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1. Intro duction .

This paper is the secondin the seriesof papersdewted to k-nary interacting particles
(see[Ko05],[Ko6]) and ideologically it is a developmert of [Ko5]. Howewver formally it does
not depend on [Ko5] that was dewoted to one-dimensionalprocesseswhere quite special
tools were available. On the corntrary, the main results of this paper dwells on the theory
developed in [Ko4].

Let 29 denotethe integer lattice in RY and let Z9 beits positive cone(which consists
of vectorswith non-negative coordinates). We equip Z9 with the usual partial order saying
that N - M i®M j N 2 Z¢. A state N = fnyg;:ngg 2 Z9 will designatea system
consisting of ny particles of the rst type, n, particles of the secondtype, etc. For such
a state we shall denote by supp(N) = fj : n; 6 Og the support of N (consideredas a
measureon f1;:::;dg). We shall say that N has a full support if supp(N) coincideswith
the whole setf 1;::;;dg. We shall write jNj for ny + i + ng.

For a locally compacttopological space,we denoteby B (X ) (resp. C(X)) the Banach
spaceof all measurablebounded functions (resp. contin uous and bounded) equipped with
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the usual sup-norm. By C¢(RY) (respectively C3(RY)) we shall denote the spaceof con-
tinuous functions with a compact support (respectively having s cortinuous derivatives).
We shall also use the standard notations of the theory of pseudo-di®eretial operators.
Namely, for a cortinuous function p : R?¢ 7! C we shall denote by p(x; i ir ) the (pseudo-
di®erertial) operator with the symbol p de ned as
Z
p(x; i ir Jux) = %7 2 & p(x; »a(») d»; u2 S(RY);
Rd

where 0(») = (2¥)i 972 Rei x> y(x) d» is the Fourier transform of u.

Roughly speaking, k-nary interaction meansthat any group of k particles (chosen
randomly from a given state N) are allowed to have an act of interaction with the e®ect
that some of these particles (may be all or none of them) may die producing a random
number of o®springsof di®erert types. More precisely ead sort of k-nary interaction is
speci ed by

(i) avectora = fA;;::Aqg 2 Z¢, which we shall call the proTe of the interaction,
with j2 j = A+ ::Aq = k, sothat this sort of interaction is allowed to occur only if N | 2
(i.e. Aj denotesthe number of particles of typej which take part in this act of interaction);

(i) afamily of non-negative numbersg: (M) for M 2 Z9, M 6 0, vanishing wheneer
M , i@ doesnot hold.

The generator of a Markov process(with the state spaceZ¢) describingk-nary inter-
acting particles of typesf 1;:::; dg is then an operator on B(Z¢) dened as

X < - X
(Gkf)(N) = ChimCre g (M)(F(N+ M) F(N)); (1)
&N =k M

where CX denote the usual binomial coexcients. Notice that ead ij" in (1.1) appears
from the possibility to chooserandomly (with the uniform distribution) a AJ- particles
of type j from a given group of n; particles. Consequetly, the generator ‘kK:(‘) Gk of k
-nary interactions with pro les not exceedinga given pro le K can be written as
X - . X
(G f)(N) = CpiiChe G (M)(E(N +M)j f(N)); (1:2)
a. K M2zd

where we used the usual corvertion that CK = 0 for k > n. The term with 2 = 0
corresponds to the external input of particles.

The aim of the paper is to show that the measure-alued limits (which in the presert
“nite-dimensional framework meansjust the cortin uous state limits) of the Markov chains
with generators (1.2) are given by Markov processeson R¢ having pseudo-di®eretial
generatorswith polynomially growing symbols. and to usethis limiting procedurein order
to prove the existenceand non-explosionof sudh Markov processeon RY .

