INVARIANT MANIFOLDS FOR STOCHASTIC PARTIAL
DIFFERENTIAL EQUATIONS
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ABSTRACT. Invariant manifolds provide the geometric structures for describ-
ing and understanding dynamics of nonlinear systems. The theory of invariant
manifolds for both finite and infinite dimensional autonomous deterministic
systems, and for stochastic ordinary differential equations is relatively mature.
In this paper, we present a unified theory of invariant manifolds for infinite
dimensional random dynamical systems generated by stochastic partial differ-
ential equations. We first introduce a random graph transform and a fixed
point theorem for non-autonomous systems. Then we show the existence of
generalized fixed points which give the desired invariant manifolds.

1. INTRODUCTION

Invariant manifolds are essential for describing and understanding dynamical be-
havior of nonlinear and random systems. Stable, unstable and center manifolds
have been widely used in the investigation of infinite dimensional deterministic
dynamical systems. In this paper, we are concerned with invariant manifolds for
stochastic partial differential equations.

The theory of invariant manifolds for deterministic dynamical systems has a long
and rich history. It was first studied by Hadamard [9], then, by Liapunov [12] and
Perron [16] using a different approach. Hadamard’s graph transform method is a
geometric approach, while Liapunov-Perron method is analytic in nature. Since
then, there is an extensive literature on the stable, unstable, center, center-stable,
and center-unstable manifolds for both finite and infinite dimensional deterministic
autonomous dynamical systems (see Babin and Vishik [2] or Bates et al. [3] and the
references therein). The theory of invariant manifolds for non-autonomous abstract
semilinear parabolic equations may be found in Henry [10]. Invariant manifolds with
invariant foliations for more general infinite dimensional non-autonomous dynami-
cal systems was studied in Chow et al.[6]. Center manifolds for infinite dimensional
non-autonomous dynamical systems was considered in Chicone and Latushkin [5].

Recently, there are some works on invariant manifolds for stochastic/random ordi-
nary differential equations by Wanner [24], Arnold [1], Mohammed and Scheutzow
[14], and Schmalful [19]. Wanner’s method is based on the Banach fixed point
theorem on some Banach space containing functions with particular exponential
growth conditions, which is essentially the Liapunov-Perron approach. A similar
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technique has been used by Arnold. In contrast to this method, Mohammed and
Scheutzow have applied a classical technique due to Ruelle [17] to stochastic dif-
ferential equations driven by semimartingals. In Caraballo et al. [22] an invariant
manifold for a stochastic reaction diffusion equation of pitchfork type has been
considered. This manifold connects different stationary solutions of the stochastic
differential equation. In Koksch and Siegmund [11] the pullback convergence has
been used to construct an inertial manifold for non-autonomous dynamical systems.

In this paper, we will prove the existence of an invariant manifold for a nonlinear
stochastic evolution equation with a multiplicative white noise:

(1) 90 = 464 Fo) + 017

where A is a generator of a Cy-semigroup satisfying a exponential dichotomy condi-
tion, F'(¢) is a Lipschitz continuous operator with F'(0) = 0, and W is the noise.
The precise conditions on them will be given in the next section. Some physical
systems or fluid systems with noisy perturbations proportional to the state of the
system may be modeled by this equation.

In order to show the existence of an invariant manifold, we will first show this
stochastic evolution equation generates a random dynamical system by using a
standard technique to transform this equation into a conjugated random evolu-
tion equation without a white noise but with random coefficients. Then, we will
prove the existence of an invariant manifold for the conjugated random evolution
equation, and finally we will transform the results back to the original stochastic
evolution equation.

Our method showing the existence of an invariant manifold is different from the
methods mentioned above, which is an extension of the result by Schmalful [18].
We will introduce a random graph transform. This graph transform defines a ran-
dom dynamical system on the space of appropriate graphs. One ingredient of a
random dynamical system is a cocycle (see the next section). An invariant graph of
this graph transform is a generalized fixed point for cocycles. A generalized fixed
point defines an entire trajectory for the cocycle. Applying this fixed point theo-
rem to the graph transform dynamical system we can find under a gap condition a
fixed point contained in the set of Lipschitz continuous graphs which represent the
invariant manifold.

The main assumption is the gap condition formulated by a linear two-dimensional
random equation. This equation allows us to calculate a priori estimate for the
fixed point theorem. We note that this linear random differential equation has a
nontrivial invariant manifold if and only if the gap condition is satisfied. Hence,
our results are optimal in this sense.

We believe that our technique can be applied to other cases that are treated in
Bates et al. [3].
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We also note that we do not need to use the semigroup given by the skew product
flow.

In Section 2, we recall some basic concepts for random dynamical systems and show
that the stochastic partial differential equation (1) generates a random dynamical
system. We introduce a random graph transform in Section 3. A generalized fixed
point theorem is presented in Section 4. Finally, we present the main theorem on
invariant manifolds in Section 5.

2. RANDOM DYNAMICAL SYSTEMS

We recall some basic concepts in random dynamical systems. Let (2, F,P) be a
probability space. A flow 6 of mappings {6; }+cr is defined on the sample space
such that

(2) 0:RxQ— Q, 9() = ldQ7 etl o 0t2 = 9t1+t2

for t1, to € R. This flow is supposed to be (B(R) ® F, F)-measurable, where B(R)
is the collection of Borel sets on the real line R. To have this measurability, it
is not allowed to replace F by its P-completion F*; see Arnold [1] Page 547. In
addition, the measure PP is assumed to be ergodic with respect to {6;};cg. Then
(Q,F,P,R,0) is called a metric dynamical system.

For our applications, we will consider a special but very important metric dynamical
system induced by the Brownian motion. Let W (t) be a two-sided Wiener process
with trajectories in the space Cy(R,R) of real continuous functions defined on R,
taking zero value at t = 0. This set is equipped with the compact open topology. On
this set we consider the measurable flow 6 = {0; }+cRr, defined by 6w = w(-+t)—w(t).
The distribution of this process generates a measure on B(Cy(R, R)) which is called
the Wiener measure. Note that this measure is ergodic with respect to the above
flow; see the Appendix in Arnold [1]. Later on we will consider, instead of the whole
Co(R,R), a {0; }+cr-invariant subset @ C Cy(R,R) of P-measure one and the trace
o-algebra F of B(Cy(R,R)) with respect to Q. A set Q is called {6, }:cg-invariant
if 6;Q2 = Q for t € R. On F we consider the restriction of the Wiener measure also
denoted by P.

