the sameprocedureas for (1.1)-(1.3) applies leading to the limiting process
on R d

+ with the generator of type

¤ E G =
dX

j =1

x j (Áj +
dX

k=1

xk

¹ (x)
Áj k ); (4:6)

where all Áj and Áj k are the generatorsof one-dimensionalL¶evy processes,more precisely

Áj k f (x) = gj k
@2f
@x2

j
(x)+ ¯ j k

@f
@x j

(x)+
Z

(f (x+ yej )¡ f (x)¡ 1y· 1(y)
@f
@x j

(x)yj )º j k (dy); (4:7)

Áj f (x) = gj
@2f
@x2

j
(x) + ¯ j

@f
@x j

(x) +
Z

(f (x + yej ) ¡ f (x) ¡ 1y· 1(y)
@f
@x j

(x)y)º j (dy); (4:8)

where 1M denotesas usual the indicator function of the set M and all º j k , º j are Borel
measureson (0; 1 ) such that the function min(y; y2) is integrable with respect to these
measures,gj and gj k are non-negative. Let ~º j k (dy) = y2º j k (dy), ~º j (dy) = y2º j (dy) and
vj k = (hl )¡ 2~º j k ([lh; lh + 1)), vj = (hl )¡ 2~º j ([lh; lh + 1)). Then the corresponding approxi-
mation to (4.6) of type (4.5) after scaling can be written in the form

¤ h
E G f (N h) = h

dX

j =1

N j (Áh
j +

dX

k=1

Nk

¹ (N )
Áh

j k )f (N h); (4:9)

where ¹ (N ) =
P d

j =1 N j and Áh
j k f (N h) equals

1
h2 gj k (f (N h + hej ) + f (N h ¡ hej ) ¡ 2f (N h)) +

1
h

j¯ j k j(f (N h + hej sgn (¯ j k )) ¡ f (N h))
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+
X

l ¸ h ¡ !

[f (N h + lhej ) ¡ f (N h) + l(f (N h ¡ hej ) ¡ f (N h))]vj k (l ; h)

+
1X

l =1

[f (N h + (1 + lh)ej ) ¡ f (N h)]º j k ([1 + lh; 1 + lh + h)) ; (4:10)

and similarly Áh
j are de¯ned. The terms in (4.10) that approximate di®usion, drift and

integral part of (4.7) have di®erent scaling and have di®erent interpretation in terms of
population dynamics. Clearly the ¯rst term (approximation for di®usion) stands for a
gamethat can be called "death or birth" game,which describessomesort of ¯gh ting for
reproduction, whose outcome is that an individual either dies or produces an o®spring.
The secondterm (approximating drift) describes gamesfor death or for life depending
on the sign of ¯ j k . Other terms describe gamesfor a large number of o®springsand are
analoguesof usual branching but with game-theoretic interaction. The samearguments
as given for the proof of Theorem 1 and 3 yield the following result (observe only that all
particles are not revivable in this model, and no additional assumption of subcriticallit y is
required due to Theorem 1 from [Ko4], sincethe coe±cients grow at most linearly):

Prop osition 4.1 Supposeconditions (A1), (A2) hold for all measures º j k , º j . Then
for any x 2 R d

+ there existsa unique solution to the martingale problemfor ¤ E G under the
additional assumption that, for any j , if at some (random) time ¿ the j -th coordinate of
X t vanishes,then it remains zero for all future times almost surely. Moreover, the family
of Markov chains Z N h;h

t de¯ned by ¤ h
E G converges in distribution to this solution to the

martingale problemas h ! 0 and N h ! x.
If the limiting operator is chosento be deterministic (i.e. the di®usionand non-local

term vanish and only a drift term is left), we get the standard replicator dynamics (4.4).
Similarly one obtains the corresponding generalization to the caseof non-binary (k-

nary) evolutionary games(seee.g. [CS] for biological and social scienceexamplesof such
games), the corresponding limiting generator having the form

P d
j =1 x j ©j , where ©j are

polynomials of the frequenciesyj = x j =
P d

i =1 x i with coe±cients beingagain the generators
of one-dimensionalL¶evy processes.
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discussionson the subject of this paper.
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