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ABSTRACT. The paper is about the study of the nonautonomous Navier-Stokes
system. This problem is formulated and investigated in the context of general
nonautonomous dynamical systems. We first prove that this system admits
compact global attractors. Then we provide conditions for convergence of
this system, which means the compact global attractor is a point attractor.
Third, we obtain conditions for the existence of almost periodic (periodic,
quasi-periodic, recurrent, pseudo-recurrent) solutions of the nonautonomous
Navier-Stokes equations. Finally, we prove a global averaging principle for the
nonautonomous Navier-Stokes equations.

1. INTRODUCTION

Dynamical models are essential for understanding time-evolving processes in engi-
neering and science. Such models in the form of evolution equations may contain
time-dependent coefficients and time-dependent external forcing terms. Nonau-
tonomous dynamical systems techniques are needed for investigating these kind of
mathematical models.

In this paper, we consider the two-dimensional Navier-Stokes type system in a
bounded domain D with smooth boundary

(1) u' + Au+ B(t)(u,u) = f(t),

where velocity w is in an appropriate Sobolev space E, —A is the Stokes operator,
B(t) is a bilinear form satisfying the identity

(2) Re(B(t)(u,v),w) = —Re(B(t)(u, w),u)

for all t € R and w,v,w € F, and f is an external forcing term. The explicit time
dependence of the bilinear form B(t) may arise, say, when homogenizing a time-
dependent boundary condition or when reformulating the momentum equations
along a known unsteady flow (moving the known unsteady flow to the zero flow).
We also treat the evolution equation (1) as a model for developing nonautonomous
dynamical systems ideas about almost periodic solutions, attractors and global
averaging principle. When the bilinear form B does not depend on time explicitly,
(1) is the usual Navier-Stokes system.
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A few authors ([11, 15, 19, 20]) have studied the non-stationary equation (1) when
the bilinear form B does not depend on time explicitly and when f is a function of
time ¢ € R. Tt was shown that the usual Navier-Stokes system with compact f (in
particular, when f is almost periodic) admits a compact global attractor. It was also
proved that when the forcing f is sufficiently small and/or when the the viscosity
is sufficiently large, there exists a unique almost periodic (quasi-periodic, periodic)
solution of the equation (1) if the forcing term f is almost periodic (quasi-periodic,
periodic).

The aim of the present paper is to study dynamical behavior of the nonautonomous
Navier-Stokes system (1) in the case when the bilinear form B, and the forcing
function f are both non-stationary. We obtain conditions for the existence of a
compact global attractor and almost periodic (periodic, quasi-periodic, recurrent,
pseudo-recurrent) solutions. For nonautonomous dynamical systems, an averaged
(and thus autonomous) approximation is sometimes desirable. A theorem on “par-
tial” averaging on finite intervals for ordinary differential equations was proved in
[17]. The works [15],[19] and [20] are devoted to generalization of the method of
averaging for dissipative partial differential equations. Here we prove a theorem of
“partial” averaging for nonautonomous Navier-Stokes equation (1).

Our paper is organized as follows:

In Section 2, we introduce a class of nonautonomous Navier-Stokes equations and
establish its dissipativity (Theorem 2.8).

In Section 3, we prove that the nonautonomous Navier-Stokes equations admit a
compact global attractor (Theorem 3.8).

Section 4 is devoted to the study of existence of almost periodic (quasi-periodic, pe-
riodic, recurrent, pseudo-recurrent) solutions of the nonautonomous Navier-Stokes
equations (Corollary 4.8) and we also provide the conditions of convergence for
these equations, which implies that the compact global attractor is a point attrac-
tor (Theorem 4.5 and Corollary 4.7).

In Section 5 we prove a uniform averaging principle for the nonautonomous Navier-
Stokes equations on the finite time interval (Theorem 5.2).

Section 6 is devoted to the proof of a global averaging principle for nonautonomous

Navier-Stokes equations on semi-axis (Theorems 6.1,6.3 and 6.7).

2. NONAUTONOMOUS NAVIER-STOKES EQUATIONS.

We recall some results from the theory of semigroups of linear operators [18] and
PDEs [19], [27],]29].

A closed operator A with domain D(A) that is dense in a Banach space X is called
a sectorial operator if for some a € R and ¢ € (0, §) the sector

(3) Sap ={AeC,m > |arg(A —a)| > ¢}
is contained in the resolvent set and for A € S,

4 M = A) Ylxox € o
g IO = 4) oy € ety
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For the sectorial operator A the analytic semigroup of linear bounded operators in
X is defined and denoted by e=4*, ¢ > 0.

Let A be a sectorial operator with Rec(A) > 0. For a € (0,1) we define fractional
powers of A as follows:

1 o0
A® = (A7), where A% := —/ o temAtqr.
- M) Jy

The corresponding domains D(A®) are Banach spaces with norm given by
|-la:=1"Ipas) = [A% - |.

Theorem 2.1. The following estimates are valid:

(5) le | x_x < Ce™®, t>0,

(6) A% | x . x < Cut™% %, t>0.

Let Q be a compact metric space, R = (—o00, +00), (2, R, o) be a dynamical system
on (2, € be a real or complex Hilbert space, L(E) be the space of all linear forms on
&, L*(&) be the space of all bilinear continuous forms B : £ x £ — F and C(Q, W)
be a space of all continuous functions f : @ — W (W is some metric space),
endowed with the topology of uniform convergence.

Let us consider the equation
(7) W'+ Au+ B(wt) (u,u) = f(wt),
(w € Q) where wt = o(t,w),B € C(Q, L)), f € C(Q,€) and A is a linear

operator.

Below we will use some concepts, notations and results from [20]. Let Hilbert spaces
E F, X satisfy E C F; E,F, X C &, each embedding being dense and continuous.

Furthermore we suppose that the linear operator A is densely defined in £ and is
such that the linear equation

(8) w4+ Au=0
generates the cp-semigroup of linear bounded operators
e A E S & p(tx) = e A,

which for ¢ > 0 can be extended to the linear bounded operators from F to E
satisfying the following estimates

9) ||6_At||E—>E < Ke
(10) le Y pop < Kt™®e ™, 0<a; <1,
(11) |Ae= || pp < Kt~ 2e % 0 < ay < 2.

We also suppose that the following condition is satisfied
(12) Aett = A A

3
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in the sense of L(F,E) := {A: F — E |A is linear and bounded} equipped with
the operational norm.

Denote by L?(E, F) the space of all bilinear bounded forms B : E x E — F with
the norm

Bl := sup{|B(u,v)|r : [ul <1,[v] <1}.
Let C(Q, L?(E, F)) be a space of all continuous mappings B : Q — L?(E, F) and
Cp = sup{ | B@)(w. )]s : w e Jul < 1] <1},

Then the mapping F': Q@ x E — F (F(w,u) := B(w)(u,u)) satisfies the following
inequality

(13) |B(w)(u1,u1) — B(w)(uz,u2)|r < Cp(lui|g + uz|p)|ur — u2|p
for all uy,us € FE.

From the inequality (13) it follows that on every ball B[O, R] :={u € FE : |u| < R}
we have

(14) |B(w)(u1,u1) — B(w)(uz,uz)|p < 2CpR|u1 — us|g

for all uy,us € FE.

Remark 2.2. The space of all the bilinear forms C(Q, L?>(E, F)) is a Banach space
with the norm ||B|| := Cp.

The external forcing f : Q@ — X is continuous, i.e. f € C(Q,X).

