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ABSTRACT. Invariant manifolds are fundamental tools for describing and un-
derstanding nonlinear dynamics. In this paper, we present a theory of stable
and unstable manifolds for infinite dimensional random dynamical systems
generated by a class of stochastic partial differential equations. We first show
the existence of Lipschitz continuous stable and unstable manifolds by the
Lyapunov-Perron’s method. Then, we prove the smoothness of these invariant
manifolds.

1. Introduction

This paper, which is a sequel to [10], is devoted to the existence and smoothness of
stable and unstable manifolds for a class of stochastic partial differential equations
(PDEs).

We consider a nonlinear stochastic evolution equation with a multiplicative white
noise:

du .
(1) E:Au—&—F(u)—i—uW,
where A is a generator of a Co-semigroup e satisfying an exponential dichotomy
condition, F(¢) is a Lipschitz continuous operator with F(0) = 0, and v W is a
noise. The precise conditions on them will given in the next section. Some physical
systems or fluid systems with noisy perturbations proportional to the state of the
system may be modeled by this equation.

In [10], we proved the existence of Lipschitz continuous unstable manifolds for sto-
chastic partial differential equation (1) by using a random graph transform and a
generalized fixed point theorem.

In the present paper, we study the existence and smoothness of stable and unstable
manifolds for equation (1). In brief, our main results on the stable and unsta-
ble manifolds manifolds may be summarized as follows (the precise statements are
given in Sections 3-5). We assume that the semigroup e satisfies an exponential
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condition and the Lipschiz constant of F' is dominated by a spectrum gap. Then,
there exist global Lipschitz continuous stable and unstable manifolds for stochastic
partial differential equation (1). Furthermore, if F' is C* and a large spectrum gap
condition holds, then these stable and unstable manifolds are C* smooth. The
manifolds we study here actually are so-called pseudo-stable and pseudo-unstable
manifolds which include the usual stable and unstable manifolds. As for the deter-
ministic systems, we do not need the large spectrum condition for the smoothness
of the usual stable and unstable manifolds of stochastic partial differential equation
(1). When F is a C! function, the conditions for existence of the C! stable and
unstable manifolds are the same as those for the existence of Lipschitz manifolds.

In this paper, we also consider a nonlinear stochastic evolution equation with a
additive white noise:

d )
2) = Au+t F(u)+ W

dt
The precise conditions on them will given in the next section. We will see that after

random transformations, equation (2) can be regarded as a special case of equation

(1).

The approach we use here is based on the Lyapunov-Perron’s method. This ap-
proach differs from the Hadamard’s graph transform method that we used in [10].
However, the optimal conditions for the existence of Lipschitz unstable manifolds
obtained by these two different methods are the same.

Stable and unstable manifolds play an important role in the study of nonlinear
dynamical systems. Hadamard [11] constructed the unstable manifold of a hyper-
bolic fixed point of a diffeomorphism of the plane using a geometric method. This
geometric method is now called Hadamard’s graph transform. Lyapunov [13] and
Perron [16] constructed the unstable manifold for an equilbrium point by formulat-
ing the problem in terms of an integral equation. This method is analytic rather
than geometric and now is called the method of Lyapunov and Perron. There is
an extensive literature on stable and unstable manifolds for both finite and infinite
dimensional deterministic dynamical systems; see Henry [12], Babin and Vishik [2]
or Bates et. al. [3] and the references therein.

Recently, there are some works on invariant manifolds for stochastic ordinary dif-
ferential equations by Wanner [22], Arnold [1], Mohammed and Scheutzow [15],
and Schmalfufl [19]. Wanner’s method is based on the Banach fixed point theorem
on a space composed of functions with particular exponential growth rates. This
method is essentially the Liapunov-Perron approach. In contrast to this method,
Mohammed and Scheutzow have applied a classical technique due to Ruelle [17] to
the stochastic ordinary differential equations driven by semimartingals. Caraballo
et. al. [21] have considered invariant manifolds for a stochastic reaction diffusion
equation.

In Section 2, we recall some basic concepts and results for random dynamical sys-
tems and stochastic partial differential equations (PDEs). We then prove the ex-
istence of the Lipschitz stable manifold for the stochastic PDE (1) in Section 3.
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In Section 4, we prove the smoothness of the stable manifold. The results on the
unstable manifold for (1) are given in Section 5.

2. Stochastic PDEs and Random Dynamical Systems

In this section, we introduce some basic notations, assumptions, concepts, and
results on stochastic partial differential equations and random dynamical systems.