The dynamics of the system on the state space H over the flow € is described by a
cocycle. For our applications it is sufficient to assume that (H,dg) is a complete
metric space. A cocycle ¢ is a mapping;:

d:R"xQxH—H
which is (B(R) ® F ® B(H), F)-measurable such that
¢(0,w,z) =x € H,
P(t1 + b2, w, x) = (t2, 0y, w, d(t1,w, 7)),

for t1,t € RT, w € Q, and x € H. Then ¢ together with the metric dynamical
system forms a random dynamical system.

Random dynamical systems are usually generated by differential equations with
random coefficients

(ZS/ = f(etwa ¢)a ¢(0) =x € Rd
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or finite dimensional stochastic differential equations

dé = f($)dt +g($)dW, $(0) = x € R

provided that the global existence and the uniqueness can be ensured. For details
see Arnold [1]. We call a random dynamical system continuous if the mapping

z — ¢(t,w,x)

is continuous for ¢t € Rt and w € Q.

Now we start our investigation on the following stochastic partial differential equa-
tion

do .
3) = Ao+ F(9)+ oW
on a separable Banach space (H,| - ||zr). Here A is a linear partial differential

operator; W (t) is an one dimensional standard Wiener process, and W describes
formally a white noise. Note that ¢ W is interpreted as a Stratonovich differential.
However, the existence theory for stochastic evolution equations is usually formu-
lated for Ito equations as in Da Prato and Zabczyk [7], Chapter 7. The equivalent
TIto equation for (3) is given by

(4) dp = Apdt + F() dt+§dt+¢dw.

In the following, we assume that the linear (unbounded) operator A : D(A) —
H generates a strongly continuous semigroup {S(t)};>0 on H. Furthermore, we
assume that S(t) satisfies the exponential dichotomy with exponents A > A and
bound M, i.e., there exists a continuous projection 7 on H such that

(i) 7*S(t) = St)n™;

(ii) the restriction S(t)|g(r+), t > 0, is an isomorphism of R(7") onto itself,

and we define S(t) for ¢t < 0 as the inverse map.

(i)

(5) TS g < MeM, t<o, 7= S | < MM, t>0

where 7~ =1 — nT.

Denote H- =7~ H and HY =77 H. Then, H=HT ® H™.

For simplicity we set M = 1. For instance, if the operator —A is a strongly
elliptic and symmetric differential operator on a smooth domain D of order 2 under
the homogeneous Dirichlet boundary conditions, then the above assumptions are
satisfied with H = L?(D). In this case A has the spectrum

AL > > Ay > Aug1 > Ayga >

where the space spanned by the associated eigenvectors is equal to H. For any A,
the associated eigenspace is finite dimensional. The space HT is spanned by the
associated eigenvectors for Ay, Ag, -+ ; Ay and A= A, > A1 = A

We assume that F' is Lipschitz continuous on H

l7* (F(21) = F(a2) i < Lllz1 — 22w
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with the Lipschitz constant L > 0. Then, for any initial data x € H, there exists
a unique solution of (4). For details about the properties of this solution see Da
Prato and Zabczyk [7], Chapter 7. We also assume that F(0) = 0.

The stochastic evolution equation (4) can be written in the following mild integral
form:

o(t) = S(t)x +/O (St —7)(F(o(r)) + @)dT +/0 St —T1)p(r)dW, xze€H

almost surely for any « € H. Note that the theory in [7] requires that the associated
probability space is complete.

In order to apply the random dynamical systems techniques, we introduce a coordi-
nate transform converting conjugately a stochastic partial differential equation into
an infinite dimensional random dynamical system. Although it is well-known that a
large class of partial differential equations with stationary random coefficients and
Ito stochastic ordinary differential equations generate random dynamical systems
(for details see Arnold [1], Chapter 1), this problem is still unsolved for stochastic
partial differential equations with a general noise term C'(u)dW. The reasons are:
(i) The stochastic integral is only defined almost surely where the exceptional set
may depend on the initial state x; and (ii) Kolmogorov’s theorem, as cited in Ku-
nita [13] Theorem 1.4.1, is only true for finite dimensional random fields. Moreover,
the cocycle has to be defined for any w € Q.

However, for the noise term ¢ dW considered here, we can show that (4) generates
a random dynamical system. To prove this property, we need the following prepa-
ration.

We consider the one-dimensional linear stochastic differential equation:
(6) dz + zdt = dW.

A solution of this equation is called an Ornstein-Uhlenbeck process.

Lemma 2.1. i) There exists a {0 }rer-tnvariant set Q € B(Co(R,R)) of full mea-
sure with sublinear growth:

of P-measure one.
it) For w € Q the random variable

0
z(w) = —/ e’w(r)dr
exists and generates a unique stationary solution of (6) given by

0 0
QxR (w,t) — 2(0w) = —/ e bw(r)dr = —/ e w(T +t)dr + w(t).
The mapping t — z(0;w) is continuous.
iii) In particular, we have
L (0w)

A =0 forwe.
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) In addition,
1 t
lim / z(0;w)dr =0
t—+oo t
for w e Q.

Proof. 1) It follows from the law of iterated logarithm that there exists a set ; €
B(Cy(R,R)), P(£21) = 1, such that

t
lim sup & =
t—+oo +/2|t|loglog |t|
for w € . The set of these w’s is {6 }+cr-invariant.
ii) This can be proven as in @ksendal [15] Page 35. The existence of the integral

on the right hand side for w € 2, follows from the law of iterated logarithm. Using
the law of iterated logarithm again, the function

T—¢e  sup |w(T+to)]
[to*l,to%*l]

is an integrable majorant for e”w(r 4 t) for ¢ € [tg — 1,tp + 1] and 7 € (—o0,0].
Hence the continuity at o € R follows straightforwardly from Lebesgue’s theorem
of dominated convergence.

iii) By the law of iterated logarithm, for 1/2 < § < 1 and w € £ there exists a
constant Cs, > 0 such that

(T +1)] < Cs + |7 +1° < Cs, +|7I° +t°, 7<0.

