VOLUME 80, NUMBER 24 PHYSICAL REVIEW LETTERS 15uNE 1998
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We have found an analytic expression for the multivariate generating function governingaitht
statistics of random multiplicative cascade processes. The variable appropriate for this generating
function is the logarithm of the energy density elnrather thare itself. All cumulant statistics become
sums over derivatives of “branching generating functions” which are Laplace transforms of the splitting
functions and completely determine the cascade process. We show that the branching generating
function is a generalization of the multifractal mass exponents. Two simple models from fully
developed turbulence illustrate the new formalism. [S0031-9007(98)06366-2]

PACS numbers: 47.27.Eq, 02.50.Sk, 05.40.+], 47.53.+n

Multifractals have become a popular tool especiallynary cascade processes, we first need to find the appropri-
in fully developed turbulence to analyze the intermittentate variables and to introduce a convenient labeling. The
fluctuations occurring in the energy dissipation field [1,2].cascade prescription is as follows: a given initial inter-
They have also been applied to characterize the phasal of length 1 and unit energy density successively splits
space structure of strange attractors in chaotic dynamicahto 2, 4, 8, ..., subintervals (“bins”). For the latter, we
systems [3], diffusion limited aggregation [4], high- employ a binary labeling: aftef cascade steps (interval
energetic multiparticle dynamics [5], geophysics, and selfsplittings), a specific subinterval is characterized by the
organized criticality [6], to name just a few. sequence  k; - - - k; with eachk; being either 0 or 1. The

Among the simplest examples of multifractal processedin with the label00---0 is the leftmost one, whereas
are random multiplicative cascade processes in generttie labelll ---1 belongs to the bin on the far right. The
and the mUltiplicative binomial process [7,8] in partiCU' energy densityel((ljlk/ be|0nging to ajth generation bin

lar. Both the multifractal approach and large deviationjs redistributed nonuniformly onto the two intervals of
theory analyze these processes in terms of one-point stg- j+1) G+ () (j+D)

Y
tistics. However, because different cascade processes Iik%},?ﬂ)exfgenerat'omkl~~~k/o Gk 06k, andeg,..x;1
for example, thep model [8] and thex model [9] are in- k-1 €Kik, The two multipliersgy,..i,0 andqy,..x,1 are
distinguishable in this framework, such one-point statisticglrawn from a probability density (¢, .+,0, gx,--x,1) which
appear to be too restrictive. In order to discriminate amongve call the splitting function.
these and other suggested models, a generalization of theAfter J cascade steps, the energy density belonging to
multifractal approach ta-point statistics is thus called for. bin (kik2 --- k;) is given by the product of multipliers over
The analytic multivariate generating function presented irfll previous generations
this Letter is, we believe, the appropriate generalization. ) 1 )

Two-point statistics of random multiplicative cascade €k, = ko ik ™" Dbk - (1)
processes were previously discussed in Refs. [10,11]. A
approach to cal_culate the—_pomt statistics or, In othpr_ becomes, of course, additive; this observation is crucial
words, the spatial correlations to arbltrary order, Wlthlnfor the subsequent derivation.
these models has been presented in Refs. [12,13]: there,The structure of a specific random multiplicative

:P%mwt'va”?:et?e?eéaﬁn? I;\J/n?t'?rn rc:1f thﬁ Splfvealrgor\ze:a:cascade model is completely determined by the splitting
ons was constructed iteratively from a backward e Ou[unction p(go,q1) which determines the distribu-

tion equation, leading to a recursive derivation of spatial. - ;
correlations. While in the latter apprqach3 models like the;g:) %2;2%%% d(;gl[g?mienz(;h tﬁglItmulgsgﬁaqiéqoégt?stics
p ar)d a model become clea_lrly _dlstlngwsha_ble, the " 0of a given cascade. The joint probability density
cursive structure of the multivariate generating function_ %) ) . .
appears from a mathematical perspective to be less thaHn 60"'00""’|(r})61'“11) to find at the same time the
elegant: an analytic solution is much more desirable. Théogarithm of €y..q0 in the bin with label(0- - -00), the
realization of this goal is the subject of this Letter. value Ine((){?m in bin (0---01), ..., and Inef,?“ in bin

In order to derive the analytic expression for the mul-(1---11) can therefore be expressed fully in terms of the
tivariate generating function of random multiplicative bi- splitting functions at each branching:

Bor the logarithm of the energy density this relation
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J 1 1 J
~ () ) )] )] 0] )] ) ()
p(ln €0.0s - v+ » In 61,‘,1) = f|: | | | | d(’Ikl---k‘,»,IO d(]kli..kﬁll p(qk]...kjflo, L]kli..kjll):| |: | | 5('” €kyky — Z In qkl...kj>j| .
1 k1 j=1

kj—1=0 kj=0

(2)

This probability density can be converted into a multivariate generating function for cumulants.in With the
definition

1
) () () )
K[/\()...(), L AL = |n<eXp< Z /‘k]wk, In ek|~~~k1>>

ST
k=0
1 ) () () 1 ) )
= |n|:f(l_[ d(ln lei..kj)>]3(|n €0..0>---»IN 61.‘.1)eX Z kiky In le...k_,)j|, (3)
- o
we find, after defining
1
() )
/\kl---k‘,' = Z /\kl...kjkjﬂ..ik_, ) (4)
Kjt 1k =0
rearranging the terms in the exponent of (3), namely,
J J
) () () () () () () ()
Z Akyk, IN €Lk, = Z )lkj]mk, In ij,wkj = Z Z(/\k]1~~~k,,10|n f]k11~~~k,,10 + )\kj,wk‘,»,,l In ij,wkj,,l), (5)
ki J=1kypk; =1
-1
|
and inserting (2) into (3), that th#&/ -fold integral factor- Cryerie; = (IN €, IN €4, IN €4 )
izes, so that
;o = (IN €k, IN €4, IN €,)
() ) () ()
K[Aggs-- s A1) = AZ ki 05 AR ,
[ 0--0 1 1] j; ‘Z Q[ ky-kj10> 2y kjfll] - ;ﬂ(ln €x, In €K2><In 6K3>
(6) :
+ 2(IN €4, ) {IN €4,) (IN €4, . (12)
where

These and higher-order cumulants can be found through
_ Aol go+ A, Ing appropriate derivatives of the BGF using (6). If, for
Lo, M1] = In{f dgo dqi p(qo. q)e™ " } (") example, the same BGF is used for all branchings, and

the splitting function is symmetri ,q1) = , q40)s
is the “branching generating function” (BGF) for cumu- {1 tvSo-po?nt cumulant iZ (a0 q1) = pla1.90)

lants, which governs the behavior of the entire cascade. 7 )
Equations (6) and (7) represent the long-sought analyti(‘CK o = (Z Sp i e O k/> 970[ Ao, A1]
j=1 j

expression for multiplicative cascades: because the multi- ING A=0

variate cumulant generating functidf is the sum of all 5

branching generating function®, one for every branch- + (1= 8pp - 8ip) 970[ A0, 1] (12)

ing, each BGF can be solved separately and analytically. o B2/ VY VU N
Multivariate cumulants likewise become sums overgg, the p model with a splitting functionp(qo, 1) =

cumulants of the individual branching points. Using the1

L : : =2 3l6(qo — (1 + @) + 8(q0 — (1 — @))]é(q0 + q1 —
notations = (kl"'.kf) in the subscripts, the multivariate 2), the second-order cumulant correlation density is
cumulant of order is found through

shown in Fig. 1.

_ 9" K[AV)] Moments of theJ-generation cascade are found di-
Creroen = ) WY W (8 rectly from the moment generating functigf{A")] =
, o "oA=o exp(K[AY)]). From Eq. (6), it is obvious thaZ factor-
The first three multivariate cumulants are izes into moment generating functions of the individual
Cry = (IN€)e = (Ne€x,) . (9) branchings.