2.1. Stochastic PDEs with a Multiplicative Noise. Let H be an infinite di-
mensional separable Hilbert space with norm |-|. Consider the nonlinear stochastic
partial differential equation

d .
(3) di::Au+F(u)+uW,
where u € H, W(t) is the standard R—valued Wiener process on a probability
space (2, F,P), and the geperalized time-derivative W formally describes a white-

in-time noise. Note that u W is interpreted as a Stratonovich stochastic differential.

We assume that the linear operator A : D(A) — H generates a strongly continuous
semigroup e* on H, which satisfies the exponential dichotomy with exponents
a > 3 and bound K, i.e., there exists a continuous projection P* on H such that

(i) PteAt = eAtpt,
(i) the restriction e!|g(p+y, t > 0, is an isomorphism of the range R(P™) of
P onto itself, and we define e for t < 0 as the inverse map.
(i)
leAPTa| < Ke*|z|, t<0,
leAP~z| < KePllz|, t>0,

(4)

where P~ =1 — Pt. Denote H- = P~H and Ht = PTH. Then, H = Ht @
H~. We will call H- and H* the stable subspace and the unstable subspace,
respectively.

The nonlinear term F satisfies F/(0) = 0 and is assumed to be Lipschitz continuous
on H

|P*(F(21) — F(x2)|lar < LipF|lz1 — 2]l a
with the Lipschitz constant LipF > 0.

The existence theory for stochastic evolution equations is usually formulated for Ito
equations as in Da Prato and Zabczyk [8], Chapter 7. The equivalent Ito equation
for (3) is given by

5 du = Audt + F(u)dt + “dt +udW.
2

Then, for any initial data « € H, there exists a unique solution of (5). For details
about the properties of this solution see Da Prato and Zabczyk [8], Chapter 7.

The solution of (5) can be written as a mild solution:

u(t) = etta t A9 (F(u(s @ S teA(t_s)u s x
(0 = Mot [ (I Fu) + s+ [ ()W, weH
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almost surely for any x € H. Note that the theory in [8] requires that the associated
probability space (2, F,P) is complete.

2.2. Random Dynamical Systems. Let us first look at flows on the probability
space (Q, F,P). A flow 6 of mappings {0;}cr is defined on the sample space
such that

(6) 0:RxQ— Q, 00 = idQ, Htl ] 0,52 = 9t1+t2

for ¢1, to € R. This flow is supposed to be (B(R) ® F, F)-measurable, where B(R)
is the o-algebra of Borel sets on the real line R. To have this measurability, it
is not allowed to replace F by its P-completion F*; see Arnold [1] Page 547. In
addition, the measure PP is assumed to be ergodic with respect to {6;};cgr. Then
0 :=(Q,F,P,R,0) is called a metric dynamical system.

For the SPDE’s with a multiplicative noise, we will consider a special but very
important metric dynamical system induced by the Wiener process. Let W (t) be
a two-sided Wiener process with trajectories in the space Cy(R,R) of real con-
tinuous functions defined on R, taking zero value at ¢ = 0. This set is equipped
with the compact open topology. On this set we consider the measurable flow
0 = {0:}ter, defined by bw = w(- +t) — w(t). The distribution of this process
is a measure on B(Cp(R,R)) which is called the Wiener measure. Note that this
measure is ergodic with respect to the above flow; see the Appendix in Arnold [1].
Later on we will consider, instead of the whole Cy(R,R), a {6; }+cr-invariant subset
Q C Cy(R,R) of P-measure one and the trace o-algebra F of B(Cy(R,R)) with
respect to Q. A set  is called {0;}+cr-invariant if ;02 = Q for ¢ € R. On F we
consider the restriction of the Wiener measure also denoted by P.

The dynamics of the system on the state space H over the driven flow 6 is described
by a cocycle. For our applications it is sufficient to assume that (H,dpy) is a
complete metric space. A cocycle ¢ is a mapping:

$:RT"xOxH—-H
which is (B(R) ® F ® B(H), F)-measurable such that
¢(0,w,z) =2 € H,
o(t1 + t2,w, x) = ¢(t2, 0y, w, d(t1,w, 7)),

for t1,to € RT, w € Q, and x € H. Then ¢ together with the metric dynamical
system 6 forms a random dynamical system.

2.3. Conjugated Random PDEs. In [10], we used a coordinate transform to
convert conjugately a stochastic partial differential equation into an infinite di-
mensional random dynamical system. Although it is well-known that a large class
of partial differential equations with stationary random coefficients as well as Ito
stochastic ordinary differential equations generate random dynamical systems (for
details see Arnold [1], Chapter 1), this problem is still unsolved for stochastic par-
tial differential equations with a general noise term C(u)dW. The reasons are:
(i) The stochastic integral is only defined almost surely where the exceptional set
may depend on the initial state z; (ii) Kolmogorov’s theorem, as cited in Kunita
[14] Theorem 1.4.1, is only true for finite dimensional random fields; and (iii) the
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cocycle has to be defined for any w € €. Nevertheless, for the noise term v dW con-
sidered here, we can show that the stochastic PDE (5) indeed generates a random
dynamical system.