Hence
L 5 5
. - T < =
thin t/_ooe w(r +t)dr thin |/ (Csw + |7|° + [t]°)dT = 0,
4
im 20—
t—too

which gives the convergence relation in iii). Hence, these convergence relations al-
ways define a {6, };cr-invariant set which has a full measure.

iv) Clearly, Ez = 0 from ii). Hence by the ergodic theorem we obtain iv) for
w € Q9 € B(Cyh(R,R)). This set Qs is also {0; }rer-invariant. Then we set

Q= Ql n Q2.
The proof is complete. O

We now replace B(Cy(R,R)) by
F={QnNA, AeB(Cy(R,R))}

for Q given in Lemma 2.1. The probability measure is the restriction of the Wiener
measure to this new o-algebra, which is also denoted by P. In the following we will
consider the metric dynamical system

(&, F,P,R,0).
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We now back to show that the solution of (4) defines a random dynamical system.
To see this, we consider the random partial differential equation

(7) 9 = A6+ G0, 6) + (0)p, 9(0)=w € H

where G(w,u) := e *@ F(e*(“)qy). Tt is easy to see that for any w € © the function
G has the same global Lipschitz constant L as F. In contrast to the original
stochastic differential equation, no stochastic integral appears here. The solution
can be interpreted in a mild sense

t
(8) (t) = elo 2077 g1z 4 / el7 2O gt — 1)G(0w, ¢(7))dr.

0

We note that this equation has a unique solution for every w € ). No exceptional
sets appear. Hence the solution mapping

(t7 w, Z‘) - ¢(t7 w? 'r)
generates a random dynamical system. Indeed, the mapping ¢ is (B(R) @ F ®
B(H), F)-measurable.
Let ¢(t,w, ) be the solution mapping of (4) which is defined for w € Q € FF, P(Q) =
1. We now introduce the transform
(9) T(w,z) = ze )
and its inverse transform
(10) T Y w,z) = ze*®)
for x € H and w € Q.
Lemma 2.2. Suppose that ¢ is the random dynamical system generated by (7).
Then
(11) (tw, ) = T~ (O, ) 0 6(t,w, T(w, ) =: §(t,w, z)

is a random dynamical system. For any x € H this process is a solution version of

(4)-

Proof. Applying the Ito formula to T'(;w, g%(t, w, T~ (w,2))) gives a solution of (7).
The converse is also true, since 77! (6w, ) and ¢(¢,w, x)) are defined for anyw € Q
and T ! is the inverse of T, and thus

(ta w, x) - T_l(atw7 ¢(ta w, T(w7 LE)))
gives a solution of (4) for each w € . It is easy to check that (11) defines a random

dynamical system. Since ¢ is measurable with respect to F so is this (;AS O

Similar transformations have been used by Caraballo, Langa and Robinson [22] and
Schmalfufl [18]. Note that our transform has the advantage that the solution of (7)
generates a random dynamical system for the w-wise differential equation.

In Section 5 we will prove the existence of invariant manifolds generated by (7).
These invariant manifolds can be transformed into invariant manifolds for (3).
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3. RANDOM GRAPH TRANSFORM

In this section, we construct a random graph transform. The fixed point of this
transform gives the desired invariant manifold for the random dynamical system ¢
generated by (7).

We first recall that a multifunction M = {M(w)}weq of nonempty closed sets
M(w), w € Q, contained in a complete separable metric space (H,dy) is called a
random set if

inf dg(zx,
v yEIII\/lI(w) H(x y)

is a random variable for any = € H.
Definition 3.1. A random set M (w) is called an invariant set if
o(t,w, M (w)) C M(bw).
If we can represent M by a graph of a Lipschitz mapping
Y (w,): Hf = H, H"©oH =H
such that
M(w) ={(z", 7" (w,z™)), 2" € H'},
then M (w) is called a Lipschitz continuous invariant manifold.

Let v(-) : H" — H~ be a Lipschitz continuous function with Lipschitz constant
L., > 0 and also let v(0) = 0. We consider the system of equations

w(t) =elr 20Tt g4 — Tyt

T
— / el? Z(ef’w)dT/W+S(t — )t G(Orw, w(T) +v(7))dr
(12) o

v(t) =elo #0975 (t)y (w(0))

¢
+ / els Z(QT’“)dT/ﬂ_S(t — 1) GOrw,w(T) +v(7))dr
0

on some interval [0, T]. Note that if (12) has a solution (w,v) on [0, 7] then w(0)
defines a mapping v — (T, 07w, ~)(y") and v(T) defines another mapping

(13) v — (T, w,7)(y").

This latter mapping ® will serve as the random graph transform.

Recall that a random variable w — 7*(w) is a generalized fixed point of the mapping
D if

(14) (T, w,v"(w)) = v (Orw).

for w € Q, T > 0. We assume that v*(w) is a Lipschitz continuous mapping
from H* to H™ and it takes zero value at zero. Conditions for the existence
of a generalized fixed point are derived in the next section in the case of ® a

random dynamical system. The following theorem describes the relation between
generalized fixed points and invariant manifolds.

Theorem 3.2. Suppose that v* is the generalized fixed point of the mapping .
Then the graph of v* is the invariant manifold M(w) of the random dynamical
system ¢ generated by (7).
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Proof. Let M(w) be the graph of y*(w) such that (z*,v*(z*,w)) € M(w). Then
for z7, y™ € HT, we obtain

(Tyw,a™ + 7" (w,27)) =nTo(T,w, 2™ + 7" (w,27)) + 77 ¢(T,w, 2" + 7" (w,27))

=y" + 1 (T, w, U(T, Orw, 7" (w))(y")

+ 97w, O(T, 0w, 7" () (y 1))

=y" + (T, w0,y (W) (y") =y +7"(Orw)(y") € M(O7w)

by the definition of ¥:
2T = U(T, 07w, v*(w))(y") if and only if y* = 77 ¢(T,w, 2t + v*(w,2™)).

For the measurability statement see Section 5 below. O
By this theorem, we can find invariant manifolds of the random dynamical system
¢ generated by (7) by finding generalized fixed points of the mapping ® defined in
(13). To do so, we will use a generalized fixed point theorem for cocycles and thus
we need to show that the above mapping @ is in fact a random dynamical system.