The operators e~4* (t > 0) can be extended to the linear bounded operators from
X to F satisfying the estimates

(15) e x—p < Kt Pe ™, 0< 6 <1,

(16) lAe™ M |x~p < Kt™7e7, 0< 5, <2,
and the equation (12), this time in the sense of L(X, E) .

We suppose that the following conditions are fulfilled:

(i) there exists o > 0 such that

(17) Re(Au,u) > aful?
for all w € E, where |- | is a norm in F ;
(if)
(18) Re(B(w)(u,v),w) = —Re(B(w)(u, w), v)

for every u,v,w € F and w € Q2 .
Remark 2.3. a. From (18) it follows that

(19) Re(B(w)(u,v),v)) =0
for every u,v € E and w € Q.

b.
(20) |B(w)(u,v)|r < Cplule|v]e
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for all u,v € E and w € Q, where Cp = sup{|B(w)(u,v)|r : w € Q, u,v €
E, |ulg <1, and |v|g < 1}.

The equation (7) with conditions (17) and (18) is called a nonautonomous Navier-
Stokes equation. We will consider the mild solutions of the equation (7), i.e. u €
C(]0,T], E) and satisfy the following integral equation

(21) u(t) = e Mz —l—/o e A=) (_B(ws)(u(s), u(s)) + f(ws))ds.

Theorem 2.4. Let zg € E, r > 0 and the conditions (9),(10) and (17) be fulfilled.
Then there exist positive numbers 6 = §(xo,r) and T = T(xo,r) such that the
equation (21) admits a unique solution p(t, z,w) (x € Blxo,d] ={z € E | |[r—z0| <
d}) defined on the interval [0,T) with the conditions: ¢(0,z,w) = z, |p(t,z,w) —
xo| < for allt € [0,T] and the mapping ¢ : [0,T] x Blzo,0] X Q@ — E ((t,z,w) —
o(t, z,w)) is continuous.

Proof. Let z9p € E, >0, 6 > 0 and T > 0. We consider the space Cy, s of all
continuous functions v : [0, T] x Blxo, §] X @ — B[xzg, r] equipped with the distance

d(1,¥2) = sup{|1(t,z,w) — Y(t,z,w)|g : 0<t < T,z € Bz, d],w € Q}
which is a complete metric space.

We define the operator @ acting onto Cy, 5,7 by the equality

(PY) (¢, z,w) = e Aty —l—/o e_A(t_S)(—B(ws)(¢(s,x,w),i/)(s,x,w)) + f(ws))ds.

There exist 01 = 01(xo,7) > 0 and Ty = Ti(zo,r) > 0 such that ®Cy, r 517 C
Cyyror forall § € (0,61] and T € (0,T1]. In fact,

(DY) (t, 2,w) — 20| < |6 Mo — 20|p +

| / e A=) Blws) (s, &, w), (s, @, w)))ds| s + | / AU flws)ds|p <

t
m(6,T) + / Keo(t=s) (t—8)"“ (s, x, w)|2Eds +
0

t l—ay
[ Ee D= s flds < m@T) 4 K (ool + 1)
0 — Q1
T1-b1
+K| 1] i=di(z0,7,0,T) = 0
1—p

as § + T — 0, where m(8,T) = sup{le "z — 29|g : t € [0,T],7 € Blwo,r])
and ||f|| = sup{|f(w)|x : w € Q}. Thus there exist 61 = d1(zo,7) > 0 and
Ty = Ty (xo,r) > 0 such that dq(zg,7,0,T) <r for all § € (0,61] and T € (0, T1].

Let now 1,92 € Cyy 5,1, then
[(@y1)(t, 2, w)) — (P2)(t, 2,w))|E =
|/()t[B(ws)(¢1(s,z,w),qpl(s,:c,w)) — B(ws)(th2(s, z,w), ¥a(s, 7,w))]|p <
2CB(|zol + 1) Td(y1,¢2)
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and, consequently, d(Pvy, P1ps) < L(xo, 7, T)d(w1,12), where L(xg,r, T) = 2C5(|xo|+
r)T — 0asT — 0. Thus there exists T = Ta(zo,r) > 0 such that L(zg,r,T) < 1 for
all T € (0, T]. Denote by §(xo,7) := 01(zo,7) and T'(xo, r) := min(T1(xo, ), T2(z0, 7)),
then the mapping ® : Cy, 5,7 — Cx,.r.5,1 is a contraction and, consequently, there

exists a unique function ¢ € Cy, s satisfying the equation (21) on the interval
[0,T]. The theorem is proved. O

Remark 2.5. The theorem 2.4 is true and for the equation
u + Au = F(wt,u)

if the continuous function F : Q x E — F satisfies the following conditions:

(i)

sup{|F(w,0)|g : weQ} <0
(Q ,generally speaking, is not compact);
(ii) F is locally Lipschitz, i.e. for every r > 0 there exists L(r) > 0 such that
|[Flw,ur) = Flw,uz)|r < L(r)|lu; — us|p

for all uy,us € E with the condition that |u;|g <r (i =1,2).

Theorem 2.6. Let K be a family of solutions of the equation (21) satisfying the
following condition: there exists a positive constant M such that |x(t)|pay < M
for allt € Ry (|x|p(ay := |Ax|g). If there exists Cp > 0 such that

|B(w)(u,v)|r < Cplulpa)|vlp(a)

for all u,v € D(A) , then this family of functions is uniformly equicontinuous on
Ry, d.e. for every € > 0 there exists §(¢) > 0 such that |[t1 — ta] < & implies
|z(t1) — z(t2)| < e for all ti,t2 € Ry and z € K.

Proof. Let ¢ € K and x := 1(0), then ¢ (t) = ¢(t, z,w) for all t € R4 and we have

t
lp(t,z,w) —2|p < e~z —alp + I/ e AT (= B(ws)(p(s,2,w), ¢(s,2,w)) +
0

t t
f(ws))ds| s < / €55~ || ayds + / e~ (t — 5)~ Ciplip(s, 7, ) o ay ds +
0 0

-«

1 =5
+ .
Sl

170{1

t t t
(22) /e*“(t”)(t—s)*ﬁleHdsS M O
0

From (22) we obtain

— a1

Sup{|<p(t,z,w)—;v\E : |$|D(A)a WGQ}HO

as t — 0 and, consequently,

|S0(t27$7w) - gO(tl,fE,(U)lE = |<,D(t2 - tl,QO(tl,fE,W),wtl) - @(tl,w,wﬂE <
sup{|p(t2 —t1,z,w) —2|p : [2|pa)y, w €Q} —0

as tg —t; — 0. The theorem is proved. O
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Example 2.7. Navier-Stokes equations. We consider the two-dimensional Navier-
Stokes system
2
(23) u' +q(t) Y widu = vAu — Vp + ¢(t)
i=1
divu=0, ulspp =0,

where D is an open bounded set with smooth boundary D € C?.

The functional setting of the problem is well known [22],[28] . We denote by H and
V' the closure of the linear space {u € C§°(D)?, div u =0} in L*(D)? and H}(D)?,
respectively. Denote by P the corresponding orthogonal projection P : Lo(D)? — H.
We further set

A:= —vPA, B(t)(u,v) := q(t)P(Z u;Ov).

The Stokes operator A is self-adjoint and positive with domain D(A) dense in H.
The inverse operator is compact. We define the Hilbert spaces D(A%), a € (0,1] as
the domains of the powers of A in the standard way. Furthermore, V := D(A/?),
and |u|D(A1/2) = |VU|

Applying P we write (23) as the evolutionary equation of the following form
(24) u + Au+ B(t)(u,u) = F(t), F(t) = Po(t).