We considered a linear stochastic differential equation:
(7) dz + zdt = dW.
A solution of this equation is called an Ornstein-Uhlenbeck process. We have the

following result.

Lemma 2.1. i) There exists a {0t }+er-invariant set Q € B(Cy(R,R)) of full mea-
sure with sublinear growth:

of P-measure one.
i1) For w € ) the random variable

2(w) = — / ' eTw(r)dr

— 00

exists and generates a unique stationary solution of (7) given by

0 0
QX R3 (w,t) — 2(0w) = f/ e"bw(T)dr = 7/ e"w(T +t)dr + w(t).
The mapping t — z(0;w) is continuous.
i11) In particular,
|2(0sw)|
t—+oo |t|

=0 forwef.

w) In addition,

t—+oo

¢
lim 1/ z(0;w)dr =0 forw € Q.
0

We now replace B(Cy(R,R)) by
F={QnF, FeB(CyR,R))}

for Q given in Lemma 2.1. The probability measure is the restriction of the Wiener
measure to this new o-algebra, which is also denoted by P. In the following we will
consider the metric dynamical system

(&, F,P,R,0).

We show that the solution of (5) defines a random dynamical systems. To see this
we consider the following partial differential equation with random coefficients

d
(8) d—qz = Au+ z(w)u + G(Ow,u), u(0)=z€ H
where G(w,u) := e*“) F(e=*(“qy). Tt is easy ro see that for any w € © the function
G has the same global Lipschitz constant L as F. In contrast to the stochastic
PDE (5), no stochastic differential appears in the random PDE (8). The solution
can be interpreted in a mild sense

t
(9) U(t) _ eAt—i-fO” z(t%u.))d‘raj + / eA(t—s)-‘rfSt z(Orw)erv(esw7 u(s))ds
0
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We note that this equation has a unique solution for each w € 2. No exceptional
sets appear. Hence the solution mapping

(t,w,z) — u(t,w,z)
generates a random dynamical system. Indeed, the mapping u is (B(R) ® F ®
B(H), F)-measurable.

We now introduce the transform

(10) T(w,z) = ze )
and its inverse transform
(11) T Y w,z) = ze*@)

for r € H and w € Q.

Lemma 2.2. Suppose that u is the random dynamical system generated by (8)
Then

(12) (t,w,x) — T (0w, u(t,w, T(w,x))) =: a(t,w, z)

is a random dynamical system. For any x € H this process (t,w) — 4(t,w,x) is a
solution to (1).

Similar transformations were used in Caraballo, Langa and Robinson [21], and
Schmalfuf} [18].

2.4. Stochastic PDEs with a Additive white noise. We mention another ap-
plication. We consider a stochastic evolution equation with an additive white noise
(13) ‘;—? =Au+F)+W, a(0)==x

where W is a white noise given as the generalized temporal derivative of a Wiener
process with continuous paths in H. For simplicity we suppose that W has a
covariance with finite trace. For a comprehensive presentation of these equations
see [8]. For this problem we have to choose a similar metric dynamical system as
above but  is contained in the space of trajectories Co(R, H).

Suppose that u* is a stationary solution to (13). This means that for the random
variable u* with values in H defined on a {6 }+cr-invariant set of full measure

t — u*(fw)

is a solution version for (13). It will not be the topic of this article to deal with
stationary solutions. For the existence of stable stationary solutions see Caraballo
et al. [5].

We now define the nonlinear operator

Glw,2) = Plo+ (@) — F(u ().
Note that G has the same Lipschitz constant as F'. In addition, G(w,0) = 0. Hence,
the problem

d
(14) d—? = Au+ G(fw,u),  u(0)=z € H.
has a stationary solution which is identical zero. We introduce the random trans-
formations

T(w,z) =2 —u*(w), T w,z) =2+ u*(w).
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Lemma 2.3. Suppose that u is the random dynamical system generated by (14).
Then

T 0w, u(t,w, T(w, ) =: a(t,w, x)
is a random dynamical system. For any x € H the process
(t,w) — a(t,w,x)
is a solution for (13).

We notice that equation (14) can be regarded as equation (8) with z = 0. We refer
to [4] for more general cases. For the remainder of this article, we consider only
equation (8).