For the remainder of this section we will show that ® defines a random dynamical
system. We will achieve this in a few lemmas.

In the following we denote by C’g 1 (H™T; B) the Banach space of Lipschitz continuous
functions from H*, with value zero at zero, into a Banach space B with the usual
(Lipschitz) norm

Y (ot
HUHCOvl — sup ||U(y1+) U’S_yQ )HB
0 yy Ays €H+ |y — o lu

Moreover, Cg: (H™; B) denotes the Banach space of bounded continuous functions,
with value zero at zero and with linearly growth. The norm in this space is defined

" Jut)
uly )lB
lulleg = sup 10 )lE
0Ayt+cH+ ly™ Iz
We first present a result about the existence of a solution of the integral system
(12). The proof is quite technical and is given in the Appendix.

Lemma 3.3. Let L be the Lipschitz constant of the nonlinear term G(w,-) in the
random partial differential equation (7). Then for any v € Cg’l(H+; H),weQ,
there exists a T = T(y,w) > 0 such that on [0,T] the integral system (12) has a
unique solution (w(-),v(-)) € C([0,T); C§(H+; HY) x CF (H+; H™)).

Let C([0,T]; B) be the space of continuous mappings from [0, 7] into B. Note that
for some T > 0 and v € Cg’l(H+; H™), the fixed point problem defined by the inte-
gral system (12) has a contraction constant less than one. Then for 77 < T and some
Lipschitz continuous function 4/ € Co*' (H*; H™) such that 171l cor < ||v]lgor the
same contraction constant can be chosen. This follows from theostructure Oof the
contraction constant; see (29) below.

We would like to calculate a priori estimates for the solution of (12). To do this
we need the following lemma and its conclusion on monotonicity will also be used
later on.
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Lemma 3.4. We consider the differential equations

W' =AW + z(6,w)W — LW — LV,

15 <
(15) V' = AV + 2(6i0)V + LW + LV

with generalized initial conditions
(16) W)=Y >0, V(O)=TwW(O0)+C, T, C>0.

Then this system has a unique solution on [0,T] for some T = T(I,C,w) > 0. This
interval is independent of C. Let W, V be solutions of (15) but with the generalized
initial conditions

W)=Y >0, VO)=TW(@O)+C, 0<I'<T,0<C<C.

Then we have 0 < V(t) <V (t) and 0 < W (t) < W (t) fort € [0,T).

The proof is given in the Appendix.

Now we can compare the norms for the solution of (12) and that of (15)-(16).

Lemma 3.5. Let [0,T] be an interval on which the assumptions of the Banach
fized point theorem (see the proofs of Lemma 3.8, 3.4) are satisfied for (12) and
(15)-(16) for some v € CY*(H*; H™). Then the norm of the solution of (12) is
bounded by the solution of (15)- (16) with Y =1, C =0, and I' = L, being the
Lipschitz norm of ~v. That is,

lw®)llce <W (@), [v@)lce < V().
The proof is given in the Appendix.

We obtain from Lemma 3.3 that w(t,y™), v(¢,y+) exist for any y™ € HT on some
interval [0,77]. We also have ||w(T)||Cg,1 =1 and

Iy (w(0,57)) = Y@ (O, )l _ |Iv(w(0,y1)) = v(w(0,y5))llmr

oy — v e [[w(0,y7) —w(0, 3 )| a
[w(0,y77) — w(0,y3 )| u
Iy = y3 |

<Ly [w(0)]| o

for y # y3 and w(0,y;") # w(0,y5). Hence ||v(0)\|cg,1 < L7||w(0)||cg,1. We

have that w(0,y;") # w(0,y5") because W(T,0rw,¥)(:) is a bijection. Indeed this
mapping is the inverse of 27 — 77 ¢(T,w,z" + v(z)) on HT. One can see this
if we plug in 2+ = U(T, 0rw,v)(:), which is given by w(0), the right hand side of
(12) at zero into the 7T-projection of the right hand side of (8) for t = T', and vice
versa if we plug in this expression into the right hand side of the first equation of
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(12). On the other hand, we have
|7 G w, wiyl) +v(y) — TG (w, wlyd) +v(ys)lm

Iy —va llur
< Lll?ﬂ(yf) +u(y) — (w(yd) +vy))llu
- Iy — va la
w(y") — wlys)lla N @) = o(w)ln
- Iy — 3 |l v — 3 |l

Repeating the arguments of Lemma 3.5 we obtain
+\ _ + +Y (0t
ly" — vz [l ™ — w2l

for any yf’ #* y;’ . Hence, we have the following result.

Lemma 3.6. The solution of the integral system (12) has the following regular-
ity: w(t) € Cy (HT; HY) and v(t) € CY (HY; H™). In particular, ®(T,w, ) €
C’g’l(H*; H™) for sufficiently small T. Moreover, the comparison result in Lemma
3.5 remains true.

Note that by the fixed point argument, ®(T,w,v) and V(T 67w, ) exist only for
small T. We would like to extent these definitions to T € RT. To see this, we are
going to show that if the Lipschitz constant of v is bounded by a particular value,
then the Lipschitz constant of p = ®(T,w,~) has the same bound.

As a preparation we consider the matrix

AN—L —L
B'(L 5\+L>

which has the eigenvalues A1, A_. These eigenvalues are real and distinct if and
only if

(17) A—A>A4L.
Then the associated eigenvectors can be written as
(e+’ 1)7 (6—7 1)'

We order Ay, A_ as Ay > A_. The elements e, e_ are positive.