To this end, we shall consider instead of Markov chains on Z¢ the corresponding
scaledMarkov chains on hZ¢ , h being a positive parameter, with generatorsof type

X . . X
(GRf)(hN) = h*ichicpe ¢ (M)F(Nh+ Mh)i f(Nh)); (1:3)
a. K M2zd
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which clearly can be consideredas the restriction on B(hzZ¢) of an operator on B(RY)
(which we shall again denote by G} with someabuseof notations) de ned as

X X
(GRF)(X) = Cd(x) & (M)(f(x+ Mh)j f(x)); (1:4)

2. K M2zd

where we introduced a function C!" on R¢ dened as

xa(ai h):(xai (Avi Dh). xa(xai h):(xai (Agi 1)h)

h —
G (%) Ayl Ayl

in casex; , (Aj i 1)h for all j and Cf'(x) vanishesotherwise.

As i
fim Ce (x) = % _ Yo
hoo VST A T A

=1

one can expect that (with an appropriate choice of g (M), possibly depending on h )
the operators G will tend to the generator of a stochastic processon R¢ which has the
form of a polynomial in x with "coezcients" being generatorsof spatially homogeneous
processeswith i.i.d. incremerts (i.e. L§vy processespn RY, which are given therefore by
the L®vy-Khintchine formula with the L®vy measureshaving support in RY .

The paper is organized as follows. In Section 2 we formulate our main results: The-
orems1 -3. Theorems2 and 3 are obtained as consequence®f more generalresults from
[Ko4] (obtained by deweloping someideasfrom [Kol]-[Ko3] and [Ho]), and Theorem 1 is
proved in Section 3. Section 4 is dewted to someexamplesof the processeswith k-nary
interaction taken from various domains of natural science.

Let us stressfor conclusionthat this paper describesa R 9 -valued limit of a re-scaled
number of particles under k-nary interaction. As R¢ is the spaceof measureson a nite
set f1;:::;dg, we have got a measure-@alued limit of the Markov chain initially de ned
on Z%. By another usual point of view on this limit (seeany book on superprocesses,
e.g. [Et]), one considerspoints on Z¢ asinteger -valued measureson f 1;:::; dg (empirical
measures)and the limit Nh! x, h! 0, describesthe limit of empirical measuresas the
number of particles tend to in nit y but the "mass" of ead particle is re-scaledin suc
a way that the whole masstend to x. The nite-dimensionality of the limit is due of
courseto the fact that we have consideredonly a nite number of types of particles. In
the next papers of this series(see[Ko06]), we shall considerthe bona de (in nite dimen-
sional) measure-alued processeswhich arise as the limits for general systemsof k-nary
interacting particles (which may be characterisedby various discrete or contin uous param-
etereslike position in space,mass,or genotype for biological models, etc) and which can
be described by generatorsthat have the form of polynomials with coezxcients given by
L®vy-Khintchine formula or its in nite-dimensional analogues.(the caseof linear polyno-
mials correspondsto superprocesses).More precisely if all jumps are scaleduniformly one
obtains a deterministic limit described by a generalkinetic equation (derived formally in
[BK] deweloping someideas from [Be]) that includes as particular casesthe well known
equations of Vlasov, Boltzman, Smoludcovskii and others. If one acceleratesome short
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range interactions (say, with jMj = 1in (1.3)), one gets a secondorder parabolic operator
aspart of a limiting generator, and if one slows down the long range interactions (large M
in (1.3)), one gets non-local (L §vy-type) terms.

2. Results .

By Zi(Gk ) (respectively Z;(G} ) we shall denote the minimal Markov chain on Z¢
(respectively on hZ¢) specied by the generator of type (1.2) (respectively (1.3)). For a
given L 2 Z9, we shall say that Z{(Gk ) and the generators G , G} are L-sulzritic al
(respectively L-critic al) if X

¢ (M)(L;M) - 0 (2:1)
M 60

forall2 - K (respectively, if the equality holds in (2.1)),F3Nhere(L; M) denotesthe usual
scalarproduct in RY. Putting for corvenienceg: (0) = i g0 % (M), we concludefrom

(2.1) that the Q-matrix QK of the chain Z{(Gk ) de ned as

X B B
Qs = ChiuCrdge (Ji N) (2:2)
a. K

satis es the condition P 3 QR;(L;J i N)- Oforall N = fnyg;;ngg.