2.5. Definition of Invariant Manifolds. We first recall that a multifunction
M = {M(w)}weq of nonempty closed sets M(w), w € €, contained in a complete
separable metric space (H,dy) is called a random set if

inf d
w= iof m(w,y)

is a random variable for any = € H.

Definition 2.4. A random set M (w) is called an invariant set for a random dy-
namical system ¢(t,w,x) if we have

o(t,w, M(w)) C M(6w) fort > 0.
If we can represent M by a graph of a C* (or Lipschitz) mapping
hS(w): H  — H*
such that
M(w) = M*(w) ={{+h*(§,w)[¢ € H™}
then M*(w) is called a C* (or Lipschitz) stable manifold, where H~ is the stable
subspace and HY is the unstable subspace, which are introduced in Section 2.1.
If we can represent M by a graph of a C* (or Lipschitz) mapping
R*( w): HY — H™
such that
M(w) = M"(w) = {§+ h"(§w)|l¢ € H}
then M“(w) is called a C* (or Lipschitz) unstable manifold.

3. Lipschitz Stable Manifolds

In this section, we first show the existence of a Lipschitz continuous stable manifold
for the random partial differential equation

d
(15) (Tz; = Au+ z(bw)u + G(bw,u), u(0)=ug€ H
Then, we apply the inverse transformation 7! to get a stable manifold for the

stochastic partial differential equation (5).



8 JINQIAO DUAN, KENING LU, AND BJORN SCHMALFUSS

Denote by u(t, w,ug) the solution of (15) with the initial data w(0,w, ug) = ug. We
define the Banach Space for each n, < n < «
Cf ={¢:[0,00) = H | ¢ is continuous and  sup e lo #0r2)dr | 4(4)| < o0}
te[0,00)
with the norm

|Bloy = sup e o2 ddTg p)).
te[0,00)

Let

M?(w) ={up € H | u(-,ug,w) € C’,T}
This is the set of all initial datum through which solutions decay as e +/o
We shall prove that M*(w) is invariant and is given by the graph of a Lipschitz
function.
Theorem 3.1. If

z(0rw)dT

1 1
K Lip,G (—— + ——) < 1,
(?7—6 a—n)

then there exists a Lipschitz invariant stable manifold for the random partial dif-
ferential equation (15) which is given by
M*(w) = {€+h*(©)]€ € HT},

where h® : H~ — HTY is a Lipschitz continuous mapping and satisfies h*(0) =
0. Note that k,«, 3 are from the exponential dichotomy condition (4) and Lip, G
denotes the Lipschitz constant of G(-,u) with respect to u.

Remark: n = (a + 3)/2 minimizes the quantity

1 1
n—_p Tas 77)
Proof. We will show that M*(w) is given by the graph of a Lipschitz function over
H~. First we claim that u® € M?*(w) if and only if there exists a function u(-) € C;f
with u(0) = u° and satisfies

K Lip,G (

ot ¢ t
u(t) :eAtJrjO z(esw)ds€+/ eA(tfs)+jS Z(grw)drPfG(st,u(s))dS
(16) . ’
n / A=)+ 20r)dr P+ (9 o, u(s))ds.

o0
where ¢ = P~u°.
To prove this claim, first we let u® € M*(w). By using the variation of constants
formula, we have that

Pfu(t, UO, w) :eAtJrfOt z(0sw)ds p—, 0

(17) ‘ ‘
+/ AU=9)F 1L 20:2)dr =19 05 u)ds.
0

Pru(t,u’,w) —eAU=T)+[; z(g'*“’)dsP"'u(T, u’, w)

(18) ! ‘
+/ A=)+ [ 20 p= G o u)ds.

Since u € C,f, we have for t < 7,0 < 7 that



STABLE AND UNSTABLE MANIFOLDS FOR STOCHASTIC PDES 9

A(t—1)+[! z(()sw)dsPJru( 0

le Tu,w)|

t
S ea(tf‘r)efo z(Gsw)dsen‘r|u‘C;