We suppose that F € C(R,H) (X = H) and B € C(R,L*(H,D(A™%)) (F =
D(A™°%)). Denote by Y := C(R, H)xC(R, L?>(H,D(A~°)) and by (Y,R, o) a dynam-
ical system of translations (Bebutov’s dynamical system, see for example, [24],(25]
and [26]). Let Q := H(B,F) = {(B-,F:)| 7 € R}, where B(t) := B(t + 1) ( re-
spectively Fr(t) = F(t + 7)) for all t € R, by bar we denote a closure in the
compact-open topology and let (2, R, o) be a dynamical system of translations on

Q.

Along with the equation (24) we consider its H-class
(25) u' + Au+ B(t)(u,u) = F(t),

where (B, F) € H(B,F). Let B : Q — L?>(H,D(A~%)) (respectively f : Q — H) be
a mapping defined by the equality

B(w) = B(B,F) := B(0) (f(w) = f(B,F) := F(0)),

where w = (B, F) € Q, then the equation (24) and its H-class can be written in the
form (20).

We now use the notations E = D(AY?), X = H, F = D(A™%) and see that
(9)-(11), (17) and (15)-(16) are valid with oy =1/2+6, 1 =1/2, B2 = 3/2.

We note that from the conditions (18) -(20), it follows that

(26) |B(w)(w1,71) — B(w)(w2,72)|F < Cp(|71|E + |22|R) |21 — 22| B
for all 1,22 € E and w € Q.
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According to Theorem 2.4 above, through every point x € H passes a unique
solution ¢(t, z,w) of the equation (7) at the initial moment ¢ = 0. And this solution
is defined on some interval [0,#, ). Let us note that

w/(t) = 2Re<<p’(t,:v,w),go(t7m7w)> = 2R€< (wt)p(t, z,w), @(t T w)>+
2Re(B(wt)(p(t, z,w), p(t, z,w)), p(t, z,y)) + 2Re(f(wt), p(t, z,w))
— 2Re(A(wt)plt,,0), p(t, 7,0)) + 2Re(f(wt), oli,,))
< —2alp(t, z,w)|E + 2| fllle(t, 2, w)| s,

where || f|| := max{|f(w)|x : w € Q} and w(t) = |p(t, z,w)|%. Then

(27)

(28) w < —20w + 2|| f[|w?

and consequently

(29) w(t) < v(t)

for all ¢ € [0,%(,,.), where v(t) is an upper solution of the equation
(30) v = =200 + 2||f||v?,

satisfying the condition v(0) = w(0) = |z|2. Thus

(31) ot) = (jal — 1 ymor M2

and consequently

(32) ot z,w)|e < (|z]e

for all t € [0,%(;.)). From the inequality (28) it follows that the solution ¢(t, z,w)
is bounded and therefore it may be prolonged on R} = [0, 400).

Thus we have proved the following theorem.

Theorem 2.8. Let the conditions (17) and (18) be fulfilled. Then the following
statements hold:

(i) Ewvery solution ¢(t,z,w) of nonautonomous Navier-Stokes equation (7) is
bounded and therefore it may be prolonged on R.

forall t>0, we Qand x € E, where C(r) =71 if r > 1o 1= ”a—” and
C(r)=ro if r <ro;

(iii)

(34) lim sup sup{|p(t, z,w)|g :|z|lp <rweQ} < ||f||
t——+o0
for every r > 0.
Lemma 2.9. Under the conditions of Theorem 2.8 we have
t+1 ) 7.2 r
35 dr < — + -1 =M
(35) | e w)lbar < 2+ S = M0)

forallt >0 and r > rg.
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Proof. From the equality (28) after integration in ¢ between ¢ and ¢t 4+ | we obtain

t+1

(36) 20 [ loraw)lhdr < loltaw)ff + 2011
t

and,consequently,

= L= MG,

t+1
37 2dr <
(37) | et wlar < o

O

Lemma 2.10. ([29, Ch.3]) (The Uniform Gronwal Lemma). Let g, h, y be three
positive locally integrable functions on lto, 00[ such that y' is locally integrable on
Jto, 0|, and let them satisfy

y' < gy+h fort>to,
t+1 t+1 t+1
/ g(s)ds < aq, / h(s)ds < ag, / y(s)ds < ag fort > to,
t t t
where l, a1, az,as, are positive constants. Then
yt+1) < (B +a)e™ V> to.

l
Theorem 2.11. Assume the conditions of Theorem 2.8. If

(38) |(B(w)(u,v), w)| < Clul*/?| Aul"?[v]y ja|w|
(39) VueDA), veV, weH,

then

(40) lo(t, z,w)|pay < K(r) Vx| <7 (r>10),

where K (r) is some positive constant depending only on r.

Proof. Since
1d

(41) <A<p(t7ﬂc7w)7ap(t,x,w)> = 55@(@%&1)@
by taking the scalar product of (7) with Au we find
1d 9 9
Eﬁha(tvwi”E + |A(p(t7x7w)|E +

(42) (B(e(t, z,w), ¢(t, z,w)), Ap(t, z,w)) = (f(wi), Ap(t, z,w)).
Taking into account the inequality
(43) |<f(Wt)7 A‘ﬁ(t7x>w)>| < |f(wt)|E|Acp(t, xﬂw)lE < %lAW(tw%w)P + ||f||2

and using (41) and the Young inequality we obtain

[(Bw)(e(t, z,w), ¢(t, z,w)), Ap(t, ,w))| <
(44) crle(t 2, w)| et 2, )l Ap(t, 2, w)[*? <

1
F1Ae(t 2, W) + clfe(t z,w) P le(t 2, W)



10 DAVID CHEBAN AND JINQIAO DUAN

1d 1
(45) SPTLAS z,w)|I* + [Ap(t, =, w)[* < |1 + 5l Aw(t, z,w)|* +

cile(t, z, )P [lo(t, z, )|

From this inequality according to Gronwall lemma we can prove that [p(t, 2, w)|p(a)
is uniformly bounded (w.r.t. z and w) on interval [0,[]. Applying the uniform
Gronwall lemma with g, h, y replaced by

(46) alet,z,w) etz o)l 117, llet z,w)l?
we obtain that ||¢(t, z,w)]||? is bounded on [I, 00| and, consequently, it is uniformly
bounded on [0, oo[ w.r.t. ||z|| < r and w € Q. The theorem is proved. O

3. NONAUTONOMOUS DISSIPATIVE SYSTEMS AND THEIR ATTRACTORS.

Let Q and W be two metric spaces, (2,R, o) be a dynamical system on . Let
us consider a continuous mapping ¢ : RT x  x W — W satisfying the following
conditions:

90(07 '7w) = ZdW (p(t + T7.T7w) = (P(t, 90(7—71'7(“;)7(“”—)
for all t,7 € RY, w € Q and z € W. Such mapping ¢ ( or more explicit
(W, 0, (R, 0))) is called ([1], [26]) a cocycle on (2, R, o) with fiber .
Remark 3.1. The nonautonomous Navier-Stokes equation (7) generates a cocycle
© (or more explicit (E,p, (Q,R,0))), where o(t,z,w) is a unique solution of the
equation (7) defined on Ry with the initial condition ¢(0,z,w) = x.
In fact, according to Theorems 2.4 the mapping ¢ : XE x Q — E ((t,z,w) —
o(t,x,w)) is continuous and in view of uniqueness of solution p(t,r,w) we have
the following identity: ¢(t + 7,x,w) = @(t, @(7,z,w),wT) for allt,7 € Ry, z € E
and w € Q, where wt 1= o(T,w).

Let us look at a relevant example.