Prop osition 2.1. If Gk is L-suleritical with someL having full supprt, then (i)
Z{(Gk ) is a unique Markov chain with the Q-matrix (2.2), (ii) Z{(Gk ) is a regular jump
process (i.e. it is non-explosive), (iii) (L; Z{(Gk)) is a non-negative supermartingale,
which is a martingale i® Gy is L-critic al.

Proof. This is a direct consequenceof (2.1),(2.2) and the standard theory of corti-
nuous-time Markov chains. For example,statemert (iii) follows either from Dynkin formula
(seee.g. [Br]) or from the Feller backward integral recursion formula (seee.g. [An]) for
Zi(Gk ).

Let us describe now precisely the generators of limiting processeson R¢ and the
approximating chainsin Z¢. Supposethat to each 2 - K there correspnd

() a non-negative symmetric d £ d-matrix G(# = G; (¥ sud that G;j (®) = 0
whenewer i or j doesnot belongto supp(®),

(i) vectors™ (8 2 RY,°(® 2 RY sud that °;(® = 0whenewerj 2 supp(®),

(i) Radon measures®. and = on fjyj - 1g ¥» RY and on R¢ nf0Og respectively
(L®vy measures)sud that

Z Z

220 () < 1  jujta () < 1; *(fOg)=°(f0g) = 0 (2:3)

and supp®. belongsto the subspacdn R ¢ spannedby the unit vectorse with j 2 supp(?).
These objects de ne an operator in C(RY) by the formula

X X .
(e f)X) =i ar P Gr); (2:4)

a. K



where

| @ X _ @ “
PG =IO G+ (IO ) gt ()i 1003 100y° (@)
j=1
Z
b (FxHy) i F0)ts (dy) (2:5)

is the pseudo-di®eretal operator with the symbol j p= (»), where

pa (» = (»G®) » i i( i °;»

Z Z
L @ riyn)ea(dy) + (L) €)ta (dy) (2:6)
and where as usual .
a @ = . f(a @f .
tr (G( ) @Z)f = - GI] ( ) @i@j .

Operator (2.5) is known to represen the generator of a LEvy processin RY, or a
processwith i.i.d. (independert identically distributed) incremerts. Henceone can sa
that operators (2.4) are polynomials in x with "coezcients" being the generatorsof L§vy
processes.

Remark Conditionsin (i) and (iii) concerningthe supp(®) meansimply that a particle
of typei cannot kill a particle of typej without an interaction. Condition (iii) highlights
the fact that in the framework of interacting particles, it is natural to write the generators
of a L®vy processin form (2.5) with two measures® and ! (the rst one having bounded
support but in nite rst momert), becauseonly ° is subject to an additional condition on
its support.

We shall say that operator (2.5) is L -suleritic al (respectively L -critical) foranL 2 29,
if 7

CE i °@ +  ya(dyiL)- 0 (2:7)

for all @ (respectively, if the equality holdsin (2.7)).
Next, let ¢ (2 ; G) be a nite-di®erence operator of the form

X
@nE 0N = O F(x+ he) + £ (x i he) i 2 ()
i2supp (%)
1 X £
+ﬁ iy @( f(x+ he + hg)+ f(xi he i he)i 2f(x))
i6]:ij 2supp (®)
+h ®)( f(x+he i hg)+f(xi he+ he)ij 2f (x))n (2:8)
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with someconstarts ! ;! ;&; (where g arethe vectorsof the standard basisin RY) that
approximate tr (G(%) %) in the sensethat

ktr (G(®) %); ¢ h(@ ;G))f k= O(h)kf °R: (2:9)

for f 2 C3(RY). If f 2 C*RY), then the L.Lh.s. of (2.9) can be better estimated by
O(h?)kf @ k.

Remark. Sud ¢ (@ ; G) is surely not unique, but its existenceis clear, becausg2.8) is
just a standard nite di®erenceapproximation of the secondorder operator tr (G(?) %).
Moreover, other nite di®erenceapproximations to tr (G(®) %) could be used.