Lemma 3.7. Let T =T(T",0,w) > 0 be chosen such that (15), (16) have a solution
on [0,T] given by the fixed point argument for T' = e;l =Kk Y =1and C =
0. Then the closed ball Bcg,l(O, K) in Cg’l(H+;H_) will be mapped into itself:
CD(T, w, Bcg,l (O, li)) C Bcg,l (0, Iﬁ:),

Proof. Let Q1(t)Zo be the solution of the linear initial value problem

7 = BZ, #0) =%

[&z(0,w)dr 0
elo
Qa(t) = < 0 ot z(efw)d7>

be the solution operator of

and let

Y = z(01w0),  P(0) = o,
77/ W

z(0ww)n,  n(0) = no-
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Note that Q2(t) and @Q1(t) commute. Hence Q2(t)@Q1(¢) is a solution operator of
the linear differential equation (15). Since

aw ()=o)

Qz(t>Q1<t)< ex ) _ eA+t+f;z<e,w>dT( - )

For the initial conditions Y =1, " = e;l we can calculate explicitly for the solution
of (15), (16)

we obtain that

W(0) = €7A+T7fOTZ(9Tw)dT’ e = e_—‘rlefA+Tff0T z(0-w)dr

and co = 0. Hence V(T) = e_T_l. By the comparison results from Lemmas 3.5
and3.6, we find that ||w(0)HCg,1 < W(0) and HU(T)”Cg,l = ||<I>(T,w,'y)|\cg,1 <

V(T) = e for small T depending on w such that
@(T, w, Bcg,l (0, /i)) - Bcg,l (0, Iﬁ:).
O

Since we will equip Bcg,l (0, k) with the C§-norm in Section 5, in the following we
will choose the state space H = Bgo.1 (0, k) with the metric dy (2, y) == [lz — yllcg-

Now we show that the random graph transform ® defines a random dynamical
system.

Theorem 3.8. Suppose that the gap condition (17) is satisfied. Then ® is well-
defined by (13) for any T > 0, w € Q and v € H. In addition, ® together with
the metric dynamical system 6 induced by the Brownian motion defines a random
dynamical system. In particular, the following measurability for the operators of
the cocycle holds:

Qow— O(T,w,y)(y")e H™

is (F, B(H™))-measurable for any y* € HT, T > 0.

Proof. By Lemma 3.3, the mapping ®(T,w,y) is defined for small 7. So we first
have to extend this definition for any T' > 0.

To this end we introduce random variables T, (w) > 0 by
1
T.(w) = ginf{T >0: K(w,T,k) > 1}

where K is defined in (29) below. Since T'— K(w, T\, k) is continuous in T this is
a random variable. Hence, K(w,T,(w),x) < 1, and (12) has a unique solution on
[0,T,(w)] for v € H. We define a sequence by 71 = T1(w) = Ty (w), Tz = Th(w) =
T (07, (w)w) and so on. Suppose that for some w € Q we have that Y. °, Tj(w) =
To < oo. Then the definition of K in (29) implies that fOTO |2(6;w)|dT = oo. This
is a contradiction, because by Lemma 2.1 the mapping ¢t — z(f;w) is continuous.
Hence for any T > 0 and w € 2 there exists an ¢ = i(T,w) such that

T=Ti+To+-+Ti1+T;, 0<T;<T.
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We can now define
(18)  &(T,w,7) = &(Ti,07,_,w,-) o ®(Ti 1,07, _,w,-)o--0®(T1,w,7).
We show that the right hand side satisfies (12).
Suppose that (w!,v!) = (w'(t,w,y,y"), v (t,w,v,yT)) is given by (12) on some
interval [0,t1], t; < T} for v € H. We have
p() =0l (tr,w,y, ) = B(t,w,7)() € K,
see Lemma 3.7. Similarly,
(w?,v?) = (W2(t, Oy, w, p, 27), V2 (t, O, w, i, 27))

is given by (12) on some interval [0, t2], t2 < T5. We set

w(t,w,v,27) = { wl(fu;?tv_qff(gtitlz 54;&)) t et(i [21t41r] to]
By the variation of constants formula on w we have for ¢ € [0, 1]
(19)

el Z(efw)dTﬂJrS(t — tl)eft(; Z(9T+t1w)d77r+8(—t2)z+

L t2 .
_ 7T+S(t _ tl)e.ffl z(0rw)dT / 7T+S(—T)€j"? 2(0T+f’1w)dr7T+G(97—+t1W, w2 + 1}2)(17'
0

t1 ,
- / 7St — 7)elr 2Ot Gw, w' + vl)dr
t
:efttl +to Z(GTW)dTWﬁLS(t —t — tQ)ZJr
t1+ta .
- / 7St — 7)el- 2O 1t G0, w, w + v)dT = w(t).
t

Now we consider the second equation of (12) with initial condition

1(w(0)) = y(w! (0,0, 7, w0, 0y, w, 1, 27))).
Then at t; we have for the solution of the second equation
vty w, v, w? (0,0, w, 1, 2)) = p(w?(0,0;,w, 1, 27))
which is equal to v2(0,0;,w, i1, z7). Hence for
1 2 + .
ety = { U )
we can find

v(th +t2) —elo' ™ 20T =Gty + o)y (w(0))
t1+t2 ty+to ’
+/ e'[T z(0,w)dr W_S(tl +ty — T)W_G(eq—w, w(’r) + v(T))dT
0

which gives us together with (19) that (w,v) solves (12) on [0,¢; + 2] and v(¢1 +
ta) = ®(t1 + t2,w,v)(2T). Since p € H so is ®(t1 + t2,w,)(2") by Lemma (3.7).
The extension of the definition of ® is correct since we obtain the same value for
different ¢, € [0,71], t2 € [0,T1] whenever t; 4+ to = const. For this uniqueness we
note that z — w(0,w,v,27) given by the above formula is the inverse of z7 —
7to(ty + to,w,xt + y(x1)) which is independent of the choice of t; and t5. This
implied the independence of v(t; + t2) on t; + to = const. By a special choice of
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t1, to (for instance t; = T4, to = Ty and continuing the above iteration procedure
we get (18). By this iteration we also obtain that ®(T,w,~) € H.
For the measurability, we note that

\II(T NTy (W)a 0T/\TN (w)s 'Y) (y+)7 (I)(T NTy (w)’ QT/\TN (w)» 7) (er)

are F, H*-measurable because these expressions are given as an w-wise limit of the
iteration of the Banach fixed point theorem starting with a measurable expression.
On the other hand,

y+ - \II(T A Tn(w)7 9T/\T,Q(w)>’7) (y+)a y+ - (I)(T A Tn(w)’ 9T/\T,€(w)a 7) (y+)

is continuous. Hence by Castaing and Valadier [4], Lemma III.14, the above terms
are measurable with respect to (w,y™). The measurability follows now by the
composition formula (18). O

Remark 3.9. i) Note that the solution of (15), (16) can be extended to any time
interval [0,7]. Then lemma 3.5, 3.5 remain true for any T > 0.

ii) Similar to the extension procedure we can show that U(T,w,~) is defined for
any T'> 0, w € Q and v € H.