"t
= ettfo 2Osw)ds—(a=mT _, () a5 7 — 400,

Then, taking the limit 7 — 400 in (18), we have that

t
(19) Pru(t,u’,w) :/ eA(t_s)"’f:Z(GT‘w)dTP+G(05w,u(s))ds.
Combining (17) and (19), we have (16). The converse follows from a direct compu-
tation.
Next we prove that for any given £ € H~ the integral equation (16) has a unique
solution in C’;‘ . To see this, let J*(u, ) denote the right hand side of equality (16).
It is easy to see that J* is well-defined from C,f x H~ to C,F". For each u,u € C;,
we have that

|Js(u7 5) - Js(ﬂa §)|C;r

t
< sup {e—nt_fot 2(0sw)ds (| / eA(t_S)_H-St z(erw)drp—(G(esw’ u)
) 0

te[0,00

— G(Osw,u))ds

t
(20) +/ﬁ&UﬂﬂﬂdﬂwaﬂGwﬂmowawgmMﬂ”

t t
< sup {KLipuG|u—ﬂ|C+(/ e(ﬁ_")(t_s)ds—i-/ e(o‘_")(t_s)ds)}
" Jo

te[0,00) %)

) 1 1

< KLlpuG(n_ﬁ g
Obviously J* is Lipschitz continuous in £. By the assumption, KLipuG(ﬁ +
%_77) < 1, hence J* is a uniform contraction with respect to the parameter £. By
the uniform contraction mapping principle, we have that for each £ € H~, the
mapping J*(+, &) has a unique fixed point u(-;&,w) € C’,‘;‘ and u(+; -, w) is Lipschitz
from H~ to C’;‘, that is, u(-; -, w) € C{;‘ is a unique solution of the integral equation

(16). Furthermore one has for the fixed point u the estimate

_ K
(21) |U(, gaw) - u(';ng”C;f S 1— KLlpuG(ﬁ + %—n)

Yo — @

Since u(+; &, w) can be an w-wise limit of the iteration of contraction mapping J*
starting at 0 and J® maps a F-measurable function to a measurable function,
u(+;€,w) is F-measurable. On the other hand, since u(-; €, w) is Lipschitz continu-
ous, by Castaing and Valadier [6], Lemma II1.14, the above terms are measurable
with respect to (§,w,y).

Let h%(¢,w) = PTu(0;&,w). Then

0
he(&,w) :/ e=4s ! #0rw)dr p+G(f,w, u(s; €, w))ds

and h®(0,w) = 0.
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Thus, by using (21), we obtain that
K?Lip,G
(o —n)(1 - KLip,G(; 15 + 25
and h® is measurable. From the definition of h* (£, w) and the claim that u® € M*(w)
if and only if there exists u € C,5 with u(0) = ug and satisfies (16) it follows that
u® € M*(w) if and only if there exists £ € H~ such that u® = £+ h*(£,w), therefore,
M (w) ={§+ P&, w)[€ € H}.
In order to see that M*(w) is a random set we need to show that for any z € H

(22) w— inf |lo — (PTy+h*(P y,w))
yeH

|hs(§7w)_h5(£,w)|§ )|£_g|

is measurable, see Castaing and Valadier [6], Theorem III.9. Let H. be a countable
dense set of the separable space H. Then the right hand side of (22) is equal to

(23) mf foP y+ h*(P y,w))|

yeH

which follows immediately by the continuity of h*(-,w). The measurability of any
expression under the infimum of (22) follows since w — h*(P~y,w) is measurable
for any y € H.

Finally, we show that M#(w) is invariant, i.e., for each ug € M*(w), u(s,ug,w) €
M?*(fsw) for all s > 0. We first note that for each fixed s > 0, u(t + s,up,w) is a
solution of

‘f;t‘ = Au+ 2(0:(03w))u + G(0:(Osw), 1), w(0) = u(s, ug, w).

Thus, u(t, u(s, ug,w), Osw) = u(t + s, up, w).
Since u(-, up,w) € C,F, u(t, u(s, uo,w), 0sw) € C,F. Therefore, u(s, up,w) € M*(f,w)
This completes the proof. O

Theorem 3.2. M?®(w) = T~ (w, M*(w)) is a Lipschiz stable manifold of the sto-
chastic partial differential equation (5).

Proof. Let u(t,w, x) denote the solution of (8) and u(t,w, z) denote the solution of
(5). From Lemma 2.2, we have

a(t,w,M*(w)) = T7H(Ow, u(t,w, T(w, M*(w))))
= T (Opw, u(t,w, M*(w))) C T~ (Ow, M*(iw)) = M*(0,w).

Hence, M*(w) is an invariant set. We also notice that

M* (w)
=T ' w, M*(w))
={ug =T Yw, 6+ h*(&,w)| €€ H}

= {uo =+ R (€ W) €€ HT}
= {ug = (€ + (e W w))| € HT}

which implies that M?®(w) is a Lipschitz stable manifold given by the graph of a
Lipschitz continuous function h*(¢,w) = h* (e *“)¢, w) over the space H~. O
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4. Smoothness of Stable Manifolds

In this section, we prove that for each w, M*(w) is a C* smooth manifold. We have
Theorem 4.1. Assume that G is C* inu. If 3 < kn < o and

1
KLlpuG(

1
—5 )<1 foralll <i <k,

then M*(w) is a C* invariant stable mamfold for the random partial differential
equation (15), i.e., h(&,w) is C* in €.