Putting B, = fx2 RY : 0- Xj < h8jg and choosing an arbitrary ! 2 (0;1) we can
now de ne an operator of type (1.4) as

X
af} = Ch (x)

a. K
with
(FAF)(x) = (€@ ;G)f)(x)
X
+% (i®(f(x+he)i f(x)+°®( F(xi he)i f(x))
]
X X
+ (f(x+Mh)j f(x)+  M(f(xi he)i f(x))v(M;h)
MZMJ', hi!8j i
X
+ (f(x+ Mh)j f(x))*a (Bh + Mh); (2:10)
M:Mj, hi! 8]
where

VIMiR) = (Bt M) o) = Y70 (dy)

Prop osition 2.2. Operator (2.10) is L-sukeritic al, if and only if

X
C® j°® + Mta(Bp+Mh)L)- O
M

In particular, if @x is L-sukcritical or critical, then the same holds for its approximation

h
QK'

Proof. It follows from a simple obsenation that operator (2.8) and the operator given
by the sum in (2.10) that dependson the measure® are always L -critical for any L, i.e.
they are g -critical for all j.

Let ZX" denote the minimal (cpdlpg) Markov chain in x + hz¢ % RY with the
generatoraf .



We shall denote by Dga [0;1 ) (respectively DR [0;1)) the spaceof cadlg sample
paths [0;1 ) 7! RY (respectively [0;1 ) 7! Dga[0;1 )) equipped with the canonical I-
tration Fy = ¥Xs :s - t), and by X{(!) = I(t), ' 2 Dga[0;1 ), the corresponding
canonical projections. We shall say that a probability measuréPX on Dga[0;1 ) (respec-
tively Dra [0; 1)) is a solution to the martingale problemwith samplepatﬁs in Dgo [0;1)
(respectively in Dga [0;1)) and with the initial position x 2 RY, if Xg = x Px almost
surely and for any function A2 C* (R9)\ C¢(RY) the process

Z t
AXt) i AX) i LA(Xs)ds (2:11)
0

is a F¢-martingale with respect to Py. We say that the martingale problem is well-posed
if for any x 2 RY, a solution exists and is unique. Our rst result is the following.

Theorem 1. Suppsec of form (2.4), (2.5) is L-sukeritical with some L having
full support.

(i) There exists a solution to the martingale problemfor af} from (2.7) with sample
paths Dgs [0;1 ) for any x 2 R{.

(i) The family of processesZthN " h2 (0;1], N = x=h, with any givenx 2 R¢ is

tight and it contains a subsguene that converges(in the senseof distribution) ash! 0
to a solution of the martingale problemfor @y .

Part (i) is a consequencef (ii), and part (ii) is provedin Section 3.

Surely this result is not quite satisfactory, becauseit doesnot include the uniqueness
of the limiting point for ™ . And without uniquenessone even can not be surethat the
solution to the martingale problem de nes a Markov process.The uniquenessof a solution
to a martingale problem is known to be usually much harder to get than the existence. In
casewithout interaction (jKj = 1 in our setting), i.e. for superprocessesthe uniqueness
is usually obtained via duality, which seemsto be not available in general case. We shall
get the uniquenessunder someadditional assumptionsusing results from [Ko4].

First we shall needsomeassumptionson the measurest and °. Let

X
Po(») = P (»):

a. K

We shall supposethat there exists ¢ > 0 and constarts ® > 0, - < ®& sud that for
eath 2 )

(A1) jlmpa. (» + Imp: (»)j - cipo(»)i, B

(A2) Rep: (» , c jpro, (»j® and j(pz )A»)j - djpre. (»)j *, where pro, is the
orthogonal projection on the minimal subspacecontaining the support of the measure®a .