4. EXISTENCE OF GENERALIZED FIXED POINTS

By Theorem 3.2, the problem of finding invariant manifolds for a cocycle is equiva-
lent to finding generalized fixed points for a related (but different) cocycle. In this
section, we present a generalized fixed point theorem for cocycles.
Let © and 0 be as in Section 2, except that, in this section, we do not need any
measurability assumptions. Namely, Q is an invariant set (of full measure) under
the metric dynamical system 6. Let ® be a cocycle on a complete metric space
(g7 dg)
Recall that a mapping v* : Q — G is called a generalized fixed point of the cocycle
® if

O(t,w,v" (w)) =" (Ow) for t € R.
Note that by the invariance of Q with respect to {0;}:cr, the trajectory R 3 ¢t —
v*(0w) € G forms an entire trajectory for ®.

The following generalized fixed point theorem for cocycles is similar to the third
author’s earlier work [19].

Theorem 4.1. Let (G,dg) be a complete metric space with bounded metric. Sup-
pose that

O(t,w,G) C G
forw e Q, t >0 and that v — ®(t,w, x) is continuous. In addition, we assume the
contraction condition: There exists a constant k < 0 such that for w € Q)

sup log dg(®(1,w,z), (1, w,y))
r#£YEG dg(l‘vy)

<k.

Then ® has a unique generalized fixed point v* in G. Moreover, the following
convergence property holds

lim ®(t,0_sw,z) = 7" (w)

t—o0o

for any w € Q and x € G.
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Proof. Let x € G. For w € §) we consider the sequence
(20) n — (®(n,0_,w,x)).
To see that this sequence is a Cauchy sequence, we compute by using the cocycle
property
dg(®(n,0_pw,x),®(n+1,0_,_1w,x))
=dg(®(n,0_pw,x),P(n,0_,w, ®(1,0_,_ 1w, x)))
=dg(®(1,0_1w,P(n—1,0_,w,x)),P(1,0_1w,P(n —1,0_,w, ®(1,0_,,_1w,x))))
< efdg(®(n —1,0_pw,x),®(n —1,0_pw, ®(1,0_,_1w,x)))
< efdg(z, ®(1,0_,_ 1w, x))

for n € N. We denote the limit of this Cauchy sequence by v*(w).

If we replace = in (20) by another element y € G we obtain the same limit which
follows from
dg(®(n, 0w, z), ®(n,0_,w,y)) < "dg(z,y).

This implies that v*(w) is independent of choice of x.

Now we prove the convergence property
lim ®(¢,0_4w,z) = 7" (w).
t—oo
In fact,
dg(‘b(t, o—tw7 'T)a (I)([tL ef[t]wa .I‘))
= dg(®([t], 0_[yw, ¢(t — [t], 0w, x)), B([t], 0_[yw, x))
< Mldg(®(t —[t],0_w,z),2) — 0 for t — oo
where [t] denotes the integer part of t. Since ®(¢t — [t],0_+w,z) € G the values
dg(®(t — [t],0_w,x), ) are uniformly bounded for ¢t € R and = € G.

Next, we show that v* is, as a matter of fact, a generalized fixed point for ®. Since
x — ®(t,w, z) is continuous, for ¢ > 0 we obtain

D(t,w, v (w)) = ®(t,w, lim ®(n,0_,w,x))
= lim ®(t+n,0_,w,z) = lim ®(t+n,0_, 0w, x) = 7" (Oiw).

n—oo

Finally, we prove the uniqueness of the generalized fixed point. Suppose there is
another generalized fixed point 7*(w) € G. Let I'" = {y*(fiw), t € R, w € Q} and
I' = {#*(Oiw), t € R, w € Q}. Since I'* and I'* are bounded in G and

dg(7*(w), 7" (w)) = dg(®(n, 0w, ¥ (0-nw)), ®(n, 0w, ¥ (0-nw)))
< M sup{dg(z,y)|x € T*,y € T*},
letting n — oo, we have 7*(w) = 4*(w). This completes the proof. O

Remark 4.2. The constant k in the above generalized fixed point theorem may be
taken as w-dependent, as long as the following condition is satisfied:

n—1
1
lim — " k(fw) = c<0.
=0

n—+oo 1 4
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This latter condition is usually assumed in the situation of ergodicity. For applica-
tions see for instance Schmalfuf$ [19] and Duan et al. [8].

5. RANDOM INVARIANT MANIFOLDS

In this final section, we show that the random graph transform, defined in (13), has
a generalized fixed point in the state space

(21) H= Bcg,l(O, r) with the metric dy(z,y) = ||z — yllce,

by using Theorem 4.1. Thus by Theorem 3.2, the graph of this generalized fixed
point is an invariant manifold of the random dynamical system generated by (7).
We first consider the basic properties of the metric space H.

Lemma 5.1. The metric space H = (Bcg,l(o,li),d}[), dr(z,y) = llz — yllcg is
complete and the metric dyy is bounded.

Proof. Let (z,,) be a Cauchy sequence in H. Since C§'(H*; H™) is complete we have
T, — 29 € CF (H'; H™). Hence, we have for any y* € H* that z,,(y*) — zo(yT).
Subsequently,

lzn(v1) = 2n(y)lla_ [lzo(i") — 2o(y3)llm

for n — oo
1y — y3 la Iy — w3 |l

(22)

for y" # y5 € H*. Since the left hand side is uniformly bounded by & so is the
right hand side of (22). Hence ¢ € Bcg,l (0, k). The boundedness assertion is easily
seen. (]

We now check the assumptions of the generalized fixed point Theorem 4.1. Let ®
be the random dynamical system given by the graph transform in (13).

Theorem 5.2. Suppose that the gap condition (17) is satisfied. Then the random
graph transform defined in (13) has a unique generalized fized point v*(w,-) in H
where Kk is given in Lemma 3.7. The graph of this generalized fixed point, namely,
Mw) = {(at,v*(w,z")), 2T € HT} is an invariant manifold for the random
dynamical system ¢ generated by (7).