Example 3.2. Let FE be a Banach space and C(R x E, E) be a space of all con-
tinuous functions F': R x E — E equipped with the compact-open topology. Let us
consider a parameterized differential equation

Z—j + Az = Flow,z) (weQ)
in Banach space E with Q = C(R x E, E), where ow = o(t,w) and the linear
operator A is densely defined in E and is such that the linear equation
u 4+ Au=0
generates the co-semigroup of linear bounded operators
e E S B, ot r) = e M.

We will define oy : Q@ — Q by oyw(-,) = w(t +-,-) for each t € R and interpret
o(t, z,w) as mild solution of the initial value problem

(47) %x(t) + Az = F(ow, x(t)), =(0)==x.
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Under appropriate assumptions on F : QX E — E (or even F: R XFE — E with w(t)
instead of orw in (47)) to ensure forward existence and uniqueness, then the solution
mapping ¢ is a cocycle on (C(Rx E, E),R, o) with fiber E, where (C(RxE, E),R, o)
is a Bebutov’s dynamical system (see for example [3],[7], [24],]26]).

The triplet ((X,R4,7), (Q,R,0),h), where h : X — Q is a homomorphism from
the dynamical system (X,R,,m) onto (2, R, o), and is called (see [4],[7]) a nonau-
tonomous dynamical system.

Let ¢ be a cocycle on (2, R, o) with the fiber E. Then the mapping 7 : RT xQ x E
— ) x E defined by

m(t, z,w) = (o(t, z,w), orw)
for all t € RT and (z,w)€ E x Q forms a semi-group {n(¢,,)};er+ of mappings of
X := Q x F into itself, thus a semi-dynamical system on the state space X which
is called a skew-product flow [26] and the triplet ((X,Ri,7),(Q,R,0),h) (where
h:=pro: X — ) is a nonautonomous dynamical system.

A cocycle p over (2, R, ) with the fiber W is called a compact (bounded) dissipative
cocycle, if there is a nonempty compact K C W such that

(48) Jim_sup{ B(U(t,w)M, K)lw € 2} =0

for any M € C(W) (respectively M € B(W)), where C(W)( B(W)) is the family of
all compact (bounded) subsets of W, § a semidistance of Hausdorff and U (t,w) :=
o(t, - w).

Lemma 3.3. Let Q be a compact metric space and (W, ¢, (Q,R, o)) be a cocycle over
(Q,R, o) with the fiber W. In order for (W, ¢, (Q,R,0)) to be compact (bounded)
dissipative, it is necessary and sufficient that the skew-product dynamical system
(X, R4, m) should be a compact (bounded) dissipative one.

This assertion directly follows from the corresponding definitions (see for example
[16],[7]).

A whole trajectory of the semi-group dynamical system (X, R, ) (of the cocycle
(W, 0, (Q,R,0)) over (2, R, o) with the fiber W), which passes through the point
x € X((u,y) € W x Q), is a continuous mapping 7 : R — X (v : R — W) which
satisfies the conditions : y(0) = z (v(0) = u) and 7'y(7) = ~v(t +7) (vt +7) =
o(t,v(1),wt)) for all t € Ry and 7 € R. If M C W, then we denote by

Qu(M) = ﬂ U o(r, M,w™T)

>0 7>t
for every w € Q, where w™" := o(—7,w).
Theorem 3.4. (16],[7]) Let Q be a compact metric space, (W, p, (Q,R,0)) be a
compactly (boundedly) dissipative cocycle and K be a nonempty compact, arising in

the equality (84). Then the following assertions hold:
(i) I, :=Qu(K) #0, is compact, I, C K and
. lir+n BU(t,w K, 1,)=0

for every w € Q;
(ii) U(t,w)l, = It for allw € Q and t € Ry ;
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(i)
. ligrn BU(t,w "M, I,) =0
for all M € C(W) (respectively M € B(X)) andw € Q ;
(iv)
. lir+n sup{B(U(t,w " YM,I)|w € Q} =0

for any M € C(W) (respectively M € B(X)) , where I = U{l,| w € Q};
(v) Iy = prid, for all w € Q, where J is a Levinson’s centre of (X,R,7),
and, hence, I = priJ;
(vi) the set I is compact;
(vii) the set I is connected if the spaces W and Y are connected.

The family of compact sets {I,|w € Q} (I, C W is nonempty compact for every
w € Q) is called (see, for example, [6] or [7]) the compact global attractor of cocycle
 if the following conditions are fulfilled:

(i) The set I :=J{I,|] w € Q} is precompact.
(i) {I,] w € Q} is invariant w.r.t. the cocycle ¢, i.e. p(t,w,I,) = Iy, for
all t e Ry and w € Q.
(iii) The equality . lim sup B(¢(t, K,w),I) = 0 holds for every bounded set

—+o0 e Q
Kcw.

Corollary 3.5. Under the conditions of Theorem 3.4 the cocycle ¢ admits a com-
pact global attractor.

Dynamical system (X,R,, ) is called asymptotically compact (see [16],[21] and
also [6],[7]) if for any positive invariant bounded set A C X there is a compact
K4 C X such that

(49) lim B(r'A, K4) = 0.

t——+o0
Dynamical system (X, R, ) is called compact (completely continuous) if for every

bounded set A C X there exists a positive number [ = [(A) such that the set 7' A
will be precompact.

It is easy to verify (see for example [7]) that every compact dynamical system
(X, R4, m) is asymptotically compact.

The cocycle (W, ¢, (Y, R, 7)) is called compact (asymptotically compact) if the skew-
product dynamical system (X,Ry,7) (X = W xY, 7 = (¢,0)) is compact (respec-
tively asymptotically compact).

Let (X,R4,m) be compact dissipative and K be a compact set, which attracts all
compact subsets of X. Suppose
(50) J = Q(K),

where Q(K) = ;5o U,>, 7K. The set J defined by the equality (50) does not
depend on selection of the attractor K, and is characterized only by the properties
of the dynamical system (X,R,, 7) itself. The set J is called the Levinson’s centre
of the compact dissipative system (X, R4, ).
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Theorem 3.6. ([6],[7]) Let (E,Q, h) be a local-trivial Banach fibering, ((E,Ry, ),
(Q,R,0),h) be a nonautonomous dynamical system and the dynamical system
(E, Ry, ) be completely continuous. Then the following conditions are equivalent :

(i) there is a positive number r such that for any x € X there will be T =
T(x) > 0 for which |xT| < r;
(i) the dynamical system (E,R,m) is compact dissipative and
lim sup p(zt,J) =0
t=te0jg1<r
for any R > 0, where J is a Levinson’s centre of dynamical system (E, R, 7),
that is the nonautonomous system ((E,Ry,m), (Q,R,0),h) admits a com-
pact global attractor J.

A dynamical system (X,Ry,7) satisfies the condition of Ladyzhenskaya (see [21]
and also [7]) if for any bounded set A C X there is a compact K4 C X such that
the equality (86) holds.

Theorem 3.7. ([6],[7]) Let ((E,Ry,7), (2, R,0),h) be a nonautonomous dynam-
ical system and let (E,Ry,7) satisfy the condition of Ladyzhenskaya. Then the
conditions 1. and 2. of the theorem 3.6 are equivalent.

Applying general theorems about nonautonomous dissipative systems to nonau-
tonomous system constructed in example 3.2, we will obtain series of facts concern-
ing the equation (7). In particular, from Theorems 2.8, 3.4 and 3.7 the following
theorem holds.