Remarks. Theseconditions are not very restrictige. It allows, in particular, any stable
L§vy measuregwhatever degenerate). Moreover, if  j»* * % (d») < 1 , then the second
condition in (A2) holds, becauseje™ | 1j - ¢xyj forany — - 1 and somec > 0. In
particular, the secondinequality in (A2) always holds with = = 1. Hence,in order that
(A2) holdsit is enoughto have the rst inequality in (A2) with ® > 1.
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Let us say that atypej of particles is immortal, if for any solution of the martingale
problem for = , the j -th co-ordinate of the processX* will be positive for all times almost
surely whene\er the j -th co-ordinate of x was positive. In other words this meansthat the
boundary LlJ,- = fx 2 RY: Xj = 0g is inaccessible.Various criteria for immortalit y can be
found in Appendix 3 of [Ko4], for instance, gg a simple sutcient condition one canassume
that A; | 2 whenewer either G;;(®) 6 0or (x;)?°a (dx) 6 O.

Now we can formulate our rst result on uniqueness.

Theorem 2. (i) Under conditions of Theorem 1 and conditions (Al), (A2), supmse

that all types of particles are immortal. Then the martingale problem for @ is well-
poseal and has samplepathsin Dgra [0;1 ) (i.e. the boundary is almost surely inaccessible).
Hence this solution de nes a strong Markov processin R¢, which is a limit (in the sense
of distributions) of the Markov chains ZtN hh ash! Owith Nh tﬁnding to a constant.
N (i) If additionally Aj ., 2 whengvereither G;;(*) 6 0 or (Xj)?°a (dx) 6 0O, and
A; ., 1 whenevereither ;(® 6 Oor xj'a (dx) 8 0, the semigioup of the correspnding
Markov process preservesthe space of bounded continuous functions on R¢ vanishing on
the boundary. If, moreover, jKj - 2 (i.e. only binary interactions are allowed) and for
JKj = 2 the drift term and the integral term depending on *= vanish, the correspnding
semigoup is Feller, i.e. it preservesthe space of continuous functions on R ¢ that tend to
zer when the argument approacheseither the boundary or in nity.

Proof. This is a consequencef a more general Theorem 9 from [Ko4].

Our secondresult on uniquenesswill be more general. Let us say that a typej of
particles is not revivableif ;(]) = 0 whenewer j is not cortained in the support of 2,
and supp= belongsto the subspacespannedby the vectorse with j 2 supp? In more
generalterminology from [Ko4] this meansthat the boundary hyperspacelle = fx 2 RY:
Xj = 0g is gluing. The meaning of the term revivable is revealedin the following result.

Theorem 3. Under conditions of Theorem 1 and conditions (Al), (A2), suppsethat
all types of particles are either immortal or are not revivable. Then for any x 2 RY there
existsa unique solution to the martingale problemfor @ under the additional assumption
that, for any j, if at some (random) time ¢ the j-th coordinate of X; vanishes,then it
remains zero for all future times almost surely (i.e. once dead, the particles of type j are
never revived). Moreover, the family of Markov chains ZtN hih convergesin distribution to
this solution to the martingale problem.

Proof. The uniquenessfollow from more generalTheorem 10 from [Ko4]. Application
of Theorem 1 completesthe proof, sinceZtN hih convergesto the solution of the martingale
problem with the additional property indicated, becauseall Z} ™" have this property.

Remark. Various criteria for the semigroupof the processfrom Theorem 3 to be Feller

can be found in [Ko4].
3. Pro of of Theorem 1.

Step 1. The family of prooessesZtN h h2 (0;1], Nh = x is tight.
Proof. First we obsene that the compact containment condition holds, i.e. for every
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2> 0and ewery T > 0 there exists a compactsetj .t %2 RY sud that
irn1fsztNh?h 2.7 8t2[0:Tlg, 1 2

uniformly for all starting points x from any compact subsetof RY . In fact, the compact

containment condition for (L; ZtN h;h) follows directly from maximal inequalities for posi-
tive supermartingales and Proposition 2.1. It implies the compact containment condition
for X, becauselL is assumedto have full support. The tightnesscan now be deducedby
two standard methods. First, asthe Dynkin formula for f(ZtN Py with any f 2 S(RY)
gives explicit expressionsfor predictable projection and the quadratic variation of super-
martingale f (ZtN hih ), the tightnessfollows from Aldous-Rebolledo criterion in the precisely
the samemanner asin e.g. [Et] for the caseof superprocesses.Secondly even simpler, one
deducesit directly from Remark 5.2 from Chapter 4 of [EK] and the Step 2 (seebelow).