Proof. By Lemma 3.7, Theorem 3.8 we know that ®(T,w, ) maps H into itself.

Before we check the contraction condition in Theorem 4.1 we calculate an estimate
for [[W(1,61w,7)|ce for v € H. This norm is given by [|w(0)[[ce where (w,v) is a
solution of (12) for 7'= 1 and v € H. An estimate for [|w(0)[|cg is given by W(0)
defined in (15), (16) for T'=1, C =0, Y = 1. By the monotonicity of W(0) in T
we obtain that W(0) for I' = k = e} ' is an estimate of |w(0)[lcg for any v € H.
Now we can calculate W (0) explicitly which gives us the estimate

(23) [w(0)l|cg < W(0) = e~ +—Jo =Creddm (= 1),

We now check the contraction condition. To this end we consider problem (12) for
two different elements v;, 72 € H and we denote the solutions by w;, v;, ¢ = 1, 2.
In particular, we have

wi(T) —w2(T) =0, v1(0) —v2(0) = 1 (w1(0)) — y2(w2(0)).
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By the Lipschitz continuity of the nonlinear term G in the random partial differen-
tial equation (7), we can estimate

H7TiG(w1 +uy) — Tl':tG(wg +vo)|lm
Y™ e

w1 — wallg + |lvr — valln
ly™ ||

<L

which implies that
[7=G (w1 + v1) — 7 G(ws + v2)lloe < Llwr — wallos + o1 — vallcg)-
Similar to Lemma 3.5 we can estimate
(24) [2(1,w,m) = (1, w,72)llcg = llvr(1) = va(Dllcg
by V(1) and [[w1(0) — w2(0)[[ce by W(0), where V(t) and W (t) is a solution of
(15) with
(25) W) =0, V()= |y —yellgge I 20 (o),
Indeed, we can estimate the norm of initial condition v (0) — v2(0):
[01(0) = v2(0)lcg =
71 (w01(0)) = 72 (w2(0))llcg <[I71(w1(0)) = y2(w1(0))llcg
+ 12 (w1(0)) = 72(w2(0))llce
<l = 22llegllwi(0)llcg + [2llcor lwi(0) — w2 (0)ll g
<l = malloge™+ o 2 45 (0).

We have a bound for [[w(0)[|¢e from (23) and H’y||cg,1 < k. Since V(1) as a so-

lution (15), (16) at T' = 1 is increasing in I" and C' the value V(1) for the above

generalized initial conditions (25) is an estimate for (24) for any v1, v2 € H. We

have chosen C = ||f'}/1 — fYQHCg;e*)Ur*fol Z(Gq—u})d‘r.

We now can calculate V(1) explicitly. For these calculations we have used that the
solution operator Q(¢) for the linear problem (15) can be written as

Qt)[c1,ca) = 1 ( ef >e>\+t+f0tz(97w)dr +02< e{ )e“ffgz(a,w)df.

These calculations of (15) yield with the initial conditions (25)
—67)\+7f01 z(0rw)dT
€y —€_

6_)‘+_-f01 z(0rw)dT

A+

1 = e—||“Y1 - 72||c§

e =eylln — VQHC(? e —e

In summary, we have for 71, 72 € H

[2(1,w,7) = (1w, 2)leg = [v1(1) —v2(Wlleg < V() = n = r2llege’ .
Since Ay > A_, we thus obtain the contraction condition in Theorem 4.1 for k =
Ao —Ap <0

We obtain similar estimates if we replace T'= 1 by T' > 0. Then these estimates
show us that

v — (T, w,)
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is continuous at v € H.

So we have found that all assumption of Theorem 4.1 are satisfied. Hence the
dynamical system generated by the graph transform ® has a unique generalized
fixed point v* in H. The graph of v* defines a desired invariant manifold for the
random dynamical system ¢ by Theorem 3.2. O

It remains to prove that this manifold is measurable.

Lemma 5.3. The manifold M (w) is a random manifold.

Proof. The fixed point v*(w,z") is the w-wise limit of ®(¢,0_;w,~)(x™) for xt €
H™ and for some v in ‘H as t — oo, see Theorem 4.1. Hence the mapping w —

v*(w, 1) is measurable for any 2™ € HT. In order to see that M is a random set
we have to verify that for any x € H

(26) w— inf ||z — 7ty — v (w, 7T y) |l a
yeH

is measurable, see Castaing and Valadier [4] Theorem II1.9. Let H. be a countable
dense set of the separable space H. Then the right hand side of (26) is equal to

(27) inf ||z — 7ty —v*(w, 7" y)|u
yEH,

which follows immediately by the continuity of v*(w,-). The measurability of (27)
follows since w — v*(w, 77y) is measurable for any y € H. O

Under the additional assumption A > 0> X we can show that M is an unstable
manifold denoted by M™: For any w € Q, ¢t > 0 and 2 € M T (w) there exists an
x_y € M(0_;w) such that

(28) d(t,0_w,v_y) =x=a +7*(w,zT)
and x_; tends to zero. We set
vy =V(t,w, ) (@) + 7 (0w, U (t,w,v*)(zT)), 2zt =7tz

Equation (28) is satisfied because x+ — 7T ¢(t,0_,w,xt + v*(a™)) is the inverse
of xT — W(t,w,v*)(xT), and because v* is the fixed point of the graph transform.
The value | U (t, Htw,'y*)(ﬁ)“coc can be estimated by W (0) a solution of (15), (16)
on [0,T) withT' =k, C=0and Y =1 and w = 0_,w. W(0) can be calculated
explicitly for any 7" > 0. Hence

(w0, 7Y (@) | < 7 TSmO gt

(We have to replace w by 6_;w!) We can derive from Lemma 2.1 iv)

0

/ z(0rw)dr < et

—t
for any € > 0 if ¢ is chosen sufficiently large depending on w and e. Hence
||\I'(t,w,'y*)(a:+)||c§ tends to zero exponentially. On the other hand we have for
¥ eH

HV*(G*twv \P(t>w77*)(‘r+))HH < /$||\If(t,w,'y*)(a:+)||H —0 fort— oo

This convergence is exponentially fast. We conclude that M ™ is the unstable man-
ifold for (7).
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However, our intention is to prove that (4) has an invariant (unstable) manifold.
On account of conjugacy of (4) and (7) by (9) and (10) we will now formulate the
following result.