Theorem 3.8. Let Q) be a compact metric space, (Q,R,c) be a dynamical system
on Q and let the conditions (17) and (18) be fulfilled. If the cocycle ¢ generated
by the nonautonomous Navier-Stokes equation is asymptotically compact, then for
every w € ) there exists a non-empty compact and connected 1, C E such that the
following conditions hold:

(i) the set I =U{l, : w € Q} is compact and connected in E;
(i) I is connected if ) is connected;
(ii)
lim sup B(U(t,w )M, I) =0
=+ 4,eq
for any bounded set M C E, where U(t,w) = ¢(t,-,w) and B is the semi-
distance of Hausdorff;
(iv) U(t,w)l, = L for allt € Ry and w € Q;
(v) I, consists of those and only those points © € E through which passes the
solution of the equation (7) bounded on R.

Theorem 3.9. Under the conditions of Theorem 3.8

I/
t < =
ot z,w)| < =
forallt e R, w e Q and x € 1, where ¢ is a cocycle generated by the nonau-

tonomous Navier-Stokes equation.

Proof. According to Theorem 3.4 the set J = [J{I, x {w}: w € Q} is a Levinson’s
centre of dynamical system (X, R, 7) and according to (50) for any point (ug,yo) =
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z € J there exists t,, — +00,u, € F and w,, € Q such that the sequence {u,} is
bounded, up = lm @(t,, un,wy) and wg = lim wyt,. From the inequality (28)

n—-+oo n—-+400
follows that |ug| < @, ie. ¢(t,r,w) € I, for all w € Q and ¢t > 0, hence
lp(t, z,w)| < @ forany t € R,z € I, and w € €. The theorem is proved. O

4. ALMOST PERIODIC AND RECURRENT SOLUTIONS OF NONAUTONOMOUS
NAVIER-STOKES EQUATIONS

Let T=R or Ry and (X, T,n) be a dynamical system. The point = € X is called
a stationary (7-periodic, 7 > 0,7 € T) point, if 2t = x (x7 = x respectively) for all
t € T, where zt := 7(t, z).

The number 7 € T is called € > 0 shift (almost period) of point x € X if p(z7,z) < &
(respectively p(x(T +t),xt) <e for all t € T).

The point € X is called almost recurrent (almost periodic) if for any ¢ there
exists a positive number [ such that on any segment of length [, there will be found
a ¢ shift (almost period) of point =z € X.

If point z € X is almost recurrent and the set H(z) = {xt | t € T} is compact, then
x is called recurrent.

An autonomous dynamical system (2, T, o) is said to be pseudo-recurrent if the
following conditions are fulfilled:

a)  is compact;

b) (2, T,o) is transitive, i.e. there exists a point wy € Q such that Q =
{wot | t € T};

¢) every point w € € is stable in the sense of Poisson, i.e.

N, = {{tn} | wt, — w and |t,| — +o0} £ 0.

Lemma 4.1. ([10]) Let < (X, Ty, 7), (2, T, 0), h > be a nonautonomous dynamical
system and the following conditions are fulfilled:

1) (Q, T2, 0) is pseudo recurrent;
2) v € C(Q,X) is an invariant section of the homomorphism h : X — €, i.e.
h(y(w)) =w and y(o(t,w)) = 7(t,y(w)) for allw € Q and t € Ts.

Then the autonomous dynamical system (v(Q2), Ta, ) is pseudo-recurrent.

The solution ¢(t,z,w) of the nonautonomous Navier-Stokes equation (7) is called
recurrent (pseudo-recurrent, almost periodic, quasi-periodic), if the point (z,w) €
H x Q is a recurrent (pseudo-recurrent, almost periodic, quasi-periodic) point of
skew-product dynamical system (X,R;,7m) (X =H x Q and 7 = (p,0)).

We note (see, for example, [24],[25] and [23]) that if w € Q is a stationary (7-
periodic, almost periodic, quasi-periodic, recurrent) point of dynamical system
(Q,R,0) and h : Q@ — X is a homomorphism of dynamical system (2, R, o) onto
(X,R4, ), then the point x = h(w) is a stationary (r-periodic, almost periodic,
quasi-periodic, recurrent) point of the system (X, R, 7).
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Let X = H x Q and 7 = (p,0), then mapping h : @ — X is a homomorphism
of dynamical system (£2,R, o) onto (X,R4, ) if and only if h(w) = (u(w),w) for
all w € Q, where u : Q — H is a continuous mapping with the condition that
u(wt) = p(t,u(w),w) for all w € Q and ¢t € Ry.

The following affirmations hold:

Lemma 4.2. Let Q be a compact metric space, A be a linear operator densely
defined in E such that the equation

' +Az =0
generates a co-semigroup {U(t)}i>o. If the condition (17) is fulfilled, then
U] < exp(—at)
for all t € Ry, where U(t) is an operator of Cauchy of the equation (51).

Proof. Let ¢(t,x) := U(t)zx, then according to inequality 17 we have

d
— ot o) < —20fp(t, z)|?

dt
and, consequently,|p(t, )| < exp(—at)|z| for all x € H and t € Ry. Thus we have
|U(t)z| < exp(—at)|z|, therefore ||U(t)|| < exp(—at) for all t € Ry. O

Lemma 4.3. Suppose that condition (17) is fulfilled. Then for every function
feC(Q,H) there exists a unique function v € C(Q, H) defined by equality

0
(W) = / U(—r)f(wr)dr

— 00

such that

(51) V(wt) = ot v(w), w)

for every w € Q and t € Ry, where p(t,z,w) is a solution of the equation
uw = Au+ f(wt)

with the initial condition ¢(0,x,w) = x and the following inequality

1
< —
Il < <17

takes place.

Proof. The formulated statement results from Lemma 4.2 and Proposition 7.33
from [12]. O

Lemma 4.4. Let Q) be a compact metric space, ¢ be a cocycle generated by the
nonautonomous Navier-Stokes equation (7) and a=2||f||Cp < 1, then the following
inequality
IL£1
o(t, 21, w) — (t, T2, w)| < e OB g — gy
(x1,22 € B[0,10],w € Q and t € Ry)

takes place.
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Proof. Let ro := @ and z1,22 € B[0,7] := {z € E : |z| < ro}. According to
Theorem 2.8 we have |p(t, z;,w)| < rg for all t > 0,w € Q and ¢ = 1, 2. Denote by
P(t) = p(t, 1, w) — p(t, x2,w), then we obtain

d

T [POF = 2Re(A0 (1), (1)) + 2Re(B(wt)((t), ¢(t, 22,w)), (1)) <

—20](t)|* + 2Cp|o(t, 2, w) [P ()]* <

20w O + 205 L (o) = ~2(a - s

and, consequently,

LAl
o

() < e y(0) .
Thus we have
(a—C il
|g0(t,x1,w)—cp(t,a:2,w)| <e (@=Cn 75 )t|$1_‘r2|
(x1,22 € Bl0,ro],w € Qand t € Ry)
for all z1,x2 € B[0,ro],w € Q and t € Ry. The Lemma is proved. |

Theorem 4.5. Let Q) be a compact metric space, @ be a cocycle generated by the

nonautonomous Navier-Stokes equation (7) and ”folt# < 1. Then there exists a
function v € C(Q, B[0,r¢]) such that:

a.
(52) Y(wt) = o(t,7(w), w)
for every w € Q and t € Ry, where p(t, z,w) is a solution of the equation
(7) with the initial condition (0, z,w) = x;
b.
ol
o < 141,
(53)
c.
—(a—Cg sl
(54) ot z,w) = y(wi)| < e @7 — y(w)]

forallz € E, w € Q and t € Ry, where ||| :=sup{|y(w)| :w € Q}.