Step 2. Operators al} approximate o on C3(R¢)\ C.(RY), i.e. for an arbitrary f
from this space

k(ag i ok )fk= o(1) sup(l + JXJjKj)jyjfjlef_( L Wi+ if Xy)i + it “Byi; (3:1)
5 1

with o(1) ash ! 0 not depending on f (but only on the family of measures?®a ;% , see
(3.2), (3.4) below for a precise degendene of o(1) on h).
Proof. Estimate (2.9) shows that the di®usionpart of @k is approximated by

C(x)¢ h(® ;G)

in the senserequired. It is obvious that the drift part of , x is approximated by the sumin
(2.10) dependingon  and °. Let us prove that the integral part of j pa (j ir ) depending
on °a is approximated by the corresponding sum from (2.10) (similar fact for the integral
part dependingon® is simpler and is omitted).

Since
1
(F(<i he)i f(x) =i hf%x)+ Sh* %xi pg); u2[0;h];
and
X xd X xd

Mjh?v(M;h) - 2 M;h2(Bh+ M h)
M:Mj, hi! j=1 M:Mj, hi!j=1

x 2 z

- 2h yi°(dy) - 2h'  y?o(dy);

j=1 Yii, hiit o8]
the sumin (2.10) depending on © can be written in the form
Z
X

(fF(x+ Mh)i f(x)i h(f%x);M)v(M;h)+ O(h') sup jfRy)j y*°(dy)
M:Mj, hi' jyij xji h



and hencethe di®erencebetweenthis sum and the corresponding integral from (2.5) has
the form
(F(x+Mh)i f(x)i h(f9x);M))v(M;h)

M:M;, hi'
Z
i o (fxEy) i F(X) i f Ax)y)° (dy))
yyj, hi' 8j
Z hli ! Z !
v sup jf Wi 0@ . y?(dy) + O(h') y®°(dy) : (3:2)
JYL) XJi

To estimate the di®erencebetweenthe sum and the integral here, we shall usethe following
simple generalestimate

X z z
i oM Mh+Bn)i  g)Mdx)j - hkg®x)k (dx); (3:3)
M

which is valid for any continuously di®ereriable function g in the cube B;. Estimating
the di®erencebetweenthe sum and the integral in (3.2) by meansof (3.3) with g(y) =
yi2(f (x+y)i f(x)i fAX)y) (that clearly satis es the estimate kg% - supy;; ; if “0y)j)
yields for this di®erencethe estimate

Z

“sup jf %y)jo(h)  y*°(dy): (3:4)
INANERS|

Clearly (3.1) follows from (3.2), (3.4) and the obsenation that C'(x) = O(1 + jxji¥}).

Step 3. End of the proof. As the coexcients of ax grow at most polynomially as
x ! 1, similarly to (3.1) one shows that =} approximate @k on the Schwarz space
S(RY), i.e. for an arbitrary f 2 S(RY) the estimatek(n j @y )fk= o(l) ash! 0 holds
uniformly for all f from the ball sup, (1+ jxj)IX1*#jf x)j < R with any R. SinceS(RY) is
an algebrathat separatespoints and vanishesnowhere, one usesRemark 5.2 from Chapter
4 of [EK] to completethe proof of tightnessfrom Step 1 and Lemma 5.1 from Chapter 4 of
[EK] to concludethat the limit of a converging subsequenceof the family ZtN h satisTes
the martingale problem for o .

4. Examples .

We discusshere shortly someexamplesof k-nary interactions from statistical mecan-
ics and population biology giving somepreferenceto the models, where Theorems2 or 3
are applicable. For general badkground on interacting particles we refer to monographs
[Ch] or [Sp].