We should point out the scope and limitations of the
solution (6). Clearly, the generating function in terms of
In € is applicable to any functional form of the splitting
= (IN€x, IN€y,) — (IN€x,)(IN€,), (10)  function or BGF. It does not depend on the number of

Cryiey = (IN€x, IN€4,)c

5334



VOLUME 80, NUMBER 24 PHYSICAL REVIEW LETTERS 15uNE 1998

branches either: trivariate or even higher variate splittingsuggests that the splitting variables are, in fact, not
functions can be implemented. Because of the additivetatistically independent; see also Ref. [16]. The effects
nature of the BGF’s, the splitting functions can differ of this deviation from statistical independence on the
from generation to generation and even from branch t@resent formalism, and to what extent it matters, remain
branch. The only (and important) precondition for theto be investigated.]

applicability of Eg. (6) is that the splitting variableg The key input into the analytical expression (6) is
of every branching must be independent of all othersthe branching generating functio@[ Ay, A;] of Eq. (7).
[Nelkin and Stolovitzky [14] argue that the dependence ofits properties uniquely fix the spatial correlations of the
experimental distributions of splitting variables (multiplier binary random multiplicative cascade model. For fhe
distributions) on the position of the subinterval [15] model, we get

1 1+
O[A0. M]pmodel = 5 (Ao + A)In(1 — a?) + |n[003"|:3()\0 - Al)ln<1 a)“ (13)
- a
The symmetricx model is similar to thep model except that it does not conserve energy in a cascade splitting. Given
its splitting function,p(qo, 1) = %]_[,izo[b‘(qk — (1 + a)) + 8(qgx — (1 — a))], its BGF then reads

O[ A0, A1]a-model = %()l() + ) In(1 = a?) + In[cos?{%/\olnc J_r Z):” + In[cos?{%/\l In(i J_r Z):” (14)

which clearly differs from the BGF (13) for the | Within the p model, the latter are nonzero for everand
model. Figure 2 compares the two branching generatingero for oddrn = 3. W.ithin the « model, by contrast,
functions. Note that forA\ =0 or A; =0 the two all two-point cumulants vanish since its splitting function
expressions (13) and (14) become identical, consequentlfactorizes: p(qo, q1) = p(g0)p(q1). We hence see that

the one-point cumulants the two-point cumulant moments are sensitive to the
9" 0[Ao, A1] violation qf energy conserva?io.n in. the splitting function.

— = {(Ingg)")c (15) For a binary random multiplicative cascade process to

9o A=0 qualify as a true multifractal process, the splitting function

of the p and @ models are also identical. This is the needs to conserve energy, i.(q0,q1) = p(q0)d(qo +
reason why, in a multifractal approach, the two models;; — 2); see Ref. [13] for a clarification of this point.
look the same asymptotically. To see differences betweeli energy is indeed conserved, it is possible to link the
the two models, one must go to the two-point cumulants multifractal mass exponents(¢) to the BGFQ[ Ao, A1].
"0 Aos A ] Setting A; = 0 and,. fpr simpli(_:ity, considering the case
ﬁ = ((Ingo)" (Ingy)" ™). (16) of a symmetric splitting functiorp(qo, g1) = p(q1. o),
dAo dAy A=0 Eq. (7) becomes

O[Ap, A1 = 0] = |n{f dqo p(qo)q3°} = In{g0")

) =In2[(x — D + 7(A)]; (A7)
~; 1 note that for clarity we have written(\y) instead of the
@) more familiar notationr(¢). [The univariate version of
relation (17) was previously discussed by Novikov [17] in

connection with the statistics of generalized multipliers,
the so-called breakdown coefficients.] Hence, for an
energy-conserving splitting function, its multifractal mass
exponents follow fromQ[Ag, A;]. The reverse need not
be true, though.

Also, for the more general case where energy is not
conserved in the splitting function, the multifractal mass
exponents7(g) cannot be deduced in a clean fashion
and contain less information than the BGF. This means
that, for binary multiplicative cascade@] A, A1] can be
understood as the natural generalization of the multifractal
FIG. 1. Second-order cumulanC;; = Clly k) (k1) for mass exponents.
the p model, wherek =1 + ijlkafff and k' =1+ For a one-dimensional cut through the three-

lek,’«szf'. Parameters have been set/te= 6 anda = 0.4.  dimensional energy dissipation field in fully developed
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Within the above limitations, we envisage many and
diverse applications of our analytic solution in many
branches of physics. Besides fully developed turbulence,
the case of high-energetic multiparticle branching pro-
cesses immediately comes to mind. For the latter,athe
and p models have already been used in this context as
simulation toy models [19,20]. Implications in this and,
for example, random multiplicative process calculations
in large-scale structure formation in the Universe [21] re-
main to be explored.

This work was supported in part by the South African
Foundation for Research Development. P.L. acknowl-
edges support by APART of the Austrian Academy of
Sciences.
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