Proof. Let T := C(Q, B[0,ro]) (C(2, E)) be a space of all the continuous functions
f:Q — BJ[0,7¢] (respectively f: Q2 — E ) equipped with the distance

d(fr, f2) = max{|fi(w) = fo(w)| : weQ}.
Then (T, d) ( respectively (C(£2, E),d)) is a complete metric space.
Let t € R,. We define the mapping S* : ' — C(Q, E) by the equality
(S)(w) == U(t,w Hr(w™)

forallw € Q, where w™* := o(—t,w) and U (t,w) := ¢(t, -,w). According to Theorem
2.8 we have SY(T") C T for all t € Ry. It is easy to see that the family of mappings
{St |t € Ry} possesses the following properties:
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S0 = Idp

St—i—r — StST
for all t,7 € R..

Thus {S* | t € R;} forms a commutative semigroup with identity element. Now
we will show that the mapping S*(t > 0) is a contraction. In fact, let v1,v5 € T,
then we have

(55) (S'v1) (W) — (S'we)(w) = U(t,w vy (w™) = U(t,w Hvg(w™).

From Lemma 4.4 and the equality (55) follows that

d(S'vy, S've) < 67(04703@)%(1/1, va)

for all t € Ry and, consequently, there exists a unique common fix point v € T, i.e.
Sty =~ for all t € R, . In particular,

Ut,w " )y(w™) = v(w)
for all t € Ry and w € €. From this equality follows that
Y(wt) = Ut w)y(w) = ¢(t,7(w),w)
forallt € Ry and w € Q.

Let x € E, p(t, z,w) be a unique solution of the equation (7) with the initial condi-
tion ¢(0,2z,w) = x and let v € T be a function with the property (52). Denote by
P(t) = p(t, z,w) — y(wt), then we have

d

El@b(f)l2 = 2Re(Ay(t), (1)) + 2Re(B(wt)(¥(t), y(wi)), P (1)) <

—2aly(t)|* + 205 (wt)|[Y (t)]* < —2alp ()] +

205 o2 = ~a(0 - ey

e
and, consequently,
(e LI
Ol (]

Thus we have

(a_cplfl
|p(t, ,w) = y(wt)] < e 7B g — y(w)]

forallz € B, w e Q and t € R;. The theorem is proved. |

Corollary 4.6. Under the conditions of Theorem 4.5 there exists a unique function
v € C(Q, E) such that

(56) Y(wt) = o(t,7(w), w)
forallt e Ry and w € Q.
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Proof. Let 7 € C(Q, E) be a function satisfying the equality (56) and v € T' =
C (9, B0, r0]) be the function from Theorem 4.5. Since F(wt) = (¢, J(w),w) for
all t € Ry and w € , then according to the inequality (54) we have

_ (O Iy
(57) [F(wt) = y(wt)] < e @7 (W) — y(w)
for all t € Ry and w € Q. In particular, from (57) we obtain
_ (oY, _
(58) [F(w) = y(w)| < e 7R R = y(w )| <
e (e=Cr Dty )|

forallt € Ry and w € Q, where w™! := o(—t,w) and |[y—7|| := max{[(w)—7y(w)| :
w € Q}. Passing to the limit in the inequality (58) we obtain F(w) = y(w) for all
w e Q. O

Corollary 4.7. Under the conditions of Theorem 4.5 the equation (7) admits a
compact global attractor {1, : w € Q} and I, = {y(w)} for allw € Q, where v € T
is a function from Theorem 4.5.

Corollary 4.8. Let Q be a compact minimal set containing only periodic (quasi-
periodic, almost periodic, recurrent, pseudo-recurrent) motions, then under the con-
ditions of Theorem 4.5, the nonautonomous Navier-Stokes equation (7) admits a
unique periodic (quasi-periodic, almost periodic, recurrent, pseudo-recurrent) so-
lution vy(wt) and every other solution of this equation is asymptotically periodic
(asymptotically quasi-periodic, asymptotically almost periodic, asymptotically re-
current, asymptotically pseudo-recurrent).

Proof. Let v € T be a function from Theorem 4.5, then according to this theorem
we have ¢(t,7(w),w) = v(wt) for all t € Ry and w € 2 and, consequently, the
solution ¢(¢,v(w),w) is periodic (quasi-periodic, almost periodic, recurrent). Let
(t,z,w) be an arbitrary solution of the equation (7). Then taking into consid-
eration the inequality (54), we conclude that ¢(¢,z,w) is asymptotically periodic
(asymptotically quasi-periodic, asymptotically almost periodic, asymptotically re-
current, asymptotically pseudo-recurrent). O

5. UNIFORM AVERAGING PRINCIPLE ON A FINITE TIME INTERVAL

We shall be dealing with the nonautonomous Navier-Stokes equation
(59) u' +eAu + eB(u,u) = ef(wt),
where € € [0,&¢], A is linear and B is a bilinear operator, and f is a forsing term.

Below we will use some notions, notations and results from [20]. Let Banach spaces
E F, X, & satisfy
EcCcF;, EFXCE,
each embedding being dense and continuous.
We suppose that the linear equation
(60) u = Au
generates the cp-semigroup of linear bounded operators
(61) eM g€,



ALMOST PERIODIC MOTIONS AND ATTRACTORS OF THE NAVIER-STOKES EQNS 19
which for ¢ > 0 can be extended to the linear bounded operators from F' to F
satisfying the estimates (9)-(11).

We also suppose that the following condition is satisfied
(62) Aett = At A,

in the sense of L(F,FE) := {A: F — E |A is linear and bounded } equipped with
the operational norm.

The external force f : Q — X is continuous, i.e. f € C(Q, X).

The operators e 4 (¢ > 0) can be extended to linear bounded operators from X to
E satisfying the estimates (15)- (16) and the equation (62), this time in the sense
of (X,FE) .

Let f(w) = fo(w)+ f1(w) (fo, f1 € C(©2, X)) for all w € Q and the average of f(w)
is equal to 0, that is,

¢
(63) lim %/0 filwr)dr =0

t—oo

uniformly with respect to w € Q.

Remark 5.1. 1. The condition (63) is fulfilled if a dynamical system (Q,R, o) is
strictly ergodic, i.e. on () there exists a unique invariant measure p w.r.t. (Q,R, o).

2. According to Lemma 5.1 from [9] the equality (63) takes place if and only if there
exists a positive continuous on Ry function k with tlim k(t) = 0 such that

(64) |% /Ot fi(wr)dr|x < k(1)

forallw e Q and t € Ry

Along with the equation (59) we consider also the partial averaged equation
(65) u' +eAx + eB(u,u) = e fo(wt).

If we introduce the 7slow time” 7 := et (¢ > 0), then the equations (59) and (65)
can be written in the following way

(66) u' + Au + B(u,u) :f(wg)
and
(67) ' + A+ B(u, ) = fo(wg).

We will consider mild solutions u(t) and @(t) of the equations (66) and (67), i.e.
u,w € C([0,T], E) and satisfy the following integral equations

69 uln) = ek [ e AT B (). u() + S,
0

0 a) = ok [ e AT Bla).als) + ol
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Denote by (7, z,w, €) (@(7, z,w, €)) a unique solution of the equation (68) (respec-
tively (69)). According to Theorem 2.8 the cocycle ¢(-, -, -, €) (¢(-, -, -, €)), generated
by the equation (68) (respectively (69)), has an absorbing ball B[0, Ry] (B0, Ro))
in E, where Ry := @ (Ro := @) This means that for every ball B[0, R] (respec-
tively B[0, R]) there exists a positive number L = L(R) (respectively L = L(R))
such that

(70) U(t,w,e)B[0, R] C B[0, Ro]

(71) (U(t,w,€)B0, R] € B[0, Ro])
forallt > L (t > L),e € [0,50] and w € Q, where U(t,w,e) := p(t,-,w,e) (

Ut,w,e) := @(t,-,w,e).