1. Branching processesand nite-dimensional superprocesses. Branching without
interaction in our model corresponds clearly to the caseswith K = 1 and hencerepreserts
the simplest possible example. In this casethe limiting processesn RY have pseudo-
di®ererial generators with symbols p(x; ») depending linearly on the position x. The
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corresponding processesre called ( nite-dimensional) superprocessesnd are well studied,
seee.g. [Dy] or [Et].

2. Coagulation-fragmentation and generl mass preserving interactions. These are
natural models for the applications of our results in statistical medanics. We do not
discussthem here, becausethe next issueof this series(see[Ko6]) dealswith thesemodels
in detail and already for in nite-dimensional measure-alued limits. Notice only that in
the presert nite-dimensional situation we get here always an inaccessibleboundary so
that Theorem 2 applies.

3. Local interactions (birth and death processes) Generalizing the notion of local
branching widely usedin the theory of superprocessegseee.g. [Dy], [Et]), let us say that
the interaction of particles of d typesis local, if a group of particles speci ed by a pro le @
can produce particles only of typej 2 supp? Processesubject to this restriction include
a variety of the so called birth and death processedrom the theory of multidimensional
population processegsee,e.g. [An] and referencegherein) suc ascompetition processes,
predator-prey processes,general stochastic epidemics and their natural generalizations
(seemingly not much studied yet) that take into accourt the possibility of birth from
groups of not only two (male, female) but also more species(say, for animals, living in
groups cortaining a male and seweral females,as by gorillas). Excluded by the assumption
of locality are clearly migration processes.In the framework of our general model, the
assumption of locality givesthe following additional restrictions to the generators(2.4),
(2.5): j(® = Owhenewer j is not contained in the support of 2, and supp!= belongs
to the subspacespannedby the vectorse with j 2 supp?. This clearly implies that the
whole boundary of the correspnding processin R¢ is gluing and Theorem 3 is valid giving
uniguenessand cornvergence.

4. Evolutionary games. A popular way of modelling the ewlution of behavioral pat-
terns in populations is given by the replicator dynamics (see[We], [Ha] for an extensive
accourt of the theory), which is usually deducedby the following argumens. Suppose
a population consistsof individuals with d di®erert types of behavior speci ed by their
strategiesin a symmetric two-player gamegiven by the matrix A whoseelemerts A;; des-
ignate the payo®sto a player with the strategy i wheneer the players apply the strategies
i and j. Supposethe number of individuals pIaying, strategy i at time t is x; = X;(t)
with the whole size of the population being * (x) = jd=1 Xj. If the payo®represers an
individual's tness measuredasthe number of o®springsper time unit, the average tness
Aj xj =t (x) of a player with the strategy i coincideswith the payo®of the pure strategy i
playing against the mixed strategy x=* (x) = fx;=*(X);:::; Xg=*(x)g. Assuming addition-
ally that the badkground tness and death rate of individuals (independert of outcomes
in the game) are given by someconstarts B and C yields the following dynamics

)SL—( | . ij @)Xl, ()

called the standard replicator dynamics (which is usually written in terms of the normal-
ized vector x=t (x)). A rigorous deduction of this system of equation in R¢ from the
corresponding Markov chain on Z¢ is given in [Bo].
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Having in mind the recert increasein the interest to stochastic versionsof replicator
dynamics (see[CS] and referencestherein), let us consider now a general model of this
kind and analyze the possible stochastic processeshat may arise as continuous state (or

measure-\alued})Iimits. Denoting by N; the number of individuals playing the strategy

j and by N = ;’:1 the whole size of the population, assumingthat the outcome of a

game betweenplayers with strategiesi and | is %,probability distribution Aj; = fAj'g of
the number of o®springsm , i 1 of the players( _. ; = 1) and the intensity a; of the
reproduction per time unit (m = j 1 meansthe death of the individual) yields the Markov
chain on Z¢ with the generator

xd R xd N,
Gf(N) = N; (B" + ajkAjmkjl\l—j)(f (N + me)i f(N)) (4:5)
j=1  m=i1 k=1

(whereB;™ describethe badkground reproduction process)which is similar to the generator
of binary interaction G, of form (1.1), but has an additional multiplier 1=jNj on the
intensity of binary interaction that implies that in the corresponding scaled version of
type (1.3) one hasto put a simple common multiplier h instead of hi* I, Apart from this
modi cation, the sameprocedureas for (1.1)-(1.3) applies leading to the limiting process
on RY with the generator of type