Proof. We prove this theorem by induction. First, we consider k¥ = 1. Since

1

1
KLip, G(—— + <1
( P )
there exists a small number ¢ > 0 such that § < n — 26 and

KLip, G( ) <1 forall0<~ <24

1 n 1
M=y -6 a—-m-7)
Thus, J*(-,&,w) defined in the proof of Theorem 3.1 is a uniform contraction in

C’:]r_,y C CJ for any 0 < < 2§. Therefore, u(;&,w) € C;r_,y. For &, € H™, we set

S = eAt+.f(; z(Osw)ds

b
and

t rt
Tv :/ A=)+ 2(0r0)dr p= D G0 ,w, u(s; £o, w))vds
0

t
+/ A=)+ #0)dr pt D G(Oaw, u(s; &, w))vds
oo

for v € C’;’; 5- From the assumption, we have that S is a bounded linear operator
from H~ to C;Q s Using the same arguments as we proved that J* is a contraction,
we have that T is a bounded linear operator from Cnt s to itself and

- + ! )< 1
m=0)—B a—-(n-9) ’

which implies that Id — T is invertible in C’;‘_é. For &,&) € H™, we set

IT| < KLip, G(

P [ A0 G0, 0556, 0) — GO0, u(5360,)
0
— DGO u(5: §0,0)) (u(si € w) — u(si §0,))|ds
[ A0 P (G006, — G0l )

— DuG(0.w, u(s; §0,w)) (uls: €, w) — uls: €0, w) | ds
We claim that |I|C+_a = o(]€ — &) as € — &. Using this claim, we obtain
u(3§w) — ul o, w) = T(u(s & w) — ul56,w))
(24) =SE—-&)+1
= S(§ —&o) +o(|€ — &ol), as§ — &o.



12 JINQIAO DUAN, KENING LU, AND BJORN SCHMALFUSS

which yields
u(3€,w) —u(;éo,w) = (Id = T)7HS(€ — &) + o(|€ — &ol).-

Hence, u(-;¢,w) is differentiable in & and its derivative satisfies Deu(t;€,w) €
L(H-, C;r_é), where L(H™, C;r_é) is the usual space of bounded linear operators
and

Df’u’(t? 57 w) = 6At+f0t z(esw)dsP_.

t
(25) —|—/ A=) JJ +20:0)dr p= D G (few, u(s; €, w)) Deu(s; €, w)ds
0

¢
+ / eAt=9)+[; #0rw)dr pt D G (Osw, u(s; €, w)) Deu(s; €, w)ds

Now we prove that ||+ L= o(|€ — &) as &€ — &. Let N be a large positive
n_
number to be chosen later and let

t
I e oS =0ude ]| / A=)+ 20:0)dr =[G, u(s; €, w))
N

— GO, u(s3€0,0)) — DuG(0u, u(s; €0, w)) (53 €,w) — u(s; €0, )| ds| |

fort > N and I, =0 for t < N,

N
I :e—(n—é)t—fot z(ésw)ds{l / 6A(t_s)+f_: z(erw)drp— G(98w7 ’U,(S; £, w))
0

— G(Osw,u(s; &, w)) — DyG(Osw, u(s; &g, w))(u(s; &, w) — u(s; fo,w))} ds|}

Let N be a large positive number to be chosen later. For 0 < ¢t < N, we set

t
I3 :6*(77*5)t*ft02(9sw)d5{|/ A=)+ ! 2(0rw)dr p+ [G(Gsw,u(s;ﬁ,w))

N
— GO, 15360, w)) — DuG(Bu, u(s; G0, ) (uls3 €, w) — uls: &0, )| dsl

N
Iy =~ (007 0 / A=) +]! 20 p (g 0, u(s; €, w))

o0

— G(Osw,u(s; &, w)) — DyG(Osw, u(s; &, w)) (u(s; €, w) — u(s; §O,w))} ds|}.