According to Theorem 2.8 the cocycle (-, -,-,¢) (@(:,, -, €)) is uniformly bounded
for t > 0, that is, for every ball B[0, Ri] (B[0, R1]) there exists a ball B0, Ro]
(B[0, R3]) such that

(72) U(t7w7E)B[0,R1] - B[O7R2]

(73) (U(t,w,e)B[0, Ry] C B0, Ry))
for all t > 0,¢ € [0,&0] and w € .

Theorem 5.2. Let L > 0 be arbitrary but fived. If (0,z,w,e) = ¢(0,z,w,e) =
x € B[0, Ry], that is, the initial points coincide and belong to the absorbing ball of
the equation (67) and condition (38) is fulfilled, then the following relation takes
place

(74)  sup{|e(t,z,w,e) — @(t,z,w,e)|lp : 0<t <L, |r|g < Ry, we N} —0
as € — 0.
Proof. The proof below goes along the same lines as the proofs of the corresponding

results from [15],[19] and [20]. We set v(t) := (¢, 2, w, &) — @(t, x,w, ). Subtracting
the equation (68) from the equation (69), we obtain

v(t) = /0 e(t_s)A(—B(v(s),@(s,x,w,s)) — B(@(s, z,w,e),v(s)))ds +
(75) /0 =94 £ (ws)ds

According to Theorem 2.8 |p(t, z,w,e)|, |@(t, z,w,e)| < ro for all ¢ > 0, where
ro 1= max{@, Hij”} In view of (75) v(t) satisfies the inequality

|U(t)|E S |‘/0 e(tis)A(B(v(S)ﬂ‘p(87x7w75)) + B(@(va7w75)7v(8)))d8‘ff +
(76) |/O e<t*S>Af1(w§)ds|E , teo0,L].

By (26) and (27) we see that the first term on the right-hand side of (76) is less
than

t
2rg- K -Cp / e~ =3 (t — §) |u(s) | pds
0
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We now show that the second term in (76) tends to 0 as € — 0 uniformly w.r.t.

t €[0,L],]z] < Ro and w € . Integrating by part in s and taking into account
inequalities (10)-(11), (15)-(16) and (64) we find

|/ =41 (w ds|E /f1 ds+/ At~ 5>A/ fi(w dT|Eds<

e” ||X—»E|/ filw d8|X+/ | AeAt=9)) x E|/ filw d8|X

— S

Kt Premolgy ( / K(t— s)~Peat=9g (L2045,

Let @ € [0,1),v € (0,1) and 8 € [0,2). Since
t t
t%k1(=) < sup t%ki(=)+ sup t%ki(t) <
€ 0<t<ev € eV <t<L
k1 (0) + L%y (e” ) :=c1(e) = 0ase — 0

and

v

t € t
/slfﬁkl(f)ds:/ slfﬁkl(f)dw/ 7P (2)ds <
0 € 0 € v €

v(2—8) 2-8 _ v(2-)
€ v—1 (t € )
A A
kl(O) 2—6 k(&' 2—,6 =
v(2—8) 2-8 _ ov(2-P)
€ v—1 (L € ) R
k1(0) 575 k(") 55 i=cy(e) ase — 0
uniformly w.r.t. ¢ € [0, L] and w € Q, then
t
sup | [ et 94 (w)ds|p — 0 as e — 0.
0<t<L Jo €

Thus,
t
o0le < CE+D- [ (¢ 9 ol pds
0
for all t € [0, L], where C(g) := c1(g) + +c2(¢) = 0 as e — 0 and D := 2R,CpK.

We now use the known inequality [18, Ch.7]. If

¢
u(t) <a-+ b/ (t —s)Ptu(s)ds, 0 < g <1,
0
then
u(t) < aGa((bL(8)]V/71),

where G, (x) is a monotone function, while I'(3) is a gamma function.
In our case we have

[v()|e < Ce)Ga(r(B)]/7t) <

C(e)Ga([pr(B)]Y/PL) :=d() = 0 (B:=1—ay € (0,1])

as € — 0 uniformly w.r.t. w € Q, x € B[0, Rg] and t € [0, L] for every L > 0. The
theorem is proved. O
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6. GLOBAL AVERAGING PRINCIPLE FOR THE NONAUTONOMOUS NAVIER-STOKES
EQUATIONS

Let 2 be a compact metric space, (2, R,0) be a dynamical system on 2, E be a
Banach space and (E, ¢, (2, R, o)) be a cocycle on (2, R, o) with fiber E.

A family of nonempty compact sets { I, |w € Q} (I, C E) is called a local compact
attractor (local compact forward attractor) if the following conditions are fulfilled:

(i)
I=J{L, : we}
is compact;
(i)
©xo (1, I:)\o yw) = I;\E)t w)
for all t € Ry and w € §;
(ili) there exists Ry > 0 such that I C B(0,Ry) := {z € E| || < Ry} and

tlim sup B(p(t, B[0, Ro],w),I) =0
T weq

(respectively lim sup B(p(t, B[0, Ro],w), I.t) = 0)

t—00 ,eQ
Theorem 6.1. Let A be a compact metric space, E be a Banach space and oy (X €

A) be a cocycle on (2, R, o) with fiber E. Suppose that the following conditions are
fulfilled:

(i) the cocycle ¢, admits a local compact forward attractor,
(ii) the following relation takes place
(80) mp(A) :=sup{|or(t,z,w) — o, (t,z,w)|] : 0<t<Lwe Qx| < Ro} —0

as A — Ao for every positive number L;
(iii) every cocycle vy is asymptotically compact.

Then the following statements are valid:

a. there exists a positive number p such that for all A € B[Ag, p] :={A € A :
P\, Ao) < u} the cocycle py admits a forward attractor {I,, : w € Q} in
B[O, RQ],’

b.

sup B(I2, 1)) — 0

w?rTw
weN

as X — Ag.

Proof. Let p > 0 be an arbitrary small number such that B[I*°, p] C B[0, Ro]. We
choose L = L(%) according to the condition

@3 (t, BI0, Rol,w) € B[, £]

for all w € Q@ and t > L(%). Now we choose €9 = £o(L) so that m(\) < £ for all
A E B[)\Q,Eo].
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Let t; := L, then we have @y, (t1,7,w) € B[Iﬁgl, 2] and @i (t1,z,w) € B[Ijgl We

take the point 21 := px(t1, 2, w) as initial and consider @y (¢, x1,wt1) on the segment
[0, L],

O (t, w1, wt1); oAt w1, wtr) = Ea(t, ea(ty, T,w),wt1) = PA(t + 11, 7,w).
On this segment ) (¢, 21, wt1) and @y, (¢, 21, wt1) will diverge by the value less than
£. Since @y, (t, 21,wt1) € Bllu,, §], we get pa(2t1,7,w) € Blluat,, %p]

If we take the point xo := ¢y (2¢1, 2, w) as initial one, then we see that the situation
is similar to that which occurred at the previous step.

Repeating this process, we arrive at the conclusion that (¢, z,w) € B[I)¢, p] C
B(0, Ry) for all t > L(£) and w € Q. Since the cocycle @) is asymptotical compact
then according to Theorem 3.4 and Corollary 3.5 it admits a forward attractor
{I, : w € Q} such that I* := UY{I} : w € Q} C B[I,p] and, consequently,
BI*, I*) — 0 as A — Ao.