X
e = X (At
LA T

Ak); (4:6)

whereall A and Ay are the generatorsof one-dimensionalL$vy processesmore precisely

Z
AT (0= 9 S0+ a0+ (1 (+¥8)i F(01 L 100) (0% )Pyu(d); (&)
J
. af _ @ z _ _ @ "
ATOO= 8 o500+ a0+ (F0x+y8)i 1001 1y 10) g (0Y)° (dy); @9
J ) J

where 1y denotesas usual the indicator function of the setM and all °;, °; are Borel
measureson (0;1 ) sud that the function min(y;y?) is integrable with respect to these
measures,g; and gjx are non-negative. Let % (dy) = y?°;y(dy), % (dy) = y2°;(dy) and
Vik = (hl)i 2% ([Ih;Ih + 1)), v; = (hl)i 29 ([Ih;Ih + 1)). Then the corresponding approxi-
mation to (4.6) of type (4.5) after scaling can be written in the form

abf (N =h (e
EG - JA‘I kzll(N)

AOF (Nh); (4:9)
wheret (N) = P jd:1 N; and A"\ f (N h) equals
h—lzgjk(f (Nh+ he)+f(Nhij he)j 2f (Nh)) + %J_j KI(F (Nh+ he sgn(Tjk)) i f(Nh))
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+ [f (Nh+lhe)i f(Nh)+I1(f(Nhj he)i f(Nh)IV(;h)

X
+  [F(Nh+ (1+1h)g)i F(Nh)°([1+ Ih;1+ Ih+ h)); (4:10)
=1

and similarly A‘-h are de ned. The terms in (4.10) that approximate di®usion, drift and
integral part of (4.7) have di®erert scaling and have di®eren interpretation in terms of
population dynamics. Clearly the rst term (approximation for di®usion) stands for a
gamethat can be called "death or birth" game, which describes somesort of ghting for
reproduction, whose outcome is that an individual either dies or producesan o®spring.
The secondterm (approximating drift) describes gamesfor death or for life depending
on the sign of . Other terms describe gamesfor a large number of o®springsand are
analoguesof usual branching but with game-theoretic interaction. The sameargumerts
as given for the proof of Theorem 1 and 3 yield the following result (obsere only that all
particles are not revivable in this model, and no additional assumption of subcriticallit y is
required due to Theorem 1 from [Ko4], sincethe coexcients grow at most linearly):

Prop osition 4.1 Suppse conditions (A1), (A2) hold for all measures®jy, °;. Then
for any x 2 RY there existsa unique solution to the martingale problemfor @ ¢ under the
additional assumptionthat, for any j, if at some(random) time ¢, the j -th coordinate of
Xt vanishes,then it remains zer for all future times almost surely. Moreover, the family
of Markov chains '™ dened by afl . convergesin distribution to this solution to the
martingale problemash! OandNh! x.

If the limiting operator is chosento be deterministic (i.e. the di®usionand non-local
term vanish and only a drift term is left), we get the standard replicator dynamics (4.4).

Similarly one obtains the corresponding generalization to the caseof non-binary (k-
nary) ewlutionary games(seee.g. [CS] for biological and sociabscienceexamplesof suc

games), the corresponding limiting ger|13erator having the form f'zl Xj ©;, where ©; are

polynomials of the frequenciesy; = x; = id:1 X; with coexcients beingagainthe generators
of one-dimensionalL$§vy processes.

Ac knowledgmen ts. | am thankful to V. Belavkin, J. Norris and J. Webb for useful
discussionson the subject of this paper.
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