For t > N, we set

t
I :e—(n—S)t_ftO z(@sw)d8{| / eA(t—s).;.fSt z(0rw)dr p+ [G(esw, u(s; £, w))

o}

— G(Osw,u(s; &, w)) — DyG(Osw, u(s; &, w))(u(s; &, w) — u(s; §0,w))} ds|}
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It is sufficient to show that for any € > 0 there is a ¢ > 0 such that if |£ — &| < o,
then |1+ s €€ — &o|. Note that
R

o+ <supli+suplo+ sup I3+ sup Iy+ sup Is.
=5 >0 t>0 0<t<N 0<t<N t>N

A computation similar to (21) implies that

t
L < 2KLipuG/ P00 (€ w) — ul o, w)| v ds
N "

2K2Lip,Ge N

< : 1€ — &ol-
(1= — B)(1 — KLip, G- + =)
Choose N so large that
2K?Lip,Ge N 1
. < —e
(77 -6 — /8)(1 - KLlpuG(nleafﬁ + a7(771726))) 4

Hence for such N we have that
1
sup; < Zﬁ\f —&olx-
>0
Fixing such N, for I, we have that
N 1
I, < K/ e(ﬁ—(n—&))(t—S){/ [|DuG(95w,Tu(s;§,w) + (1 —71)u(s;&,w))
0 0

= DuG(0uw, u(s: G0, )]l 6,0) — uls€o,0)l o _ds

< K€ — &
> . 1 1
1-— KLlpuG(nfzsfﬁ + ai(nis))

N 1
/ efwf(n—a))s{/ [1D.G(Osw, Tu(s; €,w) + (1 — T)u(s; &, w))
0 0

— D,G(Osw,u(s; &, w))”dr}ds.

The last integral is on the compact interval [0, N]. Thus, from the continuity of the
integrand (s, ), we have that there is a o1 > 0 such that if | — &| < o1, then
1
sup Iz < 1€|§ = &ol-
>0
Therefore, if | — &y| < o1, then

1
sup Iy +sup Ir < —¢|€ — &.
>0 >0 2
Similarly, by choosing N to be sufficiently large, we have
1
sup Iy +sup Is < —el€ — &,
0<t<N t>N 4
and for fixed such N, there exists oo > 0 such that if |£ — &| < o, then

1
sup I3 < ngl —&al.
0<t<N
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Taking ¢ = min{o1, 02}, we have that if |£ — & | < o, then
e, < e~ &l

Therefore |I],+ .= o(l¢ — &) as &€ — &. We now prove that Deu(-;-,w) is
o
continuous from H~ to Cnﬂ For &, & € H—, using (25), we have

Deu(t; €, w) — Deu(t; &o,w)

t
:/ eAlt=9)+[ 2(6rw)dr p— (DUG(st,u(s;f,w))Dgu(s;é,w)
0

— DuG(0sw, u(s; €o,)) Deuls; o, w) ) ds

t
+/ eAlt=s)+[] 2(0rw)dr p+ (DUG(HSwm(s;§,w))D§u(s;§,w)

o0

(26) — DuG(OSw,u(s;{o,w))Dgu(s;fo,w))ds

t
:/ eA(t—s)+f.IZ<9rw>d’"P‘(DUG(GSw,U(S;é,W))
0

(Deu(s; &, w) — Deu(s; &o, w))) ds

t
—|—/ eAlt=8)+[{ 2(0rw)dr p+ (DuG(QSw,u(s;f,w))

oo

(Deu(s; &, w) — Deu(s; £o,w)))ds +1,

where

t
I:/ AU+ 20)dr p= (D G(O,w, u(s: €, w))
0

— D,G(Osw,u(s; &, w))Dgu(s; &o,w)ds
t
+/ eA(t_ststZ(GT“)dTP+(DuG(05w,u(s;{,w))

oo

— D,G(Osw,u(s; &, w)) Deuls; &, w)ds.

Then, estimating [Deu(-; &, w) — Deu(-; €0, w)|p, (5~ ;> we have

|D§u(-;£7W) - DEU(';£O>W)|L(H*,C;;')

< |j|L(H*,Cf{)
~1- KLip,G(;245 + 35)°

Using the same argument we used for the last claim, we obtain that |1:|L(H_,C;r) =
o(1) as & — &. Hence Dguf(;-,w) is continuous from H~ to L(H~,C,"). Therefore,
u(;-,w) is C* from H™ to C;f. Now we show that u is C* from H™ to C’,jn by
induction for k£ > 2. By the induction assumption, we know that u is C*~! from

H™ to C’(J;_l)n and the and (k — 1)-derivative D?‘lu(t; ¢, w) satisfies the following
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equation
Dlg_lu = /Ot A=) [ +2(0rw)dr p— (D,G(0sw, u)Dg_luds
+ /t eAlt=9)+[] 2(9'”‘”)dTP+DuG(95w,u)ng*luds
/t eAt=9) S “(erw)dTP*Rk_l(s,f,w)ds
0
+/¢&“*Hﬁ4m@WP+Rkﬂ&&st
where
Ri—1(s,&w) = Z (k ; 2) D’C 27H(DuG(Osw, u(s; €, w )))Dé“u(s;f,w).