Below we proved the inclusion o, (¢, B[0, Ro],w) C B[I?, Llforallt > Land w € Q
and, consequently, we obtain

(s1) pa(t, B0, Rol,wr) € BILY . £]

for all t > L and w € ). Taking into consideration that
(82) ﬂ U oa(7, B[O, Ro, o(—T7,w))
t>0 7>t

we see that from (81) and (82) follows that I} C B[I)°,p] for all w € Q and
A € B[\, 0] and, consequently, sup 3(I)) I’\O) — 0 as A — Xg. The theorem is
weN

proved. (I
Remark 6.2. 1. The second condition of Theorem 6.1 is fulfilled, for example, if

the space E is finite-dimensional and the mapping ¢ : Ry X ExXQ X A — F, defined
by the equality o(t,x,w, ) := p\(t,z,w), is continuous.

In fact, if we suppose that it is not true, then there exist Ly > 0, Ay — Ao, T €
B0, Rol,t; € [0, Lo] and wy, € Q such that

(83) o (B Thy Wi ) — 0 (Ek, Thy wi )| = €0 > 0.

Since the sets B[0, Ro], 2 and [0, Lo] are compact, we can suppose that the sequences

{zi}, {tx} and {wi} are convergent. Denote by to := hm te, To = hm . and

wo = khrn wg. Passing to the limit in equality (83) and takmg into account the
— 00

continuity of the mapping ¢ we obtain 0 > €g. The obtained contradiction proves
our statement.

2. Under the conditions of Theorem 6.1 if we suppose that the cocyle vy, admits a
compact global forward attractor {I2° : w € Q}, i.e.

Jm sup G(px, (¢, B[O, B],w), Lug) = 0

t—o0 UJE

for every R > 0, then there should be natural to hope that for \ sufficiently close to
Ao the cocycle oy also will admit a compact global forward attractor {I)) : w € Q}
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in small neighborhood of I*°. Unfortunately, generally speaking, this assertion is
not true.

In fact, let po be a cocycle (dynamical system) generated by the equation x' = —x
and ¢y be a cocycle generated by the equation x' = —x + Ax® (A > 0). It is
clear that the cocycle wo (¢x) admits a compact global attractor I° = {0} (I* =
[-A"Y2 X=12)). In the small neighborhood of the attractor I° = {0} the cocycle
ox ( for small \) admits a local (but not global) attractor I* = {0}.

Theorem 6.3. Let A be a compact metric space, (Q,R, o) be a dynamical system
on the compact metric space ), E be a Banach space and ¢ (A € A) be a cocycle
on (,R, o) with fiber E. Suppose that the following conditions are fulfilled:

(i) the cocycle @y, admits a compact global forward attractor;
(i) the following relation takes place

mp(A) == sup{|er(t, z,w) — pr, (t,z,w)| 1 0<t<L, weQ, || <Ry} —0

as A — Ao for every positive number L;
(iii) every cocycle @y admits a compact global attractor {1} : w € Q};
(iv) the set I :=J{I* : X € A} is bounded in E.

Then the following equality

lim sup B(I),12°) =0
A—=X0 weN

is fulfilled and, in particular,

lim B(I*, 1) = 0.

— o

Proof. Suppose that the conditions of the theorem are fulfilled. According to the
condition (iv) there exists a positive number Ry such that I C B(0, Rp). Reasoning
as in Theorem 6.1 for all p > 0 we will find L = L(§) > 0 and 6y = do(p) > 0 such
that

alt, 10, w) € B, p)

s Lwo

for all t > L and w € Q and, consequently,
I:)\ = P (ta Icr(ft,w)a 0(_t7w)) C B[I:;\Oup]
for all w € Q and p(A, Ag) < dp. The theorem is proved. O

Lemma 6.4. ([8]) Let A be a compact metric space and let o : T xWXAXQ— W
satisfy the following conditions :

(i) ¢ is continuous ;
(ii) for every A € A the function ox = o(-,-,A,-) : T4y x W xQ — W is a
continuous cocycle on Q) with the fiber W ;
(iii) the cocycle vy admits a pullback attractor {I} | w € Q} for every X\ € A;
(iv) the set |J{I* | X € A} is precompact, where I* = |J{I. | w € Q}.

Then the following equality
(84) lim BN, 1) =0

wr tw,
A— Ao, w—wo 0
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takes place for every Ao € A and wy € Q and
(85) lim B(Ix,1x,) =0
A— Ao

for every Ao € A.
Lemma 6.5. ([8])

Let the conditions of Lemma 6.4 and additionally the following condition be fulfilled:

5. for certain Ay € A the application F : Q — C(W), defined by equal-
ity F(w) = 1) is continuous, i.e. aF(w), F(wg)) — 0 if w — wq for
every wg € ), where « is the full metric of Hausdorff, i.e. «a(A,B) =
max{3(4, B),3(B,A)}.

Then the equality
(86) lim sup B(I}, 1) =0

A= we W

takes place.
Theorem 6.6. ([8])

Let W possess the property (S) and let the cocycle ¢ admit a compact pullback
attractor {I,, | w € Q}, then :

(i) the set I, is connected for every w € Q;
(ii) 4f the space S is connected, then the set I = |J{I,|w € Q} also is connected.

Theorem 6.7. Let € € (0,e0), Q be compact and connected and p. ( ¢:) be a
cocycle generated by the equation (59) (respectively by the equation (65)).

Suppose that the following conditions are fulfilled:

(i) f(w):= folw)+ fiw) (weQ), fo, 1 € C(QX);
(ii) the average of f1(w) is equal to 0, i.e. t1l>r£o 7 fg fi(ws)ds = 0 uniformly
w.r.t. w e
(ili) the cocycles p. and @. (€ € (0,£0])) are asymptotically compact .

Then the following statements are true:

a. for every e € (0,e0] and w € ) the set I5 :={x € E : the solution
e (t, z,w) of equation (63) is defined and bounded on R} (respectively
I = {x € E : the solution p.(t,r,w) of equation (65) is defined and
bounded on R}) is nonempty, compact and connected;

b. the cocycle v. (g:) admits a compact global attractor {IS : w € 1}
(respectively {1 : w € Q});

c. the set I¢ (respectively I¢) is compact and connected;

d. the set I .= J{I° : & € [0,e0]} (respectively I := |J{I® : & € [0,&0]},
where I¢ .= {I: : w € Q}) is compact, where I¢ = |J{I: : w € Q},
I°=10 = {1 : weQ}and {IC : w € Q} is a compact global
attractor of the equation (65), when € = 1;

e. glir(l) B(I5,1°) = 0, where 3 is a semi-distance of Hausdorff;
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f. If a dynamical system (2, R, o) is periodic, i.e. there exists wg € Q such
that woT = wo and @ = {wet : t €[0,7)}, then
1ing)sup{ﬂ([5 I’) : weQ}=0.
£—

w?Tw

Proof. Let € € (0,2¢), © be compact and connected and ¢, ( @.) be a cocycle
generated by the equation (59) (respectively by the equation (65)), then we have

(87)  wel(t,z,w) = p(et, 7, w, ) (respectively @e(t,z,w) = @(et, z,w,€)

for all t € Ry,z € F and w € Q, where ¢(-,-,-,¢) (respectively @(-,-,-,¢)) is
a cocycle generated by the equation (66) (respectively (67)). From the equality
(87) follows that {I5 : w € Q} (respectively {I5 : w € Q},) is a compact
global attractor of the equation (66) (respectively (67)). Now to finish the proof of
theorem it is sufficient to apply Theorems 5.2, 6.3, 6.6 and Lemmas 6.4, 6.5. The
theorem is proved. O
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