Theorem 5.4. Let ¢ by the random dynamical system generated by (7) (mdé be the
solution version of (4) generated by (11). Then M (w) is the invariant manifold of ¢
if and only if M+ (w) = T~ (w, M*(w)) is the invariant manifold of ¢. Moreover,
if MY is an unstable manifold, then so is M.

Proof. We have the relationship between ¢ and é given in Lemma 2.2
Ot w, M (w)) = T (b1, ¢(t, w, T(w, M (w))))
= T (w, o(t,w, MT () C T (Ow, MF (B,w)) = M (Oyw).

Note that t — z(f;w) has a sublinear growth rate, see Lemma 2.1iii). Thus the
transform T~1(f_,w) does not change the exponential convergence of

U(t, w, " (w))(x"):
V(w4 (W) = T7H(0-w, U(t,w, T, 47 (@), A" () := T~ (w, 7" (w))-
It follows that M (w) is unstable. O

Remark 5.5. Note that the main Theorem 5.2 represents the best possible result
in the following sense. If we consider the solution of the two dimensional problem
(15) then this differential equation generates a non trivial invariant manifold if and
only if the gap condition (17) is satisfied. Hence we can not formulate stronger
general conditions for the existence of global manifolds. Here nontrivial means that
the dimension of the manifold is less than the dimension of the space.

APPENDIX A. PROOFS OF THE LEMMAS 3.3, 3.4 AND 3.5

We now give the proof of the technical lemmas 3.3, 3.4 and 3.5 which are based on
the usual Banach fixed point theorem.

Proof of Lemma 3.3:
We consider the following operator

Tr - C([0,T);C§(HY HY) x C§ (HY; H))
— C([0,T); C§(HY; HY) x C§ (H'; H™))
for some T > 0. Set 7r(wy,v1) = (wa, v2) where

wa(t) —elr #Orw)drot gt — Tyt

T
- / elr 20t Gt — P\t G(0,w, wi () + vi (7))dT,

t

va(t) =eJd O 1= 5 1)y (1 (0))

t
+ / el? Z(‘QT“)drﬂ'_S(t — 1)~ G(Orw, w1 (T) + v1(7))dr.
0

Note that wi, v; depend on y™, ¢, w and . A fixed point for 77 is a solution of
(12) on [0,T1]. It is obvious that if

(wi,v1) € C([0,T); C§(HT; HY) x C§(H; H™))
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0 is (wg,v2). We check that the contraction condition of the Banach fixed point
theorem is satisfied. We set

Awi:wifwi, AUZ‘ :’Uz'*l_)i, 1= 1, 2.
By the Lipschitz continuity of v:
17 (wi(0)) = y(@i(0)|er < Ly [|Awi(O) | Ly = [[7]l o1

Hence we obtain by (5) for Ht 2 y* #0

|Aws(B)]lm /T e,f:Zwrw)drex(t_%||Aw1<7>||”H++|||Av1<7>||HdT
t Yl

(an(v?s
T
4 S (t— Awi(t)|m [Avi ()|l
SL/ el #(Orw)dr At T)dT( sup ”74— sup —————
t t€[0,T ly™ Il e t€[0,T ly™ Il &

[Ave @)l [Aw2(O)llaz e 20, )ar i

lytle =7 llytla
/ oI s0opir 5= 180 ()t £ VA ()l
0 ly* e
<L, /T oI =(0ryir ) AL O + 1A (),
0 Iyl e
/ef ct0rrr Sty AL Dl + A0 (),
0 ly* e
Awq (t Avq(t
SK(W,TM)( up 18Ol v1+<>|H>_
t€[0,T] ly* e t€[0,T] Iy lle

Choosing T sufficiently small, we have
(29)

K(@,T,Ly) <1, K(w,T,L,) =LT((LW+1)efoT 2O 4N dr gy oI '2‘9"“)”'&)

We now can take the supremum with respect to y* # 0 and ¢ € [0, 7] for the left
hand side. Hence for sufficiently small T' < 1 the operator 7t is a contraction. [J

Proof of Lemma 3.4:

The proof of existence and uniqueness is similar to the proof in Lemma 3.3. The
solution can be constructed by successive iterations of (15), (16). If we start with
VI(t) =TY +C > Vi(t) =LY + C, Wi(t) = Wi(t) = Y we get

Va(t) = Va(t), Wa(t) = Walt) -, Vi(t) = Vi(t), Wi(t) = Wi(t)

which gives the conclusion. These inequalities also show if (W (¢),V (¢)) exist on
[0,7] so do (W(t), V(¢)). The inequalities for the contraction condition do not con-
tain C. 0

Proof of Lemma 3.5:

Let (w;,v;), (Wi, V;) be sequences generated by the successive iterations starting
with v1(t) = v(y1), wi(t) =yt and Wy =1, V4 = L, = ||fy||cg,1. These sequences
converge to the solution of (12) and (15) (16) provided T sufficiently small. We
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then have

“t 3 T "t 3
lwi(t)l| g <elr=EredtAdr +/ els 2O 7t GOy, wi1 (5) + viea (5))l| g ds
t

) T )
<elr #Orw)tAdr 4 / els Z(GT'“)“dT(LHwi—l(s)HCOG + Ll[vi—1(s)[lcg )ds
t

loi(D)llcg <elo 2L Jlw; (0)]] g

t )
+/0 els 20T (L lw;_y ()] oo + Lllvi—1(s) | oe )ds
and

A T A
Wi(t) =elr 2Or)+idr / el 2O TM (LW (5) + LV (5))ds
t

. to, .
Vz(t) :L,YWi(O)efﬂ 2(0rw)+Adr +/ efs 2(9"w)+>‘dr(LWi,1(S)-i—LV;,l)dS.
0

It is easily seen that Wi (t) = [[w1(?)llcg, Vi(t) = [[v1(t)[|ce and that if

Wi—1(t) = [lwi—1(t)llcg, Viei(t) 2 lvica(B)llcg
then
Wit) > [wi®)llce, Vi(t) = llvi(t)|lco
which gives the conclusion. ([l
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