i=0
We note that Déu € C’i‘; fori=1,--- ,k —1 from the induction hypothesis. Thus,
using the fact that G is C*, we can verify that Ry (-, &, w) € LF~ 1(H C(J,rc 1)77)
and is C' in &, where LF~! (H ct (k— 1)n) is the usual space of bounded k — 1 linear
forms. In order to insure that the above integrals are well-defined one has to require
that 8 < (k—1)n < «. This is the reason why we need the gap condition. The fact
that ¢ — z(0,w) has a sublinear growth rate is also used in these analysis. Note
that from the assumption 5 < kn < a and
1
n—5 a—
Using this fact and the same argument which we used in the case k = 1, we can show
that Dk7 u(+; -, w) is O from X to LF(H™, C,jn) This completes the proof. O

KLlpuG( )<1 foralll <i<k.

Theorem 4.2. Assume that F(u) is CF smooth. If 3 < kn < a and
1 1
76 a—in
then M*®(w) = T~ (w, M*(w)) is a C* invariant stable manifold for the stochastic
partial differential equation (5).

KLlpuG( ) <1 foralll <i<k,

Proof. Since
= {¢+h(Ew)| Ee H Y,
he(€,w) = ezhs(e_z(“))f,w), and h*(€,w) is C* in &, h*(€,w) is C* in €. O
5. Smooth Unstable Manifolds

All results obtained in Section 3 and Section 4 also hold for unstable manifolds.
Theorem 5.1. If

1 1
KLip,G(—— +
(n—ﬂ =1
then there exists a Lipschitz unstable manifold for the random partial differential
equation (15), which is given by

M"(w) = {&+h"(§,w)|¢ € HT},

) <1,
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where h* : HY — H~™ is a Lipschitz continuous mapping and satisfies h*(0) = 0.
Moreover, M*(w) = T~ (w, M*(w)) is a Lipschiz stable manifold of the stochastic
partial differential equation (5).

Theorem 5.2. Assume that the nonlinear term F and thus G is C* in u. If
0 < kn<aand

KLip, G( y<1 foralll <i<k,

in—0 oz in
then M™(w) is a C* unstable manifold for the random partial differential equation
(15), i.e., h*(&,w) is C* in &. Moreover, M"(w) = T~ (w, M*(w)) is a C* unstable
manifold for the stochastic partial differential equation (5).

Generally, a few modifications are needed to adapt the proofs presented in Section
3 and Section 4 to the case of unstable manifold. The most significant differences
are the integral equation (16) and the associated function space. We shall outline
the proofs and leave the details to the interested reader.

Corresponding to space C’,J{ , we define the Banach Space for each § < n < «
C, ={¢:(~00,0] — H | ¢ is continuous and sup e_”t_fgz(e*w)dﬂqﬁ(tﬂ < o0}
t<0

with the norm .
|¢|CTT = i1<]_13 e—ﬂt—fo Z(arw)d7‘¢(t)|.

Let

M*(w) = {uo € H | u(-,w,ug) € C,'}
This is the set of all initial datum through which solutions decay as et+/o (¢-w)dr
as t — —o0.

Clearly, M*(w) is invariant. In order to show that M“(w) is given by the graph of
a C* (or Lipschitz) function, one needs to prove that u® € M%(w) if and only if
there exists a function u(-) € C,; with u(0) = u” and satisfies

t
u(t) A 20dsg | / (AU 2047 P G000, u(5)) ds
(27) : '
+/ A=) +[] 2(0rw)dr p= G . u(s))ds.
—00

where ¢ = P,

The next step is to show that for any given £ € H™ the integral equation (27) has
a unique solution in C; . To see this, letting J “(u, &) denote the right hand side
of integral equation (27), one may show that J* is a unform contraction. Hence,
by the uniform contraction mapping principle, we have that for each £ € HT, the
mapping J*(-,§) has a unique fixed point u(;§,w) € C and u(-;-,w) is Lipschitz
from H* to C, . Thus, u(-;-,w) € C, is a solution of integral equation (27).

Let h*(§,w) = P~ u(0;€&,w). Then

0 .
h*(&,w) = / e~ As o200 pr (9w u(s; €, w))ds

— 00
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and h*(0,w) =0 if F(0) =0 or G(w,0) = 0.
Therefore,

M*(w) ={§+h"(§,w)ls € H}.

In the same fashion as the case for the smoothness of stable manifold, one may
show that h* is C* when the assumptions in Theorem 5.2 hold.
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